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PREFACE

In a previous volume—Modern Carpentry—I made
a fairly successful attempt to put together a series of
plain and simple examples of working problems and
their solutions suited to the capacity of all ordinary
mechanics, and owing to the fact that many thousands
of that volume have found their way into the hands of
carpenters and joiners in the United States; Mexico
and Canada, and to the other fact that the author, as
well as the publishers, have received hundreds of let-
ters asking for something more on the same lines, of a
higher grade, it has been determined to make another
or more volumes, on the same subject, hence ‘‘Modern
Carpentry and Joinery’’ advanced course.

In the present work I have drawn largely from ac-
knowledged authorities and from workmen of recog-
nized ability to which have been added the results of
my own experience and observation and my knowledge
of the kinks and secrets of the woodworking trades.
In a work of this kind the reader must expect to find
something he has met in other places, and perhaps in
other adaptations, but I think that upon careful anal-
ysis he will find the presentation of the cases somewhat
improved, and rendered in a more simple and under-
standable manner. The selections, too, I think will be
found more suitable and more appropriate to the pres-
ent-day practice than most of the matter found in re-
cent technical literature on the subject. At any rate,
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. 6 PREFACE

it has been my endeavor in the formation of the present
volume to place in a handy form, instructive examples
of the better class of work of the carpenters and join-
ers’ ‘‘Art.”’ |

It is not intended to repeat what has already been
published in the first volume of Modern Carpentry, un-
less such repetition will be necessary to explain or
formulate some similar matter. |

Young men are apt to think that because they have
a fair knowledge of their trades, they know all that is
required and if they peruse the first volume of this
work, and have mastered its contents, they have
reached the limit. This, of course, is a great mistake, as
will readily be discovered by a glance over the matter
of the present volume, and I can say right here, and
now, that even the present volume does not by any
means cover the whole subject, for, at least a half dozen
other volumes could be written without touching on the
other two already in the market, and the subject would
not nearly be exhausted.

It is not necessary for me to quote the authorities
from whom I have drawn, unless the matter is of such
importance as to demand special recognition. I may
say, however, that in very few books written during
the last 25 years on the subject of carpentry, there has
been but very little presented that had not been pub-
lished before in some form or other, but the deseriptions
generally, in most cases—not in all—have been im--
proved more or less: and the present book does not dif-
fer a great deal from most others that have preceded it,
only that it is more up-to-date, and more suited to 20th
century requirements,
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It must also be understood, that while this book goes
out to the public under my name as author, I do not
claim authorship, for really, it is more of a compilation
than an original work, but, I do claim that the selec-
tions and compilations made are better and more suited
to the wants of the present-day workman than can be
found in any other similar work published in this or
any other country.
FRED T. HODGSON,
Editor and Compiler.
Collingwood, July 1, 1906.



PART 1.
SOLID GEOMETRY.
INTRODUCTORY.

In the first volume of Modern Carpentry I gave a short
treatise on plain or Carpenters’ Geometry, which I trust
the student has mastered, and thus prepared himself
for a higher grade in the same science, namely, solid
Geometry: and to this end, the following treatise has
been selected, as being the most simple and the most
through available.

Solid geometry is that branch of geometry which
treats of solids—i. e., objects of three dimensions .
(length, breadth and thickness). By means of solid
geometry these objects can be represented on a plane
surface, such as a sheet of paper, in such a manner that
the dimensions of the object can be accurately mea-
sured from the drawing by means of a rule or secale,
The ‘‘geometrical’’ drawings supplied by the architeect
or engineer for the builder’s use are, with few excep-
tions, problems in solid geometry, and therefore a cer-
tain amount of knowledge of the subject is indispen-
sable, not only to the draughtsman who prepares the
drawings, but also to the builder or workman who has
"to interpret them,

As the geometrical representations of objects consist
entirely of lines and points, it follows that if projec-
tions of lines and points can be accurately drawn, the

9



10 MODERN CARPENTRY

representation of objects will present no further diffi-
culty. A study of lines and points, however, is some-
what confusing, unless the theory of projection has first
been grasped, and for this reason the subjeet will be
introduced by a simple concrete example, such, as a
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‘Vertical Projections (or Elevations) and Horisontal Projection (or Plan)of &
Table In the Middle of an Oblong Room

Fig. 1.

table standing in the middle of a room. The four legs
rest on the floor at A, B, C, and D (Fig. 1), and the
perpendiculars let fall from the corners of the table-
top to meet the floor at E, F, G, and II. The oblong
E F G H represents the horizontal projection or ‘‘plan’’
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of the table-top; the small squares at A, B, C, and D
represent the plan of the four legs, and the lines cor-
recting them represent the plan of the frame work
under the top. The large oblong J K LM is a plan of
the room.

The plan or horizontal projection of an object is
therefore a representation of its horizontal dimensions
—in other words, it is the appearance which an object
presents when every point in it is viewed from a posi-
tion vertically above that point.

In a similar manner an elevation or vertical projec-
tion of an object is a representation of its vertical di-
mensions, and also, it should be added, of some of its
horizontal dimensions,—i. e., it is the appearance which
an object presents when every point in it is viewed from
a position exactly level with that point, all the lines
of sight being parallel both horizontally and vertically.
Thus, the front elevation of the table (or the vertical
projection of the side GH) will be as shown at
G’ H’ C’ D’, and the vertical projection of the side J K
of the room will be J K J K. The vertical projection of-
the end of E G of the table will be as shown E” G” A”
C” and of the end K M of the room will be K" M” K M;
the drawing must be turned until the line K M is hori-
zontal, for these and projections to be properly seen.

By applying the scale to the plan, we find that the
length of the table-top is six and a half feet, the
breadth 4 feet, and the distance of the table from each
wall 43} feet. From the front elevation we can learn
the height of the table, and also givye its length and dis-
tance from the end walls of the room. From the end
elevation we can ascertain the breadth of the table and
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its distance from the sides of the room, as well as its
height.

To make the drawing clearer, let us imagine that
the walls of the room are of wood and hinged at the
level of the floor. On the wall J K draw the front ele-
vation of the table and then turn the wall back on its
hinges until it is horizontal,—i. e., in the same plane
as the floor. Proceed in a similar manner with the end
K M, and we get the three projections of the room and
table on one plane, as shown in the diagram. To avoid
confusion the end elevation will not be further con-
sidered at the present.

It will be seen that the line J K represents the angle
formed by the wall and floor,—in other words, ‘it repre-
sents the intersection of the vertical and horizontal
‘‘planes of projection,’’ it is known as ‘‘the line of in-
tersection,’’ or ‘‘the ground line.”” If a line is let fall
from G’ perpendicular to J K, the two lines will meet
at G, and they will be in the same straight line. Simil-
arly, the perpendiculars. H'h and h H are in the same
straight line. Lines of this kind perpendicular to the
planes of projections are known as ‘‘projectors,”’ and
are either horizontal or vertical G’ g and H'h are ver-
tical projectors; Gg, Cc, Dd, and Hh are horizontal
projectors.

Vertical projectors are not aiways parallel to one of
the sides of the object represented, or, if parallel to one
side, are not parallel to other sides which must be rep-
resented; thus, a vertical projector or ‘‘elevation’’ of
an octagonal object, if parallel to one of the sides of the
octagon, must be oblique to the two adjacent sides. In
Fig. 2 an octagonal table is shown. The plan must first
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be drawn, and from the principal points of the plan
projectors must be drawn perpendicular to the vertical
plane of the projection, until they cut the ground line,
and from this perpendiculars must be erected to the
height of the several parts of the table. The elevation
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Plan and Elevation of an Octagonal Table

Fig. 2.

can then be completed without difficulty. The side
B C of the table is parallel to the vertical plane of pro-
jection, but the adjacent sides AB and CD are
oblique.*

*A distinction must be made between “perpendicular” and
“vertical.” The former means, in geometry, a line or plane at
right angles to another line or plane, whether these are hori-
zontal, vertical or inclined; whereas a vertical line or plane
is always at right angles to a horizontal line or plane. The
spirit-level gives the horizontal line or plane, the plumb-rule
gives the vertical,
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2. POINTS, LINES, AND PLANES

1. To determine the position and length of a given
straight line, parallel to one of the planes of the pro-
jection,

Let GH (Fig. 3) be the given straight line. To de-
termine its position (i. e, in regard to horizontal and
vertical planes), it is only necessary to determine the
position of any two of the extreme points.
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-No. 1. Perspective View. No. 2. Geometrical Projections
Horizontal and Vertical

Fig. 3.

Let ABCD be a vertical plane parallel to the given
line, and CD E F a horizontal plane. The vertical pro-
jection or elevation of the line is represented by the
line h g, and the horizontal projection or plan by the
point g’, the various projection being shown by dotted
lines. The given line is proved to be vertical, because
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1ts horizontal projection is a point; its tength as mea-
sured by the scale, is 6 inches; its height (g g’’) above
the line of intersection CD is 4 inches; and its hori.
zontal distance (g’ g’’) from the same line is 8 inches.

If the illustrations are turned so that CD EF be-
come a vertical plane, and A B C D the horizontal plane
then G H will be horizontal line, because one of its ver-
tical projections is a point. Other vertical projections
of the line can be made,—as, for example, a side ele-
vation,—in which the projection will appear as a line
and not a point, but a line must be horizontal if any
vertical projection of it is a point.
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-No. 1. Perepective View. No. 2. Vertical and Horlzontal Projections
Fig. 4.

Let the given line GH (Fig. 4) be parallel to the
vertical plane, but inclined to the horizontal plane,
Then g h will be a vertical projection, and g’ h’ its hori-
zontal projection or plan. By producing h g till it cuts
CD at ¢, it will be found that the given line is inclined
at an angle of 60° to the horizontal plane; its length,
as measured by the scale along the vertical projection
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g h, is 8 inches; the height of G above the horizontal
plane (measured at g g”) is 3 inches, and the height of
H (measured at hh”) is 934 inches.

II. To determine the length of a given straight line,
which is oblique to both planes of projection.

pro cocavsevoances

d".--.-.--.--.-------

0 3 6 9 zim i

Fig. b.

Let ab (Fig. 5) be the horizontal projection and a’ b’
the given vertical projection of the given line. Draw
the projection AB on a plane parallel to ab in the
manner shown. From this projection the length of the
given line will be found (by applying the secale) to be
10 inches. The height CB is of course equal to the
height ¢’b’, and the horizontal measurement A C is
equal to the horizontal measurement A C is equal to the
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horizontal projection a b, and the angle A CBis aright
~ angle. It follows therefore that, if from b the line b d
is drawn perpendicular to a b and equal to the height
¢’ b’, the line joining a d will be the length of the given
|line. To avoid drawing the horizontal line a’c¢’ the
'height of a’ and b’ above x y are usually set up from a
and b as at a” and b”, the line a” b"” is the length of
the given line.*
III. The projections of a right line being given, to
find the points wherein the prolongation of that line
would meet the planes of projection.
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-1. Perspective View: II. Vertical and Borizon.tal Projections
Fig. 6.

Let a b and a’ b/ (Fig. 6, II) be the given projection
of the line A B. In the perspective representation of
the problem it is seen that A B, if prolonged, cuts the
horizontal plane in ¢, and the vertical plane in d, and
the projections of the prolongation becomes ce and
fd. Hence, if ab, a’b’ (Fig.6,II) be the projections

*The application of this problem to hips is obvious. Sup-

pose that a b is the plan of a hip-rafter, and @’ »’ an eleva-
tion, the length of the rafter will be equal to @ d or A B.
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of A B, the solution of the problem is obtained by pro-
ducing these lines to meet the common intersection of
the planes in f and e, and on these points raising the
perpendiculars fc¢ and e d, meeting a b produced in c
and a’ b’ produced in d; ¢ and d are the points sought.*

IV. If two lines intersect each other in space, to
find from their given projections the angles which they
make with each other.

Let ab, cd, and a’ b’ ¢’ d’ (Fig. 7) be the projections
of the lines. Draw the projectors e’ f’' f’' ¢/, perpendicu-
lar to the line of intersection a’¢’, and produce it in-
definitely towards E”; from e draw indefinitely, e E’
perpendicular to the line e’ f, and make e E’ equal to £
e, and draw fE’. From f as a centre describe the are
E” g E”, meeting e f produced in E”, and join aE", c
E”. The angle a E” ¢ is the angle sought. This problem
is little more than a development of problem II. If we
consider e f, ¢’ ', ag horizontal and vertical projections
of an imaginary line lying in the same plane as a e and
ce, we find the length of this line by problem II to be
f E’; in other words f E’ is the true altitude of the tri-
angle a e c, a’ e’ ¢’. Construct a triangle on the base a e
with an altitude f E’ equal to £ E’, and the problem is
solved. The practical application of this problem will
be understood if we imagine aec to be the plan and
a’ e’ ¢’ the elevation of a hipped roof; f E’ gives us the

*The points d and ¢ are known respectively as the verti-
cal and horizontal “traces” of the line A B, the trace of a
straight line on a plane being the point in which the straight
line, produced if necessary, meets or intersects the plane. A
horizontal line cannot therefore have a horizontal trace, as it
cannot possibly, even if produced, meet or intersect the hori-
zontial plane; for a similar reason, a vertical line cannot have
a vertical trace.
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length and slope of the longest common rafter or spar,
and a E” C is a true representation of the whole hip, i

e., on a plane parallel to the slope of the top. It will be
observed that the two projections (e and e’) of the
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point of intersection of the two lines are in a right line
perpendicular to the line of intersection of the plains

of projection. Hence this corollary.—The projections
of the point of intersections of two lines which cut
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each other in space are in the same right line perpen.
dicular to the common intersection of the planes of
projection. This is further illustrated by the next
problem.

