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RADIO INSTRUMENTS AND
MEASUREMENTS

PART I—THEORETICAL BASIS OF RADIO MEAS-
UREMENTS

A
INTRODUCTION

In the rapid growth of radio communication, the appliances
and methods used have undergone frequent and radical changes.
In this growth, progress has been made largely by new inventions
and by the use of greater power, and comparatively little attention
paid to refinements of measurement. In consequence the methods
and instruments of measurement peculiar to radio science have
developed slowly and have not yet been carried to a point where
they are as accurate or as well standardized as other electrical
measurements.

This circular presents information regarding the more important
instruments and measurements actually used in radio work. Itis
hoped that the treatment will be of interest and value to Govern-
ment officers, radio engineers, and others, notwithstanding the
subject is not completely covered. Many of the matters dealt
with are or have been under investigation in the laboratories of
this Bureau and are not treated in previously existing publications.
No attempt is made in this circular to deal with the operation of
apparatus in sending and receiving. It is hoped to deal with
such apparatus in a future circular. The present circular will be
revised from time to time, in order to supplement the information
given and to keep pace with progress. The Bureau will greatly
appreciate suggestions from those who use the publication for
improvements or changes which would make it more useful in
military or other service.

The methods, formulas, and data used in radio work can not
be properly understood or effectively used without a knowledge
of the principles on which they are based. The first part of this
circular, therefore, attempts to give a summary of these principles
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6 A Circilar of the Bureau of Standards

in a form that'is as simiple.as is consistent with accuracy. A large
proportion of this publication is devoted to the treatment of
fundamental principles for the reasons, first, that however much
the methods and technique of radio measurement may change the
same principles continue to apply, and second, that this will make
the present circular serve better as an introduction to other
circulars on radio subjects which may be issued.

A familiarity with elementary electrical theory and practice
is assumed. Introductory treatment of electrostatics and mag-
netic poles, electric and magnetic fields, the laws of direct currents,
and descriptions of the more common electric instruments and
experiments may be found in many books. A list of publications
suitable as an introduction to the theory given in this circular
may be found in the bibliography (p. 324). The common explana-
tion of electric current as similar to the flow of water in a pipe,
while adequate for most of the phenomena of direct current is not
suitable for alternating currents and particularly for radio. The
explanations here given attempt to give a better insight into the
behavior of electric current. Most of the treatment of principles
is a presentation of the theory of low-frequency alternating
currents, arranged with its radio applications in mind. There is
little in the way of special theory before section 24, which deals
with damped waves, and yet the underlying principles of the chief
radio phenomena are covered. Furthermore, damped waves are
of less importance than formerly, since modern practice tends
toward the exclusive use of continuous or undamped waves. The
principles of radio measurements are thus nearly identical with
those of any other alternating-current measurements.

THE FUNDAMENTALS OF ELECTROMAGNETISM
1. ELECTRIC CURRENT

Electric current is the rate of flow of a quantity of electricity.
The most familiar and most useful properties of an electric cur-
rent are (1) the heating effect produced in a conductor in which
it flows, and (2) the magnetic field surrounding it. The latter is
by far the most important property in radio work. The study
of the combined effects of electricity and the magnetism accom-
panying an electric current constitutes the subject of electro-
magnetism.

When a current flows continuously in the same direction, as
the current from a battery, it is called a direct current. When the
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current periodically reverses in direction, it is an alternating cur-
rent. The alternation of current is accompanied by a reversal
of direction of the magnetic field around the current. On this
account alternating currents behave very differently from direct
currents. The uses of alternating currents may be divided,
roughly, into three groups, separated according to the frequency
of alternation of the currents used:

Electric power applications, 20 to 100 per second.

Telephony, 100 to 20 0oo per second.

Radio, 20 000 to 2 000 000 per second.

Displacement Currents.—Direct currents can flow continuously
in conductors only, while alternating currents flow also in insula-
tors. Suppose a circuit contains a condenser, consisting of two
large metal plates separated by air or some other insulating me-
dium. If a battery is connected into the circuit, a momentary
flow of current takes place, accompanied by an electric strain in the
insulating medium of the condenser. This strain is opposed by
an electric stress, which soon stops the current flow. The action
is much like the flow of gas under pressure into a gas tank, as
described below in the section on capacity. The flow of gas stops
as soon as the back pressure of the compressed gas in the tank is
equal to the applied pressure. The flow of electric current stops
as soon as the back electric pressure (called ‘‘ potential difference ”’)
of the electrically strained medium is equal to the electric pressure
(“electromotive force”) of the battery.

If there is a source of alternating current in a circuit containing
a condenser, the electric strain in the insulating medium reverses
in direction for every alternation of the current. The electric
strain of which we have been speaking is called electric displace-
ment and its variation gives rise to a so-called displacement cur-
rent. The electric strain is of two kinds: First, there is the
strain in the actual material dielectric. This part is a movement
of electricity in the same sense as the transference of a definite
quantity of electricity through a wire is a movement of elec-
tricity, the only difference being that in the insulator there is a
force (which we called electric stress) which acts against the
electric displacement. Second, there is the strain which would
exist in the ether if the material dielectric were absent. Some
prefer to think of this as a sort of electric displacement in the
ether, of a kind similar to that in the matter; but a knowledge of
the physical nature of electric displacement is unnecessary for
practical purposes; all that is necessary is a statement of how the
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displacement current is to be defined as measured, and of the rela-
tion of the quantity so measured to other electromagnetic
quantities.

The effect of electric displacement at any point in a medium is
handed on to adjacent points and so spreads out through space.
Under certain conditions a considerable quantity of this moving
displacement and the magnetic field accompanying it become
detached from the circuit. This process is what constitutes the
radiation of electromagnetic waves, which makes radio commu-
nication possible.

Electrons.—The flow of an electric current in a conductor is not
opposed by electric stress as in an insulator. A current in a con-
ductor is believed to consist of the motion of immense numbers
of extremely small particles of electricity, called electrons. All
electrons are, so far as known, strictly identical, are, for ease of
calculation, assumed to be spherical in shape, and have the fol-
lowing dimensions, etc.: Radius, 1 X 1072 centimeter; mass, 8.8 X
1072 gram; electric charge, 1.59 X 107" coulomb.

An electron is thousands of times smaller than any atom.
Views as to the transference of the electric current by the motion
of electrons in a conductor have undergone considerable changes
during the last few years. Some of the electrons in a conductor
are bound to the molecules while others are free to move about.
The latter are in constant motion between the molecules, in zigzag
paths because of repeated collisions with the molecules. The
motion of the free electrons is thus very similar to the heat mo-
tions of the molecules; in fact, the average kinetic energy of an
electron is equal to that of a molecule at the same temperature.
The average velocity of the electrons is about 100 km per second
at 0° C. 'This increases with temperature. Until recently it was
supposed that conduction in a solid takes place almost entirely
through the agency of the free electrons. The electric current
was nothing more than a slow drift (a sort of electric wind) super-
posed upon the random motions of the electrons by the electric
field. This view, although suggestive and fruitful, is attended
with many difficulties, and the present tendency is toward some
form of theory in which the conduction is brought about by the
spontaneous discharge of electrons from one molecule to another,
the function of the field being to influence the orientation of the
discharge, which would, in its absence, be perfectly random.
The study of electrons has recently led to great improvements in
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apparatus for producing and detecting currents of radio frequency.
(See sec. 56.)

When electricity is in equilibrium in a conductor, the electric
charge is in a very thin layer upon its surface; thus the phenom-
ena of electrostatics arise. An insulator is believed to contain
no free electrons. The electrons are bound to the molecules in
such a way that they can be slightly displaced by an electric force
but return to their positions of equilibrium when it is removed.
This motion of the bound electrons, together with the electric
strain in the ether itself, constitutes the electric displacement in
the insulator, and determines its dielectric constant. Another
type of motion of which the electrons attached to molecules are
capable is vibration about their positions of equilibrium. They
thus give rise to waves that travel outward in the form of light

and heat radiation.
2. ENERGY

Most useful operations in physics involve the movement of
something from one place to another; and in general, as for
example when the body moved is held by a spring, or when its
velocity changes during the motion, force has to be exerted to
cause the motion. A useful quantity which figures in the discus-
sion of such motions is the quantity called “work.” ‘The work
done upon a body is defined as the product of the force which
acts upon the body into the distance moved; or (when the force
varies during the motion) as the sum of such products for each
element of path described by the body. When a body or system
of any kind possesses the power to do work in virtue of its posi-
tion, velocity, chemical constitution, or any other feature, it is
said to possess energy; and the measure of the change of energy
which it experiences in doing such work is the amount of work
done. One of the fundamental principles of science is the “con-
servation of energy.” The amount of energy in existence is con-
stant; energy can not be created nor destroyed; it can only be
transformed from one form into another. It is often very helpful
to the understanding of a process to consider what energy changes
are taking place. The transformation from one form into another
is always accompanied by a dissipation of some of the energy as
heat or some other form in which it is no longer available for the
use desired. Thus while none of the energy is lost during an
energy change, more or less of it becomes no longer available.
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Kinds of Energy.—The familiar kinds of energy are mechanical
energy, heat, chemical energy and electrical energy. To these
may be added radiant energy, but this is considered to be a form
of electrical energy. Mechanical energy is of two kinds, kinetic
energy and potential energy. When an object is in motion it is
said to possess kinetic energy. If the motion is stopped the
kinetic energy of the object changes into some other form. For
example, if the moving object is stopped by suddenly striking an
immovable obstacle its kinetic energy is converted into heat. If
when stopping it starts another object moving, the second object
then has kinetic energy. Any object of mass m moving with

: s I
velocity v has a kinetic energy = S m 2%

The energy which an object possesses in virtue of its position is
called potential energy. A stone, lifted a certain distance above
the earth, will fall if released. It then acquires kinetic energy in
falling. It had a certain amount of potential energy when at the
highest point, simply in virtue of its position above the earth.
As it falls this potential energy is being changed into kinetic
energy, and when it is just about to strike the ground the potential
energy has all been converted into kinetic. This is a simple exam-
ple of the principle of conservation of energy.

When a change of energy from one form into another .occurs,
work is done. When an object falls to the earth from a height
there is a change of potential energy into kinetic and work is
done upon the object by the force of gravity, the amount of
which is equal to the product of the force by the distance through
which the object falls. Again, when a body is moved against a
force tending to oppose the motion, work must be done by the
agency which moves the body. The product of these two factors,
the force acting and the displacement of the object, is the amount
of work done in an energy transformation.

Electrical Energy.—There are two kinds of electrical energy,
similar to the two kinds of mechanical energy. Corresponding to
potential energy there is electrostatic energy, which is the energy
of position of electricity at rest; this is the form in which electric-
ity is stored in a charged condenser. Corresponding to kinetic
energy there is electrokinetic energy (also called magneticenergy),
which is the energy of electricity in motion. The latter is the
energy of the electric current, and is associated with the mag-
netic field accompanying the current. In accordance with the
law of conservation of energy the sum of the electrostatic and



Radio Instruments and Measurements 11

the magnetic energies in any electrical system is constant if the
system as a whole does not receive or give out any energy, or if
energy is being supplied at the same rate at which it is being
dissipated.

Electrical energy can readily be converted into other types of
energy; if this were not so it would not be the important factor
in the life of man that it now is. As far as radio science is con-
cerned, the two principal forms of energy into which electrical
energy is transformed are heat and electromagnetic radiation.
From any electrical system there is a continuous dissipation or
loss of electrical energy going on, and in general the evolution of
heat in the circuit plus the energy radiated as electromagnetic
waves equals the diminution of the sum of the electrostatic and
magnetic energies. The energy of electromagnetic waves is a
form of electric energy, being a combination of electrostatic and
magnetic energies. Inasmuch, however, as it travels through
space entirely detached from the sending circuit, it represents a
loss of energy from that circuit.

3. RESISTANCE

The dissipation or loss of electrical energy is expressible in terms
of resistance. The rate of evolution of energy at any instant in
a conductor is the product of the electromotive force acting in
the conductor by the current flowing. This energy usually mani-
fests itself in the form of heat. The time rate of energy is called
power. Thus,

Resistance is defined by R=§—. Power (p) is generally expressed

in watts, energy (w) in joules, electromotive force (¢) in volts,
current (z) in amperes, and resistance (R) in ohms, unless other-
wise stated. The resistance of a conductor depends on the mate-
rial of which it is made, the size and shape of the conductor, and
the frequency of the current. The characteristic property of the
material is called its resistivity. Denoting by p the ordinary or
volume resistivity, by  the length, by .S the cross section of the
conductor, and by R, the resistance to direct current,
1
Ro "~y p§

The resistance of a system of conductors is readily found by the
simple laws of series and parallel combination, for direct currents.
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With alternating currents, however, the calculation is more diffi-
cult, and it is usually found convenient to utilize the relation

-5 ®

The resistance of a single conductor to alternating currents is
found by the aid of the same relation. It may be shown that
the distribution of direct current in a system of conductors or
over the cross section of a single conductor is such as to make
the production of heat a minimum; and it results that in a single
uniform conductor the current is uniformly distributed over the
cross section. When alternating current flows in a conductor, it
tends to flow more in the outer portions of the conductor than
in the center. In consequence of this change of current distribu-
tion, the power which is converted into heat increases. The
higher the frequency the farther does the current distribution
depart from the direct-current distribution, and the greater does
the power p become. It follows, in accordance with equation (1),
that the resistance increases as frequency increases.

Radio-Frequency Resistance—With alternating currents the
departure from uniform distribution of the current is spoken of
as the skin effect. At high frequencies the current flows in a thin
layer at the surfaces of conductors, and the skin effect is thus large
in all except very thin wires; the resistances of ordinary con-
ductors at radio frequencies may be many times their low-fre-
quency resistances. The ratio of resistance at any frequency to
the direct-current or low-frequency resistance can be calculated
for certain simple forms of conductors. Formulas for this are
given below in sections 74 to 76. In most practical cases, how-
ever, the radio resistance can be obtained only by measurement.

In addition to the resistances of conductors, resistance is intro-
duced into radio circuits by three other causes, viz, sparks, dielec-
trics, and radiation. Dielectric resistance is treated in section 34,
below. The energy radiated from a circuit per unit time in elec-
tromagnetic waves is proportional to the square of the current in
the circuit. It is thus analogous to the energy dissipation as heat
in a conductor, and, therefore, the radiation increases the effective
or equivalent resistance by a certain amount. This added resist-
ance is conveniently called radiation resistance. It can be cal-
culated for a few simple types of circuit. It is, in general, large
enough to be appreciable only when the circuit has the open or
antenna form, or when a closed circuit is of large area and the
frequency is high.
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4. CAPACITY

Electrostatic energy may be stored in an arrangement of con-
ductors and insulator called an electrical condenser. The action
of a condenser is somewhat similar to that of a gas tank used for
the storage of gas. The amount of gas a tank will hold is not a
constant, fixed amount; it depends on the pressure. If the pres-
sure is doubled, twice the mass of gas is forced into the tank. The
internal or back pressure of the gas opposes the applied pressure.
If the applied pressure is released and an opening is left in the
tank, the gas rushes forth.

The amount of electric charge given to a condenser depends on
the electric pressure, or potential difference; and in exact simi-
larity to the gas, the charge is proportional to this potential dif-
ference. The constant ratio of charge to potential difference is
. %—=C . The
capacity of a condenser depends on the size and distance apart of
its plates, and on the kind of dielectric between the plates. (Vari-
ous kinds of condensers are described in sec. 32, etc., and formu-
las for calculating capacity are given in secs. 63 to 65.) The
applied potential difference is opposed by a sort of elastic re-
action of the electricity in the condenser, just as the internal
pressure of the gas in a tank opposes the external applied pressure.
If the plates of a charged condenser are connected by a conductor,
with no applied electromotive force, the condenser discharges.

The Drelectric.—The insulating medium in a condenser is called
a dielectric. The process of charging causes electric displacement
in the dielectric. When a body is moved against a force tending
to prevent the motion, work is done, and similarly, when a con-
denser is charged against the quasi-elastic reaction of the dielectric,
work is done upon the condenser. The energy of the charging
source is stored up as electrostatic energy in the dielectric. The
two factors upon which the energy depends are the charge and the
potential difference,

called the capacity of the condenser. In symbols

Since %= C,we have also
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The pressure upon the gas in a tank can not be increased
indefinitely, for the tank will ultimately yield and break. Simi-
larly there is a limit to the potential difference which can be
applied to a condenser, for the dielectric will be broken down, or
punctured, if the limit is exceeded. The potential difference at
which a spark will pass and the dielectric be punctured is called
the * dielectric strength.”

