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BIOGRAPHICAL NOTE
Evucuip, fl. ¢. 300 B.C.

Eucuip is said to have been younger than the first pupils of Plato but older
than Archimedes, which would place the time of his flourishing about 300 B.c.
He probably reccived his early mathematical education in Athens from the
pupils of Plato, since most of the geometers and mathematicians on whom he
depended were of that school. Proclus, the Neo-Platonist of the fifth century,
asserts that Euclid was of the school of Plato and “intimate with that philos-
ophy.”” His opinion, however, may have been based only on his view that the
treatment of the five regular (“Platonic”) solids in Book XIIT is the “‘end of
the whole Elements.”

The only other fact concerning Euelid is that he taught and founded a school
at Alexandria in the time of Ptolemy I, who reigned from 306 to 283 B.c. The
evidence for the place comes from Pappus (fourth ecentury A.p.), who notes
that Apollonius “‘spent a very long time with the pupils of Euclid at Alexan-
dria, and it was thus that he acquired such a scientific habit of thought.”
Proclus claims that it was Ptolemy I who asked Euclid if there was no shorter
way to geometry than the Elements and received as answer: “There is no royal
road to geometry.” The other story about Euclid that has come down from
antiquity concerns his answer to a pupil who at the end of his first lesson in
geometry asked what he would get by learning such things, whereupon Euclid
called his slave and said: “Give him a coin since he must needs make gain by
what he learns.”

Something of Euclid’s character would seem to be disclosed in the remark of
Pappus regarding Euclid’s “‘serupulous fairness and his exemplary kindness
towards all who advance mathematical science to however small an extent.”
The context of the remark seems to indicate, however, that Pappus is not giv-
ing a traditional account of Euclid but offering an explanation of his own of
Euclid’s failure to go further than he did with his investigation of a certain
problem in conics.

Fuclid’s great work, the thirteen books of the Elements, must have become a,
classic soon after publication. From the time of Archimedes they are constant-
ly referred to and used as a basic text-book. It was recognized in antiquity that
Euclid had drawn upon all his predecessors. According to Proclus, he “collect-
ed many of the theorems of Eudoxus, perfected many of those of Theatetus,
and also brought to incontrovertible demonstration the things which were only
loosely proved by his predecessors.” The other extant works of Euclid include:
the Data, for use in the solution of problems by geometrical analysis, On Di-
visions (of figures), the Optics, and the Phenomena, a treatise on the geometry
of the sphere for use in astronomy. His lost Elements of Music may have pro-
vided the basis for the extant Sectio Canonis on the Pythagorean theory of
music. Of lost gecometrical works all except one belonged to higher geometry.

Since the later Greeks knew nothing about the life of Euclid, the mediaeval
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x BIOGRAPHICAL NOTE

translators and editors were left to their own devices. He was usually called
Megarensts, through confusion with the philosopher Eucleides of Megara,
Plato’s contemporary. The Arabs found that the name of Euclid, which they
took to be compounded from ucli (key) and dis (measure) revealed the “‘key of
geometry.”” They claimed that the Greek philosophers used to post upon the
doors of their schools the well-known notice: “Let no one come to our school
who has not learned the Elements of Euclid,” thus transferring the inscription
over Plato’s Academy to all scholastic doors and substituting the Elements for

geometry.
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BOOK ONE

DEFINITIONS

1. A point is that which has no part.

2. A line is breadthless length.

3. The extremities of a line are points.

4. A straight line is a line which lies evenly with the points on itself.

5. A surface is that which has length and breadth only.

6. The extremities of a surface are lines.

7. A plane surface is a surface which lies evenly with the straight lines on it-
self.

8. A plane angle is the inclination to one another of twolinesin a plane which
meet one another and do not lie in a straight line.

9. And when the lines containing the angle are straight, the angle is called
rectilineal.

10. When a straight line set up on a straight line makes the adjacent angles
equal to one another, each of the equal angles is right and the straight line
standing on the other is called a perpendicular to that on which it stands.