1. Vertical and Horizontal Projections. II. Perspective View
Fig. 8.

V. To determine from the projection of two lines
which intersect each other in the projections, whether
the lines cut each other in space or not.

Let ab,cd, ab’, ed’ (Fig. 8, I) be the projections of
the lines. It might be supposed, as their projections in-
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tersect each other that the lines themselves intersect
each other in space, but on applying the corollary of
the preceding problem, it is found that the intersec-
tions are not in the same perpendicular to the line of
intersection a ¢ of the planes of projection. This is rep-
resented in perspective in Fig, 8, II. We there see that
the original lines a B ¢ D do not cut each other, although
their projections ab,ecd,ab’, ¢ d’, do so. From the point
of intersection e raise a perpendicular to the horizontal
plane, and it will cut the original line ¢ D in E, and this
point therefore belongs to the line ¢ D, but ¢ belongs
equally to a B. As the perpendicular raised on e passes
through E on the line ¢ D, and through E on the line
a B, these points E E’ cannot be the intersection of the
two lines, since they do not touch; and it is also the
same in regard to ff. Hence, when two right lines do
not cut each other in space, the intersections of their
projections are not in the same right line perpendicular
to the common intersection of the planes of projection.

VI. To find the a.ngle made by a plane with the
horizontal plane of projection.

Let a b and a ¢, Fig. 9, be the horizontal and vertical
traces of the given plane, i. e., the lines on which the
given plane would, if produced, cut the horizontal and
vertical planes of projection. Take any convenient point
d in a b, and from it draw d e perpendicular to a b,
and cutting the line of intersection x y in e, from e
draw e d perpendicular to x y and cutting a ¢ in d’. The
angle made by the given plane with the horizontal plane
of orojection is such that, with a base d e, it has a ver-
tical height e d’, Draw such an angle on the vertical
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plane of projection by setting off from e the distance
ed” equal to ed, and joining d’ d”. The angle d’d” e
is the angle required.*

Poocossnssevcesnssnas

Fig. 9.

VII. The traces of a plane and the projections of a
point being given, to draw through the point a plane
parallel to the given plane.

In the prospective representation (Figs. 10 and 11)
suppose the problem solved, and let B C be the given

*The angle made by a plane with the vertical plane of pro-
jection can be found in a similar manner. If we imagine the
part above x ¥ in fig. nine to be the horizontal projection and
the part below zy to be the vertical projection—in other
words, if fig nine is turned upside down—a b becomes the ver-
tical trace and a ¢ the horizontal trace, and the angle d’
d” e is the angle made by the given plane with the vertical
plane of projection.
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plane, and A C, A B its vertical and horizontal traces,
and EF a plane parallel to the given plane, and G F,
G E its traces. Through any point D, taken at pleasure

G

IL

B E H

1. Vertical and Horlzontal Projections, II. Persvective View
Fig. 10.

on the plane E F, draw the vertical plane H J, the hori-
zontal trace of which, I H, is parallel to G E. The plane
H J cuts the plane E F in the line k 1, and its vertical
trace G F in I'. The horizontal projection of k’l’ is HI,
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and its vertical projection k’ 1’; and as the point D isin
kI, its horizontal and vertical projections will be d
and d’. Therefore, if through d be traced a line dl,
parallel to A B, that line will be the horizontal projec-
tion of a vertical plane passing through the original
point D; and if an 1 be drawn the indefinite perpen-
dicular L.” ', and through d’, the vertical projection of
the given point, be drawn the horizontal line d’'l’, cut-
ting the perpendicular in 1’, then the line F G drawn
through 1 parallel to A C, will be the vertical trace of
the plane required; and the line G E drawn parallel

u'
Y. —--da
o ---f
o

Fig. 11.

to A B, its horizontal trace. Hence, all planes parallel
to each other have their projections parallel, and re-
ciprocally. In solving the problem, let A B, A C (Figs.
10, I) be the traces of the given plane, and d d the
projections of the given point. Through d draw dl
parallel to AB, and from I draw Il’ perpendicular
to AH. Join dd’ and through d’ draw d’1’ parallel
to the line of intersection A H. Then F1l' G drawn
parallel to AC, and GE parallel to A B, are the
fraces of the required Plane,
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VII. The traces A B, BC, and A D, D C, of two
planes which cut each other being given, to find the
projections of their intersections.

The planes intersect each other in the straight lice
A C (Fig. II, 11), of which the points A and C are the
traces, since in these points this line intersects the
planes of projection. To find these projections, it is
only necessary to let fall on the line of intersection in
Fig. II, 1, the perpendiculars A a, C ¢, from the points
A and C, and join A ¢, C a. A ¢ will be the horizontal
projection, and C a the vertical projection of C A, which
is the line of intersection or arris of the planes.

XI. The traces of two intersecting planes being
given, to find the angle which the planes make be-
tween them. |

The angle formed by two planes is measured by that
of two lines drawn from the same point in their inter-
section (one along each of the planes), perpendicular
to the line formed by the intersection. This will be bet-
ter understood by drawing a straight line across the
crease in a double sheet of note-paper at right angles
to the crease; if the two leaves of the paper are then
partly closed so as to form an angle, we have an angle
formed by two planes, and this angle is the same as that
formed by two lines which have been drawn perpen-
dicular to the line of intersection of the two planes.
These lines in effect determine a third plane perpendicu-
lar to the arris. If, therefore, the two planes are cut
by a third plane at right angles to their intersection
the solution of the problem is obtained.
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On the arris A C (Fig. 12, 11) take at pleasure any
point E, and suppose a plane passing through that point
cutting the two given planes perpendicular to the arris.
There results from the section a triangle D E F, inclined
to the horizontal plane, and the angle of which, DEF,
is the measure of the inclination of the two planes. The
horizontal projection of that triangle is the triangle
D eF, the base of which, F D, is perpendicular to Ae
(the horizontal projection of the arris A C), and cuts it
in the point g, and the line E g is perpendicular to D F.
The line g E is necessary perpendicular to the arris A C,
as it is in the plane D E F, and its horizontal projection
is ge. Now, suppose the triangle D EF turned on D F
as an axis, and laid horizontally, its summit will then be
at E”, and D E” F is the angle sought. The perpendic-
ular g E is also in the vertical triangle A C e, of which
the arris is the hypothenuse and the sides Ae¢, CC are
the projections. This description introduces the so-
Iution of the probleg.

Through any point g (Fig. 12, 1) on the line A ¢, the
horizontal projection of the arris or line of intersection
of the two planes, draw F'D perpendicular to A c¢; on
A ¢ (which for the moment must be considered as a
‘“line of intersection’’ or ‘‘ground line’’ for a second
vertical projection) describe the vertical projection of
the arris by drawing the perpendicular e¢ C, and then
joining A C’. A C gives the true length and inclination
of the arris. From g draw g E’ perpendicular to A C’,
and meeting it in E’; from E’ let fall a perpendicular
Ee or Ac, meeting Ac in e. FeD is the horizontal
projection of the triangle FED (ree No. 11) and from
this the vertical projection f'e¢’D can be drawn as
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shown. We have now obtained the vertical and hori-
zontal projections of two intersecting lines, namely,
Fe, eD, and {’ ¢/, ¢’ D, and by problem (4) the triangle
which they make with each other can be found. It will
be seen that g E’ is the true altitude of the triangle
e’ D, as ¢ E is equal to e’ e. Set off therefore from g
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1 Horizontal Projection. 1L Vertical Projection on Plane AD.
111. Vertical Projection on Plane CD.

Fig. 13.

towards. A a distance g E equal to g E, and join F E,

E”D; FE” D is the angle made by the two intersect-
ing planes,

-
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Fig. 14.
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X. Through a given point to ‘draw a perpendicular
to a given plane.

Let a and a’ (Fig. 14, II.) be the projections of the
given point, and B C, CD the horizontal and vertical
traces of the given plane. Suppose the problem solved,
and that A E is the perpendicular drawn through the
A to the plane B D, and that its intersection. with the
plane is ‘the point E. Suppose also a vertical plane
a F to pass through A E’, this plane would cut BD in
the line gD, and its horizontal trace ah would be
perpendicular to the trace BC. In the same way
a’ e/, the vertical projection of A E, would be perpen-
dicular to CD, the vertical trace of the plane B D.
Thus we find that if a line ah is drawn from a, per-
pendicular to B C, it will be the horizontal trace of
the plane in which lies the required perpendicular
AE, and hF will be the vertical trace of the same
plane. From a’, draw upon CD an indefinite perpen-
dicular, and that line will contain the vertical pro-
jection of AE, as ah contains its horizontal pro-
jection. To find the point of intersection of the line
A E with the given plane, construct the vertical pro-
jeetion gD of the line of intersection of the two
planes, and the point of intersection of that line with
the right line drawn through a’, will be the point
sought. If from that point a perpendicular is let
fall on ah, the point e will be the horizontal projeec-
tion of the point of intersection E.

In Fig. 15, 1, let BC, CD be the traces of the
given plane, and a, a’ the projections of the given
point. From the point a, draw a h perpendicular to
‘BC; ah will be the horizontal projection of a plane
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passing vertically through a, and cutting the given
plane. On ah as ‘‘ground line’’ draw a vertical pro-
jection as follows: From a, draw a A perpendicular
to a g, and make it equal to a” a’; from h draw h D’
perpendicular to ha, and make hD’ equal to hD;
draw g D, which will be the section of the given plane

S

by a vertical D g, and the angle h gD’ will be the
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Aa”, Il Vertical Projection on Plane parallel to ha

Pig. 15.

measure of the inclination of the given plane with the
horizontal plane; there is now to be drawn, perpen-
dicular to this line, a line A E through A, which will
be the vertical projection on ah of the line required.
From the point of intersection E let fall upon ah a
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perpendicular, which will give e as the horizontal pro-
jection of E. Therefore a e is the horizontal projection
of the required perpendicular, and a’e’ its vertical
projection on the original ‘‘ground line’’ ha”. It
follows from this problem that—Where a right line in
space is perpendicular to a plane, the projections of
that line are respectively perpendicular to the traces
of the plane.

XI. Through a given point to draw a plane perpen-
dicular to a given right line.

Let a, a” (Fig. 16, 1) be the projections of the given
point A, and be, b’ ¢’ the projections of the given
line B C.

The foregoing problem has shown that the traces of
the plane sought must be perpendicular to the pro-
Jections of the line, and the solution of the problem
consists in making to pass through A, a vertical plane
Af (Fig. 16, 11), the horizontal projection of which
will be perpendicular to b c.

Through a (Fig. 16, 1) draw the projection af
perpendicular to be. From f raise upon KX L the in-
definite perpendicular ff, which will be the vertical
trace of the plane a f f perpendicular to the horizontal
plane, and passing through the original point A (in
No. 11). Then draw through a in the vertical pro-
jection a horizontal line, cutting f£f in f which point
should be in the trace of the plane sought; and as
that plane must be perpendicular to the vertical pro-
jection of the given right line draw through f a per-
pendicular to be, and produce it to cut KL in G.
This point G is in the horizontal trace of the plane
sought. ~All that remains therefore, is from G to draw
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G D perpendicular to be. If the projections of the
straight line are required, proceed as in the previous
problem, and as shown by the dotted lines; the plane
will cut the glven line at k in the horizontal projec-
tion, and at k in the vertical projeetion.*

XII. A right line being given in projection, and
also the traces of a given plane, to find the angle which
the line makes with the plane.

Let AB (Fig. 17, 11) be the original right line inter-
secting the plane CE in the point B. If a vertical
plane a B pass through the right line, it will cut the
plane CE in the line fB, and the horizontal plane in
the line ab. As the plane a B is in this case parallel
to the vertical plane of projection,its projection on
that plane will be a quadrilateral figure ab of the
same dimensions, and fB contained in the rectangle
will have for its vertical projection a right line Db,
which will be equal and similar to £B. Hence the
two angles abD, AB{, being equal, will equally be
the measure of the angle of ineclination of the right

*The diagram will be less confusing if the projection on a
is drawn separately, as in Fig. 16, where I is the horizontal
projection or plan, II the vertical projection or elevation on
a plane parallel to ha”, and III the vertical projection or ele-
wvation on a plane paralle]l to ha. To draw No. III draw first
the ground-line % a equal to A a on No. I, and mark on it the
point g; from h draw the vertical & o’ equal to 2 b, and from
a draw the vertical a A equal to a” a’; join p" ¢ and A A, and
from the point of intersection E let fall a perpendicular on h q,
cutting it in e. A E is the actual length and inclination of the
required line, and a e its horizontal length. Transfer the
length a ¢ to No. I, and from e draw e € perpendicular to h
a”. and cutting a’ B in e¢’. If the drawing has been correctly
made, a line from E parallel to the ground-line & g¢” will also

jntersect @’ h in ¢
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line A B to the plane C E. Thus the angle abD (Fig.
17, 1), is the angle sought.

This case presents no difficulty; but when the line
is in a plane which is not - parallel to the plane of

Fig. 17.

projection, the problem is more difficult; as, however,
the second case is not of much praetical value, it will
not be considered.
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3. STRAIGHT-SIDED SOLIDS.