Capacity is one of the two quantities of chief importance in
radio circuits. The other is inductance, treated in the following

section.
5. INDUCTANCE

Magnetic Flux.—The physical quantity called inductance is
dependent upon the magnetic field which surrounds every electric

- current. The intensity of this
A magnetic field at any point is
& proportional to the current.

%Current: . Lhe direction of the magnetic
" field around a straight wire car-
rying a current is given by Am-
pere’s right-hand rule: Close the
right hand with the thumb ex-
F16. 1.—Direction of magnetic field around tended; point the thumb in the

a wire carrying @ current direction of the current flow; the
magnetic field is then in the direction in which the fingers point,
in circles in planes perpendicular to the wire. The magnitude of
the magnetic field intensity can be easily computed for some sim-
ple forms of circuit from the principle that its line integral ! in a
4T times the cur-
10

e .--.‘.'.\

ol
a
a

-

-
-
.

”

/
/

path completely around the current is equal to

rent in amperes.
As an example, suppose a current ¢ flowing in a very long
solenoid of N turms, radius 7 and length /. The magnetic field
intensity H is parallei to the
axis and of constant value in- QQQQMW-;-
side the solenoid; it may be .
shown to be zero in the space ™ |
outside, and the effects of the i L >
ends may be neglected. The

line integral of H along any
path completely around the current is H! inside the solenoid

Fi1c. 2.—Simple solenoid

1 The line integral of a quantity along any line or path is the sum of the products of the length of each
element of the path by the value of the quantity along that element. If the quantity has a constant value
along the whole path, the line integral is simply the product of this value by the length of the path.
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and is zero for the rest of the path. The path incloses the current
7, N times. Hence

HI=*" Ni, or
10

47 N7
H = .I—(-)_ T (2)

The magnetic field in the medium surrounding a conductor
carrying a current produces a magnetized condition of the medium.
This condition is a sort of magnetic strain in the medium and is
analogous to displacement produced in a dielectric by electric
potential difference. The amount of this magnetic strain through
any area is called the magnetic flux. This quantity (for which
the symbol ¢ is used) is equal to the product of the three factors,
magnetic field intensity, area and the magnetic permeability.
Permeability is a property of matter or of any medium which
indicates, so to speak, =
its magnetizability. /WA
% : /7 N

s numerical value /
is equal to unity for / /

empty space and for
air and most sub-
stances. Iron may \

have a permeability \\\ \\v‘| [,

as high as 10 ooo or \ M _///4(/
even imore. \v/
Self - enductance.— vy T i
Inductance is a quan- F1c. 3.—Magnetic flux around a solenoid inwhich a current
15 flowing.

tity introduced as a
convenient means of dealing with magnetic fluxes associated with
currents. The self-inductance of a circuit is simply the total mag-
netic flux linked with the circuit due to a current in the circuit,
per unit of current. In symbols,

L=% 3
The magnitude of L depends on the shape and size of the circuit
and is a constant for a given circuit, the surrounding medium
being of constant permeability. If the circuit has N turns each
traversed by the same magnetic flux ¢, then when L is expressed
in terms of the usual unit, called the “ henry,”

i (4)

1087

35601°—18——2
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Analogy of Inductance ito Inerita—The magnetic flux”asso-
ciated with a current is analogous to the momentum associated
with a moving body. Because of its inertia or mass (#), a body
in motion with velocity (v) opposes any change in its momentum
(mv). Inertia is obviously a very different thing from friction,
which always resists the motion and tends to decrease the velocity
or momentum. Inertia only opposes a change in momentum,

Vv ‘s and hence does not affect a
motion with constantvelocity.
m Inductance may be spoken of

7 i o s

cuit in which a current (z) is
F1G. 4.—A body having amass (m) and avelocity flowing opposes any change in
(v) opposes any change in its momentum (mv) the flux (¢,) Electrical resist-
ance and inductance are very different, for resistance behaves like
mechanical friction, opposing even a constant current, while in-
‘ductance only opposes a change in the current. Thus inductance
has no effect on constant direct currents but is one of the deter-
mining factors in the flow of alternating currents. The analogy
of inductance to inertia, of current to velocity, and of flux to
momentum, will be brought out further in the next section.
Mutual Inductance.—A part of the magnetic flux from a circuit
may pass through or link with a second circuit. The amount of

F16. 5.—Linking of magnetic flux of one circuit with another; the basis of
the conception of mutual inductance
this flux linked with circuit 2, per unit of current in circuit 1, is
called the mutual inductance of the two circuits. If ¢,, denotes
the flux mentioned and 7,= current in circuit 1, the mutual
inductance =
M=%

1



Radio Instruments and Measurements 17

It is also true that if ¢, =the flux from circuit 2 linked with
circuit 1, and 7, =current in circuit 2,

M=%

(2
The magnitude of any mutual inductance depends on the shape
and size of the two circuits, their positions and distance apart,
and the permeability of the medium. If there are N, turns in
the first circuit and N, turns in the second and the same amount
of flux from one passes through every turn of the other, then using
the ¢’s to denote that part of the flux from one turn of either
circuit which passes through each turn of the other circuit, and

using the usual units,
vt NiNd
10%,

If, however, the ¢’s denote the total flux from either circuit pass-
ing through each turn of the other circuit, this becomes

N 2¢12
M=%, s

For any of the definitions of ¢, the ratio %=‘-§:—°, and is a quan-
tity depending only on geometrical configuration. '

Calculation of Inductance.—It is frequently convenient to deal
with the self-inductance of a particular coil or with the mutual
inductance of limited portions of two circuits. Inductance is
strictly defined only for complete circuits. The self-inductance
of a part of a circuit is understood to be such that the inductance
of the complete circuit is equal to the sum of the self-inductances
of all the parts and the mutual inductance of every part with
every other part.

Inductances are computed by the aid of equation (3), together
with the principle given above that flux is field intensity times
area times permeability.” For example, to find the inductance of
the long solenoid of Fig. 2,

N.XHXSX;L

L=
10%
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in which .S =the area of the circular cross section af the solenoid
and =1, the permeability of air. Substituting the value of H
from (2), and putting S =72,

N andis

ik 472 Ny?
1027 10 [

S ToL Y

L XTr*X1

Change of Inductance with Frequency.—When it is desired to
calculate inductance with great accuracy, account must be taken
of the magnetic flux within the conductor carrying the current,
as well as the flux outside the conductor. The flux in a wire is
greatest at the circumference and zero at the axis of the wire,
because the flux is due only to the current which it surrounds.
Any change in the distribution of current within the wire changes
also the flux distribution and hence the inductance. As has
been stated in the section on resistance, the current distribution
is different for different frequencies. Consequently inductance
varies with frequency. As the freiquency is increased, less cur-
rent flows near the axis of the wire and more flows in the surface
portions. The flux in the central parts of the wire is thus dimin-
ished, and the inductance decreases as frequency increases. This
effect is small, because the whole flux within the wire is a small
part of the total flux. (See formulas (131) to (138) in sec. 67.)
There is a similar change of mutual inductance with frequency,
but it is so small as to be wholly negligible.

Series and Parallel Arrangement of Inductances.—Inductances in
series add like resistances. When the coils or conductors which
are combined are so far apart that mutual inductances are negli-
gible, inductances in parallel are combined like resistances in
parallel. Taking account of mutual inductance, the total induc-
tance of any number of inductances in serzes is

LeL L, +L+. . . 42(My+My+My+. . )

Some or all of the mutual inductances may be negative. For
two coils in parallel, the total inductance is

7 i
L +L,—2M

The last term in the denominator changes sign if the coils are so

connected that M is negative. This expression applies at radio

frequencies, but at low frequencies the resistance of the coil may

have to be taken into account. For more than two inductances

in parallel, the expression for the total inductance is complicated.
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THE PRINCIPLES OF ALTERNATING CURRENTS

6. INDUCED ELECTROMOTIVE FORCE

When the magnetic flux through any circuit is changing, an
electromotive force is produced around the circuit, which lasts
while the change is going on. The change of flux may be caused
in various ways; a magnet may be moved in the vicinity, the
circuit or a part of it may be moved while near a magnet, the cur-
rent in a second near-by circuit may be altered, or either circuit
or a part thereof may be moved. The electromotive force thus
caused is called an induced electromotive force, and the result-
ing current in the circuit is an induced current. The direction of
the induced emf and current is given by Lenz’s law, viz, an
induced current always flows in such a direction as to oppose
the action which produces it. For example, if the current is
induced by bringing a magnet near a circuit, the current in the
circuit will be such as to repel the magnet. The energy of the
induced current results from the work necessary to bring up the
magnet against the repelling force.

The magnitude of the induced emf at any instant is in every
case equal to the rate of change of the magnetic flux through the
circuit. This is expressed by the formula

e=7 ©)

where e represents the instantaneous value of the induced emf
in a circuit consisting of a simple loop or single turn, and d—(f is an
expression called the derivative ? of flux with respect to time
and which tells the instantaneous rate of change of the flux.

This quantity g%
val of time divided by the time, and its value may vary from
instant to instant. If it remains constant for a certain length
of time, then its value is the whole change of flux durmg that
interval divided by the interval.

If the changing flux through the circuit is the flux ¢,, from a

d¢21

second circuit, e=— - This flux is expressible in terms of mu-

is the change of flux during a very small inter-

2 While derivatives are used in a few places in this circular, it is believed that the treatment can, never-
theless, be understood by a person not familiar with calculus. To avoid the use of derivatives entirely
would require circumlocution such that the treatment would doubtless be even less clear.
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tual inductance and the current in the second circuit, thus, ¢,, = Mq,.
Consequently,
4.
5 SR
If the circuits are fixed in position, M remains constant, so this
becomes
d1,
e=M—> (7)

Thus the electromotive force induced in a circuit by variation

of current in another circuit is equal to the product of the mutual

inductance by the rate of change of current in the second circuit.

An emf may also be induced in one circuit by a variation of the

current in the circuit itself. Since the flux associated with a

current is ¢ =Lz, it follows that the self-induced emf is given by
di

e =Ld—t (8)

That is, the emf induced in the circuit is equal to the product of
the self-inductance by the rate of change of the current.

When the flux ¢ through a coil of N turns is changing, the total
emf e.induced in the whole coil is N times that induced in one
turn. The simple equation (6) becomes, in terms of the usual
units, 5l

¢

. it (9)
Equations (7) and (8) are correct when emf is expressed in volts,
inductance in henries, current in amperes, and time in seconds.
They were obtained from the simpler equation (6) for induced
emf, but they need no modification on this account, because equa-
tions (4) and (s5) for self and mutual inductance also contain the
factors N and 10® which cancel those in (9).

Mechanical Analog.—The fact that a change of magnetic flux
gives rise to an electromotive force which opposes the change
may be understood by recalling that a change of mechanical
momentum of a body is opposed by the force of inertia. This
force is equal to the rate of change of momentum. The elec-
trical and mechanical cases are strictly analogous. Flux corre-
sponds to momentum, electromotive force to mechanical force
(F), current to velocity (v), and inductance to mass (m). If

the mass is constant, we have
dv
= mEZ
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as the expression that force equals rate of change of momentum,

analogous to

di
e =Ld—t'

7. SINE WAVE

The ordinary dynamo is the most familiar application of the
principle of induced emf. The field magnets give rise to mag-

netic lux, and

P

coils of wire

(constituting the
armature) are
caused to move
across this flux
by some outside
source of power.

The simplest

S

type of dynamo
generates an al-
ternating current

F1c. 6.—Simple dynamo illustrating how the revolving con-

ductor cuts magnetic lines

and is sketched in Fig. 6. The single turn of wire shown is in
such a position that maximum magnetic flux passes through it.
When it is rotated in either direction, the flux passing through it
is changed, and hence an electromotive force is induced in it. If

—"-§5P2.
’4
3
/
/
]
Pt :
! -°/ P
Spoanf " My My
Pl\ 4 ll
\ / ll
. L

F1G6. 7.—Successive positions
of revolving conductor; the
emf generated is propor-
tional to the sine of theangle

formed by the revolving con-
ductor and POP

the turn of wire is continuously rotated
at constant angular speed w, the rate of
change of magnetic flux through it will be
greater in some positions than in others,
and the electromotive force at the slip-
rings AA will vary in a certain manner,
this variation being repeated each revo-
lution. In Fig. 7 let POP represent the
end view of the turn of wire. As the
wire revolves to the successive positions
POP,, P,OP,, etc., the emf is propor-
tional to the sine of the angle formed by
the revolving wire with POP. The mag-
nitude of the emf at any instant may,

therefore, be represented by the vertical lines P,M,, P,M,, etc.,
drawn from the horizontal axis to the end of a line revolving with

the angular velocity w.

A diagram may be drawn, taking the distance along a hori-
zontal line to represent time and the vertical distance from
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this line to represent induced electromotive force. This emf
curve has the mathematical form of a sine wave. Many dyna-
mos in actual use generate electromotive forces very nearly of
this form, and on account of its mathematical simplicity the sine
wave is assumed in most of alternating-current theory. It should
not be forgotten, however, that sine-wave theory is in many prac-
tical cases only an approximation because the emf is not rigor-
ously of sine-wave form.

Letting e=emf at any instant, E,=maximum emf (that at the
crest of the wave as shown in Fig. 8), ¢ =time, w=angular velocity
of the turn of wire in Fig. 6,

e=FE, sin wt (10)

This emf alternates in direction. Starting at a, Fig. 8, it passes
through a set of positive values, then through a set of negative

EMF

>
>p
o

3

®

&

D
|

o

-
R

F16. 8.—Sine wave developed from circle diagram

values, and at b begins to repeat the same “cycle.” In the time
of one complete cycle, represented by the distance a b, the revolv-
ing radius OP makes one complete revolution, or passes through
the angle 27 radians. The time required for one complete cycle
being represented by T, it follows that

o

T

The time T is called the ‘““period” of the alternation. It is the
reciprocal of the *frequency,” which is the number of times per
second that the electromotive force passes through a complete
cycle of values. It follows, denoting frequency by f, that

w=27f (11)
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In considering the effect of frequency in electrical phenomena the
quantity « is found more convenient and appears oftener than f.

Effective Values of Alternating Quantities—The instantaneous
rate at which heat is produced in a circuit is proportional to the
square of the instantaneous current. According to the equation
p=R1?, the average rate of heat production must be proportional
to the average value of *. The average heating effect deter-
mines the deflection of such an instrument as a hot-wire ammeter,
which thus indicates a current I fulfilling the condition, average
power =RI?. The indicated current I must therefore be the
square root of the average value of 4. ‘The square root of the
mean square of an alternating current or emf is called the “effec-
tive ” or ‘ root-mean-square” current or emf. All ordinary amme-
ters and voltmeters used in alternating-current measurements
give effective values.

When an electromotive force has the sine-wave form, e=E,
sin wf, the mean square value is proportional to the average
value of sin? wi during a half cycle, which is equal to o.5. The
effective value is proportional to the square root of this, so that

the effective value is /0.5 E,, or
E=o0.707 E,
Similarly in the case of current,
F=Yol707.1s
8. CIRCUIT HAVING RESISTANCE AND INDUCTANCE

When an emf is suddenly impressed on a circuit containing
inductance as well as resistance, say by closing a switch, a cur-
rent begins to flow but does not rise to its full value instantly.
The magnetic flux accompanying the current causes a self-induced
emf which by Lenz’s law opposes the increase of current. There
are then acting in the circuit two emf’s, the impressed emf e and
the emf of self-induction, which by equation (8) is —L % The
minus sign is used to indicate that the induced emf opposes the
impressed emf.

This is similar to the action of a mechanical force on a mate-
rial object; the applied force is opposed by the force of inertia
and some time is required before the body moves with the final
velocity determined by the applied force and the friction. The
opposing force of inertia in the mechanical case is given by the
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product of mass by the time rate of change of velocity. The force
of inertia corresponds to induced emf, the mass to inductance,
and velocity to current.