11. An obtuse angle is an angle greater than a right angle.

12. An acute angle is an angle less than a right angle.

13. A boundary is that which is an extremity of anything.

14. A figure is that which is contained by any boundary or boundaries.

15. A circle is a plane figure contained by one line such that all the straight
lines falling upon it from one point among those lying within the figure are
equal to one another;

16. And the point is called the centre of the circle.

17. A diameter of the circle is any straight line drawn through the centre and
terminated in both directions by the circumference of the circle, and such a
straight line also bisects the circle.

18. A semicircle is the figure contained by the diameter and the eircumfer-
ence cut off by it. And the centre of the semicircle is the same as that of the
circle.

19. Rectilineal figures are those which are contained by straight lines, trilat-
eral figures being those contained by three, quadrilateral those contained by
four, and muliilateral those contained by more than four straight lines.

20. Of trilateral figures, an equilateral triangle is that which has its three sides
equal, an 7sosceles triangle that which has two of its sides alone equal, and a
scalene triangle that which has its three sides unequal.

21. Further, of trilateral figures, a right-angled triangle is that which has a
right angle, an obtuse-angled (riangle that which has an obtuse angle, and an
acute-angled triangle that which has its three angles acute.
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2 EUCLID

22. Of quadrilateral figures, a square is that which is both equilateral and
right-angled ; an oblong that which is right-angled but not equilateral; a rhom-
bus that which is equilateral but not right-angled; and a rhomboid that which
has its opposite sides and angles equal to one another but is neither equilateral
nor right-angled. And let quadrilaterals other than these be called trapezia.

23. Parallel straight lines are straight lines which, being in the same plane
and being produced indefinitely in both directions, do not meet one another in
either direction.

POSTULATES
Let the following be postulated:

1. To draw a straight line from any point to any point.

2. To produce a finite straight line continuously in a straight line.

3. To describe a circle with any centre and distance.

4. That all right angles are equal to one another.

5. That, if a straight line falling on two straight lines make the interior an-
gles on the same side less than two right angles, the two straight lines, if pro-
duced indefinitely, meet on that side on which are the angles less than the two
right angles.

COMMON NOTIONS

1. Things which are equal to the same thing are also equal to one another.

2. If equals be added to equals, the wholes are equal.

3. If equals be subtracted from equals, the remainders are equal.

{7] 4. Things which coincide with one another are equal to one another.
[8] 5. The whole is greater than the part.

BOOK I. PROPOSITIONS

ProrosiTiox 1

On a given finite straight line to construct an equilateral triangle.
Let AB be the given finite straight line.
Thus it is required to construct an equi- e

lateral triangle on the straight line 4 B.
With centre 4 and distance AB let the

circle BCD be described; [Post. 3]

again, with centre B and distance BA let

the circle ACE be described; [Post. 3]

and from the point C, in which the circles

cut one another, to the points 4, B let the

straight lines CA, CB be joined. [Post. 1]
Now, since the point A is the centre of the circle CDB,

AC is equal to AB. [Def. 15]
Again, since the point B is the centre of the circle CAE,

BC is equal to BA. [Def. 15]
But C4 was also proved equal to AB;

thercfore each of the straight lines CA, CB is equal to AB.
And things which are equal to the same thing are also equal to one another;
therefore CA is also equal to CB. [C.N.1]

Therefore the three straight lines CA, AB, BC arc equal to one another.



ELEMENTS I 3

Therefore the triangle A BC is equilateral; and it has been constructed on the

given finite straight line AB. (Being) what it was required to do.

ProrosiTIiON 2

To place at a given point (as an extremily) a straight line equal to a given
straight line.

Let A be the given point, and BC the given straight line.

Thus it is required to place at the point A (as
an extremity) a straight line equal to the given
straight line BC.

From the point A to the point B let the straight

line AB be joined; [Post. 1]

and on it let the equilateral triangle DA B be con-

structed. [1. 1]

Let the straight lines AE, BF be produced in a

straight line with DA, DB; {Post. 2]

with centre B and distance BC let the circle CGH

be described; [Post. 3]

and again, with centre D and distance DG let the circle GKL be described.