XIII. Given the horizontal projection of a regular
tetrahedron, to find its vertical projection. ‘

Let ABCd (Fig. 18) be the given projection of
the tetrahedron, which has one of its faces coincident
with the ground-line. From d draw an indefinite line

Fig. 18.

d D perpendicular to d C, and make CD equal to CB,
CA, or AB; dD will be the height sought, which is
carried to the vertical projection from ¢ to d. Join
Ad and Bd, and the vertical projection is complete.
This problem might be solved in other ways.
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XIV. A point being given in one of the projections
of a tetrahedron, to find the point on the other pro-
jection. -

Let e be the point given in the horizontal projeec-
tion (Fig. 18). It may first be considered as situated
in the plane C B d, which is inclined to the horizontal
plane, and of which the vertical projection is the tri-
angle ¢Bd. According to the general method, the
vertical projection of the given point is to be found
somewhere in a perpendicular raised on its horizontal
projection e. If through d and the point e be drawn
a line produced to the base of the triangle in £, the
point e will be on that line, and its vertical projection
will be on the vertical projection of that line fed,
at the intersection of it with the perpendicular raised
on e. If through e be drawn a straight line g h, par-
allel to C B, this will be a horizontal line, whose ex-
tremity h will be on Bd. The vertical projection of
d B is d B; therefore, by raising on h a perpendicular
to A B, there will be obtained h, the extremity of a
horizontal line represented by h g in the horizontal
plane. If through h is drawn a horizontal line hg
this line will cut the vertical line raised on e in e,
the point sought. If the point had been given in g
on the arris c¢ d, the projection could not be found in’
the first manner; but it could be found in the second
manner, by drawing through g, a line parallel to C B,
and prolonging the horizontal line drawn through h,
to the arris ¢d, which it would cut in g, the point
sought. The point can also be found by laying down
the right-angled triangle Cd D (which is the devel-
opment of the triangle formed by the horizontal pro-
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jection of the arris Cd, the height of the solid, and
the length of the arris as a hypotenuse), and by draw-
ing through g the line g G perpendicular to C d, to in-
tersect the hypotenuse in G, and earrying the height
g @ from ¢ to g in the vertical projection. One or
other of these means can be employed according to
circumstances. If the point had been given in the
vertical instead of the horizontal projection, the same
operations inverted would require to be used.

'dl

- XV. Given a tetrahedron, and the trace of a plane
(perpendicular to one of the planes of projection) cut-
ting it, by which it is truncated, to find the projection
of the section.

First when the intersecting plane is perpendicular

to the horizontal plane (Fig. 19), the plane cuts the
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base in two points e £, of which the vertical projec-
tions are e and f; and the arris Bd is cut in g, the
vertical projection of which can readily be found in
any of the ways detailed in the last problem. Having
found g join e g fg and the triangle e gf is the pro-
jeetion of the intersection sought.

B
Fig. 20.

‘When the intersecting plane is perpendicular to the
vertical plane, as e f in Fig. 20, the horizontal projec-
tions of the three points e g f have to be found. The
point g in this case may be obtained in several ways.
First by drawing G gh through g, then through h
drawing a perpendicular to the base, produced to the
arris at h, in the horizontal projection, and then draw-
ing h g parallel to CB, cutting the arris Bd in g,

' which is the point required. Second, on d B, the hor-
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izontal projection of the arris, construct a triangle
d D B, d B being the altitude of the tetrahedron, and
B D the arris, and transfer this triangle to the ver-
tical projection at d d B. From g draw the horizontal
line cutting Bd in G; g G is the horizontal distance
of the required point in the arris, from the vertical
axis of the tetrahedron as d is horizontal projectian
of the vertical axis, and d B the horizontal projection
of the arris, it follows that the length gG, trans-
ferred to d g, will give the required point g. The
points e and f are found by drawing lines from e and
f perpendicular to the ground-line, and producing
them till they meet the horizontal projections of the
arrises in e and f. The triangle e f g is the horizontal
projection of the section made by the plane ef.

XVI. The projections of a tetrahedron being given,
to find its projections when inclined to the horizontal
plane in any degree.

Let ABCd (Fig. 21) be the horizontal projection
of a tetrahedron, with one of its sides coincident with
the horizontal plane, and e d B its vertical projeection;
it is required to find its projections when turned round
the arris AB as an axis. The base of the pyramid
being a horizontal plane, its vertical projeetion is the -
right line ¢ B. If this line is raised to ¢ by turning
on B, the horizontal projection will be A ¢2 B. When
the point e, by the raising of B¢, describes the are
ce, the point d will have moved to d, and the per-
pendicular let fall from that point on the horizontal
plane will give d3, the horizontal projection of the
extremity of the arris C d; for as the summit d moves
in the same plane as C, paralle] to the vertieal plane
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of projection the projection of the summit will evi-
dently be in the prolongation of the arris Cd, which
is the horizontal projection or trace of that plane.
The process therefore, is very simple and is as fol-
lows: Construct at the point B the angle required,
cBe, and make the triangle cdB equal to e¢dB;

(g

A
Fig. 21.

from d let fall a perpendicular cutting the prolonga-
tion of the arris Cd in d3, and from ¢ a perpendicular
cutting the same line 1n ¢2; join B ¢2, A ¢2, B d3, A d3.

The following is a more general solution of the
problem: ILet ABCd (Fig. 22), be the horizontal
projection of a pyramid resting with one of its sides
on the horizontal plane, and let it be required to
raise, by its angle C, the pyramid by turning around
the arris A B, until its base makes with the horizontal



42 MODERN CARPENTRY

plane any required angle, as 50°. Conceive the right
line Ce turning round e, and still continuing to be
perpendicular to A B, until it is raised to the required
angle, as at e C. If a perpendicular be now let fall
from C, it will give the point C as the horizontal pro-
jection of the angle C in its new position. Conceive

d

Fig. 22.

a vertical plane to pass through the line Ce. This
plane will necessarily contain the required angle. Sup-
pose, now we lay this plane down in the horizontal
projection thus; Draw from e the line e C, making
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with e C an angle of 50°, and from e with the radius -
e ¢ deseribe an arc cutting it in C. From C let fall
on Ce, a perpendicular on the point C, which will
then be the horizontal projection of C in its raised
position. On Ce draw the profile of the tetrahedron
CDe inclined to the horizontal plane. From D let
fall a perpendicular on C e produced, and it will give
d as the horizontal projection of the summit of the
pyramid in its ineclined position. Join Ad, Bd, Ac,
B e to complete the figure. The vertical projection of
the tetrahedron in its original position is shown by a d
b, and in its raised position by a, ¢2, d2, b, the points
¢2, and d2 being found by making the perpendiculars
3 ¢2 and d3 d2 equal to C C and d D respectively.

XVII. To construct a vertical and horizontal pro-
jections of a cube, the axis 1 of which are perpendic-
ular to the horizontal plane. '

If an arris of the cube is given, it is easy to find its
axis, as this is the hypotenuse of a right-angled tri-
angle, the shortest side of which is the length of an
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arris, and the longest the diagonal of a side. Conceive
the cube .cut by a vertieal plane passing through its
diagonals E G, A C (Fig. 23), the section will be the
rectangle A E G C. Divide this into two equal right-
angled triangles, by the diagonal E C. If in the upper
and lower faces of the cube, we draw the diagonals
FH, BD, they will cut the former diagonals in the
‘points £ and b. Now, as the lines bB, bD, f{F, fH,
are perpendicular to the rectangular plane AE G C,
fb may be considered as the vertical projection of
BF and DH, and from this consideration we may
solve the problem. :

Fig. 24.

Let AE (Fig. 24) be the arris of any cube. The
letters here refer to the same parts as those of the
preceding diagram (Fig. 23). Through A draw an
indefinite line, A C, perpendicular to AE, Set off on
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this line, from A to C, the diagonal of the square of
A E, and join E C, which is then the axis of the cube.
Draw the lines E G, G G, parallel respectively to AC
and A E, and the resulting rectangle, AE G C, is the
section of a cube on the line of the diagonal of one of
its faces. Divide the rectangle into two equal parts
by the line bf, which is the vertical projection of
the lines BF, DH (Fig. 23), and we obtain, in the
figure thus completed, the vertical projection of the
cube, as aebd (Fig. 25).

Through C (Fig. 24), the extremity of the diagonal
E C draw yz perpendicular to it, and let this line
represent the common section or ground-line of the
two planes of projection. Then let us find the hor-
izontal projection of a cube .of which A E G C is the
vertical projection. In the vertical projection the
axis E € is perpendicular to yz, and eonsequently,
to the horizontal plane of projection, and we have
the height above this plane of each of the points which
terminate the angles. Let fall from each of these
points perpendiculars to the horizontal plane, the
projections of the points will be found on these per-
pendiculars. The horizontal projection of the axis E C
will be a point on its prolongation, as e. This point
might have been named e with equal correctness, as it
is the horizontal projection of both the extremeties of
the axis, C .and E. Through ¢ draw a line parallel
te y z, and find on it the projections of the points A
and G, by continuing the perpendiculars A a, G g, to
a and g. We have now to find the projections of the
pvints b f (representing D B F H, Fig. 23,), which will

“"be somewhere on the perpendiculars b b, ff, let fall
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from them. We have seen in Fig. 23 that BF, DH
are distant from b f by an extent equal half the diag-
onal of the square face of the cube. Set off, therefore, -
on the perpendiculars bb and ff, from o and m, the
distance. Abin d, b, and f, £f and join da, ab, b f,
fg, gf to complete the hexagon which is the horiz-
ontal projection of the cube. Join fe, fe, and ac, to
give the arrises of the upper half of the cube. The
dotted lines d ¢, b e, g ¢, show the arrises of the lower
side. Knowing the heights of the points in these ver-
tical projections, it is easy to construect a vertical pro-
jection on any line whatever, as that on RS below.

e

Fig. 25. Fig. 26.

XVIII. To construct tne projections of a regular
octahedron, when one of its axis is perpendicular to
either plane of projection.

Describe a circle (Fig. 26), and divide it into four
equal parts by the diameters, and draw the lines a d,
db, be, ca; a figure is produced which serves for
either the vertical or the horizontal projection of the
octahedron, when one of its axis is perpendicular to
either plane.
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XIX. One of the faces of an octahedron being given,
coincident with the horizontal plane of projection, to
construct the projections of the solid.

Let the triangle A B C (Fig. 27) be the given face.
If A be considered to be the summit of one of the two
pyramids which compose the solid, B C will be one of
the sides of the square base, k C Bi. The base makes
with the horizontal plane an angle, which is easily
found. Let fall from A a a perpendicular on B ¢, cut-
ting it in d, with the length B¢ as a radius, and from
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d as a centre, describe the indefinite arc e £f. The per-
pendicular A d will be the height of each of the faces,
and, consequently, of that which, turning on A, should
meet the side of the base which has already turned on d.
Make this height turn on A, describing from that point
as a centre, with the radius A d, an indefinite are, cut-
ting the first arc in G, the point of meeting of one of
the faces with the square base; draw the line G A, G d:
the first is the profile or inclination of one of the faces
on the given face A B C according to the angle d A G;
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the seecond, d G, is the inclination of the square base,
which separates the two pyramids in the angle A d G.
The face adjacent to the side B C is found in the same
manner. Through G, draw the horizontal line G H
equal to the perpendicular A d. This line will be the
profile of the superior face. Draw d H, which is the
profile of the face adjacent to BC. From H let fall a
perpendicular on A d produced, which gives the point
. h for the horizontal projection of H, or the summit of
the superior triangle parallel to the first, draw hi par-
allel to CA, hk parallel to AB, Ak and Bh per-
pendicular to A B, and join kC, Ch, Bi, and A1i and
the horizontal projection is complete. From the heights
we have thus obtained we can now draw the vertical
projection shown in No. II, in which the parts have the
same letters of reference.

The finding of the horizontal projection may be
abridged by constructing a hexagon and inseribing in
it the two triangles ACB, hik.

XX. Given in the horizontal plane the projection of
one of the faces of a dodecahedron, to construct its
projections. '

The dodecahedron is a twelve-sided solid, all the sides
being regular and equal pentagons. It is necessary, in
order to construct the projection, to discover tke in-
clination of the faces among themselves. Let the penta-
gon ABCDE (Fig. 28) be the side on which the body
is suppased to be seated on the plane. Conceive two
other faces, EFGHD and DIKLC, also in the hori-
zontal plane, and then raised by being turned on their
bases, ED, D C. By their movement they will deseribe
in space ares of circles, which will terminate by the
meeting of the sides DH, D 1.

*
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To find the inclination of these two faces.—From the
points 1 and H let fall perpendiculars on their bases
produced. If each of these pentagons were raised ver-
tically on its base, the horizontal projection of H and 1
would be respectively in zz; but as both are raised

together, the angles H and I would meet in space above
h where the perpendiculars intersect therefore, h will
be the horizontal projection of the point of meeting of
the angles. To find the horizontal projection of K, pro-
long indefinitely z I, and set off from z on z I the length
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XK in k; from z as centre with radius z I, deseribe
the arc 11 cutting the perpendicular hI in I; join zI:
then from z as centre, with the radius z k, deséribe an
arc cutting zI produced in the point K, from which
let fall on zk a perpendicular K k, and produce it to
k in x K. If, now, the right-angled triangle zk K, were
raised on its base, k would be the projection of K.
Conceive now the pentagon C DI K L turned round on
C D, until it makes an angle equal to k zK with the
horizontal plane, the summit K will then be raised
above k by the height k K, and will have for its hori-
zontal projection the point k. In completing the figure
practically ;—from the centre o, describe two conecentrie
circles passing through points hD. Draw the lines
h D, hk, and carry the last round the circumference in
mnoprstu: through each of these lines draw radi-
ally the lines m C, 0 B, r A, t E, and these lines will be
the arrises analogous to h D. This being done, the in-
ferior half of the solid is projected. By reason of the
regularity of the figure, it is easy to see that the six
other faces will be similar in those already drawn, only
that although the superior pentagon will have its angles
on the same circumference as the inferior pentagon
the angles of the one will be in the middle of the faces
of the other. Therefore, to describe the superior half;
—through the angles npsvk, draw the radial lines
nl, p2 s3,v4, kb5, and join them by the straight lines
12,23,34,45,and 51.