The total emf acting to produce current through the resistance
is the sum of the impressed emf and the emf of self-induction,

thus:
di >
e~L — 7 =Rz
This equation gives the relation between current and applied emf
at any instant. It is usually convenient to consider this equation

in the form

dv
Ldt—l—Rz— (12)

which indicates that the applied emf is opposed by the resistance
and the inductance. When R is relatively large or L relatively
small the current comes very quickly to its final value.

R
T
e
S
L>-==
—
]
>
——d
———
—_—
€ \'

F16. 9.—Circuit with resistance and inductance in series

Impedance.—In alternating-current and radio work the most
common and the simplest type of electromotive force is the sine
wave. Such an emf is expressed by equation (10). Supposing a
sine-wave emf to be impressed on a circuit, equation (12) becomes

di
dt+Rz—E sin wt (13)

The solution of this differential equation (neglecting a term which
represents the transient phenomena when the current is started) is

E
R2

L

73 (R sin wt—wL cos wi) (14)
or

Eo .
_m sin (wt—6) (15)
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where @ is defined by

tan 0=%§'— (16)

The current which flows in a circuit containing constant resistance
and inductance due to a sine emf is also a sine wave. The emf
varies as sin (wf), the current as sin (wf—0), hence the current
lags behind the emf by the angle 6. This angle is called the phase
angle. The instantaneous current becomes a maximum (/,) when
sin (wt—0) =1,

— __L_?_"___
°T YR+l
and, since the effective values I and E are equal to 0.707 I, and
0.707 E,, respectively,

el

H E
"Rl L2

This has the form of Ohm’s law, the quantity /R? +«?L? occurring
in place of R. This quantity is for this circuit the value of the
impedance, which is defined as the ratio of emf to current. Since
o =27 times the frequency it is clear that impedance is a function
of frequency as weil as of resistance and inductance.

Power.—The power expended in the circuit is at any instant
the product of the instantaneous electromotive force and current;
p=ei. The average power is the mean taken over a complete
cycle of this instantaneous product. Performing the calculation,
the average power is found to be

P=F] cos 9,
where E and I are effective values and 6 is the phase angle, defined

by equation (16) above. The ratio l—%=cos 0 is called the power

factor of the circuit.
9. CIRCUIT HAVING RESISTANCE, INDUCTANCE AND CAPACITY

When a circuit contains a condenser in series with resistance
and inductance the applied electromotive force is opposed by the
potential difference of the condenser in addition to the opposition
of the resistance and inductance. The potential difference of the

condenser equals —g. which may be written i?i so that equation
(12) becomes
. i Jidt
6=R'L+LE‘+T (18)
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Taking e =E, sin wt, and differentiating the equation,

d% di
Ldt’ +R dt+C—E° w oS wit
The solution (neglecting terms representing the transients, which
die out very quickly after the current is started) is

sin (wt—
T ( =,
The phase angle 6 is given by
wlL 1
tan 0= R "Rl (19)
R

—— N

1
Ho
i

e

F16. 10.—Circuit with resistance, inductance, and capacity in series; a typical radio circust

The maximum value of the current is

e
Nem)

The relation between effective current and emf is

=y

The impedance is
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It is to be noted that the terms in L and C have opposite signs
in this equation. Thus one tends to neutralize the other, and
comparing with equation (17) for a circuit with resistance and
inductance only, the impedance of an inductive circuit can be
reduced and the current increased by putting a condenser of
suitable value in series with the inductance. This increase of the
current has sometimes been called resonance or partial resonance,
but the term ‘““resonance” is usually reserved for the production of
a maximum current, as treated in section 11, below.

Special Cases.—It is of interest to consider the following special

cases:?
I. L=0and C=co.

B €5
III. L =o.

Case I represents a circuit with resistance alone. The equations
just above give for this case I = oL 6 =0°. The impressed electro-

motive force and the current are in phase, and their ratio is the
resistance, just as with direct current.

R

N —

c

E

F16. 11.-—~Circuit with resistance and capacity in series

Case II is that of a circuit with resistance and inductance,
which has already been treated in section 8.

Case III is that of a circuit with resistance and capacity in
series. Equations (20) and (19) give

E 1
———_2=I, tan 0= ~ Bl
+oic

2 Putting C=00 is mathematically equivalent to the statement that the condenser is short-circuited.
As thedistance between the plates of a condenser is decreased the capacity increases without limit. We
may consider, then, that when the plates touch together and the condenser is short-circuited the capacity
is infinite,

I:-_.

\
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The case is of special importance when the resistance term is
entirely due to energy losses within the condenser. It is
frequently convenient to deal with the “phase difference” ¢,
which =90°—#0, rather than with the phase angle. The phase

difference is given by
tan Yy = — RwC

If R is very small tan ¥ =y, and the phase difference = —RwC.
10. “VECTOR?”’ DIAGRAMS

Writing equation (17) in the form E = /R*I* +?L?[3, it is evi-
dent that E has such a value as would be given by the diagonal of
a rectangle having sides equal to RI and wLI. It is therefore pos-
sible to determine the value of E by the aid of a vector diagram

P IR vy
L
| |
! |
! |
J i
i wlLl 5 |
|
i |
] |
: wlI :
: |
‘ -
' |
‘ \\
| 6 ‘\‘ |
1 sl >
RI RI 7
F16. 12.—Vector combination F1c. 13.—Vector diagram for resistance and in-
of electromotive forces ductance in series

such as is used for calculating the resultant of mechanical forces.
wLlI is represented as a vector perpendicular to RI, and their re-
sultant is E. The current [/ is represented as a vector in the same
direction as RI; since, from equations (10), (15), and (16), the
current and electromotive force differ in phase by the angle
whose tangent is -%L-', and this is equal to the angle 6 in Fig. 13.

If equation (20) is written in the form

E =\/ (RI)? +<wLI —w——lc)z,

it is evident that E is calculable as the result of adding the three

vectors RI, wLI, and wLC’ drawn as in Fig. 14.
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These three quantities are the emf’s across the resistance, induc-
tance, and capacity, respectively. The emf wI-—C is drawn downward

from the origin, opposite in direction to wLI, corresponding to the
minus sign in the equation. The phase angle between I and the
resultant E is . From the Fig. 14,

s
oL —— .
= wC (21)
tan 0 iy -
I /
we £
is above the horizontal line as shown, 6 is positive, and the cur-

in agreement with (19) above. When wL is greater than

A
———————— A
]
]
wlLI E }

wL1-
i
!
8% |
N > Y I
1
ae ! RI

F16. 14,—Vector diagram for resistance, tnductance, and capacity in series

rent is said to lag behind the electromotive force. When w—IC is

greater than wl, 6 is negative, and the current is said to lead the
electromotive force. The component of emf in phase with the

I
currentis RI. ‘The component at 9o° to the current is (w—L—w—C 1.\
The ratio of this component emf to the current is called the

reactance. Its value here is <wL—% . The ratio of the re-

sultant emf to the current is called the impedance, which is here

2 __I_ 2
equal to \/R +(wL wC)'

If all the electromotive forces in Fig. 14 be divided by I, the
component vectors then become resistance and reactances and
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these combine vectorially to give the impedance as a resultan
It is sometimes convenient to speak of resistance and reactance
as impedance components. Reactance (usually denoted by the
symbol X) is expressible in ohms just as resistance is. The
reactance in the case under consideration consists of two parts,
the “inductive reactance” wL and the ‘‘capacitive reactance”
c-o}f' These may be denoted, respectively, by X1 and Xe. From
the expression (21) above it is seen that the tangent of the phase
angle is a ratio of impedance components.
tan 0—}~—<—=X————L—X°
R R

When the capacitive reactance is greater than the inductive

reactance, the total reactance X and the phase angle have negative

R

= I—

Fre. 15.—Circuit with resi.stam;e and capacity in parallel

values. In any case the ratio of reactance to resistance is the
tangent of the phase angle.

Phase Difference.—In a circuit consisting of resistance and capa-
city only, or resistance and inductance only, in series, it is more
convenient to deal with the phase difference than with the phase
angle. The tangent of the phase diffesence is the rcmprocal of the
tangent of the phase angle. When an angle is small it is equal to
its tangent, and consequently the phase difference is equal to the
ratio of resistance to reactance, in a series circuit in which the re-
sistance is small compared with the reactance. This is in agree-
ment with the case discussed above on page 27, where it was shown
that the phase difference of a condenser with resistance in series
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= —RwC. Similarly, the phase difference of an inductance with
resistance in series=-8—-
wlL
Vector Addition of Currents.—For series circuits the emfs and
the components of impedance combine vectorially just as, with
direct current, the emfs and resistances combine algebraically.
With direct current in parallel circuits, on the other hand, the
currents and conductances add up algebraically. For parallel
circuits with alternating current, the currents combine vectorially,
and so do the components of the ad-
mittance (reciprocal of impedance).
Suppose, for example, a condenser and

resistancein parallel (Fig. 15). Current Iis “*

the vector sum of the currents I'; = g and

Io=wCE. The impressed emf and the o =~ . . vassk el

current are in the same direction, sistance and capacity in parallel

while the current wCE leads the impressed emf by go°. The
resultant current [ leads E by the angle 6, where tan 6 = RwC.

From Fig. 16,
I=F LR;’ + w?C3
and the admittance (ratio of resultant current to emf) is 1% + 0?C3.

11. RESONANCE

In a circuit consisting of inductance, capacity and resistance
in series, the effective current has been shown to be

ik

() e

» the impedance is a minimum and the effective

When L =—
oC
current is a maximum. This condition for maximum current is
called resonance. The ratio of the current at resonance to the
current in the circuit with the condenser removed has-been called
the “resonance ratio”; this quantity is practically the same in
radio circuits as the ‘‘sharpness of resonance ” defined below.
At a given frequency resonance may be brought about by
varying either the capacity or the inductance. On the other
35601°—18—3 '
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hand, for a circuit of given L and C, there is some particular
frequency at which resonance occurs. The condition

wL =E . (23)

is equivalent to
I

W=

VLC
1
g

The relation (24) is of the greatest importance in high-frequency
work. It is the fundamental equation of the wave meter, for
instance. A number of other important ways of expressing the
same relation are given in section 78.

Simplified Current Equation at Resonance.—At resonance the
inductive reactance is equal to the capacitive reactance, the total
reactance is zero, and the impedance equals simply the resistance.
That is, at resonance, equation (22) reduces to

(24)

Ir=_

This means that the impressed emf is strictly equal to RI:. The
potential difference across the condenser and that across the
inductance may be greater than this, and in fact may be many
times the impressed emf. Being equal and opposite, they
neutralize each other and contribute nothing to the resultant
emf opposing the applied emf.

Mechanical Illustration.—The phenomenon of resonance is well

* % m 00040001
/ Z / /

F16. 17.—Simple mechanical system which can
exhibit the phenomenon of resonance

illustrated by the vibration of a spring with a mass attached.
When a force F acts on the mass m, it is opposed by the stiffness
of the spring, by the inertia of the mass, and by friction. The
analogy to the electrical case is not perfect, since friction due to
sliding is not proportional to the velocity. If the force is applied
periodically, there will be a certain particular frequency for
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which a more vigorous oscillation is produced than for any other.
When the frequency of the applied force is just equal to the
frequency of resonance, the applied force is all used in overcoming
friction; the elasticity of the spring and the inertia of the mass
constitute two equal forces opposing each other. These two
opposite forces may be much greater than the applied force.
For instance, the vibration may become so violent as to break
the spring although the impressed force is far too small to do so.

Magnification of Voltage.—Similarly, in the case of the electrical
circuit, there is danger of breaking down the condenser in a
resonant circuit because the potential difference across the con-
denser is much greater than the applied electromotive force.
The ratio of the voltage across the condenser to the applied
voltage is greater the smaller the resistance (including under
resistance not only the ordinary. ‘“ohmic” resistance of the con-
ductors but all sources of energy loss, such as dielectric loss in
the condenser). In comparing the electrical circuit with the
vibrating spring, one should remember that the mass is the analog
of the inductance and the spring the analog of the condenser. It
is unfortunate that the diagram generally used for an inductance
is the same as that used above for a spring. .

Vector Diagram of Resonance.—Resonance phenomena are
shown in an interesting manner by means of vector diagrams.
In Fig. 14, which illustrates the vector diagram of emfs for a
circuit with resistance, inductance, and capacity in series, the
inductive reactance wL is taken to be greater numerically than

the capacitive reactance 5%‘ so that the resultant vector E has a

direction corresponding to a positive rotation from the direction
of RI through an angle 6. Suppose that the frequency is de-

Er 4 :
creased; wL decreases and oC Increases numerically. When

they become equal, the total reactance <wL—w—IC) and the angle

6 become zero, and E equals RI. The diagram then becomes
Fig. 18.

Resonance Curves.—As already stated, in a circuit of given L
and C there is some frequency at which resonance occurs, given
by wL=%- At all other frequencies the inductive reactance

and the capacitive reactance are unequal, and their difference

.
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enters the expression for impedance. At frequencies less than
the frequency of resonance the capacitive reactance is the larger,
and consequently we may say that at low frequencies the capacity
keeps down the current, while at high frequencies it is the induc-
tance that keeps the value of the current down. For any depar-
ture from the condition of resonance, whether by variation of fre-
quency, of inductance, or of capacity, the current is diminished.
The process of varying either the capacity or the inductance to
obtain the setting at which the circuit is in resonance with the
frequency of the applied electromotive force is called *tuning”
the circuit or tuning the circuit to resonance.

The reduction of the current on both sides of resonance is
shown in Fig. 19, in which the square of current is plotted against
capacity, the emf being constant. Such curves are called reso-
nance curves. ’

wll]

o
wC

£
F16. 18.—Vector diagram of series circuit in resonance

The three curves shown are for an actual circuit, with its normal
resistance of 4.4 ohms, with 5 ohms added, and with 10 ohms
added. The inductance is 377 microhenries and the frequency
169 100 cycles per second. The curves show theoretical values
as obtained from the formula

r =

“Rt(oL— L)
et i)
‘The theoretical values were closely checked by actual observa-

tions, using a pliotron as a source of alternating current and a
thermocouple and galvanometer to measure the current. The
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square of current is plotted instead of current, simply because
the galvanometer deflections were proportional to the square of
current. The ordinates are thus in terms of galvanometer deflec-
tions.

The value of the constant impressed emf-is given by E =RI,,
where I,=current at resonance. In the arbitrary units resulting
from the expression of current-square in galvanometer deflections
and R in ohms, for curve A the value of E=4.4X19=19.2.
The emf across the inductance=wlI, so that at resonance its

2
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F16. 19.—Resonance curves for series circuit
with different resistances

value is 2w X 169 100 X377 X 107X 4/19=1750. The emf across
the condenser at resonance=wLC':r, which equals the same value,
1750. Note that this is much greater than the applied emf, 19.2.
In the case of curve B, the applied emf is the same, but the emf
across the inductance and the equal emf across the condenser at
resonance = 2w X 169 100 X 377 X 107¢ X 1/4_16 =818. In the case
of curve C, the equal emfs across inductance and capacity at
resonance each equal 534. The applied emf having the same
value, 19.2, for each curve, this clearly illustrates the statement
previously made that the ratio of condenser voltage to applied
voltage is greater the smaller the resistance.
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Sharpness of Resonance.—One of the principal applications of
the phenomenon of resonance is the determination of frequency.