[Post. 3]

Then, since the point B is the centre of the circle CGH,
BC is equal to BG.
Again, since the point D is the centre of the circle GKL,
DL is equal to DG.
And in these DA is equal to DB;
therefore the remainder AL is equal to the remainder BG. [C.N. 3]
But BC was also proved equal to BG;
therefore each of the straight lines AL, BC is equal to BG.
And things which are equal to the same thing are also equal to one another;
[C.N. 1]
therefore AL is also equal to BC.
Therefore at the given point 4 the straight line AL is placed equal to the

given straight line BC. (Being) what it was required to do.

ProrosiTION 3

Given two unequal straight lines, to cut off from the greater a straight line
equal to the less.

Let AB, C be the two given unequal straight
lines, and let A B be the greater of them.

Thus it is required to cut off from A B the greater
a straight line equal to C the less.

At the point A let AD be placed equal to the
straight line C, {1. 2]
and with centre A and distance AD let the circle

B DEF be described. [Post. 3)

Now, since the point A4 is the centre of the circle

DEF,

AE is equal to 4D. [Def. 15)
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But C is also equal to AD.
Therefore each of the straight lines AE, C is equal to AD;
so that AF is also equal to C. [C.N. 1]
Therefore, given the two straight lines AB, C, from AB the greater AE has
been cut off equal to C the less.
(Being) what it was required to do.

ProrosiTIiON 4

If two triangles have the two sides equal to two sides respectively, and have the an-
gles contained by the equal straight lines equal, they will also have the base equal to
the base, the triangle will be equal to the triangle, and the remaining angles will be
equal to the remaining angles respectively, namely those which the equal sides subtend.

Let ABC, DEF be two triangles having the two sides AB, AC equal to the
two sides DE, DF respectively, namely AB to DE and AC to DF, and the an-
gle BAC equal to the angle EDF.

I say that the base BC is also equal to the base EF, the triangle A BC will be
equal to the triangle DEF, and the remaining angles will be equal to the re-
maining angles respectively, namely those which the equal sides subtend, that
is, the angle ABC to the angle DEF, and the angle ACB to the angle DFE.

For, if the triangle A BC be applied to A
the triangle DEF,
and if the point A be placed on the point D

and the straight line AB on DE,
then the point B will also coincide with
E, because AB is equal to DE,

Again, AB coinciding with DE,
the straight line A C will also coincide with DF, because the angle BAC is equal
to the angle EDF,
hence the point C will also coincide with the point F, because AC is again
equal to DF.

But B also coincided with E,

hence the base BC will coincide with the base EF.

[For if, when B coincides with E and C with F, the base BC does not coincide
with the base EF, two straight lines will enclose a space: which is impossible.

Therefore the base BC will coincide with EFF] and will be equal to it. [C.N. 4]
Thus the whole triangle A BC' will coincide with the whole triangle DEF, and
will be equal to it. _

And the remaining angles will also coincide with the remaining angles and
will be equal to them,

the angle ABC to the angle DEF,
and the angle ACB to the angle DFE.

B c E F

Therefore ete.
(Being) what it was required to prove.

ProrosiTiON 5

Inisoscelestrianglesthe angles at the base are equal to one another, and, if the equal
straight lines be produced further, the angles under the base will be equal to one
another.