To obtain the length of the axis of the solid, observe
that the point k is elevated above the horizontal plane
by the height k K: carry that height to k K: the point
r, analogous to h, is raised the same height as that
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point, that is to say hi, which is to be earried from r
to R; and the line R K is the length sought. As this
axis should pass through the centre of the body, if a
vertical projection of the axis in O, and therefore O o
is the half of the height of the solid vertically. By
doubting this height, and drawing a horizontal line to
cut the vertical lines of the angles of the superior face
is obtained, as in the upper portion of (Fig. 28), in
which the same letters refer to the same parts.

XXI. One of the faces of a dodecahedron being
given, to construct the projections of the solid, so that
its axis may be perpendicular to the horizontal plane.

Let ABEDC (Fig 29, 1) be the given face. The
solid angles of the dodecahedron are each formed by
the meeting of three pentagonal planes. If there be
conceived ‘a plane B C passing through the extremities
of the arrises of the solid angle A, the result of the
gection would be a triangular pyramid, the sides of
whose base would be equal to one of the diagonals of
the face, such as BC. An equilateral triangle bef
(Fig. 29, 11) will represent the base of that pyramid
inverted, that is, with its summit resting on the hori-
zontal projection, it is required to find the height of that
pyramid, or which is the same thing, that one of the
three points of its base b ¢ f, for as they are all equally
elevated, the height of one of them gives the others.
There is necessarily a proportion between the triangle
Abe (No.11) and A BC (No. 1), since the first is the
horizontal projection of the second. A g is the hori-
zontal proection of A G; but A G is a part of A H, and
the projection of that line is required for one of the faces
of the solid; therefore as AG: Ag:: AH: x. In other
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words, the length, the length of x may be obtained by
drawing a fourth proportion of the three lines it will
be found to be equal to Ah; or it may be obtained
graphically thus:—Raise on A g at g an indefinite per-
pendicular, take the length A G (No. 1) and carry it

from A to G (No. 11); g is a point in the assumed
pyramidal base bef. Since A G is a portion of A I,
A G will be so also. Produce A G, therefore, to H, mak-
ing AH equal to AH (No. 1) and from H let fall a
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perpendicular on A g produced, which gives h the point
sought. Produce Hh, and carry on it the length HD
or HE from h to d and h to e; draw the lines cd, be,
and the horizontal projection of one of the faces is ob-
tained inclined to the horizontal plane, in the angle
H Ah. As the other two inferior faces are similar to
the one found, the three faces should be found on the
circumference of a cirele traced from A as centre, and
with Ad or Ae as a radius. Join f A, prolong An,
A o, perpendicular to the sides of the triangle fe b, and
make them equal to A h, and through their extremeties
draw perpendiculars, cutting the circumference in the
points ik, lm. Draw the lines ib, kf, 1f, me, and
the horizontal projections of the three inferior faces
obtained. The superior pyramid is similar and equal
to the inferior, and solely opposed by its angles. De-
scribe a circle passing through the three points of the
first triangle, and draw within it a second equilateral
triangle n o p, of which the summits correspond to the
middle of the faces of the former one. Each of these
points will be the summit of a pentagon, as the points
bef. These pentagons have all their sides common,
and it is only necessary therefore to determine one of
these superior pentagons to have all the others. Six
of the faces of the dodecahedron have now been pro-
jected; the remaining six are obtained by joining the
angular points already found, as qd, er, ti, ks, &e.
To obtain the vertical projection (No. 111) begin
with the three inferior faces. The point A in the
horizontal projection being the summit of the inferior
solid angle, will have its vertical in a; the points be f,
when raised to the height g G, will be in b ¢ £, or simply
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b £. The points b g ¢ being in a plane perpendicular to
the vertical plane, will necessarily have the same ver-
tical projection, b. The line a f will be the projection
of the arris A f, and a b will be that of the arrises A b,
A ¢, and of the line A g, or rather that of the triangle
A b e, which is in a plane perpendicular to the vertical
plane. But this triangle is only a protion of the given
pentagonal face (No. 1), of which A H is the perpen-
dicular let fall from A on the side ED. Produce ab
to e, making a e equal to A H; e is the vertical projec-
tion of the arris e d. This arris is common to the inferior
pentagon, and to the superior pentagon e d q p r, which
is also perpendicular to the vertical plane, and, conse-
quently, its vertical projection will be e p, equal to a e.

This projection can now be obtained by raising a
vertical line through p, the summit of the superior
pentagon, and from e as a centre, and with the radius
AH or AH, describing an arc cutting this line in p,
the point sought. But pno belong to the base of the
superior pyramid; therefore, if a perpendicular is
drawn from n through y z to n, and the height p is trans-
ferred to n by drawing through p’ a line parallel to y z,
n will be the projection of the points n and o. Through
n draw sna parallel to ae cutting perpendiculars
drawn through s and A in the horizontal projection.
Through s draw s f parallel to pe, and join af, ap;
set off on the perpendicular from r the height of s above
y z at r, and draw rt parallel to y z, cutting the per-
pendicular from t, and join nt. Draw perpendiculars
from k and i though y z to k and i, make k and i the
same height as e, and draw ki, and join ib, it. The
vertical projection is now complete,
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XXII. In a given sphere to inscribe a tetrahedron, a
hexahedron or cubé, an octahedron and a dodecahed-
ron.
Let AB (Fig. 30) be the diameter of the given
sphere. Divide it into three equal parts, D B being one
of these parts. Draw D E perpendicular to AB, and

Fig. 30.

draw the chords A E, E B. A E is the arris of the tetra-
hedron, and E B the arris of the hexahedron or cube.
From the centre C draw the perpendicular radius CF,
and the chord F B is the arris of the octahedron. Divide
B E in extreme and mean proportion in G, and B G
is the arris of the dodecahedron. The arrises being
known, the solids can be drawn by the help of the prob-
. lems already solved. Draw the tangent A H equal to
AB; join HC and AI; A1 is the arris of an icosahe-
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which are equilateral triangles. See Fig. 3015.
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4, THE CYLINDER, CONE, AND SPHERE.

XXIII. The horizontal projection of the cylinder,
the axis of which is perpendicular to the horizontal
plane, being given to find the vertical projection.

Let the circle ABCD (Fig. 31) be the base of the
eylinder, and also its horizontal projection. From the
points A and C raise perpendiculars to the ground-line
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Fig. 31.

a ¢, and produce them to the height of the e¢ylinder—
say, for example, ae, ¢ f. Draw e f parallel to a ¢, and
the rectangle a e f ¢ is the vertical projection required.

XXIV. Given the traces of an oblique plane, to de-
termine the inclination of the plane to both the H. P.
and the V. P.
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Let vt and ht (Fig. 32) be the traces of the given
plane. Draw the projections of a semi-cone having its
axis a’ b’ in the vertical plane, the apex a’ in the given
vt and its base (a semi-circle) ced in the hp and
lying tangentially to the given ht. Then the base angle

Fig. 32.

(0) of the cone gives the inclination of the plane to the
h p. To determine the inclination of the plane to the
V. p., draw the projections of a second semi-cone, hav-
ing the axis mn in the h p, and the apex m in the
given h t, while the base is in the v p and tangential
to the vt. The base angle (0) of this ‘cone gives the
inclination to the v p.

XXV. The base of a cylinder being given, and also
the angles which the base makes with the planes of
projection, to construct the projections of the cylinder.

Let the circle A GBH (Fig. 33) be the given base,
and let each of the given angles be 45°. Draw the
diamater A B making an angle of 45° with the ground-
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line or vertical plane, and draw the line A B, making
with A B the given angle; and from A as a centre,
with A B and A C as radii, describe arcs cutting A B in
B and C. Then draw A D, B E perpendicular to A B,

E_z:ﬁ y

B E
Fig. 33.

and equal to the length of the cylinder; the rectangle’
A E is the vertical projection of the cylinder parallel
to the vertical plane and inclined to the horizontal
plane A B in an angle of 45°. Now prolong indefinitely
the diameter B A, and this line will represent the pro-
jection on the horizontal plane of the line in which the
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generating circle moves to produce the cylinder. If
from B and C perpendiculars be let fall on A B, k will
be the horizontal projection of B, A k that of the
diameter A B, and ¢ that of the centre C. Through ¢
draw h g perpendicular to A B, and make ¢ h, ¢ g equal
to CH, GG; and the two diameters of the ellipse,
which is the projection of the base of the cylinder, will
be obtained, namely, Ak and h g.

In like manner, draw D F E the lines Dd, F £, Eec,
perpendicular to the diameter ‘A B produced, and their
intersections with the diameter and the sides of the
eylinder will give the means of drawing the ellipse
which forms the projection of the farther end-of the
eylinder. The ellipses may also be found by taking any
number of points in. the generating circle as IJ, and
obtaining their projections ij. The method of doing
this, and also of drawing the vertical projection e f,
will be understood without further explanation.

XXVI. A point in one of the projections of a cone
being given, to find it in the other projection.

Let a (Fig. 34) be the given point. This point be-
longs equally to the circle which is a section of the
cone by a plane passing through the point parallel to
the base, and to a straight line forming one of the
sides of a triangle which is the section of the cone by a
plane perpendicular to its base and passing through
its vertex and through the given point, and of which

fag is the horizontal, and fag the vertical projec-
" tion. To find the vertical projection of a, through a
draw a a perpendicular to b ¢, and its intersection with
f g is the point required ; and reciprocally, a in the hori-

o
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zontal projection may be found from a in the vertical
projection, in the same manner.

Otherwise, through a, in the horizontal projection,
describe the circle ade, and draw ee or eec, cutting

d.\
N

Fig. 34,

the sides of the cone in e and c¢; draw ¢ e parallel to
the base, and draw a a, cutting it in a, the point re-
quired.
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XXVII. On a given cylinder to describe a helix.

Let abed, &ec. (Fig. 35), be the horizontal projec-
tion of the given cylinder. Take on this curve a series
of equal distances, ab, be e¢d, &c., and through each
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of the points a, b, ¢, &c. draw a vertical line, and pro-
duce it along the vertical projection of the cylinder.
Then conceive a curve cutting all these verticals in the
points a b e¢d, in such a manner that the height of the
point above the ground-line may be in constant rela-
tion to the ares a b, be, ¢ d; for example, that a may be
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the zero of height, that bb may be 1, cc 2, dd3, &ec.;
then this curve.is named a helix. To construect this curve,
carry on the vertical projection on each vertical line
such a height as has been determined, as 1 on b, 2 on ¢,
3 on d; and through these points will pass the curve
sought. It is easy to see that the curve so traced is in-
dependent of the cylinder on which it has been sup-
posed to be traced; and that if it be isolated, its lori-
zontal projection will be a circle. The helix is named
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Fig. 36.

after the curve which is its horizontal projection. Thus
the helix in the example is a helix with a cireular base.
The vertical line fn is the axis of the helix, and the
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height b b, comprised between two consecutive inter-
sections of the curve with a vertical, is the pitch of the
helix.

XXVIII. On a given cone to describe a helix.

Let the projections of the given cone be as shown in
(Fig. 36.) Divide the base of the cone in the horizon-
tal projection into any number of equal parts, as a b,
be, e¢d, &c., and draw lines from the vertex to the
points thus obtained. Set off along these lines a series
of distances increasing in constant ratio, as 1 at b, 2
at ¢, 3 at d, &c. The curve then drawn through these
points, when supposed to be in the same plane, is
called a spiral. If these points, in addition to approach-
ing the centre in a constant ratio, are supposed also
to rise above each other by a constant increase of
height, a helical curve will be obtamed on the vertical
projection of the cone.*

XXIX. A point in one of the projections of the
sphere being given, to find it in the other projection.

Let a be the given point in the horizontal projection
of the sphere hbeci (Fig. 38). Any point on the sar-
face of a sphere belongs to a circle of that sphere.
Therefore, if a is the point, and a vertical plane b e is
made to pass through that point to A B, the section of

*The octahedron is formed by the union of eight equilateral
triangles; or, more correctly, by the union of two pyramids
with square bases, opposed base to base, and of which all the
solid angles touch a sphere in which they may be inscribed.

It is essential that the diagram should be clearly seen as a
solid, and not as a mere set of lines in one plane. Imagine &
as the apex of one pyramid on the base X cB4{, and A as the
apex of the other pyramid on the opposite side of the same
base. The octahedron is shown to be lying on itsside A Bc.
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the sphere by this plane will be a circle, whose diam-
eter will be b ¢, and the radius consequently, d b or d ¢;
and the point a will necessarily be in the circumfer-
ence of this circle. Since the centre d of this circle is
situated on the horizontal axis of the sphere, and as
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this axis is perpendicular to the vertical plane, its ver-
tical projection will be the point d. It is evident that
the vertical projection of the given point a will be
found in the circumference of the circle deseribed from
d with the radius db or de¢ and at that point of it
where it is intersected by the line drawn through a, per-
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pendicular to A B. Its vertical projection will there.
fore be either a or a, according as the point a is on the
superior or inferior semi-surface of the sphere.

The projection of the point may also be found thus:
Conceive the sphere cut by a plane parallel to the hori-
zontal plane of projection passing through the given
point a. The resulting section will be the horizontal
circle described from k, with the radius ka; and the
vertical projection of this section will be the straight
line g e, or.g e; and the intersections of these lines with
the perpendicular drawn through a, will be the projec-
tion of a, as before. .

5. SECTIONS OF SOLIDS.

To draw sections of any solid requires little more
than the application of the method deseribed in the
foregoing problems. Innumerable examples might be
given, but a few selected ones will suffice.

XXX. The projections of a regular tetrahedron be-
ing given, to draw the section made by a planz perpen-
dicular to the vertical plane and inclined to the hori-
zontal plane.