Since the current is a maximum when w=;ﬁlf_(f—" the frequency

is determined when L and C are known. The precision with which
frequency can be determined by this method depends upon the
sensitiveness of the current indication to a given change in C or
L at resonance. This sensitiveness is obviously greater the
sharper the peak (Fig. 19). The precision of determination of
frequency, therefore, depends upon what may be called the
sharpness of resonance, a quantity which measures the fractional
change in current for a given fractional change in either C or L
at resonance. (This quantity has also been called selectivity;
see also statement on p. 31 regarding the term resonance ratio.)
The sharpness of resonance is an important characteristic of a
circuit and is very simply related to the phase differences and
other constants. It may be defined in mathematical terms by
the following ratio

T2-1}

p

= (Cr e C)

C

where the subscript r denotes value at resonance, and I, is some
value of current corresponding to a capacity C which differs from
the resonance value. The numerator of this expression is some-
what arbitrarily taken to be the square root of the fractional
change in the current-square instead of taking directly the
fractional change of the first power of current. This is done
because of the convenience in actual use of this expression (since
the deflections of the usual detecting devices are proportional to
the square of the current) and also because of its mathematical
convenience. It is readily shown that the sharpness of resonance
thus defined is equal to the ratio of the inductive reactance to
the resistance. Since

I
wL it 77 (25)

] ] .
/7 E
2

1= y .I
R ‘{‘(CDL—E

2
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becomes
Wt s ode 0 LY
wCy wC
This, together with
oo RN
r Rz

gives

I 1\
& R”(z:&:*z)
I~ R

Thy/ el oNA
Irz—I12=w2 —CT,-—E)

I? R?
e I C vy Cr 2
szz Cr C
V% I (26)

+(C:~C) RoC,
C

The right-hand member of the equation is the ratio of the capaci-
tive reactance at resonance to the resistance. In virtue of equa-
tion (25), it is also equal to the ratio of the inductive reactance

2 4
to the resistance; thus sharpness of resonance=%~

It is of interest to note the relation of the sharpness of reso-
nance to phase difference. As shown above on page 31, the phase
difference of a series combination either of resistance and induct-
ance or of resistance and capacity is equal to the ratio of resist-
ance to reactance. If in a circuit having an inductance coil and
a condenser in series the only resistance is that of the inductance
coil, it follows that the sharpness of resonance is equal to the
reciprocal of the phase difference of the coil. If, on the other hand,
the resistance of the circuit is all due to energy loss in the con-
denser, the sharpness of resonance is equal to the reciprocal of
the phase difference of the condenser. A measurement of the
sharpness of resonance thus gives the phase difference directly.
If the resistance is partly in the coil and partly in the condenser,
each has a phase difference and the sharpness of resonmance is
equal to the reciprocal of the sum of the two phase differences.
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It has been mentioned that there is danger of breaking down a
condenser in a resonant circuit because the potential difference
across the condenser may be many times higher than the applied
electromotive force. This danger is directly in proportion to the
sharpness of resonance, or inversely as the phase difference of the
condenser. For if the applied emf is RI, the condenser voltage

at resonance is — The ratio of the condenser voltage to the

wCy
applied emf is—R—(:C—, which is the sharpness of resonance or the

reciprocal of the condenser phase difference.
Application to Radio Resistance Measurement.—Formula (26)
above, which gives the relation between the sharpness of resonance

R

N[
|
— Wl

F16. 20.—Simple circuit for measurements of resist-
ance or wave length

and the phase difference of the condenser, has been shown to have
important applications to the precision of frequency measure-
ment and to the rise of voltage on the condenser. Another appli-
cation of great importance is the measurement of resistance.
This is seen by writing the equation in the form
=23 (Cr—C) I3

R== wC,C 12 l_Ilz (27)
Thus the resistance of a simple circuit as in Fig. 20 is measured
by observing deflections of the indicating instrument A for two
settings of the variable condenser, one setting at resonmance C;
and any other setting C. This is one of the principal methods
of measuring high-frequency resistance, and may be called the
‘‘reactance variation’’ method. Other ways of using the prin-
ciple of reactance variation are described in section 5o below.
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The method is rigorous, involving no approximations, provided

the applied emf is undamped. The resistance so measured is the -

effective resistance of the entire circuit, including that due to
condenser losses and radiation.

12. PARALLEL RESONANCE

When a coil and a condenser are in parallel in a circuit, the
phenomena are strikingly dif-
ferent from those of the series L R
arrangement. The total cur- I
rent 7 is the vector sum of the
currents in the two branches,
I, and I,. The current il
through the coil depends on- ¢
its resistance and inductance,

m__

thus,
E
I, = '\7}%‘24_—‘———2[‘2 F16. 21.—Parallel circuit having capacity in
w parallel with inductance and resistance; un~
Also der certain conditions the current in either
Io= —wCE of the branches exceeds that in the main line

assuming the condenser loss to be negligible. Taking the sum of
the two currents, with due regard to their
phase relation, the total current is

g 1 hip Ry
E\/(wC R? +w2L2) * (Rz fw’l?
When
wl
R+l (28)

wC =

the total current is in phase with the emf,
and has the value,

ER
I=pron (29)

This is the minimum current for varying
values of C and is very nearly the minimum
current for varying values of L or w.
5 Equation (28) is the condition for what
F16. 22.—Vector diagram  may be called inverse resonance or parallel
Jor PRt resonance. At parallel resonance, the
total current in the external circuit is less than the current in the
coil. This is because the currents in condenser and coil are in
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opposite directions as regards the external circuit, and thus tend
to neutralize each other in that circuit.

Simple Case—When the resistance of the coil is very small
compared with its reactance, as is usual at radio frequencies,
equation (28), the condition for parallel resonance, becomes

I

Wol = & DL
(using w, to denote the value of w at parallel resonance), or

I

Wo = (30)
vLC
The total current at this frequency is
ER
Iy=— 1
= ootL? (31)
I 41
I
14
e
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F16. 23.—Vector diagram illustrating F16. 24.—Resonance curve showing the con-
resonance sn simple parallel circurt dition of parallel resonance

The current in the condenser is very closely equal to that in the

The total current is the vector sum

E .
wol
of the currents in coil and condenser, and is thus smaller than the

coil, the value being

current in either by the ratio o As suggested by a compari-

woL
son of Fig. 22 and Fig. 23 the resultant current may be vanish-
ingly small. The combination of coil and condenser acts like a
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very large impedance in the main circuit, the value of this im-
27 2
pedance being ﬁ%—]:- For any variation of frequency, induc-

tance, or capacity, from the condition of parallel resonance, the
total current increases.

At low frequencies the inductance carries the greater part of the
current, and at high frequencies the condenser is the more im-
portant.

Comparison of Series and Parallel Resonance.—It is interesting
to compare the resonance phenomena in a series circuit with the
phenomena of parallel resonance. In the former case the indi-
vidual voltages across the coil and condenser exceed the result-
ant voltage across both, whereas in the latter case the separate
currents exceed the resultant current. The impedance intro-
duced into the circuit by the series combination is vanishingly
small, and the impedance due to the parallel combination is very
large. Comparing equation (29) with =‘/—E—z—+£w_iz, the ratio- of
the total current at parallel resonance to the current in the circuit

with the condenser removed is Thus the current is

Car R
JRrals
reduced in parallel resonance in the same ratio that it is increased
in series resonance. The two kinds of resonance are discussed

further in the next section.

RADIO CIRCUITS
13. SIMPLE CIRCUITS

A typical radio circuit comprises an inductance coil, a con-
denser, and a source of electromotive force, in series.

The source E may be a small coil in which an alternating electro-
motive force is induced by the current in a neighboring circuit.
Some of the phenomena in such a circuit have already been treated
under “The principles of alternating currents.” What is there
given applies to high as well as low frequencies. Some of the
phenomena and their mathematical treatment are much simplified
at high frequencies. Electromotive forces of sine-wave form are
assumed in this discussion; the results obtained apply equally to
slightly damped waves.

It will be recalled that the reactance of an inductance is wL,

I

and the reactance of a capacity is o It is essential to remember
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that w is 27 times the frequency. In fact, the physical meaning
of w in reactance expressions is the same thing as frequency; the
27 is a factor resulting from the way the units are defined. The
expression wL tells us that the reactance of an inductance is pro-
portional to frequency.

Series Circuit.—The simple circuit of Fig. 25 is, in fact, the
principal circuit used in radio transmitting sets, receiving sets,
and wave meters. Some of its chief properties are conveniently
brought out by a graphical study of the variation of its reactance
with frequency. Advantage is taken of the fact that resistance
is a negligible part of the impedance (except at resonance), to
obtain very simply an idea of the way the current varies with
frequency. Small current corresponds to large reactance (either
positive or negative), and vice versa.

E

F1c. 25.—Simple series circuit

The reactance of the circuit is (wL — EIZ‘) The inductive react-

ance, wL, is the predominating portion of this at high frequencies.
It is represented by the line wL in Fig. 26. The capacitive react-
ance predominates at low frequencies; it is represented by the

line J,I_C‘ The sum of these two is represented by the line marked

total reactance. At the point «’ where this reactance curve
. . I . .
crosses the axis—i. e., where wL =E—the current is a maximum.

The resonance curve, showing variation of the current with fre-
quency, would rise to infinity at the point «’, where the total
reactance is o, if it were not for the resistance in the circuit.
While the current at resonance is determined by the resistance,
the frequency of resonance is given accurately by the reactance
curve which takes no account of resistance. The most important
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aspect of resonance phenomena is thus shown by the simple react-
ance curve, the plotting of the current curve being unnecessary.

Use of Reactance Curves.—Complex circuits can be studied and
much useful information easily obtained by the use of reactance
curves. The effect of any auxiliary circuit upon a wave meter or
a transmitting apparatus can be determined, as will be shown
later. In any such diagram the points where the reactance curve
crosses the w axis give the frequencies at which the current is a
maximum. {
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F16. 26.—Reactance diagram for simple series circuit, showing the capacitive and induc-
tive reactances and their resultant at different frequencies. The current in the circuit
is @ maximum at o’ :

Parallel Circuit.—An inductance and a capacity placed in paral-
lel in a circuit behave very differently from the series arrangement
of inductance and capacity already discussed. As shown in Fig.
27, the same electromotive force is impressed upon the terminals
of both L and C by the source E, which may be a spark gap,
another condenser, a coupling coil, etc. The total current I is the
sum of the currents in L and C, or

E
I=——uCE

The ratio, —I-, is equal to the reciprocal of the impedance, and when
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resistance is negligible this is a quantity called the susceptance.
The total susceptance is here made up of two parts, the inductive

susceptance

wl
L

He

l I
E

F16. 27.—Simple parallel circuit

—, which predominates at low frequencies, and the

capacitive susceptance wC, which predominates at high frequencies.
Each of these two susceptances is the reciprocal of the correspond-
ing reactance, but this is true only when resistances are negligible.
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F16. 28.—Reactance diagram for simple parallel circuit, showing the capacitive and
inductive susceptances at different frequencies, together with their resultant and the
resultant reactance

The curve marked ‘“Total susceptance” in Fig. 28 was obtained by

g . 1
addition of the two curves, o and wC. The curve ‘“‘Reactance’’

L

was obtained by taking reciprocals of the points on the curve of total
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susceptance. The reactance of the circuit is small at very low and
very high frequencies, but at w,, the point of parallel resonatce,
both branches of the reactance curve go to infinity. The current
in the circuit is a minimum at w, and would be strictly zero if
there were actually no resistance in either branch of the circuit.
Thus it is seen that while a series combination of inductance

and capacity has zero reactance when wL = Z)I_C_" a parallel arrange-

ment has infinite reactance under the same condition. A series
arrangement is therefore used when it is desired to make current
of a given frequency a maximum, and a parallel arrangement is
used when it is desired to suppress the current of that frequency.

14, COUPLED CIRCUITS

Circuits which are more complex than those already discussed
may be considered as combinations of simple circuits. The
component simple circuits in general have certain parts in com-

o

C‘ L &=

= —

o g

F1c. 29.—Simple case of coupled circuits in which a
parallel circuit is combined with a series circuit

2

c

mon, and these parts are said to constitute the coupling between
the circuits. Suppose, for example, the simple series circuit and
the simple parallel circuit are combined as shown in Fig. 29.
The coil L is the coupling between the circuit C,L and the circuit
Cole

Elimination of Interference—A great deal of information about
coupled circuits may be obtained from their reactance diagrams.
A curve of the variation of reactance with frequency tells in a
very simple way at what frequencies the current is either large
or small. The reactance of C, and L in parallel (Fig. 29) is as
shown in Fig. 28 and designated by X’/ in Fig. 30. This com-
bination is in series with :C,. Adding the curve of condenser
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reactancefc—: to the curve X'/, the curve X is obtained, giving
1

the reactance to current flowing through the ammeter. At the
frequency corresponding to «’, the reactance is zero and the
current a maximum. At ®, the reactance is infinite and the
current is a minimum. It is easily seen, therefore, that such a
circuit is very useful where it is desired to have current of a
certain frequency in a circuit but to exclude current of a certain
other frequency. For example, if it is desired to receive radio
messages of a certain wave length from a distant station, and a

2000
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F16. 30.—Reactance diagram for combination circuit of Fig. 29; curve X is the resultant
reactance of the system

near-by station operating on a different wave length emits waves
so powerful as to interfere with the reception, the interfering
signals can be greatly reduced by using this kind of circuit. The
circuit C,L is first independently tuned to resonance with the
waves which it is desired to suppress. The setting of condenser
C, is then varied until the main circuit is in resonance with the
desired waves. If the resistances in the circuit are very small,
interference is readily eliminated in this manner. The same thing
is accomplished by other types of coupled circuits, as explained
below.

Suppression of Harmonics.—Such a circuit is useful also in
sending stations or in laboratory set-ups, where certain wave

R p—
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lengths need to be eliminated. For example, the emf from an
arc generator is not a pure sine wave but contains harmonics in
addition to the fundamental frequency. Some harmonic may
be especially strong and it may be desired to suppress it. This
can be accomplished in some cases by connecting a condenser
across a loading coil (which is not a coil used to introduce the emf
into the circuit) either in the closed circuit or the antenna and
tuning the combination of loading coil and condenser to the ob-
jectionable frequency. Various modifications of this simple
scheme can be used, which may be more convenient under certain
circumstances. Thus, instead of a condenser only, a condenser
and coil in series can be connected around the main inductance
as in Fig. 31. The circuit L,MC, is independently tuned to

O— i~
Tl
§ C, (9
v ol M ==)

E

Fic. 31.—Coupled circuits snvolving two simple series cir-
cuits; various modifications of this circuit are used in trans-

mitting sels tn which it is desived to emit certain frequencies
and suppress others

the harmonic which is to be suppressed. The main circuit
is then tuned to the frequency which is to be emitted. The
reactance to the emitted frequency is thus made zero, while
the reactance to the objectionable frequency is made very
large, as shown in Fig. 32. The reactance of the parallel
combination of M with Ly, and C, is found by the method used
before to be the curve X'’/ with two branches. The condenser
realcta.ncefc—1 is added to this, giving the heavy curve X of react-
ance to current flowing through the ammeter.

One of the characteristic properties of coupled circuits is
brought out by Fig. 32, viz, the reactance is zero at two frequen-
cies. That is the current is a maximum for two different fre-

35601°—18—4
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quencies. Between these two, indicated by «’ and &'/, is the
frequency of infinite reactance or minimum current, indicated by
w,. Thus, it is possible to suppress a certain frequency and tune
the circuit to a different frequency either larger or smaller than
the one suppressed. There will be current maxima at both fre-
quencies (corresponding to «’ and «’’) in the circuit if the source
of emf supplies these two frequencies simultaneously. The current
will have a minimum at the intermediate frequency of infinite
reactance only provided the resistances of the circuits are small.
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F16. 32.—Reactance diagram for the simple coupled circuits of Fig. 31; the curve X of
resultant reactance is zero for two values of frequency

15. KINDS OF COUPLING

Circuits may be connected or coupled together in a number
of ways. When there are two circuits, the one containing
the source of power is called the primary, the other circuit the
secondary. These are generally coupled in one of the follow-
ing ways: (a) By direct connection across an inductance coil;
(b) by electro-magnetic induction; (¢) by direct connection
across a condenser. In the first kind, called “direct coupling,”
an inductance coil is common to the two circuits as illus-
trated in Fig. 33 (a). In the second kind, “inductive coup-
ling,” shown in (b), the two circuits are connected only by mu-
tual inductance. An example of the third kind, ‘‘capacitive
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coupling,” is shown in (¢); a condenser is common to both cir-
cuits in place of the coil M of Fig. 33 (a).

It is characteristic of coupled circuits that the impedances in
each circuit affect the current flowing in the other. This reaction
of the circuits upon each other is the more marked when the
common portion of the two circuits is a larger proportion of their
impedances. When this is large the coupling is said to be ‘‘close”
and when small the coupling is ‘‘loose.”” In the case of extremely
loose coupling, the back action of the secondary on the primary
circuit is negligible, and the considerations of coupled circuits do
not apply; the two circuits act practically as independent circuits,
the primary merely applying an electromotive force to the
secondary.