Let ABC be an isosceles triangle having the side A B equal to the side AC;
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and let the straight lines BD, CE be produced further in a straight line with
AB, AC. [Post. 2}
I sayv that the angle A BC is equal to the angle ACB, and the angle CBD to
the angle BCE.
Let a point F be taken at random on BD;
from AE the greater let AG be cut off equal to AF the
less: ' - [1.3]
and let the straight lines FC, GB be joined. {Post. 1]
Then, since AF is equal to AG and AB to AC,
the two sides F4, AC are equal to the two sides
G4, AB, respectively;
and they contain a common angle, the angle FAG.
D € Therefore the base FC is equal {o the base GB,
and the triangle AFC is equal to the triangle AGB,
and the remaining angles will be equal to the remaining angles respectively,
namely those which the equal sides subtend,
that is, the angle ACF to the angle A BG,
and the angle AFC to the angle AGB. [1. 4]
And, since the whole AF is equal to the whole AG,
and in these 4 Bisequal to AC,
the remainder BF is equal to the remainder CG.
But FC was alzo proved equal to GB;
therefore the two sides BF, FC are equal to the two sides 'G. GB respectively;
and the angle BFC is equal to the angle CGB,
while the base BC is common to them;
therefore the triangle BFC is also equal to the triangle CGB, and the remaining
angles will be equal to the remaining angle= respectively, namely those which
the equal sides subtend;
therefore the angle FBC is equal to the angle GCB,
and the angle BCF to the angle CBG.
Accordingly. sinee the whole angle A BG was proved equal to the angle ACF,
and in these the angle CBG is equal to the angle BCF,
the remaining angle A BC is equal to the remaining angle ACB;
and they are at the base of the triangle ABC.
But the angle FBC was also proved equal to the angle GCB;
and theyv are under the base.
Therefore ete. Q.E. D.

ProrosiTION 6

If in a triangle two angles be equal to one another, the sides which subtend the equal
angles will also be equal to one another.
Let ABC be a triangle having the angle 4 BC equal to the angle ACB;
I say that the side A B is also equal to the side AC.
A For, if AB is unequal to AC. one of them is greater.
D Let AB be greater: and from AB the greater let DB be cut
off equal to AC the less:
let DC be joined.
Then, since DB is equal to AC,
B C and BC iz common,
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the two sides DB, BC are equal to the two sides AC, CB respectively;
and the angle DBC is equal to the angle ACB;
therefore the base DC is equal to the base AB,
and the triangle DBC will be equal to the triangle ACB,
the less to the greater:
which is absurd.
Therefore AB is not unequal to AC;
it is therefore equal to it.
Therefore ete. Q. E. D.

ProrosiTiON 7

Given two straight lines constructed on a straight line (from its extremities) and
meeting in a point, there cannot be constructed on the same straight line (from its
extremities), and on the same side of it, two other straight lines meeting in another
point and equal to the former two respectively, namely each to that which has the
same extremity with 1it.

For, if possible, given two straight lines AC, CB constructed on the straight
line AB and meeting at the point C, let two other straight
lines 4D, DB be constructed on the same straight line c
AB, on the same side of it, meeting in another point D
and equal to the former two respectively, namely each to
that which has the same extremity with it, so that CA4 is
equal to DA which has the same extremity 4 with it, and
CB to DB which has the same extremity B with it; and let A B
CD be joined.

Then, since AC is equal to AD,

the angle ACD is also equal to the angle ADC; [1. 5]
therefore the angle ADC is greater than the angle DCB;
therefore the angle CDB is much greater than the angle DCB.
Again, since CB is equal to DB,
the angle CDB is also equal to the angle DCB.
But it was also proved much greater than it:
which is impossible.
Therefore ete. Q. E. D.

D

ProrosiTiON 8

If two triangles have the two sides equal to two sides respectively, and have also the
base equal to the base, they will also have the angles equal which are contained by
the equal straight lines.

Let ABC, DEF be two triangles having A D &
the two sides A B, AC equal to the two sides
DE, DF respectively, namely AB to DF, and
AC to DF; and let them have the base BC
equal to the base EF; ¢ F

I say that the angle BAC is also equal to B
the angle EDF.