Let ABCD and abed (Fig. 39) be the given pro-
jections, and E F G the given plane perpendicular to the
vertical plane and inclined to the horizontal plane at
an angle of 30°. The horizontal projection e f g of the
section is easily found as shown. To find the correet
seetion draw through e, f, and g, lines parailel to the
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ground-line A C, and a ¢ one of them as E e set off the
distances EF, EG at Ef and E g, and through f and g
draw perpendiculars cutting the other lines in F and
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G’'. Join EG, GF, and FE. EF G is the correct sec-
tion made by the plane.

XXXI. The projections of a hexagonal pyramid be-
ing given, to draw the section made by a plane perpen-
dicular to the vertical plane and inclined to the hori-
zontal plane.

. Let ABCD and abedefg (Fig. 40) be the given
projections, and HIJ K the given plane. The horizon-
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tal projection hijk1lm of the section is easily found
as shown. Through m,1,h, j, and i draw lines parallel
to the ground-line A D, and on one of them as h m, set
off the distances II1, IIJ, HK, at h M, hl hk. From
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h, M, ], and k draw perpendiculars meeting the other
lines in H, I, L, J, and K, and join the points of inter-
gection. HIJKLM is the true section made by the
plane,
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XXXII. The projections of an octagonal pyramid
being given, to draw the section made by a vertical
plane. A

Let ABCDF and abedef (Fig. 41) be the given
projections, and ghijk of the section made by the
plane is easily found by drawing g g, hh, ii, &ec. per-

Fig. 41.

pendicular to the ground-line AD. On AD produced
set off the distances gh, hi, ij, and jk at Gh, hi, &e.,
and from the points thus found draw perpendiculars
to G K meeting lines drawn from h, i, and j parallel to
AD,inH,I,andJ. JoinGH,HI,IJ,and JK. GHI
J K is the true section made by the plane.
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A cylinder may be cut by a plane in three different
ways—1st, the plane may be parallel to the axis; 2nd, it
may be paralle] to the base; 3rd, it may be oblique to
the axis or the base.

In the first case, the scetion is a parallelogram, whose
length will be equal to the length of the cylinder, and
whose width will be equal to the chord of the circle of
the base in the line of section. Whence it follows, that
the largest section of this kind will be that made by a
plane passing through the axis; and the smallest will
when the section plane is a tangent—the section in that
case will be a straight line.

When the section plane is parallel to the base, the
section will be a circle equal to the base. When the
section plane is oblique to the axis or the base; the

section will be an ellipse.
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XXXIII. To draw the. section of a cylinder by a
plane oblique to the axis.

Let ABCD (Fig. 42) be the projection of a eylin-
der, of which the circle EH F K represents the base
divided into twenty equal parts at b e d e, &e., and let it
be required to draw the section made by the plane A C.
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The circular base must be drawn in such a position that
the axis of the eylinder when produced meets the centre
of the cirele. Through the centre of the circle draw
the diameter H K perpendicular to the axis produced.
Then through the divisions of the base, b ¢ d, &e. draw
lines parallel to the axis, and meeting the section plane
in 1, 2, 3, &c., and through these points draw perpen-
diculars to A C making them equal to the correspond-
ing perpendiculars from HK, ie, 1b, 2¢, 3d, &. A
curve drawn through the points thus found will be an
ellipse, the true section of A B C D on the plane A C.*
The Cone. A cone may be cut by a plane in five dif-
ferent ways, producing what are called the conic sec-
tions: 1st. If it is cut by a plane passing through the
axis, the section is a triangle, having the axis of a
cone as its height, the diameter of the base for its base,
and the sides for its sides. If the plane passes through
the vertex, without passing through the axis, as ce
(Fig. 43), the section will still be a triangle, having
for its base the-chord ¢ e, for its altitude the line ¢ e, and
for its sides the sides of the cone, of which the lines
ce, oe are the horizontal and the line c e the vertical
projections. 2nd. If the cone is cut parallel to the base,
as in g h, the section will be circle, of which g h will be
the diameter. 3rd. When the section plane is oblique
to the axis, and passes through the opposite sides of
the cone, as m p h the section will be an ellipse, m n h.
4th. When the plane is parallel to one of the sides of
the cone, as rh, the resulting section is a parabola rs
htu. 5th. When the section plane is such as to pass
through the sides of another cone formed by producing

*The point is assumed to be in the inferior half of the
cylinder, A
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the gides of the first beyond the vertex, as the plane
q h, the resulting curve in each cone is a hyperbola.
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Fig. 43.

Several methods of drawing the curves of the conie
gections have already been given in Plane Geometry,
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Vol. 1. Here their projections, as resulting from the
sections of the solid by planes, are to be considered.
If the mode of finding the projections of a point on the
surface of a given cone be understood, the projections
of the curves of the coniec sections will offer no
difficulty. Let the problem be: First, to find the pro-
jections of the section made by the plane mh. Take
at pleasure upon the plane the several points, as p, &ec.
Let fall from these points perpendiculars to the hori-
zontal plane, and on these will be found the horizontal
projection of the points; thus, in regard to the point p
. Draw through p a line parallel to A B: this line
will be the vertical projection of the horizontal plane
cutting the cone, and its horizontal projection will be
a circle, with sn for its radius. With this radius,
therefore, from the centre e, describe a circle cutting,
twice, the perpendicular let fall from p; the points of
intersection will be two points in the horizontal projec-
tion of the circumference of the ellipse. In the same
manner, any other points may be obtained in its cir-
cumference. The operation may often be abridged by
taking the point p in the middle of the line mh; for
then m h will be the horizontal projection of the major
axis, and the two points found on the perpendicular
let fall from the central point p will give the minor
axis.

To obtain the projections of the parabola, more
points are required, such as r, 2, s, 3, h, but the mode
of procedure is the same as for the ellipse. The ver-
tical projection of the parabola ushtu is shown at

ushtu.
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The projections of the section plane which produces
the hyperbola are in this case straight lines, q h, z h.

XXXIV. To draw the section of a cone made by a
plane cutting both its sides, i. e.,, an ellipse.

Let ADB (Fig. 44) be the vertical projection of
the cone A CB the horizontal projection of half its
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Fig. 44,

base, and E F the line of section. From the points E
and F let fall on A B the perpendiculars E G, F H.
Take any points in EF, as k, 1, m, n, &c., and from
them draw lines parallel to AB, as kp, 1q, mr, &e.,
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and also lines perpendicular to AB, as k1, 12 m 3, &e.
Also from p, q, r, &ec., let fall perpendiculars on A B,
namely, pa, qz, ry, &. From the centre of the base
of the cone, 1, with radius la, 1z, ly, &e., describe arcs
cutting the perpendiculars let fall from k, 1, m, &e., in
1, 2, 3, &c. A curve traced through these points will
be the horizontal projection of the section made by the
plane EF. To find the true section,—Through k, 1,
m, &c., draw kt, lu, m v, n w, perpendicular through
E F, and make them respectively equal to the corres-
ponding ordinates, 51, 62, 73, &ec., of the horizontal
projection G 4 H, and points will be obtained through
which the half EwF of the required ellipse can be
traced. It is obvious that, practically it is necessary
only to find the minor axis of the ellipse, the major
- axis E F being given.

XXXV. To draw the section of a cone made by a
plane parallel to one of its sides, i. e. a parabola.

Let AD B (Fig. 45) be the vertical projection of a
right cone, and A C B half the plan of its base; and let
E F be the line of section. In E F take any number of
points, E, a, b, ¢, e, F, and through them draw lines
EH, a6l, b72, &ec., perpendicular to A B, and also
lines parallel to A B, meeting the side of the eone in
f, g, h, k, 1: from these let fall perpendiculars on A B,
meeting it in m n, o, p, q. From the centre of the base
1, with the radii lm, In, lo, &c., describe arcs cutting
the perpendiculars let fall from the section line in the
points 1, 2, 3, 4, 5; and through the points of intersec-
tion trace the line H 12345G, which is the horizontal
projection of the section. To find the true section,
from E, a, b, ¢, d,e, raise perpendiculars to EF, and
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make them respectively equal to the ordinates in the
horizontal projection, as E r equal to E H, a s equal to
6 1, &c., and the points rstuvw in the curve will be

B
T

o

obtained. The other half of the parabola ecan be drawn
by producing the ordinates we, vd, &e., and setting -
the same distances to the right of EF.

XXXVI. To draw the section of a cone made by a
plane parallel to the axis i. e. an hyperbola.
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Let ded (Fig. 46) be the vertical projection of the
cone, dqrd one half of the horizontal projection of
the base, and q r the section plane. Divide the line r g
into any number of equal parts in 1, 2, 3, h, &c., and
through them draw lines perpendicular to dd. From
¢ as centre, with the radii cl, c2, &e., describe the ares
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Fig. 46.

cutting d d; and from the points of intersection draw
perpendiculars cutting the sides of the cone in 1, 2, 3,
and these heights transferred to the corresponding per-
pendiculars drawn directly from the points 1, 2, 3, &e.,
in r q, will give points in the curve.
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XXXVII. To draw the section of a cuneoid made
by a plane cutting both its sides.

Let A CB (No. 1, Fig. 47) be the vertical projection
of the cuneoid, and A 5B the plan of its base, and
A B (No. 4) the length of the arris at C, and let DE
be the line of section. Divide the semicircle of the
base into any number of parts 1, 2, 3, 4, 5, &ec., and
through them draw perpendiculars to A B, cutting it
in 1, m, n, o, p, &c., and join Cl, Cm, Cn, &ec., by lines
cutting the section line in 6, 7, 8, 9, &c. From these
points draw lines perpendicular to D E, and make
them equal to the corresponding ordinates of the semi-
circle, either by transferring the lengths by the com-
passes, or by proceeding as shown in the figure. The
curve drawn through the points thus obtained will give
the required seetion. ' _

The section on the line D K is shown in No. 2, in
which A B equals D K; and the divisions efghk in
D K, &ec., are transferred to the corresponding points
on A B; and the ordinates el, fm, gn, &e., are made
equal to the corresponding ordinates 11, m2, n3, of the
semicirele of the base. In like manner, the section of
the line G H, shown in No. 3, is drawn.* :

XXXVIII. To describe the section of a cylinder
made by a curve cutting the cylinder.

Let A BD E (Fig. 48) be the projection of the eylin-
der, and C D the line of the section required. On A B

*A cuneoid is a solid ending in a straight line, in which, if
any point be taken, a perpendicular from that point may be
made to coincide with the surface. The base of the cuneoid
may be of any form; but in architecture it is usually semi-
circular or semi-elliptical, and paralle] to the straight line
forming ‘the other end, .



SOLID GEOMETRY 79

deseribe a semicircle, and divide it into any number of
parts. From the points of division draw ordinates 1 h,
2k, 31, 4m, &c.. and produce them to meet the line of
section in o, p, q, r, 8, t, u, v, w. Bend a rule or slip
of paper to the line C D, and prick off on its points C,
o, p, q, &c.; then draw any straight line F G, and, un-
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bending the rule, transfer the points C, o, p, q, &e., to
F, a, b, ¢, d, &e. Draw the ordinates al, b2, ¢ 3, &ec.,
and make them respectively equal to the ordinates h 1,
k2, 13, &c., and through the points found trace the

curve.
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XXXIX, To describe the section of a sphere.

Let AB D C (Fig. 49) be the great circle of a sphere,
and F G the line of the section required. Then since all
the sections of a globe or sphere are circles, on F G de-
scribe a semicircle F 4G, which will be the section re-
quired.
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Fig. 48. Fig. 49.

Or, in F G take any number of points, as m, 1, k, H,
and from the centre of the great circle E, deseribe the
arcs Hn, ko, ]l p, mq, and draw the ordinates H 4, k 3,
12, ml, and n4, 03, p2, q 1; then make the ordinates on
F G equal to those on B C, and the points so obtained
will give the section required.*

*The projections of sections of spheres are, if the section
panes are oblique, either straight lines or ellipses, and are
found as follows:

Let ab (Fig. 50) be the horizontal projection of the sec-
tion plane. On the line of section take any number of
points, as a, ¢, b. and through each of them draw a line per-
pendicular to y .
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XL. To describe the section of an ellipsoid when a
section through the fixed axis, and the position of the
line of the required section are given.

Let ABCD (Fig. 51) be the section through the
fixed axis of the ellipsoid, and F G the position of the
line of the required section. Through the centre of

Fig. b50. Fig. 51.

the ellipsoid draw B D parallel to F G; bisect F G in
H and draw A C perpendicular to F G; join B C, and
from F draw F K, parallel to B C, and cutting A C pro-
duced in K; and then will HK be the height of the
semi-ellipse forming the section on F G.
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Or, the section may be found by the method of or-
dinates, thus: As the section of the ellipsoid on the
line AC is a circle, from the point of intersection of
BD and A C describe a semicircle AKC. Then on
H G, the line of section, take any number of points, I,
m, p, and from them raise perpendiculars cutting the
ellipse in q, r, s. From q, r, s draw lines perpendicular
to A C, cutting it in the points 4, 5, 6; and again, from
the intersection of BD and A C as centre draw the
arcs 41, 5m, 6n, Co, cutting HG in 1, m, n, o; then
H o, set off on the perpendicular from H to K, is the
height of the section; and the heights Hn, H m, Hl, set
off on the perpendiculars from i to 3, n to 2 and p to 1,
give the heights of the ordinates.

XLI. To find the section of a cylindrical ring per-
pendicular to the plane passing through the axis of the
ring, the line of section being given.