() (b)

F16. 33.—Types of coupling; (a) direct coupling, (b) tnductive coupling, (c) capacitive
coupling

Coupling Coefficient.—The closeness of coupling is specified by a
quantity called the coupling coefficient. This is defined as the

A %4 :
ratio ——=—, where X, is the mutual or common reactance \

\/X1Xz’
(either inductive or capacitive) and X, is the total inductive or
capacitive reactance in the primary circuit and X, the total
similar reactance in the secondary. Thus, in the case of direct
couplihg, Fig. 33 (a), the coupling coefficient is

oM
Vo(La+ M)w(Lp+ M)

Denote the total inductance of primary and secondary by L, and L,,
respectively, and the coupling coefficient by k; then

M

k=
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This also gives the coupling coefficient for inductively coupled
circuits, as illustrated in Fig. 33 (b), L, and L, being the respective
total inductances of primary and secondary, each measured with
the other circuit removed. As suggested by the identity of
expression for coupling coefficient, inductively coupled circuits
may be considered as equivalent to direct-coupled circuits having
the same M, C,, and C,, and in which L,=L,—M and L,=L,— M.
The coupling coefficient in Fig. 33 (¢) is:

B
(' O
I I I I
\/ (wc., T aCa (f taca
Denote by C, the total capacity of the primary circuit, and by C,
the total capacity in the secondary.
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F1G. 34.—Special case of capacitive coupling

From these expressions the coupling coefficient may be obtained
for particular cases. Thus, for Fig. 31, which is a special case of
the kind of coupling shown in Fig. 33 (a),

M
E=\ I+

Similarly, Fig. 34 shows a special case of capacitive coupling.
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The coupling coefficient is readily found to be

Co
e
Use of Coupled Circuits to Select Frequencies.—Any of the
systems of coupled circuits which have been mentioned may be
used for the purpose of suppressing current of one frequency while
responding to current of another frequency or wave length. This
was discussed above in connection with the simple case of direct

coupling in Fig. 29. It may be shown that each of the more
general circuits in Fig. 33 will accomplish the same thing. This
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F16. 35.—Reactance diagram for case of capacitive coupling shown in Fig. 34

is also true of the simple case of capacitive coupling in Fig. 34,
as may be seen from its reactance diagram Fig. 35. The curve
X' gives the reactance of the parallel combination of C,, with
L, and C,. Adding the reactance of L, to this, the heavy curve
X is obtained, showing the total reactance to current in the
primary circuit. As before, the reactance is zero at two fre-
quencies and is infinite at one intermediate frequency.

Thus any of these arrangements of coupled circuits may be
used to remove an objectionable frequency while tuning to some
other frequency either higher or lower than the one suppressed,
provided the resistances of the circuits are not large. In every
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case, w, corresponding to the frequency suppressed in the primary
circuit is given by
I
) eTal

where L, =total inductance of the secondary circuit and C,=total
capacity.
16. DIRECT COUPLING

The above discussion shows how a qualitative comprehension of
the action of coupled circuits may readily be obtained. The exact
frequencies to which a coupled
system responds may be obtained
by calculation in the manner here
shown for direct coupling, upon
1C2 the assumption that resistances
can be neglected.

The emf E in the primary (Fig.
—E—+r " 36) is opposed by the impedance
of L,,0f C,,and of the parallelcom-
bination of M with L, and C,.
Denoting by I, and I, the currents in primary and secondary, re-
spectively, the current in M is I, —I,.

F16. 36.—Ciscuits invelving direct coupling

E=(wL,,—c—oIa>Il+wM(I,—Iz) : (32)

The emf across M is the same as that across L, and C, in series,
hence

WM, ~1,) = (wL,, ___)1

wM wLb————)
l
w(Lb'I‘M)—_
2
Therefore,
M{ wLy——
E 1 o ( P wCz)
Tl=wl‘°—'wcl+ 1 (33)

w(Ly+M) L0

The last term is X'/, the reactance of the parallel combination of
M with L, and C,, which may be shown, as before, to vary with
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frequency according to the curve marked X’/ in Fig. 32. Adding

to this the curve of wL,—‘—o—z,—, the total reactance curve X is

1
obtained (Fig. 37). This curve is the graph of equation (33).

The value of w at which I.b: is o, or the current in the primary a

minimum,is obtained when the denominator of the last term iszero,
._._.._.*_I .
VLo +M)C,
used to indicate that this is the value for resonance in the sec-
ondary circuit C,L,M when the primary circuit is open.

The values of w at which the primary current is a maximum
are given by equating (33) to o and solving for w. A similar ex-
pression involving. the secondary current may be treated in the
same way, and it is found that the secondary current has maxima
at the same values of w as the primary current. Expressed in
terms of the inductances and capacities, the solution is rather
complicated. It is more convenient to express it in terms of &,
the coupling coefficient, and w, and w,, the respective values of
w for resonance in the primary circuit C,L,M alone and in the
secondary circuit C,LyM alone.

Using the relations,

s ) M o1 R Y R SR W i
Vi) Gt ~JLane, " Jime, 34

w(Ly+M) ——<=0. Thus w,= The symbol w, is
At

the following two values are found for which the currents have
maxima, '

o L e V(0 —0)? + 4520, %w,?
2 =) TTH (35)

o' = [’ tw’+ V(@ — ;)2 + 4hw 0,
SR L > (I——kz) (36)

Example—The theory was experimentally verified in the fol-
lowing case. Two circuits were direct-coupled as in Fig. 36. The
following capacities and inductances were used:

C,=0.0023 X 107% farad
C;=0.00093 X 107° farad
L, =56 X 107 henry

Ly, =209 X 10°® henry

M =241 X 107° henry
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The coupling coefficient and the values of w for resonance in the
primary circuit alone and in the secondary circuit alone are found
by (34) to be

k=0.659

w, =1.210 X 10°

w,=1.545 X 10°

The frequencies for maximum current in the coupled system are
found by (35) and (36) to be

w’ =1.037 X 10°
o'’ =2.392 X 10°

o pe )
L,
e 0

i b
b |
| 3f
, ' N
7000 | Qe
'\

Ci=0.0023 Mf]
C2-000008 uf
La= 5644
Ls:209 pb
M =242 45

2000

F16. 37.—Reactances and current in case of direct coupling

It is thus evident that the effect of coupling is to spread out or
separate farther the two independent frequencies. Values of
primary reactance were calculated by equation (33) for a number
of values of w, giving the curve X of Fig. 37. It will be noted
that it crosses the w axis at the values just given for v’ and '/, and
that it goes to + and — infinity at 1.545 X 108, the value of w,.
Current was produced in the primary circuit by induction from
a buzzer, the buzzer circuit being varied to supply different fre-
quencies. The coil L, was inductively coupled to the buzzer
circuit, the coupling with that circuit being so loose that the emf
could be considered as applied at one point of the circuit L, MC,.
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Current was measured by a galvanometer and a crystal detector
attached to a circuit inductively coupled to the secondary circuit
Ly, MC,. The galvanometer deflections were approximately pro-
portional to the square of the current. As shown, the curve of
observed galvanometer deflections for varying frequency has two
maxima corresponding closely to «’ and w’’. The slight discrep-
ancies are probably due to inaccuracies in the values used for L,
and L,; the inductances of these coils were later found to vary
slightly with frequency, whereas a constant value was assumed
for each in computing the reactance curve.

Special Cases.—In the special case when w, =w,, equations (35)
and (36) become

’ W,

w =‘/I+ (37)

w;

o s (38)

When k& is very small; that is, when M is very small compared
with L, or Ly,

o' =" =0 (39)
In this case, where the coupling is very loose, the system responds
to only one frequency instead of two, and this is the frequency of
resonance of either circuit by itself.

When, on the other hand, L, and L, are very small compared
with M, the coupling is said to be very close, and % approaches
the value unity. As k increases to this value, the two frequencies
become more widely separated and in the limit

@ =7§ w, (40)

=90 (41)

Practically this means that when w,=w, and L, and L, are
negligible in comparison with M, there is only one frequency and
this is given by ' =_1/2]VI[C1' The reactance curve of such a sys-
tem is of the type shown in Fig. 30. The curve X crosses the w
axis at w’, a value less than w, (called w, in the figure), and
touches the w axis again at infinity.

A particularly interesting special case of direct coupling is that
in which w,=w, and L,=L,. This is obtained when L, =L; and
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C,=C,. The values of w for maximum current in the primary are

I

“' = JT.730C. (42)
o'’ = \/—LI———C— (43)

In this case one of the frequencies is constant, not varying when
L, is kept constant and M is varied. In the reactance diagram,
Fig. 37, the point «’’ remains fixed, and «" moves farther to the
left as M is increased. When M is extremely small, the two fre-
quencies are equal, and the equations (42) and (43) reduce to (39).
When M is very large in comparison with L,, the equations reduce
to (40) and (41).
17. INDUCTIVE COUPLING
The applied emf E in the primary of two inductively coupled
circuits must satisfy: '
8 — (le -

or) oML, (40
The primary current and reactance can be found by writing down
a similar equation for the secondary circuit and solving. This is
not necessary, however, as the solution already obtained for direct
coupling applies to this case also. Consider L, to be made up of
two inductances in series, M and L,, the latter being given by
L.=L,—M. Similarly consider L, to consist of two parts in
series, M and L,=L,— M. Then Fig 38 is replaced by Fig. 36,
and equation (44) becomes

I
E =(wLa +wM——w—51) I,—oMI, (45)
or,
E= (mLa . w‘C) I, +eM({I, —I)
M
o
= Ly Le Zga

Fic. 38.—Circuits involving inductive coupling

This is the same as equation (32) for direct-coupled circuits.
The two cases are, therefore, equivalent.
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Equivalent Direct Coupling—Thus, an inductively coupled
system may be considered to be replaced by the direct-coupled
system of Fig. 36, in which

L,=L,—-M
Ly=L,-M
The reactance curves are the same, and the frequencies of maxi-

mum current, given by o’ and o'/, (35) and (36), are the same,
Equations (34) are more convenient in the following form:

2 M & By T I
VRl \ JhEGp vi LG,

k

The example given in Fig. 37 was actually for direct-coupled
circuits, but corresponds also to a case of inductively coupled
circuits in which

L,=297 X107 henry,

L,=450X107® henry,

and C,, C,;, and M are the same as before.

The special cases treated above, in which w, =w, may be con-
sidered as special cases of inductive coupling as well as of direct
coupling, except that the last case, where L,=L,, is of no par-
ticular interest when the coupling is inductive, because when M
is varied L, is not usually kept constant. With inductive coup-
ling, M is usually varied by moving the coils with reference to
one another, L, and L, remaining constant.

Example—A test of this theory of inductively coupled circuits
was made by a set of measurements upon two circuits arranged
as in Fig. 38. The coupling was varied by changing the distance
apart of the two coils L, and L,. The effect of varying coupling

is shown in Fig. 39. As the coils are brought closer together,
increasing the coupling, the resonance points w’ and w’’/ be-

come more widely separated. The constants were as follows:

C,=0.000244 microfarad,

C,=0.000098 microfarad,

L, =103.5 microhenries,

L,=246.9 microhenries, 2

M =0.6, 2.0, 5.1, 25.0 microhenries, successively.
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The reactance curves were calculated from these data and the
preceding formulas. The curves of current squared were plotted
from observations of deflections of a galvanometer connected

+ 200l Reactance It Galvanameter|,o
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T ss, 58 TR o
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3200iQ 20,
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Fi16. 39.—Effect of varying the coupling upon reactance and resonance curves for induc-
tively coupled circuits

to a thermocouple loosely coupled to the secondary circuit, as a
function of the frequency of the current which was induced in
the primary by coupling loosely to a pliotron circuit. Each
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mutual inductance was measured by two measurements of the
self-inductance of the two coils connected in series, the connections
of one coil being reversed for the second measurement. While
there are slight discrepancies in the agreement between the
points of zero reactance and maximum current, due to slight
changes of the inductances with frequency, the agreement is
considered very good.

Effect of Coupling on Currents.—To calculate the current in the
coupled circuits requires that account be taken of the resistances.
A specially important case is that in which the primary and
secondary circuits are both tuned, so as to be separately in
resonance with the applied electromotive force,

== (46)
3. JLe, f

Letting R, =resistance of primary circuit and R,=resistance of
secondary, it may be shown 4 that

o |ER,
' R.R, +w*M?
I EoM
= - — -
*" R.R, +w*M?
2 I
24
25
Riezsn
24 - Reez0n
£ =240
w =10°
as
& roke;
E Z z < ML“Bﬁ

F16. 40.—Variation of current I, with coupling in
tuned circuits inductively coupled

M in these formulas is suppcsed to be in henries. For varying
values of M the current in the secondary is a maximum when

' w*M?*=R,R,
This also holds for maximum current for a variation of w, pro-
vided the relations (46) are maintained by variations of the

capacities. Other cases of this sort are solved in the reference
cited below.*

4 See reference Nos..15 and 24, Appendix 2.
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18, CAPACITIVE COUPLING

The phenomena in a pair of coupled circuits joined by capaci-
tive coupling may be shown in a manner similar to the above
discussion of direct coupling. Denoting by I, and I, the currents
in the primary and secondary, respectively, the current in G, is

I,—1I, and
I 1
E-(le_w_C:)Il +(wL3—‘:,—C;)Iz
1 1
s of) pak v LS
i 1 ow(w L wa)
(“’Lz_"zi)lz— i m"(Il_'Iz)—— " N _I‘Il
e wCy, ola
Therefore,
1 a1
E I R ey A
7 =L (47)
: WGy S
s wCr
JIca lLce
i |
L iy
AL-1.
R o

Fic. 41.—Circuits involving capacitive coupling

This is the expression for reactance to current in the primary
circuit. A curve of its variation with frequency is shown in Fig.,

42. The total reactance is X, the sum of (le —%

) and X/,
the last term in (47).

The values of «’ and «’’/ at which the currents have maxima
are readily found by equating (47) to o and solving for w. It is
convenient to express them in terms of the coupling coefficient
and the respective values of w for resonance in the primary cir-
cuit L, Cy Cy, alone and in the secondary circuit L, Cy, Cy, alone.

Using the relations,

7 L6y e ey Oy rCH
5 J(Ca - Cm) (Cb ar Cm) g L1Cacm’ S \’ LszCm’
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it turns out that the currents have maxima at the two frequen-
cies given by

o =Jw12+wzz s ,\/(wlz_wzz)z +4 kzwlzwzz
£

(48)

2 20s 2 __ .y 2)2 B2 2.3
w~=‘/°’1 +w,? — /(w, 2%) + 4 Fww, v

zoooin
750
500
250, $ wls= ¢
b X
o § /w’ w W’ :
é / 15 R5x10°W .
254 X
500,
750 Cs=0.00285 ‘Ik
] LC?.377 Ath
= Q005 41
2000| £ Ls =175,./{
Ca =a00254f]
7250

Fi16. 42.—Reactance diagram for capacitive coupling shown in F. 9. 41

Special Cases.—When o, =w,, these expressions simplify to

o =w1+k

When the coupling is very loose, k approaches o, and

o = =
The system responds simply to the frequency of resomance of
either circuit by itself. When, on the other hand, Cy, is small in
comparison with C, and Cp, the coupling is close and in the Limit
(48) and (49) reduce to

o =+/2 o,

wll =0
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Practically this means that the system responds to only one fre-

quency, given by '= I%- It should be noted that o« is
i 08

greater than w,, while in the similar case of direct coupling «’ is
less than o,.
When w,=w, and L,=L, (of course also C,=Cp),

Pk /2C,;L+Cm
St

{af A !
e ' L o

As in the similar case of direct coupling, one of the frequencies is
constant, not varying when C, is kept constant and Cy, is varied.

More General Cases.—The kind of capacitive coupling treated
in the foregoing is a simple case of the more general type of capaci-
tive coupling shown in Fig. 43. The expressions for coupling

J1Ce 1S
] i

]

e

___C'

£.

F1G. 43.—Generalized case of capacitive F1G. 44.—Special type of case shown in
coupling Fig. 43
coefficient, etc., which are complicated in the general case, are
treated by E. Bellini (La Lumiére Electrique, 32, p. 241; 1916).
Another simple case which has been found useful is that shown
in Fig. 44. For this kind of capacitive coupling,
36 uar
VCTFC) (€ +C)

Here again, in the special case of w, =w, and C’ =C"’, one of the
frequencies is constant, not varying when C’ is kept constant
and C, is varied. '

For further information on coupled circuits, calculation of the
currents, transformation ratios, etc., the reader is referred to
Fleming’s The Principles of Electric Wave Telegraphy and Te-
lephony, Chapter III.