For, if the triangle A BC be applied to the triangle DEF, and if the point B
be placed on the point F and the straight line BC on EF,

the point C will also coincide with 7,
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because BC is equal to EF.
Then, BC coinciding with EF,
BA, AC will also coincide with ED, DF;
for, if the base BC coincides with the base EF, and the sides BA, AC do not
coincide with £D, DF but fall beside them as EG, GF,
then, given two straight lines constructed on a straight line (from its ex-
tremities) and meeting in a point, there will have been constructed on the same
straight line (from its extremities), and on the same side of it, two other straight
lines meeting in another point and equal to the former two respectively, name-
ly each to that which has the same extremity with it.
But they cannot be so constructed. [1. 7]
Therefore it is not possible that, if the base BC be applied to the base EF,
the sides B4, AC should not coincide with ED, DF
they will therefore coincide,
so that the angle BAC will also coincide with the angle EDF, and will be equal
to it.
If therefore etc. Q. E. D.
ProposiTION 9
To bisect a given rectilineal angle.
A Let the angle BAC be the given rectilineal angle.
Thus it is required to bisect it.
Let a point D be taken at random on 4 B;

let AF be cut off from AC equal to AD; {1. 3]
0 & let DE be joined, and on DF let the equilateral triangle DEF be
constructed,;
B F C let AF be joined.

I say that the angle BAC has been bisected by the straight line AF.
For, since AD is equal to AE,

and AF is common,
the two sides DA, AF are equal to the two sides EA, AF respectively.
And the base DF is equal to the base EF;

therefore the angle DAF is equal to the angle EAF. {1. 8}
Therefore the given rectilineal angle BAC has been bisected by the straight
line AF. Q. E.F.

Prorosition 10

To bisect a given finite straight line.
Let AB be the given finite straight line.
Thus it is required to bisect the finite straight line AB.

Let the equilateral triangle A BC be constructed on it, [1. 1]
C and let the angle ACB be bisected by the straight line
CD; {1. 9]
I say that the straight line AB has been bisected at
the point D.
Lor, since AC is equal to CB,
\ and CD is common,

N the two sides AC, CD are equal to the two sides BC. CD
A D B respectively:
and the angle ACD is equal to the angle BCD;
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therefore the base AD is equal to the base BD. [1. 4]
Therefore the given finite straight line AB has been bisected at D. q. E. F.

ProrosiTioN 11

To draw a straight line at right angles to a given straight line from a given
point on il.
Let AB be the given straight line, and C the given point on it. :
Thus it is required to draw from the point C a straight line at right angles to
the straight line AB.
Let a point D be taken at random on AC; A
let CE be made equal to CD; [1. 3]
on DE let the equilateral triangle FDE be con-
structed, (1. 1]
and let FC be joined;
I say that the straight line FC has been
drawn at right angles to the given straight line C 3
AB from C the given point on it.
For, since DC is equal to CE,
and CF is common,
the two sides DC, CF are equal to the two sides EC, CF respectively;
and the base DF is equal to the base FE;
therefore the angle DCF is equal to the angle ECF; [1. 8]
and they are adjacent angles.

But, when a straight line set up on a straight line makes the adjacent angles
equal to one another, each of the equal angles is right; [Def. 10]
therefore each of the angles DCF, FCE is right.

Therefore the straight line CF has been drawn at right angles to the given
straight line AB from the given point C on it. Q. E. F.

ProposiTioN 12

To a given infinite straight line, from a given point which is not on i, to draw o
erpendicular strazght line.
Let AB be the given infinite straight line, and C the given pomt which is not
on it;
thus it is required to draw to the given infinite straight line A B, from the given
point C which is not on it, a perpendicular F
straight line.
For let a point D be taken at random
on the other side of the straight line 4B,
and with centre C and distance CD let
the circle E#G be described; [Post. 3]
let the straight line G be bisected at H,

{1.10] A G H 3 B
qu let the straight lines CG, CH, CE be D

joined. [Post. 1]
I say that CH has been drawn perpendicular to the given infinite straight
line AB from the given point C which is not on it.
For, since GH is equal to HE,
and HC is common,
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the two sides GH, HC are equal to the two sides FH, HC respectively;
and the base C( is equal to the base CE;
therefore the angle CHG is equal to the angle EHC. 1. 8]
And they are adjacent angles.
But, when a straight line set up on a straight line makes the adjacent angles
equal to one another, each of the equal angles is right, and the straight line
standing on the other is called a perpendicular to that on which it stands.