Let ABED (Fig. 52) be the section through the
axis of the ring, A B a straight line passing through
the eoncentric circles to the centre C, and D E be the
line of section. On A B describe a semicirele; take in
its eircumference any points as 1, 2, 3, 4, 5, &e., and
draw the ordinates 1f, 2g, 3h, 4k, &. Through the
points f, g, h, k, 1, &ec., where the ordinates meet the
line A B, and from the centre C, draw concentric
circles, cutting the section line in m, n, o, p, q, &e.
Through these points draw the lines ml, n2, 03, &e.,
perpendicular to the section line, and transfer to them
the heights of the ordinates of the semicirele f1, g2,
&c.; then through the points 1, 2, 3, 4, &c., draw the
curve D 5 E, which is the section required.
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Again, let RS be the line of the required section;
then from the points t, u, v, w, ¢, X, d, &c., where the
concentric cireles cut this line, draw the lines t 1, u2,
v 3, &c., perpendicular to R S, and transfer to them the

corresponding ordinates of the semicircle; and through
the points 1, 2, 3, 4, e, 5, f, &c., draw the curve Re S,
which is the section required.

XLII. To describe the section of a solid of resolu-
tion the generating curve of which is an agee.

‘Let A DB (Fig. 53) be half the plan or base of the
solid, A a b B the vertical section through its axis, and
EF the line of section required. From G draw C5
perpendicular to EF, and bisecting it in m. In Em
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take any number of points, ghk, &ec., and through
them draw the lines g1, h 2, k 3, &c., perpendicular to
EF. Then from C as a centre, through the points g,
h, k, &c., draw concentric arcs cutting ABinr, s, t, u,
v, and through these points draw the ordinates r 5, s 4,
t3, &ec., perpendicular to A B. Transfer the heights
of the ordinates on A B to the corresponding ordinates
on each side of the centre of EF; and through the
points 1, 2, 3, 4, 5, &c., draw the curve E 5 F whiech is
the section required.

XLIII. To find the section of a solid of resolution,
the generating curve of which is of a lancet form.

Let A DB (Fig. 54) be the plan of half the base, A
E B the vertical section, and F G the line of the re-
quired section. The manner of finding the ordinates
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and transferring the heights is precisely the same as in
the last problem.

XLIV. To find the section of an ogee pyramid with
a hexagonal base.

Let ADEFB (Fig. 55) be the plan of the base of
the pyramid, AabB a vertical section through its
axis, and G H the line of the required section. Draw

G k L [
&
3 r &
Fig. 6b.

the arrises CD, CE, CF. On the line of section G H,

at the points of intersection of the arrises with it, and

at some intermediate points k, m, o, q (the correspond-

ing points k and q, and m and o, being equidistant

from n), raise indefinite perpendiculars. Through

these points k, 1, m, n, o, p, q, draw lines parallel to

the sides of the base, as shown by dotted lines; and

from the points where these parallels meet the line

A B, draw r4, 83, t 2, ul, perpendicular to A B. These
perpendiculars transferred to the ordinates n4, m3,
05 12, p6, k1, q7 will give the points 1, 2, 3, 4, 4, 5,

6, 7, through which the section can be drawn.
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6. INTERSECTIONS OF CURVED SURFACES.

When two solids having curved surfaces penetrate -
or intersect each other, the intersections of their sur-
faces form curved lines of various kinds. Some of
these, as the circle, the ellipse, &ec., can be obtained in
the plane; but the others cannot, and are named curves
of double curvature. The solution of the following
problems depends chiefly on the knowledge of how to
obtain, in the most advantageous manner, the pro-
pections of a point on a curved surface; and is in fact
the application of the principles elucidated in the sev-
eral previous problems. The manner of constructing the
intersections of these curved surfaces which is the
simplest and most general in its application, consists in
conceiving the solids to which they belong as cut by
planes according to certain conditions, more or less
dependent on the nature of the surfaces. These sec-
tion planes may be drawn parallel to one of the planes
of the projection; and as all the points of intersection
of the surfaces are found in the section planes, or on
one of their projections, it is always easy to construct
the curves by transferring these points to the other
projection of the planes.

XLV. The projection of two equal cylinders which
intersect at right angles being given, to find the pro-
jections of their intersections,

Conceive, in the horizontal projection (Fig. 56), a
series of vertical planes cutting the cylinders parallel
to their axis. The vertical projections of all the seec-
tions will be so many right-angled parallelograms, sim-
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ilar to e f e f, which is the result of the section of the
cylinder from surface to surface. The circumference
of the second cylinder, whose axis is vertical, is eut by
the same plane, which meets its upper surface at the
two points g, h, and its under surface at two corres-
ponding points. The vertical projections of these
points are on the lines perpendicular to a b, raised on

’
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Fig. b6.

each of them, so that upon the lines e f, e f, will be sit-
uated the intersections of these lines at the points g,
h, and g, h and the same with other points i, k, 1, m. It
is not necessary to draw a plan to find these projec-
tions. All that is actually required is to draw the
circle representing one of the bases (as no) of the
eylinder laid flat on the horizontal plane. Then to
produce gh till it cuts the circle at the superior and
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inferior points G, G, and to take the heights e G, e G,
and carry them, upon a b, from g to g g and from h to
h, h. '

Fig. 57 is the vertical projection made on the line
X Z.

.,_
I

i
1

I

MR

XLVI. To construct the projections of two unequal
cylinders whose axis intersect each other obliquely.

Let A (Fig. 58) be the vertical projection of the two
cylinders, and h S d e the horizontal projection of their
axis. Coneceive in the vertical projection, the cylin-
ders cut by any number of horizontal planes; the hori-
zontal projections of these planes will be rectangles,
as in the previous example, and their sides will be
parallel to the axis of the eylinders.

« The points of intersection of these lines will be the
points sought. Without any previous operation, six of
those points of intersection can be obtained. For ex-
ample the point ¢ is situated on d e, the highest point
of the smaller eylinder; consequently, the horizontal
projection of ¢ is on de, the horizontal projection of
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d e, and it is also on the perpendicular let fall from e,
that is to say, on the line c f parallel to the axis of the
eylinder Sh. The point sought will therefore, be the
intersection of those lines at ¢. In the same way i is

ol &1 “x'_,_?_ :
,;( & 'U \Pﬁ ¢ )
TR, \_J

n
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ey M

Fig. b8.

obtained. The point j is on the line k 1, which is in the
horizontal plane passing through the axis d e, the hori-
zontal projections of k1 are k1, and its opposite mn;
therefore in letting fall perpendiculars from jp, the
intersections of these with k 1, mn, give the points j j,
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p p. Thus six points are obtained. Take at pleasure
an intermediate point q; through this point draw a
line rs parallel to a h, which will be the vertical pro-
jection of a horizontal plane cutting the cylinder in
q. The horizontal projection of this section will be, as
in the preceding examples, a rectangle which is ob-
tained by taking, in the vertical projection, the height
of the section plane above the axis d e, and carrying it
on the base in the horizontal projection from G to T.
Through T is then to be drawn the line Q U perpendiec-
ular to G T'; and through Q and U the lines parallel to
the axis; and the points in which these lines are inter-
sected by the perpendiculars let fall from qu are the
intermediate point required. Any number of interme-
diate points can thus be obtained; and the curve being
drawn through them, the operation is completed.

XLVII. To find the intersections of a sphere and a
cylinder.

Letefed and ik gh (Fig. 59) be the horizontal pro-
jections of the sphere and cylinder respectively. Draw
parallel to A B, as many vertical section planes are
considered necessary, as ef, ¢d. These planes cut at
the same time both the sphere and the eylinder, and the
result of each section will be a circle in the case of the
sphere, and a rectangle in the case of the cylinder.
Through each of the points of intersection g, h, i, k, and
from the centre 1, draw indefinite lines perpendicular
to AB. Take the radius of the circles of the sphere
proper to each of these sections and with them, from
the centre 1, cut the correspondent perpendiculars in
gg, hh, ii, &ec.,, and draw through these points the
curves of intersection.
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To construct the intersection of two right

cones with circular bases.

The solution of this problem is founded on the
knowledge of the means of obtaining on one of the

projections of a cone a point given on the other.

XLVIII.

) it

-

g
-

et 4P W

et o
- -

- ——— -

Fig. 60.

No. 1. Let AB (Fig. 60) be the common section of
the two planes of projection, the circles gdef and gh

1k the horizontal projections of the given cones, and

the triangles dif and h1lk their vertical projections.

Suppose these cones cut by a series of horizontal planes:
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each section will eonsist of two circles, the interseetions
of which will be points of intersection of the eonical
surfaces. For example, the section made by a plane
m n will have for its horizontal projections two cireles
of different diameters, the radius of the one being im,
and of the other 1o. The intersecting points of these
are p and q, and these points are common to the two
circumferences; and their vertical projection on the
plane mn will be pq. Thus, as many points may be
found as is necessary to complete the curve.

But there are certain points of intersection which
cannot be rigorously :stablished by this method with-
"out a great deal of manipulation. The point r in the
figure is one of those; for it will be seen that at that
point the two circles must be tangents to each other,
and it would be difficult to fix the place of the
section plane st so exactly by trial, that it would just

pass through the point.

- It will be seen that the point r must be situated in
the horizontal projection of the line gia perpendicu-
lar i1 equal to the height of the cone. From one raise
a perpendicular and make it equal to the height of the
second cone, and draw its side Lii; and from the point
of intersection R let fall a perpendicular on gi meet-
ing it in r; through r draw an indefinite line perpendic-
ular to A B, and set up on it from A B to r the height
rR. The point r can also be obtained directly in the
vertical projection by joining ig and 1i as shown.

Biseet rg in u, and from u as a ceentre, with the
radius ur, deseribe a circle, the ecircumference of
which will be the horizontal projection of the intersec-
tion of the two cones. The vertical projection of this
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circle will be g prq, and can be found by the method
indicated above.

No. 2. Conceive the horizontal projection (Fig. 61,
No. 1) a vertical plane C D cutting both cones through
their axis: the sections will be two triangles, having
the diameters of the bases of the cones as their bases,

>
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Fig. 61.

and the height of the cones as their height. And as in
the example the cones are equal, the triangles will also
be equal, as the triangles ce f, g £ d, in the vertical pro-
jection. Conceive now a number of inclined planes, as
enm, ckp, &ec., passing through the different points
.of the base, but still passing through the summits of
the cones: the sections which result will still be tri-
angles (a8 has already been demonstrated), whose
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bases diminish in proportion as the planes recede from
the centres of the bases of the cones, until at length
the plane becomes a tangent to both cones and the re-
sult is a tangent line whose projections are he, he, ge,
ff. It will be observed that the ecircumferences of the
bases cut each other at m and i, which are the first
points of their intersections, whose vertical projections
are the point m merely. If the projections of the other
points of intersection on the lines of the section planes
are found (an operation presenting no difficulty, and
easily understood by the inspection of the figure), it
will be seen that the triangles necm, meo, kep, qer,
&e., in the horizontal projection, have for their vertical
projections the triangles nem, m o, k e p, &e., and that
the intersections of the cones are in a plane perpendie-

ular to both planes of projection, and the projections of
" the intersections are the right lines im, m3. From
~ the known properties of the conic sections, the curve
produced by this plane will be a hyperbola. Fig. 61,
No. 2, gives the projections of the cones on the line o x.

No. 3. The next example (Fig. 62) differs from
the last in the inequality of the size of the cones. Sup-
pose an indefinite line CD to be the horizontal projec-
tion of the vertical section plane, cutting the two cones
through their axis ef. Conceive in this plane an in-
definite line e f D, passing through the summits of the
cones, the vertical projection of this line will be e fd:
from d let fall on C D a perpendicular meeting it in D
this will be the point in which the line passing through
the summits of the cones will meet the horizontal plane;
and it is through this point, and through the summits
e and f, that the inclined section planes should be made
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to pass. The horizontal traces of these planes are O D,
G D, &c.: OD is then the trace of a tangent plane to
the two conical surfaces Oe, Pf; and the plane e G D
cuts the greater cone, and forms by the section the tri-
angles GeH in the horizontal, and geh in the ver-
tical projection; and it cuts the lesser cone, and forms
the triangles 1£fJ, ifj. In the horizontal projection it

Fig. 6.

is seen that the sides He, 1 f of the triangles intersect
in k, which is therefore the horizontal projection of one
of the points of intersection; and its vertical projection
18 k. In the same manner, other points can be found.
It is seen at once that M, N, 1, are also points in the in-
tersection. The curves traced through the points M k
1 N in the horizontal, and m k1 in the vertical projec-
tion, are the projections of the intersection of the two
cones.
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7. COVERINGS OF SOLIDS.

I. Regular Polyhedrons. A solid angle cannot be
formed with fewer than three plane angles. The sim-
plest solid is therefore the tetrahedron or pyramid
having an equilateral triangle for its base, and its other
three sides formed of similar triangles.

The development of this figure (Fig. 63) is made by
drawing the triangler base A BC, and then drawing
around it the triangles forming the inclined sides. If
the diagram is on flexible material, such as paper, then
cut out, and the triangles folded on the lines A B, B C,
C A, the solid figure will be constructed.

Fig. 63. Fig. 64.

The hexahedron, or cube is composed of six equal
squares (Fig. 64); the octahedron (Fig. 65) of eight
equilateral triangles; the dodecahedron (Fig. 66) of
twelve pentagons; the icosahedron (Fig. 67) of twenty
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equilateral triangles. In these figures, A is the eleva-
tion, and B the development.

The elements of these solids are the equilateral tri-
angle, the square, and the pentagon. The irregular
polyhedrons may be formed from those named, by cut-
ting off the solid angles. Thus, in cutting off the

Fig. 66.

angles of the teirahedron, there results a polyhedron
of eight faces, composed of four hexagons and four
equilateral triangles. The cutting off the angles
of the cube, in the same manner gives polyhedron of
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fourteen faces, composed of six octagons, united by
eight equilateral triangles,

The same operation performed on the octahedron
produces fourteen faces, of which eight are hexagonal
and six square; on the dodecahedron it gives thirty-two
sides, namely, twelve decagons, and twenty triangles;
on the icosahedron it gives thirty-two sides—twelve
tentagons and twenty hexagons. This last approaches
almost to the globular form and ean be rolled like a

ball.
/\ Y

Fig. 617.