19. CAPACITY OF INDUCTANCE COILS

The small capacities between the turns of a coil are of such im-
portance in radio design and measurements that a coil can seldom
be regarded as a pure inductance. The effect of this distributed
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capacity is ordinarily negligible at low frequencies, but it modi-
fies greatly the behavior of a coil at radio frequencies. For most
purposes a coil can be considered as an inductance with a small
capacity in parallel as shown in Fig. 45. This fictitious equiva-

E o
Co!

Frc. 45.—Circuit which is equivalent to a  F1G. 46.—Coil having capacity, with emf in
coil having distributed capacity sertes; a case of parallel resonance

lent capacity is called the capacity of the coil. Investigations
have shown that in ordinary coils its magnitude does not vary
with frequency. Thus a coil may in itself constitute a complete
oscillating circuit even when the ends of the coil are open.

J0000
8000 §
3
@ ‘
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2000
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o 5 20 15 20 Z5Xf0°W

F16. 47.—Reactance diagram for coil having capacity with emf in series

Emf in Series with the Coil.—If such a coil is placed in a circuit
with an electromotive force in series, the case is one of parallel
resonance. The reactance curve will be as shown in Fig. 47,
which has the same shape as the left branch of the resultant in

35601°—18——5
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Fig. 28. The right branch is of no interest and is not shown
here, because for higher frequencies than w, (at which the react-
ance becomes infinite) the coil no longer functions as an induct-
ance. If the resistance is negligible, the current due to the elec-
tromotive force E is

e CO)E

wl,
soJi -3 oL
¥ S | 1 —w?Co.L
— —wC,
wl
500,
1 »
o] €
FOpN e
S
N
Q
8oo N L=125/h
;N Coztonnf
200
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200
oL A feters
o 200 Loo 300 <00

F16. 48.—Variation of apparent inductance of a coil with wave length

The apparent inductance of the coil, which would be obtained
by measurement of the coil as an inductance, is L, in

]%: =wlL,
. . H L —_— ....____—-.L
Comparing with the above expression, L. =7 s T (50)

When w?C,L is small compared with 1, this becomes

Ly=L(1+w*C,L), (51)
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at frequencies remote from w,, and for C, in farads and L in
henries.

- It is usually convenient to calculate the apparent inductance

in terms of wave length. (See sec. 78.) Equation (51) becomes

Ol
La =L(I +3.553 _):2—)’

where C, is in micromicrofarads, L in microhenries, and A in meters.
This holds except for wave lengths near that corresponding to w,,
in which case the more accurate expression applies:
i
L,=

CaL 2
I—3.553 N (52)

g_g*_ QI

FieG. 49——Coz'l— having capacity with emf
generaled in the coil

As ), the wave length corresponding to w,, is approached, L,
becomes very large. 1, is the wave length at which the inductance
and capacity of the coil would be in resonance, the coil itself con-
stituting a complete oscillating circuit. This is a good example
of parallel resonance. The wave length A, is called the funda-
mental wave length of the coil, similar to the fundamental wave
length of an antenna.

Emj Induced in Coil—If a condenser is connected across the
ends of a coil and the coil is loosely coupled to a source so that an
electromotive force is induced in the coil, the total capacity in the
circuit will be the sum of the condenser capacity and the coil
capacity. This is shown in Fig. 49, C, and C, being in parallel,
and the induced emf being indicated by the electromotive force E.
If now the inductance be calculated for any wave length from the
capacity of the condenser C, which causes resonance at that wave
length, taking no account of the coil capacity C,, the apparent
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inductance L, so obtained will be greater than the pure
inductance L. This is readily seen from

LGy
I
CTLC+G)
L, C.+C,
-

Leet(1+) 5

Thus the apparent inductance becomes greater the smaller the
capacity C, connected to the coil to produce resonance—i. e., the
smaller the wave length at which the measurement is made——Just
as in Fig. 48 above.

e ecenan
(]

¥16. s0.—Effect of distributed capacity
in the unused turns of a cotl

Formula (53) is identically equivalent to formula (50) above.
Thus the apparent inductance of a coil varies with the frequency
in the same manner whether the electromotive force is applied in
series with the coil or by induction in the coil itself. The pure
induction L and the capacity C,, to which the coil is equivalent,
may be determined by either of the two methods given on page 136
below. The ‘simple theory applies when the resistance is negli-
gible, a condition which is ordinarily met at radio frequencies.

Effects of Dead Ends.—The capacities of coils frequently give
rise to peculiar and undesirable effects in radio circuits. Among
these are the effects caused by the capacities of those parts of a
coil which are not connected in the circuit. For example, in many
radio sets spiral coils with many turns are used in which the in-
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ductance may be varied by attaching a clip to any turn, thus uti-
lizing more or fewer turns. The turns which are supposedly ‘“dead””’
may actually produce considerable effect upon the circuit both in
respect to energy loss and the frequency of resonance. As in the
diagram (Fig. 50), suppose that a few turns of the coil are con-
nected across a condenser C,

- ht 5 - Gl
(circuit 1) and high frequency g i
oscillations are set up in this | :
circuit. The numerous over-
hanging or unused turns are
in the magnetic field of the
used turns and are closed by
their capacity (indica‘ted by Fic. 51.—Wavemter circuit having coil
dotted lines). Hence this sec- Wi g
ond circuit is coupled closely to the first and if the resomant
frequency of this circuit is near that of the first, considerable
current will flow in it, strongly affecting the apparent resistance
and resonant frequency of the first circuit. Indeed, the circuit

1 may, in consequence, respond
[|c [[Co_ to two frequencies, as in previ-
H j! ously considered cases of coupled
circuits. The case is the same as
that of Fig. 31, and the reactance
and current curves of the system
would be of the same form as m
Fig. 32. In this case of many
overhanging turns compared to
the number in use, it is generally
advisable to short-circuit the
overhanging turms, for then the
impedance of the second circuit
becomes so high that little cur-
F16. 52.—The case of coupled circuits to rent will flow. When only a few
s T o turns are overhanging it is best to
leave them open, for the overhanging turns will have a greater
impedance when open than when short-circuited.

Another common case in which dead ends cause troublesome
effects is shown in Fig. 51, a common form of circuit used in re-
ceiving apparatus and in some forms of wavemeters. Lfis a
coupling coil. ‘The main coil L, of large inductance and consid-
erable distributed capacity, is divided into sections, one or more
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of which may be connected in circuit to allow adjustment for
various ranges of wave lengths. The fictitious condenser C, in
parallel with this coil represents the effective capacity of the
coil. For short wave lengths only part of the coil is in circuit,
the unused sections being, however, inductively related to the part
in circuit. It will be seen that this arrangement is really a case
of two direct-coupled circuits, which should respond to two distinct
frequencies or wave lengths. The circuit may be diagrammati-
cally represented by the circuit in Fig. 52, which is equivalent
to Fig. 31 above. This circuit is resonant to two frequencies, as
shown by the resultant reactance curve of Fig. 32. As the setting

8

Wagn Eemfh in Meters

-

o 20 30 40 S0 60 70 80 90 100 10 120 150 w0 150 160 170 180
Setting of Wavemeter Condenser - :

F16. 53.—Calibration curve of a commercial wave meter with discontinuity caused by
distributed capacity

0o

of the condenser C, is varied, the frequencies to which the circuit
responds are changed. For settings in the neighborhood of the
natural frequency of the circuit /I’C, strong currents are obtained
at both the resonant frequencies. For frequencies considerably
more remote, the current of only one frequency is appreciable.

This behavior is sometimes experimentally found in wave
meters. As the setting of the condenser is varied, the frequencies
or wave lengths to which the current responds vary, and in the
neighborhood of a certain wave length there are two wave lengths
at which resonance occurs for every condenser setting. This is
shown in Fig. 53, which is an experimentally obtained calibration
curve of a commercial wave meter.
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20. THE SIMPLE ANTENNA

Distributed Capacity and Inductance—The current flowing into

a condenser is given by I =FEwC, and the voltage across an induct-
ance is given by E=IwL. Thus the current into a condenser
(voltage constant) and the voltage across an inductance (current
constant) increase as the frequency increases. Both of these
facts tend to make the small capacities between different portions
of a circuit more important, the higher the frequency. At low
frequencies in general the current at different points in a circuit
is the same, and displacement currents are present only where
relatively large condensers have been intentionally inserted in
the circuit. The inductance and capacity are definitely localized
r ‘‘lumped.’’ At very high frequencies, however, or when the
dimensions of the circuit are comparable to the wave length, the
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F16. 54.—Circuit representing distributed capacity and inductance

capacities between different parts of the circuit become impor-
tant and the current may vary appreciably from point to point
in the circuit. Some of the current leaks away from or onto the
conductor through the capacity to other parts of the circuit, the
current through inductances in different parts of the same circuit
will be different, and hence their inductive effect will be different.
In such a case the equivalent capacity and inductance of the
circuit will depend upon the frequency and the separate condensers
and inductances must be considered with regard to their position
in the circuit—i. e., one has to deal with ‘‘ distributed’’ inductance
and capacity. Fig. 54 represents a circuit or line of two long
parallel wires supplied with current from a generator and closed
"at the far end. The inductance of the wires and the capacity
between them are represented by condensers and inductances
drawn in dotted lines. A number of ammeters are, for conven-
ience, supposed to be inserted at points in the circuit. At a low
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frequency very little current will flow into the condensers and
all of the ammeters will read the same. If the frequency is in-
creased, more current will flow through the condensers and the
ammeter readings will decrease successively from the generator to
the far end. As a result of the changed distribution of current
in the line, the equivalent inductance, capacity, and resistance
of the line will vary with the frequency.

Simple Antenna.—The simplest form of antenna is a single ver-
tical wire, the lower end of which is connected to ground. This
forms an oscillatory circuit, the inductance is due to the wire and
the capacity is that between the wire and the ground. Thus Fig.
55 shows diagrammatically the capacity and inductance and the
flow of current at an instant of time. Some of the current from
the wire is continually flowing off by the capacity paths to ground,
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Fi16. 56.—Disiribution of current
F16. 55.—Distributed capacity and induc- and voltage in the simple antenna
tance in a vertical wire, a simple form of when oscillating at tts fundamental
antenna Jfrequency

so that the maximum current is flowing at the base of the antenna,
while at the extreme top there is no current flowing in the wire.
The amplitude of the voltage alternations iszero at the ground and
is a maximum at the top. The distribution of current and volt-
age in approximately sinusoidal and is shown in Fig. s56.
This represents the fundamental oscillation of a simple antenna.
The length of the wire is equal to the distance from node to loop or
is one-fourth of the wave length. It is possible for the simple an-
tenna to oscillate with other distributions of current and voltage, in
which,however, the top must always be a node for current and the
bottom a node for voltage. Thus in Fig. 57 is shown the next
possible oscillation. Here the length of the wire is three-fourths
of a wave length. Hence the wave length is one-third of the
fundamental or the frequency is three times as great. Other pos-
sible oscillations have frequencies of five, seven, nine, etc., times
the fundamental.

Antenna with Large End Capacity.—Suppose that a number of
long horizontal wires are attached to the top of the vertical wire
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of the simple antenna, thus forming an inverted ‘‘L’’ antenna as in
Fig. 58. In this case only a small proportion of the current in
the vertical portion flows off to ground through capacity paths,
the main capacity flow taking place from the horizontal portion.
Thus the currént throughout the vertical portion will be very
nearly constant. The total capacity will be much larger than
that of the simple antenna and the inductance likewise somewhat
larger, hence the wave length will be considerably increased.

There are a number of other forms of antennas which also have
large capacity areas at the top of the vertical lead, such as the
T “umbrella,” etc.
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F16. 57.—The distribution of current F16. 58.—Form of antenna of large
and voltage in the simple anienna capacity

when oscillating in the first harmonic

21. ANTENNA WITH UNIFORMLY DISTRIBUTED CAPACITY AND
INDUCTANCE

The mathematical treatment of currents in circuits having dis-
tributed capacity and inductance are generally concerned with the
case where these quantities are uniformly distributed. Because
of end effects, this condition can not be strictly realized except
with circuits of infinite length, such as two parallel wires, a single
wire with a concentric cylindrical return, or a single wire (or num-
ber of parallel wires), and ground return. Such theory applies
approximately, however, to the simple vertical-wire antenna or
to the horizontal portion of an inverted ‘I,” antenma. The fol-
lowing notation is used in this discussion:

I=length of antenna, CD. (Fig. 59),
L,=inductance per unit length.
C=capacity per unit length.
L,=IL,;=inductance for uniform current.
C,=I1Cy=capacity for uniform voltage.
L,=low-frequency inductance of antenna=1/3 L,.
C,=low-frequency capacity of antenna=C,.
X =reactance of antenna.

X =reactance of loading coil.
Xc=reactance of series condenser.
L=loading coil.
C=series condenser,
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In Fig. 59 an inverted “L” antenna is drawn to represent a
circuit with uniformly distributed capacity and inductance, the
distributed quantities being represented by dotted lines. The
resistance is assumed to be negligible. CD is the horizontal por-
tion, BE the ground, and BC the lead-in which is supposed to be
free from inductance or capacity, excepting when a coil or con-
denser or both are inserted at A. (

Low-Frequency Capacity and Inductance of Amntemna.—It is
desirable to explain the significance of the quantities L, and C,, and
the quantities C,=IC, and L,=IL,. If the portion CD were uni-
formly charged to unit positive potential, then the charge on each
unit of length of CD would be numerically equal to C, and the
total charge on CD would be C,=IC,. The antenna would be
charged in this way if a constant or slowly alternating emf were
introduced at A, and hence the quantity C,=IC, is sometimes
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F1G6. 59.—Antenna with uniformly distrib-
uted capacity and inductance

called the “static” capacity of the antenna. It is also called the
low-frequency capacity. Formulas for the calculation of the
static capacity are given on pages 237 to 242. At high frequencies
the potential at all points on CD is, however, not the same at a
given instant, and hence, the capacity (called the high-frequency
or dynamic capacity) is different. In the case of the inductance,
suppose that a conductor of negligible resistance and inductance
is connected from D to E and that an emf which is constant or
slowly alternating is introduced at A. The current flow at all
portions of the circuit CDEB at a given instant would then be the
same and the total inductance L, of the circuit would be numeri-
cally equal to the total magnetic flux of lines linked with the cir-
cuit when the current is unity. This is the value of inductance
which would be calculated from the formulas on pages 247 to 250
The inductance per unit length L, is L, divided by the length.
In the actual antenna, however, the current flow can not be the
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same at all portions of the circuit, for the current at the open end
of the aerial must always be zero, and hence L,=IL, does not rep-
resent the inductance of the aerial at any frequency. It will now
be shown that the low-frequency inductance of the aerial is one-
third L,.