[Def. 10]
Therefore CH has been drawn perpendicular to the given infinite straight
line AB from the given point C which is not on it. Q. E. F.

Prorositiox 13

If a straight line set up on a straight line make angles, it will make either two right
angles or angles equal to two right angles.
For let any straight line A B set up on the straight line CD make the angles
CBA, ABD;
I say that the angles CBA, A BD are either two rights angles or equal to two
right angles.

& A Now, if the angle CBA is equal to the angle ABD,

they are two right angles. [Def. 10]

But, if not, let BE be drawn from the point B at

5 5 right angles to CD; fr. 11]

therefore the angles CBE, EBD are two right angles.
Then, since the angle CBE is equal to the two angles CBA, ABE,
let the angle EBD be added to each;
therefore the angles CBE, EBD are equal to the three angles CBA, ABE,
EBD. [C.N. 2]
Again, since the angle DBA is equal to the two angles DBE, EBA,
let the angle ABC be added to each;
therefore the angles DBA, ABC are equal to the three angles DBE, EBA,
ABC. [C.N. 2]
But the angles CBE, EBD were also proved equal to the same three angles;
and things which are equal to the same thing are also equal to one another;
[C.N.1]
therefore the angles CBE, EBD are also equal to the angles DBA, ABC.
But the angles CBE, EBD are two right angles;
therefore the angles DBA, ABC are also equal to two right angles.
Therefore ete. Q. E.D.

ProrposiTiON 14

If with any straight line, and at a point on it, two straight lines not lying on the
same side make the adjacent angles equal to two right angles, the two straight lines
will be in a straight line with one another.

For with any straight line A B, and at the point B on it, let the two straight
lines BC, BD not lying on the same side make the adjacent angles ABC, ABD
equal to two right angles;

I say that BD is in a straight line with CB.

For, if BD is not in & straight line with BC, let BE be in a straight line with
CB.
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Then, since the straight line AB stands on the straight line CBE,

the angles A BC, ABE are equal to two right angles. [1. 13]
But the angles ABC, ABD are also equal to two E
right angles; A
therefore the angles CBA, ABE are equal to the v
angles CBA, ABD. [Post. 4 and C.N. 1]
Let the angle CBA be subtracted from each; c B D
therefore the remaining angle ABE is equal to the remaining angle ABD,
[C.N. 3]

the less to the greater: which is impossible.
Therefore BE is not in a straight line with CB.
Similarly we can prove that neither is any other straight line except BD.
Therefore CB is in a straight line with BD.
Therefore ete. Q. E. D.

ProrosIiTION 15

If two straight lines cut one another, they make the vertical angles equal to one
another.
For let the straight lines AB, CD cut one another at A

the point E;
I say that the angle AEC is equal to the angle DEB, E
and the angle CEB to the angle AED, ) \c
For, since the straight line AF stands on the straight
line CD, making the angles CEA, AED, B
the angles CEA, AED are equal to two right angles. [1. 13]

Again, since the straight line DE stands on the straight line 4 B, making the
angles AED, DEB,
the angles AED, DEB are equal to two right angles. f1. 18]
But the angles CEA, AED were also proved equal to two right angles;
therefore the angles CEA, AED are equal to the angles AED, DEB.
{Post. 4 and C.N. 1}
Let the angle AED be subtracted from each;
therefore the remaining angle CEA is equal to the remaining angle BED.

[C.N. 3]
Similarly it can be proved that the angles CEB, DEA are also equal.
Therefore ete. Q. E.D.

[PorisM. From this it is manifest that, if two straight lines cut one another,
they will make the angles at the point of section equal to four right angles.]