The other solids which have plane surfaces are the
pyramids and prisms. These may be regular and irreg-
ular: they may have their axis perpendicular or in-
clined: they may be truncated or cut with a section,
parallel or oblique, to their base.
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II. Pyramids. The development of a right pyra-
mid, of which the base and the height are given, offers
no difficulty. The operation consists (Fig. 68) in ele-
vating on each side of the base, a triangle having. its
height equal to the inclined height of each side, or,

 otherwise, connecting the sides, together as shown by
the dotted lines.

—— e e e gy i obs osanatn .

~

Fig. 68. Fig. 69.

In an oblique pyramid the development is found as
follows: Let abed (Fig. 69) be the plan of the base
of the pyramid, abecd its horizontal projection, and
EF G its vertical projection. Then on the side de
construect the triangle ¢ R d, making its height equal
to the sloping side of the pyramid F' G. This triangle
is the development of the side d P ¢ of the pyramid.

Sr AR )
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Then from d, with the radius E F, describe an are O;
and from R, with the radius equal to the true length
e G of the arris E G, describe another arc intersecting
the last at O. Join RO, d O; the triangle d R O will
be the development of the side a P d. In the same way,
deseribe the triangle ¢ R T, for the development of
the side bPec¢. From R, again, with the same radius
R O, describe an arc S, which intersect by an are de-
seribed from O with the radius a b; and the triangle
O R S will be the development of the side a P b.

If the pyramid is truncated by a plane w a parallel
to the base, the development of that line is obtained by
setting off from R on R e, and R d, the true length of
the arris Gainx and 2, andon RS, RO, and R T, the
true length of the arris G w in 4, 3, 1; and drawing the
lines 1 x, X2, 23, 34, parallel to the base of the respect-
ive triangles TRe¢, cRd, dR O, ORS. If it is trunec-
ated by a plane wy, perpendicular to the axis, then
from the point R, with the radius equal to the true
length of the arris G w, or G y, deseribe an arc 14, and
inseribe in it the sides of the polygon forming the pyra-
mid.

III. Prisms. In a right prism, the faces being all
perpendicular to the bases which truncate the solid, it
results that their development is a rectangle composed
of all the faces joined together, and bounded by two
parallel lines equal in length to the contour of the
bases. Thus, in Fig. 70, abe d is the base, and b e the
height of the prism; the four sides will form the rect-
angle befg, and ehik will be the top of the prism.
The full lines show another method of development.
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‘When a prism is inclined, the faces form different
angles with the lines of the contours of the bases:
whence there results a development, the extremities
of which are bounded by lines forming parts of poly-
gons.

IR
Qe
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After having drawn the line C C (Fig. 71), which in-
dicates the axis of the prism and the lines AB, DE,
the surfaces which terminate it, describe on the middle
of the axis the polygon forming the plan of the prism,
taken perpendicularly to the axis, and indicated by the
figures 1 and 8. Produce the sides 12, 6 5, parallel to
the axis, until they meet the lines AB, DE. These
lines then indicate the four arrises of the prism, cor-
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responding to the angles 1 2 5 6. Through the points
8 3 7 4 draw lines parallel to the axis meeting AB, DE
in FH, GL. These lines represent the four arrises
8374.% |

In this profile the sides of tfe plan of the polygon
12345678 give the width of the faces of the prism,

rrrr ey L R L

/Fl:
/
\_Y/

and the lines AD, FH, GL, BE their length. From
- this profile can be drawn the horizontal projection, in
the manner shown below. To trace the development ot
this prism on a sheet of paper, so that it can be folded

*In Fig. 75 another example is given, but as the method of
procedure is the same as in Fig 71, detailed description is vu-
necessary.
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together to form the solid, proceed thus: On the
middle of CC raise an indefinite perpendicular M N.

. On that line set off the width of the faces of the prism,

~ indicated by the polygon, in the points 0123456 78.
Through these points draw lines parallel to the axis,
and upon them set off the lengths of the lines in profile,
thus: From the points O, 1, and 8, set of the length
M D in the points DD D; from 2 and 7, set off a H in
H from 3 and 6, set off b, in LL and L; and so on.
Draw the lines DD, DHLE, EE, ELHD, for the
contour of the upper part of the prism. To obtain the
contour of the lower portion, set off the length M A
from O, 1, and 8 to A A A, the length a F from 2 and
7 to F and F, the length b G from 3 and 6 to G and G,
and so on; and draw AA, AFGB, BB, BGF A, to
complete the contour. The development is completed
by making on B B and E E the polygons 12345 6 BB,
123456 FEE, similar to the polygons of the horizontal
projection.

IV. Cylinders. Cylinders may be considered as
prisms, -of which the base is composed of an infinite
number of sides. Thus we shall obtain graphically the
development of a right eylinder by a rectangle of the
same height, and of a length equal to the eircumference
of the circle, which serves as its base.

To find the covering of a right cylinder.

Let ABCD (Fig. 72) be the seat or generating see-
tion. On A D describe the semicirele A 5 D, represent-
ing the vertical section of half the eylinder, and divide
its circumference into any number of parts, 1, 2, 3, 4,
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5, &ec., and transfer those divisions to the lines AD
and B C produced ; then the parallelogram D C G F will
be the covering of one half the eylinder.

] ' & & m n:
Fig. 72.

To find the edge of the covering when it is oblique
in regard to the sides of the cylinder.

Let ABCD (Fig. 73) be the seat of the generating
section the edge B C being oblique to the sides A B,
D (. Draw the semicircle A 5D, and divide it into any
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number of parts as before; and through the divisions
draw lines at right angles to A D, producing them to
meet B C in rs, t, u, v, &. produce A D, and the lines
la, 2b, 3¢, &e., perpendicular to DF, To these lines
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transfer the length of the corresponding lines inter-
cepted between A D and B C, that is, to la transfer the
length pz, to 2b transfer oy, and so on, by drawing
the lines za, y b, x ¢, &c., parallel to AF. Through the
points thus obtained, draw the curved line Ca b e, &ec.,
to G; then shall DFCG be the development of the
covering of the semi-eylinder A B C D. |
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To find the covering of a cylinder contained between
two obligque parallel planes.

Let ABCD (Fig. 74) be the seat of the generating
section. From A draw A C perpendicular to A B, and
produce C D to meet it in E. On A E describe the semi-
circle, and transfer its perimeter to E G, by dividing
it into equal parts, and setting off corresponding di-
vigsions on E G. Through the divisions of the semicircle
draw lines at right angles to A E, producing them to.
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meet the lines AD and BC, in i, k, 1, m, &. Through
the divisions on E G draw lines perpendicular to it;
then through the intersections of the ordinates of the
semicircle, with the line A D, draw the linesia, k z, 1y,

&e., parallel to A G and where these interseet the per-
pendiculars from E G, in the points a, z, y, X, w, u, &e.,
trace a curved line G D, and draw parallel to it the
curved line H C; then will D C H G be the development
of the covering of the semi-cylinder AB CD.

To find the covering of a semi-cylindric surface
bounded by two curved lines,

The construction to obtain the developments of these
coverings (Figs. 76 and 77) is precisely similar to that

described in Fig. 74.
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V. Cones. We have considered cylinders as prisms
with polygonal bases. In a similar manner we may re-
gard cones as pyramids.

In right pyramids, with regular symmetrical bases,
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as the lines of the arrises extending from the summit
to the base are equal, and as the sides of the polygons
forming the base are also equal, their developed sur-
faces will be composed of similar and equal isosceles
triangles, which, as we have seen (Fig. 78, a, b, e, d),
will, when united, form a part of a regular polygon
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inscribed in a cirele, of which the inclined sides of the
polygon form the radii. Thus in considering the base
of the cone KH (Fig. 78) as a regular polygon of an
infinite number of sides, its development will be found
in the sector of a circle, M AFBM (No. 3), of which
the radius equals the side of the cone K G (No. 1), and
the arc equals the circumference of the circle forming
its base (No. 2).

To trace on the development of the covering, the
curves of the ellipse, parabola, and hyperbola, which
are the result of the seetions of the cone by the lines
DI, EF, IG, it is necessary to divide the circumfer-
ence of the base AFBM (No. 2) into equal parts, as
1, 2, 3, &c., and from these to draw radii to the centre
C, which is the horizontal projection of the vertex of
the cone; then to carry these divisions to the common
intersection line K H, and from their terminations
there to draw lines to the vertex G, in the vertical pro-
jeetion No. 1. These lines cut the interseeting planes,
forming the ellipse, parabola, and hyperbola, and by
the aid of the intersections we obtain the horizontal
projection of these ficures in No. 2—the parabola
passing through M E F, the hyperbola through G111,
and the ellipse through D L.

To obtain points in the circumference of the ellipse
unon the development, through the points of inter-
section o, p, q, r, &ec., draw lines parallel to K H, car-
rying the heights to the side of the cone G H, in the
points 1, 2, 3. 4. 5, 6, 7, and transfer the lengths G 1,
G2 33, &, to G1, G2, G3, G4, &ec., on the radii of
the development in No. 3; and through the points thus
obtained draw the curve zD 1X.
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To obtain the parabola and hyperbola, proceed in
the same manner, by drawing parallels to the base
K H, through the points of intersection; and transfer-
ring the lengths thus obtained on the sides of the cone
G K, G I, to the radii in the development.

Nos. 4 and 5 give the vertical projections of the hy-
perbola and parabola respectively.
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To find the covering of the frustum of a cone, the
section being made by a plane perpendicular to the
axis, '

Let ACEF (Fig. 79) be the gencrating section of
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the frustum. ‘On A C describe the semicircle A B C,
and produce the sides AE and CF to D. Froem the
centre D, with the radius D C, describe the arc CH;
and from the same centre with the radius D F, describe
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Fig. 80.

. the arc F Q. Divide the semicircle ABC into any
number of equal parts, and run the same divisions
along the arec C H; draw the line H D, eutting E G in
G; then shall CHGF be half the development of the
covering of the frustum A CF E.
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To find the covering of the frustum of a come, the
section being made by a plane not perpendicular to
the axis.

Let ACFE (Fig. 80) be the frustum. Proceed as
in the last problem to find the development of the cov-
ering of the semi-cone. Then—to determine the edge
of the covering of the line E F—from the points P, q,
r, 8, t, &c., draw lines perpendicular to EF, cutting
ACiny, x, w, v, u; and the length ut transferred
from 1 to a, v s, transferred from 2 to b, and so on, will
give a, b, ¢, d, e, &c., points on the edge of the cover-
ing.

To find the covering of the frustum of a cone, when
cut by two cylindrical surfaces perpendicular to the
generating section.

Let AEFC (Fig. 81) be the given frustum, and
AkC, EpF, the given cylindrical surfaces. Produce
A E, CF, till they meet in the point D. Describe the
semicircle A BC, and divide it into any number of
equal parts, and transfer the divisions to the are C H,
described from D, with the radius D C. Through the
divisions in the semiecirele 1, 2, 3, 4, &e., draw lines per-
pendicular to A C, and through the points where they
intersect A C draw lines to the summit D. Draw lines
also through the points 1, 2, 3, 4, 5, &ec., of the are C H,
to the summit D; then through the intersections of the
lines from A C to D, with the seats of the cylindrical
surfaces k, 1, m, n, o, and p, q, r, 8, t, draw lines parallel
to A C, cutting CD; and from the points of intersec-
tion in CD, and from the centre D, describe ares cut-
ting the radial lines in the sector DCH in u, v, w, X, ¥,
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&e., and a, b, ¢, d, e, &c.; and curves traced through
the intersections will give the form of the covering.
VI. Spheres, Ellipsoids, &c. The development of

the sphere, and of other surfaces of double curvature,
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E
Fig. 81,

is impossible, except on the supposition of their being
composed of a great number of small faces, either
plane, or of a simple curvature, as the cylinder and the
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cone. Thus, the sphere or spheroid may be considered
as a polyhedron, terminated, 1st, by a great number
of plane faces, formed by truncated pyramids, of which
the base is a polygon, as in Fig. 82; 2nd, by parts of
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truncated cones forming zones, as in Fig. 83, the part
above A B being the vertical projection, and the part
below A B the horizontal projection; 3rd, by parts of
cylinders cut in gores, forming flat sides, which dimin-
ish in width, as in-Fig. 84.

Fig. 88. . : Fig. 84,

In reducing the spheres, or spheroid, to a polyhedron
with flat sides, two methods may be adopted, which dif-
fer only in the manner of arranging the developed
faces.

The most simple method is by parallel cireles, and
others perpendicular to them, which cut them in two
opposite points, as in the lines on a terrestrial globe. If
we suppose that these divisions, in place of being
circles, are polygons of the same number of sides, there
will result a polyhedron, like that represented in Fig.
82, of which the half, A D B, shows the geometrical ele-
vation, and the other half, A E B, the plan.

To find the development, first obtain the summits
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P, q, r, s, of the truncated pyramids, whieh from the
demi-polyhedron A DB, by producing the sides Al,
12, 23, 34, until they meet the axis ED produced;
then from the points p, q, r, s, and with the radii P A,
PI, qIq2 r2 r3, and s3, s4, describe the indefinite
arecs AB,1b,1b,2f 2f eq, 3g, 4h, and from D de-
scribe the are 4h; upon all these arcs set off the divi-
sions of the demi-polygons A E B, and draw the lines to
the summits p, q, r, 8, and D, from all the points so set
out, as A, 1, 2, 3, 4, &c., from each truncated pyramid.
These lines will represent for every band or zona the
faces of the truncated pyramids of which they consti-
tute a part.