If an alternating voltage of frequency f (or w = 27f). is introduced
at A in the actual antenna, it can be shown? that the aerial or
horizontal portion behaves as a reactance,

Bl % cot wly/CiLs,
1
or,
Lo ~ v
X=—4/F cot wyColo

The expansion of the cotangent of an angle into a series is

the remaining terms being negligible if x is small. Hence, if w. is
small—i. e., for low frequencies—substituting w+/C,L, for x in
the series, we have

oy £°( W 1UfO0E; )=_I+wLo
0 Co w‘JCoLo 3 ........ (!)Co 3

This is the reactance of a capacity C, in series

with an inductance I—;’—, as in Fig. 60; hence we g

L

€.

see that the static capacity is C,=IC, and the

1 A SO Ul F16. 60.—Simple cir-
ow-frequency inductance is =— =2 N iog-
3 3 lent to the antenna

Fundamental Wave Length—The expres-  snoun in Fig. 59
sion for the reactance of the aerial

A .
Z =~ ?" cot wy/CoL, shows that at low frequencies when
the cotangent is positive, the reactance is negative, and hence the
capacity reactance overbalances the inductive. As the frequency

increases the cotangent becomes zero, which first occurs when
w\/CoLo=22-r and the reactance is zero. The frequency at which

this occurs is the fundamental frequency of natural oscillation of

bSee reference No. 31, Appendix 2.
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the antenna when the vertical lead-in is free from inductance and
capacity. This frequency is

The fundamental wave length is given by
X ; LI o
A= 1199.1/6‘—01:, (54)

where ¢=velocity of propagation of electromagnetic waves, and

in the last equation A, stands for wave length in meters, C, is in
microfarads, and L, in microhenries.
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F1G. 61.—Reactance curve for antenna with uniformly disiributed capacity and inductance
(Z on curves corresponds to X in text)

Harmonics.—For frequencies above the fundamental the react-

ance becomes positive and the inductive reactance preponderates

up to the frequency f=—2_CI‘\/_:T at which the reactance becomes

o4~0
infinite. Beyond this frequency the reactance is again negative, but
decreases numerically with increasing frequency until it again
becomes zero and there is a harmonic natural oscillation at a
frequency
fm—3
4+/CoLo
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This variation of the aerial reactance with the frequency is shown
by the cotangent curves in Fig. 61. Those frequencies for which
the reactance of the aerial becomes zero and which are the natural
frequencies of oscillation of the antennd when the lead-in is of
zero reactance are given in the figure by the points of intersection
of the cotangent curves with the axis of ordinates. For these
points

[—-——m—' m=i, 3, 5, etc
4.‘\/C0Lo, y 9y I P

s [T
== W@l

Now it is shown in the theory of long circuits with uniformly dis.
tributed quantities, such as those considered here, that at high

frequencies +/C,L, =%, approximately, and since /Colo,=1I+/C,L,,
it follows that

Hence the wave lengths of the fundamental and harmonic oscilla-
tions of the antenna are approximately 4/, 4/3l, 4/5l, etc., or, as
stated above in the description of the oscillations of a simple
vertical antenna, the length of the wire is approximately 1/4, 3/4,
5/4, etc., times the wave length. The distributions of current and
voltage corresponding to these different possible modes of oscilla-
tion have also been shown. These relations between antenna
length and wave length are only rough approximations, because
of the finite length of the antenna and because the vertical portion
of the antenna has been neglected.

22, LOADED ANTENNA

In general, when an antenna is used for transmission or recep-
tion, coils or condensers or both are inserted in the lead-in to modify
the natural frequency of oscillation of the system; i. e., to tune
it to a given frequency or wave length. When a reactance X, is
present in the lead-in, the natural frequency of oscillation is then
determined by the condition that the total reactance of lead-in
plus aerial shall be zero—that is, Xy +X =o0. In the succeeding
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sections the cases will be considered where an inductance or a
condenser is inserted in the lead-in.

Amntenna with Sertes Inductance—If an inductance L, is inserted
in the lead-in, its reactance X, is equal to wL. This is a positive
reactance which increases linearly with the frequency and is
represented in Fig. 62 by a straight line. The reactance of the
aerial X is shown by the cotangent curves. The sum X, +X is
drawn in heavy solid lines. Those frequencies at which these
latter curves cut the axis of abscissas are the frequencies for which
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F16. 62.—Reactance curve for antenna with series inductance. (Z on curves corresponds
to X in lext)

X.+X =0 and are the natural frequencies of oscillation of the
system. It will be noted that the insertion of the inductance
coil has decreased the natural frequencies of oscillation—i. e.,
increased the wave length. Also the harmonic frequencies are
no longer integral multiples of the fundamental as in the case of
the simple antenna. ,

The condition X, -+ X =o0, which determines the natural frequen-
cies of oscillation, leads to the equation

wL —\/é—‘? cot wy/CoL,=0
or
cot w\/CoL(,:_{,_ ;
wyCoLo Lo
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Since 1/C0L°=é; w=27f and 7\=§ this equation may also be

written

cot ZTWI

L
-F

These transcendental equations which determine w and X can not
be solved directly; it is, however, possible to solve them graphi-
cally as shown in Fig. 62 or to determine indirectly a table (second

« il !
column of Table 1) which will give the values of wyC,L, or 25 for

different values of LA’ from which then w, f, or A may be determined.

Table 1 gives only the lowest value of w+/C,L, or ?—;:—l, corresponding

to the fundamental oscillation of the loaded antenna. In any
actual antenna the wave length would be greater than that given
by this calculation because of the inductance and capacity of the
vertical portion; this discussion deals only with the horizontal
portion. .

As an example of the method let us assume the quantities used
in Figs. 61 and 62. Let the length of the antenna be ! =60 meters
and the static capacity C,=IC, =0.0008 microfarad. Then since

VLCo= L -» L, =50 microhenries.
¢ 3 X0

In the case of the unloaded antenna, the natural wave lengths
would be 47, 4/3l, etc.—that is, 240, 80, etc., meters; the natural

3 _€c=3X10° Y A
frequencies (f T ) would be 1.25X10% 3.75 X 10% etc.,
cycles per second; the periodicities (w=—2xf) 7.85X 10%, 23.6 X 105,

etc., radians per second agreeing with the values in Fig. 62.
If now an inductance L =100 microhenries is introduced in the

lead-in, we have s 2. From Table 1 we find that

L,
e STl
wyCoLo=—-=0.653,
hence
.3 0.653 s 3
e 4/0.0008 X 107X 50 X 107¢ R
and

2wl
0.653

= §77 meters.
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This corresponds to the lowest frequency of oscillation as shown
in Fig. 62. Introducing the inductance has increased the wave
length of this oscillation from 240 to 577 meters.

The harmonic oscillations are of importance in some cases.
If the emf which is applied to the antenna has the fundamental
frequency of the loaded antenna, the oscillations will be of that
frequency alone. If, however, the antenna is first charged and
then set into oscillation by the breaking down of a spark gap in
the antenna as in the original Marconi antenna, frequencies corre-
sponding to all of the possible modes of oscillation will be emitted
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F1G. 63.—Reactance curve for antenna with series condenser (Z on curves corresponds o
X in text) :

by the antenna. Or in the case of the arc, which in itself generates
fundamental and harmonic frequencies, if a harmonic of the arc
coincides somewhat closely with one of the harmonic modes of
vibration of the antenna, this oscillation will be strongly rein-
forced, a large amount of energy will be wasted, and interference
will be caused.

Antenna with Series Condenser—Though not as important
practically as the case just considered, there are occasions when a

condenser is inserted in the lead-in of an antenna to shorten the

wave length. If its capacity is C, its reactance will be X¢= — oTI‘C

In Fig. 63 the cotangent curves representing the aerial reactance
X are again shown as is also the parabola representing Xc¢. The
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sum Xc¢+ X is drawn in heavy solid lines and crosses the axis at
points corresponding to the natural frequencies of oscillation of
the loaded antenna. It will be noted that the frequencies of oscil-
lation are increased—i. e., the wave length shortened—by the
insertion of the condenser and that the harmonic oscillations are
not integral multiples of the fundamental. Fig. 63 shows that
w is increased from 7.85X 10° to 10.96 X 10* or the wave length
decreased from 240 to 172 meters by the insertion of a 0.0005
microfarad condenser.

Stmple Calculation of the Wave Length of a Loaded Antenna.—
The ordinary formula for the frequency of oscillation of circuits
with lumped inductance and capacity may be applied to the
antenna with distributed constants in the case of an inductance
coil in the lead-in, and the error in computing the frequency or
wave length will be small. The inductance and capacity of the
aerial at all frequencies is supposed to be the same as the low-

frequency values; i. e., l—;l and C,. If the loading coil has an

inductance L, the total inductance will be L +-134° - Hence
w pre— - I 1. 5
- / 1B Lo)___
L SEE Co
\’( 50

I
fo—T—
(456
and the wave length
A =1884.4 /(L+%—’) Co (55)

where in the last equation A, means wave length in meters,
inductance is expressed in microhenries, and the capacity in
microfarads.

Applying this to the numerical example worked out above by
the exact theory, in which

the frequency is

(L + %) =116.67 microhenries

C,=0.0008 microfarads
85601°—18——6
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we have A =575 meters, which differs ohly one-third of 1 per cent
from the value A = 577 obtained before.
The magnitude of the errors in using the simple formula

I

R
L+2)C,
VE3)

is also shown in Table 1. In the second column, as pointed out

before, are the values of w./C,L, or %T—l for different values of %

as computed from the exact cotangent formula. The simple
formula gives
I

wyColo= ————L————— i
L°+3

and in the third column are given for comparison the values of
w+/C,L, computed on this basis. These values are too high; i. e.,
result in too high a value for the frequency or too low a value for
the wave length. The per cent error is given in the last column.
The maximum error is 10 per cent for L =0—i. e., at the funda-
mental of the antenna—but the error rapidly decreases as L
increases and is less than 1 per cent for L equal to or greater
than L,.

It has been stated in several publications that very large errors
would result from applying the ordinary theory of circuits with
lumped constants to the case of an antenna which has distributed
quantities. This misconception has arisen because the quantity
L, which occurs in the formula for the distributed case was used
for the inductance of the aerial in applying the formula for the
case of lumped constants. We have pointed out that L, could
not be the inductance of the aerial at any frequency. When

%3, instead of L,, is used the agreement is very close. In fact,

since this error is usually less than 1 per cent, it is practically
never worth while to use formulas based on the precise theory to
calculate wave length, because of the uncertainty introduced by
the vertical portion of the antenna. Equation (55) is therefore
sufficient for all ordinary calculations.
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TABLE 1.—Data for Loaded Antenna Calculations

L L1=1 e:g:iger;: L w IT_l—zi eg:iger;t
) 7 GVels -\/ T3 ceix? Lo —\/ aary ce;xg
0.0 1.571 1.732 10.3 3.1 0.539 0.540 0.1
Al 1.429 1.519 6.3 3.2 .532 .532 51
2 1.314 1.369 4.2 3.3 .524 .525 .1
<) 1.220 17257 3.0 3.4 .517 .518 a1
4 1.142 1.168 2.3 3.5 .510 .511 1
.5 1.077 1.095 1.7 3.6 . .504 .504 .0
.6 1.021 1.035 1.4 3.7 .4977 .4979 .0
o/ 0.973 0.984 1.1 3.8 .4916 .4919 .0
.8 .931 .939 0.9 3.9 .4859 . 4860 .0
.9 . 894 . 900 3 4.0 .4801 . 4804 .0
1.0 .860 866 i 4.5 .4548 .4549 .0
151 .831 .835 A5 5.0 .4330 .4330 .0
82 .804 .808 .5 5.5 .4141 L4141
183 779 782 .4 6.0 .3074 .3974
1.4 757 .760 .4 6.5 .3826 .3826
1.5 736 .739 .4 7.0 .3693 .3693
1.6 717 .719 .3 785 .3574 .3574
1.7 .699 .701 .3 8.0 . 3465 .3465
1.8 .683 .685 .3 8.5 .3366 .3366
1.9 .668 .689 .3 9.0 .3275 .3275
2.0 .653 .655 .3 9.5 .3189 .3189
241 . 640 .641 2 10.0 L3111 .31
27 .627 .628 32 11.0 L2972 .2972
2.3 .615 .616 2 12.0 .2850 .2850
2.4 .604 .605 o 13.0 2141 .2741
2.5 .593 .594 a2 14.0 .2644 . 2644
2.6 .583 .584 12 15.0 .2556 .2556
2.7 .574 .574 .2 16.0 L2476 .2476
2.8 .564 .565 o)l 17.0 L2402 .2402
2.9 .556 .556 -1 18.0 .2338 .2338
3.0 .547 .548 .1 19.0 .22717 .2277
- 20.0 .2219 .2219

23. ANTENNA CONSTANTS

Antenna Resistance.—The power supplied to maintain oscilla-
tions in an antenna is dissipated in three ways: (1) Radiation;
(2) heat, due to conductor resistance; (3) heat, due to dielectric
absorption. (At high voltages there is a further power loss due
to brush discharge; this will not be considered in the following.)
The first of these represents the only useful dissipation of power
since it is the power which travels out from the antenna in the
form of the electromagnetic waves which transmit the radio
signals. The amount of power radiated depends upon the form
of the antenna, is proportional to the square of the current flowing
at the current antinode of the antenna, and inversely proportional
to the square of the -wave length of the oscillation. Since the

v
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dissipation of power is proportional to the square of the current, it
may be considered to be caused by an equivalent or effective
resistance, which is called the radiation resistance of an antenna.
Thus the radiation resistance of an antenna is that resistance
which, if inserted at the antinode of current in the antenna would
dissipate the same power as that radiated by the antenna. ‘The
radiation resistance varies with the wave length in the same way
as the radiated power; i. e., inversely as the square of the wave
length. Curve 1 of Fig. 64 represents the variation of this com-
ponent of the resistance of an antenna.

.S

F16. 64.—Variation of antenna resistance with wave length

The second source of dissipation of power, that due to ohmic
resistance, includes the losses in the resistance of the wires, ground,
etc., of the antenna. Due to eddy currents and skin effect in
both the wires and ground, this resistance will vary somewhat
with the wave length, being greater at shorter wave lengths.
But in an actual antenna these changes are so small compared to
other variations that we may regard this component of the total
antenna resistance to be almost constant, as it is represented
by the straight line 2 of Fig. 64. The third source of power dis-
sipation—i. e., that due to dielectric absorption—is a result of
the fact that the antenna capacity is an imperfect condenser.
The magnitude of this power loss will depend upon the nature
and position of imperfect dielectrics in the field of the antenna.
Thus it has been found that a tree under an antenna may increase
the resistance of the antenna enormously; buildings, wooden
masts, and the antenna insulators also affect the absorption of
the antenna capacity. It is pointed out in section 34 on con-

-
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densers that the effective resistance of an absorbing conden-
ser is proportional to the wave length. In the antenna, there-
fore, the loss of power due to dielectric absorption may be rep-
resented as taking place in a resistance which increases in propor-
tion to the wave length. This component of the antenna resist-
ance is represented in Fig. 64 by the straight line 3.

The curve of the total antenna resistance is obtained by com-
bining these three resistance' components as in curve 4 of the
same figure. This is the typical resistance curve of an antenna.
(See also Fig. 91,p. 126.) Inthe caseof some antennas the resist-
ance curve shows one or more humps at certain wave lengths,
This indicates the presence of circuits with natural periods of oscil-
lation in the vicinity of the antenna, possibly the stays of the an-
tenna, another antenna, or the metal structure of a building; and
the humps indicate that, at the particular wave length at which
they occur, these extraneous circuits are in tune with, and are ab-
sorbing power from, the antenna. The resistance curve of an an-
tenna may be determined by several of the methods of resistance
measurement given in sections 47 to 50 below.

Measurement of Capacity and Inductance of an Anienna.—An
antenna is ordinarily used with a series loading coil. In the case
of uniform distribution of capacity and inductance, a formula and
table have been given (pp. 8o and 81) which permit the wave length
of resonance to be calculated for a given loading coil L when the
quantities C, and L, are known. C, is the low-frequency capacity

and %’ the low-frequency inductance of the antenna. It has

furthermore been shown that the resonance wave length can be
calculated with sufficient accuracy from the simple formula appli-
cable to a circuit with lumped capacity and inductance. The
capacity in the equivalent circuit is taken to be the low-frequency
capacity C, of the antenna, and the inductance is the sum of the
inductance of the loading coil L and the low-frequency induc-

tance of the antenna %’ Thus the low-frequency values of an-

tenna capacity and inductance are sufficient for wave-length
calculations by either formula. These low-frequency values will
be called simply the capacity C, and inductance L, of the antenna.
In terms of the previous notation

Cg == Co =ZC1
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and the simple formula for the wave length becomes

A =1884/(L+Ls) Ca (56)

where inductance is in microhenries and capacity in microfarads.

Measurement by the Use of Two Loading Coils.—In order to de-
termine C, and L, experimentally, two loading coils of different
and known values are successively inserted in the antenna
and the wave lengths determined for which the antenna is in
resonance. This may be done as in Fig. 65, which shows the
inserted inductance, S a source of oscillations, and W a stand-

a
N\
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F1c. 65.—Circuits for determining the ca-
pacity and inductance of an antenna

ardized wave meter. The wave length of the source is varied
until the antenna is in resonance as indicated by the ammeter or
other indicating device on the antenna circuit. ‘Then the antenna
is detuned and the wave length of the source determined by the
wave meter. Two coils L and L’ are inserted and the corresponding
wave lengths X\ and N\’ are determined. Using the simple equation
(56) for lumped capacity and inductance

A=1884+/(L +L,) Ca

N = 18847 + Lo) C. (57)

Eliminating C, between these two equations and solving for L,,
we obtain
L'\ —L\"?
Ly=— )\lz A2 (58)
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From the known values of L, L’, \, and N\’ we obtain, therefore,
the value of L, and substituting this value in one of the original
equations (preferably the one corresponding to the larger loading
coil), we obtain the value of C,.