The development can also be made by drawing
through the centre of each side of the polygon A E B,
indefinite perpendiculars, and setting out upon them
the heights of the faces in the elevation, A1234 D,
and through the points thus obtained drawing paral-
lels to the base. On each of these parallels then set
out the widths h, i, k, 1, d, of the corresponding faces
(e, e, e, &c.) in the plan, and there will be thus formed
trapezinms and triangles, as in the first development,
but arranged differently. This method is used in eon-
structing geographical globes, the other is more con-
venient in finding the stones of a spherical dome.

The development of the sphere by reducing it to
conical zones (Fig. 83) is accomplished in the same
manner as the reduction to truncated pyramids, with
this difference, that the developments of the arrises,
indicated by A12345B in Fig. 82, are arcs of circles
described from the summits of cones, in place of being
polygons.
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The development of the sphere reduced into parts
of cylinders, cut in gores (Fig. 84), is produced by the
second method described, but in place of joining, by
straight lines, the points E, h, i, k, 1, d (Fig. 82), we

FR TSR L e

Fig. 8b.

unite them by curves. This last method is used in
tracing the development of caissons in spherical or
spheroidal vaults.

To find the covering of a segmental dome.

In Fig. 85, No. 1 is the plan, and No. 2 the elevation
of a segmental dome. Through the centre of the plan
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E draw the diameter A C, and the diameter B D per-
pendicular to A C, and produce BDtil. Let D E rep-
resent the base of semi-section of the dome; upon D E
deseribe the are D k with the same radius as the
arc FGH (No. 2); divide the arc D k into any num-
ber of equal parts, 1, 2, 3, 4, 5, and extend the division
upon the right line D I, making the right line D I equal
in length, and similar in its divisions, to the are D k:
from the points of division, 1, 2, 3 4, 5, in the are D k,
draw lines perpendicular to D E, cutting it in the
points q, r, s, &. Upon the circumference of the plan
No. 1, set off the breadth of the gores or boards 1m,
mn, no, op, &c.; and from the points 1, m, n, o, p,
draw right lines through the centre E: from E describe
concentric ares qv, ru, st, &., and from 1 deseride
concentric ares through the points D; 1, 2, 3, 4, 5,: -
Im, being the given breadth of the base, make lw
cqual to q v, 2% equal to ru, 3y equal to st, &c.; draw
the eéurved line through the points 1, w, x, y, &ec., to ],
which will give one edge of the board or gore to coin-
cide with the line 1E. The other edge being similar,
it will be found by making the distances from the
centre line D1 respectively equal. The seats of the
different boards or gores on the elevation are found
by the perpendicular dotted lines, pp, 0o, nn, m m, &ec.

To find the covering of a semicircular dome.

Fig. 86, Nos. 1 and 2.—The procedure here is more
gimple than in the case of the segmental dome, as, the
horizontal and vertical sections being alike, the or-
dinates are obtained at once.
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To find the covering of a semicircular dome when it
is required to cover the dome horizontally.

Let A B C (Fig. 87) be a vertical section through the
axis of a circular dome, and let it be required to cover
this dome horizontally. Biseet the base in the point
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D, and draw D B E perpendicular to A C, cutting the
circumference in B. Now divide the are B C into
equal parts, so that each part will be rather less than
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Fig. 87.

the width of the a board; and join the points division
by straight lines, which will form an inseribed polygon
of so many sides; and through these points draw line
parallel to the base A C, meeting the opposite sides of
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the circumference. The trapezoids formed by the sides
of the polygon and the horizontal lines may then be
regarded as the sections of so many frustums of cones;
whenece results the following mode of procedure, in

1
Fig. 88.

accordance with the introductory illustration Fig. 82;
—Produece, until they meet the line D E, the lines g f,
f, n, &c., forming the sides of the polygon. Then, to de-
scribe a board which corresponds to the surface of one
of the zones, as f g, of which the trapezoid mlfgis a
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section,—from the point h, where the line f g produced
meets D E, with the radii h £, hg, describe two ares,
and cut off the end of the board k on the line of a
radius h k.

To obtain the true length of the board, proceed as in
Fig. 89. The other boards are described in the same

manner.

Fig. 89.

To find the covering of an elliptic dome.

Let ABCD (Fig. 90) be the plan, and F G H the
elevation of the dome. Divide the elliptical quadrant
F G (No. 2) into any number of equal parts in 1, 2, 3,
4, 5, and draw through the points of division lines
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perpendicular to FH, and produced to AC (No. 1),
meeting it in i, k, m, n,: these divisions are transferred
by the dotted ares to the gore b E ¢ and the remainder
of the process is as in Figs. 85 and 86.

To find the covering boards of an ellipsoidal dome.

Let ABCD (No. 1, Fig. 89) be the plan of the dome,
and FGH (No. 2) the vertical section through its
major axis. Produce F H indefinitely to n; divide the
circumference, as before, into any number of equal
parts, and join the divisions by straight lines, as p m,
ml, &e. Then, deseribe on a board, produce the line
forming one of the sides of the polygon, such as 1 m, to
meet FF'n in n; and from n, with the radii nm, nl
describe two ares forming the sides of the board, and
cut off the board on the line of the radius no. Lines
drawn through the points of divisions at right angles
to the axis, until they meet the circumference ADC
of the plan, will give the plan of the boarding.

To find the covering of an ellipsoidal dome in gores.

Let the ellipse ABCD (Fig. 90, No. 1) be the plan
of the dome, A C its major axis and B D its minor axis;
and let A B C (No. 2) be its elevation. Then, first, to
describe on the plan and elevation the lines of the
gores, proceed thus:—Through the line AC (No. 1)
produced at H, draw the line E G perpendicular to it,
and draw BE, D G, parallel to the axis A C, cutting
E G; then will EG be the length of the axis minor,
on which is to be described the semi-circle E F G, rep-
resenting a section of the dome on a vertical plane
passing through the axis minor.

Divide the circumference of the semi-circle into any
number of equal parts, representing the widths of the
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covering boards on the line BD; and through the
points of division 1, 2, 3, 4, 5, draw lines parallel to the
axis A C, cutting the line BD in 1, 2, 3, 4, 5. Divide
the quadrant of the ellipse C D (No. 1) into any num-
ber qf equal parts in e, f, g, h, and through these points
draw the lines ea, fb, ge, hd in both diagrams, per-
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pendicdular to A C, and these lines will then be the seats
of vertical sections through the dome, parallel to
EF G. Through the points e, £ g, h (No. 1) draw
lines parallel to the axis A C, cutting EQ in o, n, m, k;
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and from H, with the radii Ho, Hn, Hm, Hk, de-
scribe concentric circles 099p, n88q, mzyr, &. To
find the diminished width of each gore at the sections
a, e, bf, ¢g, dh:—Through the divisions of the semi-
cirele, 1, 2, 3, 4, 5, draw the radii Is, 2t, 3u, 4v, 5w, 6x;
then by drawing through the intersections of these
radii with the concentric circles, lines parallel to H F,
to meet the section lines corresponding to the cirecles,
the width of the gores at each section will be obtained ;
and curves through these points will give the repre-
sentation of the lines of the gores of the plan.

In No. 2 the intersections of the lines are more
clearly shown. The quadrant E G F is half the end
elevation of the dome, and is divided as in No. 1. The
parallel lines 55, 44, 38, show how the divisions of
the arc of the quadrant are transferred to the line D B,
and the other parallels ah, bk, c¢l, dm, are drawn
from the divisions in the circumference of the ellipse
to the line E G, and give the radii of the ares m, 1o,
kp, haq. \

To describe one of the gores draw any line AB
(No. 3), and make it equal in length to the circumfer-
ence of the semi-ellipse A D C, by setting out on it the
divisions 1, 2, 3, 4, 5, &e., corresponding to the divisions
Ch, hg, gf, &c., of the ellipse: draw through those
divisions lines perpendicular to A B. Then from the
semi-circle (No. 1) transfer to these perpendiculars the
widths 65 to gn, 99 to fm, 88 to el, yz to d k, and
xw toch, and join Ae,dd, de, ef, fg, Ah hk, ki,
Im, and mn,; which will give the boundary lines of
one-half of the gore, and the other half is obtained in
the same manner, |
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To describe the covering of an ellipsoidal dome with
horizontal boards of equal width.

Let ABCD (No. 1, Fig. 91) be the plan of the dome,
A B C (No. 2) the section on its major axis, and L M N
the section on its minor axis. Draw the circumseribing
parallelogram of the ellipse, namely, FGHK (No. 1),
and its diagonals FHGK. In No. 2 divide the ecir-
cumference into equal parts, 1, 2, 3, 4, representing the
number of covering boards, and through the points of
division draw lines 18, 27, &e., parallel to A C.
Through the points of divisions draw 1p, 2t, 3 x, &ec.,
perpendicular to A C, cutting the diagonals of the cir-
cumscribing parallelogram of the ellipse (No. 1),
and meeting its major axis in p, t, X, &. Complete
the parallelograms, and inscribe ellipses therein cor-
responding to the lines of the covering. Produce the
sides of the parallelograms to interstct the circumfer-
ence of the section on the minor axis of the ellipse in
1, 2, 3, 4, and lines drawn through these parallel to
L N, will give the representation of the covering boards
in that seetion. To find the development of the cover-
ing, produce the axis D B, in No. 2, indefinitely. Join
by a straight line the divisions 12 in the circumfer-
ence, and produce the line indefinitely, making ek
equal to e2, and k g equal to 12; 12ek g will be the
axis major of the ellipses of the covering 1278. Join
also the corresponding divisions in the circumference
of the section on the minor axis, and produce the line
12b to meet the axis produced; and the length of
this line will be the semi-axis minor, e h, of the ellipse,
2h k, while the width fh will be equal to the division
12 in NML.
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To find the covering of an annular vault.

Let ACKGEFA (Fig. 92) be the generating sec-
tion of the vault. On A C describe a semi-circle A B C,
and divide its circumference into equal parts, repre-
senting the boards of the covering. From the divisions
of the semi-circle, b, m, t, &e., from the centre D of
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the annulus, with the radii Dr, Ds, &e., deseribe the
concentric cireles, s q, &c., representing the covering
boards in plan. Through the centre D draw H K per-
pendicular to G C, indefinitely extending it through K.
Join the points of division of the semi-circle, Ab, b m,
m t, by straight lines, and produce them until they cut
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the line KH as mbn, t m u, when the points n, u, &ec.,
are the centres from which the curves of the covering
boards m o, t v, &c., are described.

To find the covering of an ogee dome, hexagonal in
plan.
Let ABCDEF (No. 1, Fig. 93) be the plan of the
dome, and HK’L (No. 2) the elevation, on the di-
ameter FC. Divide HK into any number of equal
parts in 1, 2, 3, 4, 5, k, and through these draw per-
pendiculars to HL, and produce them to meet F C
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(No. 1) in 1, mm, n, o, p, G. Through these points
draw lines 1d, me, n f, &e., parallel to the side F E of
the hexagon: bisect the side FE in N, and draw G N,
which will be the seat of a section of the dome, at right
angles to the side EF. To find this section nothing
more is required than to set up on N G from the points
t, u, v, &e., the heights of the corresponding ordinates
ql, r2, s3, &e., of the elevation (No. 2) to draw the
ogee curve N12345 p, and then to use the divisions
in this curve to form the gore or covering of one side
EghkMD.




PART IL
PRACTICAL SOLUTIONS.

Having taken a thorough course in Solid Geometry,
the student should be now prepared to solve almost
any problem in praectical construction, almost as soon
as they present themselves. The various problems in
construction, however, are so numerous, and in many
cases, 8o intricate, that the student will often be con-
fronted by problems which will require so many appli-
cations of the.rules he has been taught, in different
forms, that without some helping guidance, he will fail
to see exactly what to do.

The following examples, with their explanations, are
intended to give him the aid necessary to solve many
difficult problems, and equip him with the means of still
further investigation and sure results.

It is often necessary for the workman to find the
exact stretchout or length of a straight line that shall
equal the quadrant or a semi-circle.

To accomplish this:—Take A B radius, and A cen-
tre; intersect the circle at C; join it and B; draw
from D, parallel with C B, cutting at H; then A 0 will
be found equal to curve A D. Fig. 1.

This method is somewhat different to that already
given; both, however, are practical.

Fig. 2. To find a straight line which is equal to the
circumnference of a circle. Draw from the centre, O,

131
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Fig. 2.
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any right angle, cutting at J and V; join J V; draw
from O parallel with J V; square down from J, cut-
ting at N; join it and V; then four times N V will be
found to equal the circumference.

How to find the mitres for mtersectmg straight and
clrcula.r mouldings.

Figure 3 shows the form of an irregular plece of
framing or other work, which requires to have mould-
ings mitre and properly intersect.

The usual way of doing this is to bisect each angle,
or to lay two piecs of moulding against the sides of
framing, and mark along the edge of each piece, thus
making an intersectic or point, so that by drawing
through 1t to the next point, which is the angle of
framing, the direction of mitre is obtained. This pro-
cess, however, is not the quickest and best by any
mcans. The most simple and correct method is to ex-
tend the sides AL and P H.

Now suppose we wish to find a mitre from L; take
it as centre, and with any radius, as K, draw the cirele,
cutting at J; join it and K; draw from L parallel with
J K, and we have the mitre at once.

Now come to angle on the right; here take H as
centre, and with any radius, as E, draw the circle,
cutting at F'; join it and E; draw from H parallel with
EF, and you will find a correct mitre.

The next question ‘is the intersection of straight and
circular mouldings.

In the present case an extreme curve is given, in
order to show the direction of mitre here, which is
simply on the principle of finding a centre, for three
points not on a straight line. For example, A B C are
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points; bisect AB and B C