Example.—An illustrative check upon this method will now be
given. Let us suppose that the antenna has uniformly distrib-
uted capacity and inductance of certain values so that we can
compute the wave lengths which would be observed by experi-
ment when the loading coils L and L’ are inserted. Then, from
these wave lengths and the values of L and L’ we will compute
by the above formula (58) the values of L, and C,, and see how

closely they agree with the original values %—" and C,. We will

take the values C,=0.0008 microfarad and L, =50 microhenries
used before, and a value for the first loading coil of L = 100 micro-
henries, for which we have previously found that the wave length
would be 577 meters. In addition, we will take for the value of
the second coil L’ =400 microhenries. From Table 1 we find for

’ o e

%=%O= 8, that w 4/Co Lo =37r71=0.3465 from which we get N =
L i = 1088 meters.

0.346;

Substituting in formula (58) gives

_ 490 (577)*—100 (1088)*
(1088)* —(577)*

Using this value of L, in equation (56), we have 1088 =
1884/ (400 +17.3)C, from which

C,.=0.000799.

L.

=17.3 microhenries.

But %3=16.7 microhenries, hence L, differs from the correct

value by 3.6 per cent. C, differs from C, by only a little over a
tenth of 1 per cent. These values are sufficiently accurate for
most antenna measurements.

Corrected Values.—In measurements made with smaller values
for one or both of the inserted coils, greater errors would
arise, but these can be greatly reduced by a second approxima-
tion. Suppose that the inserted coils were of values L = 50 micro-
henries, L’ = 200 microhenries. The values of X\ and A’ would be
found to be 438.4 and 785.2 meters. The value of L, would come
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out 17.9 microhenries and C, would equal 0.000797 microfarad, L,
differing from =2 by 7.6 per cent. The errors are due to the fact

that the simple formula does not hold exactly, the per cent error
in L, being magnified on account of the difference in the squares of
the wave lengths in formula (58). However, this approximate value
of L, furnishes an approximate value of L, and permits a close esti-
mate of the error in the simple formula. These errors are given
in Table 1 for different values of i‘ As shown there, the simple
(]
formula leads to low values for the wave length. If the observed
wave lengths are corrected so as to correspond to the simple
formula, accurate values of L, and C, will be obtained. Thus in
the case of the so-microhenry coil, since L,=3L,=53.7, approx-

imately, the ratio LL_,-=O'9 and from Table 1 the error is 0.7 per
(]

cent.

Reducing the observed wave length A by this amount, we
obtain A=435.3 meters. The correction in the case of the 200-
microhenry coil is negligible, hence \’ is unchanged.

Recomputing, using A=435.3 and N\’ =785.2, we obtain

L,=16.6
and C,=0.000801

which are in satisfactory agreement with I—‘;—" and C,.

DAMPING
24, FREE OSCILLATIONS

Up to this point the high- frequency phenomena considered
have been those produced when current of sine-wave form is used.
Much of the theory remains substantially the same for the use of
so-called damped waves. There are, however, certain important
phenomena which are peculiar to damped waves and these will
be treated in this section.

When a charged condenser is suddenly discharged in a circuit
(Fig. 66) containing inductance and a moderate resistance in
series with the capacity, an alternating current flows, but not of
sine-wave form. If the resistance were zero, the current would
have the sine-wave form and would continue to flow forever with
undiminished amplitude. Every circuit contains resistance, how-
ever, which means that the electric energy of the current is con-
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tinually being converted into heat; and also in some circuits an
appreciable amount of energy is radiated away from the circuit
in electromagnetic waves. In consequence the amplitude of the
alternating current in the circuit continually diminishes.

The behavior of such a circuit is similar to that of a compressed
spring to which a weight is attached. When the spring is re-
leased a vibration commences,
which continues until the energy
of the vibration has all been con-
sumed by friction. If there is no
external friction and the spring is
very free from internal strains,
etc., the vibration continues a
very long time; but if the friction
is great, the energy is all converted
into heat in a short time. In the
same way, the current in the circuit
under consideration is reduced very rapidly if the resistance is large.

A high-frequency current of continuously decreasing amplitude
is called an “‘oscillatory” current, although the term oscil-

latory” is sometimes applied to

F16. 66.—Oscillatory circuit having resist-
ance, inductance, and capacity in series

’\ any current of very high frequency.
[]\ The decrease of amplitude is called
M. “damping,’’ and the current or

[ wave iscalled a “damped”’ current

n\ r| or wave. (In contradistinction to

n ﬂ | NNBnss 2 damped wave, a wave in which

UU UU_U.V—V'V‘V‘W the amplitudes donot continuously

& decrease is called a persistent or

I sustained wave or oscillation.)

J’ The frequency of oscillation in a

freely oscillating circuit depends

only on the inductance and capac-

Fie. 67.—Wave train with a logarithmic ity of the circuit, if the resistance

dompngiief 02 is not very large. The damping

is determined by the resistance together with the inductance

and capacity. The resistance is thus important in determining

the character of the phenomena. Damped currents are in this
respect distinct from those of the sine-wave form.

The oscillations which occur in a simple circuit upon which no

external alternating emf is applied are called the ‘free” oscil-

lations of the circuit. “Forced ™ oscillations, on the other hand,
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are those impressed on the circuit by an alternating emf from a
source outside the circuit. When free oscillations are produced
by the sudden discharge of a condenser, all of the energy which
was stored in the condenser before discharge is lost from the
circuit during the oscillations. The potential difference of the
condenser, therefore, becomes lower and lower at every alternation
of the current. Since there is no emf applied from outside the
circuit, the potential differences of condenser, resistance, and
inductance must balance, and their algebraic sum be zero.

g dhim e et
X" dt+R’L+T

=0 (59)
This is the same as equation (18) given above in simple alternating-
‘current theory, except that e, the applied emf, is here equal too.
If the circuit contains a spark gap, the resistance R is not a con-
stant, and the solution given immediately below does not apply.

Free oscillations may be produced by another method than the
sudden discharge of the condenser in the circuit. If current is
produced in the circuit by induction and the inducing emf is
suddenly cut off, free oscillations are produced. The quenched
gap is the means utilized in practice for suddenly cutting off the
inducing emf, the gap being in a circuit closely coupled to the
oscillating circuit. : <

The solution of equation (59) for any circuit in which the
resistance is not extremely great, is

1=l sin wt

where I, is the initial current amplitude, « is the damping factor,
and w is 27 times frequency of oscillation. The values of these
constants are, V, being the initial potential difference across the
condenser,

I=uCV,
R
e 2
b I
b WLC

This last expression is an approximation for

et I
LC {47
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The resistance of practically all high-frequency circuits is so
small that the approximation is sufficiently accurate. Using
these relations, it follows that
= R .
7:=<\/l€‘ Voe ZLt Sin —JZE'

The frequency of oscillation is called the ‘natural frequency”
of the circuit. It should be noted that the natural frequency of
a circuit in which the resistance is not very large is the same as
the frequency of resonance to an electromotive force impressed

upon the circuit. Thus it was shown in section 11 above, that
when an alternating emf is impressed upon an inductance and

o oy f I : p
capacity in series resonance occurs when wL:E' This relation

I L
is the same as w=:/—i—?, the expression above for the natural

frequency.

Effective Value of Damped Current.—In the various spark types
of radio transmitters the condenser is charged at regular intervals,
each charge being followed by an oscillatory discharge. Fig. 68

P (E YN

F1G. 68.—Series of wave trains similar to that generated by a damped wave source

roughly indicates the successive discharges; actual current curves
are more complicated than this. The energy in each train of
oscillations is practically all dissipated before the next train begins.
Under these conditions the effective (root-mean-square) value of
the current I in terms of the initial maximum current I, is easily
found, as follows (/==current which would be indicated by the
steady deflection of an ammeter):
Let N =number of trains of oscillations per second.
W,=energy dissipated per train of waves.
W,=magnetic energy associated with current at beginning
of each train.
2

Then W, =I]ev—l
W,==LIg

2
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These two energies must be equal, since it is assumed that the
energy in each train of oscillations is dissipated before the next
train begins.

2
NLI2
I3 = =
2R
Since
R
o= 2L ]
IP= %I o (60)

25. LOGARITHMIC DECREMENT

The rate of decrease of the current amplitudes during a train
of waves is shown by the damping factor o defined above.
When this is large, the curve ABC, drawn through the maxima
of the oscillations in Fig. 67, approaches the axis quickly. ‘The
shape of the train of waves is such that the ratio of any maximum
to the next one following is a constant. The rate of decrease of
the amplitudes in a wave train is also indicated by the logarithmic
decrement, which is defined to be the natural logarithm of the
ratio of two successive maxima in the same direction.® The rela-
tion between the damping factor and the logarithmic decrement
may be found as follows: The ratio of one maximum of current
to the following is

IOG — af

IO e a(t+T)

where T is the period of oscillation and equals % This ratio =

2me

¢“"=¢“, The napierian logarithm of the ratio is the logarith-
mic decrement & which consequently equals 2%“- Since a=;1—z-
R
S=ran

The logarithmic decrement is thus equal to « times the ratio
between the resistance and the inductive reactance.” It is also

‘e A few writers, Fleming in particular, define the logarithmic decrement as the natural logarithm of the
ratio of two successive maxima in opposite directions. The Fleming decrement is thus equal to one-half
the decrement as defined above.

7 Reactance is ordinarily calculated from the simple expression for w, which is not rigorously true when
the decrement is very large.
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equal to = times the ratio between the resistance and capacitive
reactance,” for

N ‘/-2:—5 or wL = w—IC and therefore

d=7RwC.

Thus the logarithmic decrement is w times the reciprocal of the
sharpness of resonance (discussed above on p. 36).

The logarithmic decrement expressed in terms of the three
quantities resistance, inductance, and capacity is?

3=7rR\/%

Interpretations of Logarithmic Decrement.—The decrement has
been given in terms of (1) a ratio of current amplitudes, (2) a
ratio of impedance components, and (3) the reciprocal of the
quantity called sharpness of resomance. A fourth interesting
interpretation is in terms of an energy ratio. It is readily shown
that § =14 the ratio of the average energy dissipated per cycle
to the average magnetic energy at the current maxima, as follows:

R

where [ is the effective current as measured by an ammeter.

” .
—— =average energy dissipated per cycle, since RI?=average

/

energy dissipated per second.
LI*=average (LI,?) (where I,?=average current square during
the k’th cycle), since I =average I;?,

=z , §isa .
= average( le“—) (where I, = maximum current during the 2’th
cycle), since Iy? = ¥4 1,,,%, just as in the case of undamped currents.
2
But (L é‘;“—) is the magnetic energy at the current maximum

during the k’th cycle. Therefore LI?= average magnetic energy
atthe current maxima. Hence the decrement is one-half the ratio
of the average energy dissipated per cycle to the average magnetic
energy at the current maxima. This is true when the energy is
lost from the circuit by radiation as well as when lost by heating.

7 Reactance is ordinarily calculated from the simple expression for w, which is not rigorously true when
the decrement is very large.
8 This expression for the decrement does not hold when the decrement is extremely large.
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Number of Oscillations tn a Wave Train.—There are theoret-
ically an infinite number of oscillations in a wave train. In prac-
tice, however, the wave train may be considered ended when the
oscillations are reduced to a negligible amplitude. The fraction
of the initial amplitude that is considered negligible depends on
the use to which the oscillatory current is put. For a given ratio of

initial amplitude to final amplitude, %, the number of complete
oscillations = is given by
I,

log. 7

o
and the number of maxima or of semioscillations

n=

o

) 2 log, it
4 é
The oscillations after the amplitude is reduced to o.o1 of its initial

value can usually be considered negligible. For §_° =100, the

n

number of oscillations=i6‘é. For example, the number of oscil-
lations in which a current having é =o.2 falls off to 1 per cent of
its initial value is equal to 23.

26. PRINCIPLES OF DECREMENT MEASUREMENT

A number of so-called methods of measuring decrement are in
reality measurements of resistance. From the resistance the

xR+/C

logarithmic decrement of a circuit is calculated by é= L or

one of the related formulas. Any method for measuring the re-
sistance of a circuit thus enables one to calculate the decrement,
The value so obtained is the decrement of the current that would
flow in the circuit if free oscillations were suddenly started, but
not in general the decrement of the current used in making the
measurement. ‘The methods available for such resistance meas-
urements are summarized below in sections 47 to 50. Only those
methods in which damped oscillations are used can be considered
actual measurements of decrement.

There are two classes of genuine decrement measurement, one
in which free oscillations are used and one in which a damped
electromotive force is impressed on the circuit so that both free
and forced oscillations contribute to the current. Free oscilla-
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tions are obtained in the case of pure impulse excitation. It is
very difficult in practice to obtain such excitation. Assuming,
however, that free oscillations are produced by the sudden dis-
charge of the condenser at a constant potential difference N times
per second, the effective current is given by equation (60),

I2=Ar' 102
40
Since
L i e el
27 ? il 26

This may be written, I?§ =constant. Let I be the current for a
certain resistance in the circuit, and I, be the current when a
resistance R, is added so as to increase the decrement by an
amount 9,.

I126=12(8+3)

. 1?2

i0= 31 j?:?[? (61)

Bjerknes Methods.—A method of measuring the high-frequency

resistance of a circuit using undamped currents has been described
on page 38 above and others are described in sections 49 and 50

r'
H
N ||

Ol

F16. 69.—~Inductively coupled circuits for
decrement measurements

below. These methods have been extended to the measurement
of resistance and decrement by the use of damped waves. When
a damped emf is impressed on the circuit both free and forced
oscillations exist, and the measurement is an actual measurement
of decrement. For a circuit I7 (Fig. 69) very loosely coupled to
a circuit I in which oscillations are generated, Bjerknes ® showed
that when the two circuits are in resonance,

NE?

=
16L% a(a + )

9 See reference No. 42, Appendix 2.
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where E, is the maximum value of the impressed electromotive
force, N the number of trains of waves per second, o’ the damping
factor of the emf due to circuit I impressed on circuit I, and
« the damping factor of the second circuit. The circuit 7 may be
a great distance from II, and may even be a distant radiating
antenna. The equation holds only when o’ and « are small in
comparison with w, or when the decrements §’ and § are smal]
compared with 2.

In the resistance variation method of determining decrement,
the resistance of the second circuit is increased by an amount R,
changing o to a+a, and the original current I to some other
value 7,. We then have

NIES

z ]
I 16L% (a+ay) (& +a+ay)

’ U
Since % =%, it follows that
I (6+6) (8" +6+3,) (62)

b oy

This can be solved either for §’ if § is known or for § if &’ is known;
8’ being the decrement of the wave emitted by circuit I and im-
pressed on circuit II, & being the decrement of circuit I7, and &,
the amount by which & is increased by adding resistance. The
solution for &’ is

24 Srie
26 al+ag—1 Ilfl »
8 = 2—7J:2 (63)
121 6 -0,
1

This may be simplified by choosing the resistance inserted such
that 8, =4§; then

/23 4112_‘12
it I*—21? (64)

Another convenient simplified procedure is to vary the inserted
resistance until the square of the current is reduced to one-half its
rias
previous value, then I—IEI—L =1, and
i,
28 8, +6,2— o2

55, (65)

8 =
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When § is the unknown, the direct solution for é in terms of &
is complicated; equation (62) is in fact more convenient in this
case than an explicit solution. A useful form of the solution for &
in certain cases is

K8
b=d o7 (66)

o,
where K =1 +6’+6

This is discussed on page 184 below. It should not be forgotten
that these formulas apply only when the coupling is very loose
and both decrements are small.

The reactance variation method of measuring decrement is
similar in procedure to the resistance variation method, two
observations of current being taken with different reactances.
The method is described on pages 186 to 199 below, formulas (96)
to (100) showing the method of calculation. The measurement
of the decrement of a wave is treated in sections 34 and 55.

35601°—18——7
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