ProrosiTiON 16

In any triangle, if one of the sides be produced, the exterior angle is greater than
either of the interior and opposite angles.
Let ABC be a triangle, and let one side of it BC be produced to D;
I say that the exterior angle ACD is greater than either of the interior and
opposite angles CBA, BAC.
Let AC be bisected at E [1. 10], and let BE be joined and produced in a
straight line to F;
let EF be made equal to BE, [1. 8]
let #C be joined [Post. 1], and let AC be drawn through to G. [Post. 2]
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Then, since AE is equal to EC, and BE to EF,
the two sides AE, EB are equal to the two sides CE, EF respectively;
A r and the angle AED is equal to the angle FEC,
for they are vertical angles. [1. 15]
Therefore the base 4B is equal to the base FC,
E and the triangle A BE is equal to the triangle CFE,
and the remaining angles are equal to the remain-
ing angles respectively, namely, those which the

8 C\ b equal sides subtend; (1. 4]
G

therefore the angle BAE is equal to the angle ECF.
But the angle ECD is greater than the angle
ECF; [C.N. 3]
therefore the angle ACD is greater than the angle BAE.
Similarly also, if BC be bisected, the angle BCG, that is, the angle ACD
{r. 15], can be proved greater than the angle ABC as well.
Therefore ete. Q.E.D.

ProrosiTiON 17

In any triangle two angles taken together in any manner are less than two
right angles.
Let ABC be a triangle;
I say that two angles of the triangle ABC taken together in any manner are
less than two right angles.

A For let BC be produced to D. [Post. 2}
Then, since the angle ACD is an exte-
rior angle of the triangle A BC,
it is greater than the interior and opposite
5 = 5 angle ABC. {1. 16)

Let the angle ACB be added to each;
therefore the angles ACD, ACB are greater than the angles ABC, BCA.
But the angles ACD, ACB are equal to two right angles. [1. 13]
Therefore the angles A BC, BCA are less than two right angles.

Similarly we can prove that the angles BAC, ACB are also less than two
right, angles, and so are the angles CAB, ABC as well.
Therefore etc. Q. E. D.

ProrposiTiON 18

In any triangle the greater side subtends the greater angle.
For let ABC be a triangle having the side AC greater than AB;
I say that the angle ABC is also greater than the angle BCA.
For, since AC is greater than AB, let AD

A be made equal to AB [1. 3], and let BD be
D joined.
Then, since the angle ADB is an exterior
angle of the triangle BCD,
5 . it is greater than the interior and opposite

angle DCB. [1. 16]
But the angle ADDB is equal to the angle ABD,
since the side Af3 is equal to AD;




12 EUCLID

therefore the angle ABD is also greater than the angle ACB;
therefore the angle A BC is much greater than the angle ACB.
Therefore etc. Q. E.D.

ProvrosiTioN 19

In any triangle the greater angle is subtended by the greater side.
Let ABC be a triangle having the angle ABC greater than the angle BCA;
I say that the side AC is also greater than the side AB.
For, if not, AC is either equal to AB or less. A
Now AC is not equal to AB;
for then the angle A BC would also have been equal to the angle B
ACB; [1. 5]
but it is not;
therefore AC is not equal to AB. c
Neither is AC less than AB,
for then the angle A BC would also have been less than the angle ACB; (1. 18]
but it is not;
therefore AC is not less than AB.
And it was proved that it is not equal either.
Therefore AC is greater than AB.
Therefore ete. Q. E. D.

ProrosiTioN 20

In any triangle two sides taken together in any manner are greater than the re-
maining one.
For let ABC be a triangle;
I say that in the triangle ABC two sides taken together in any manner are
greater than the remaining one, namely
BA, AC greater than BC,
AB, BC greater than AC,
BC, CA greater than AB.
For let BA be drawn through to the point D, let DA be made equal to CA,
and let DC be joined. 5
Then, since DA is equal to AC,
the angle ADC is also equal to the angle ACD; {1. 5]
therefore the angle BCD is greater than the angle ADC.
[C.N. 5] A
And, since DCB is a triangle having the angle BCD greater
than the angle BDC,
and the greater angle is subtended by the greater side, [1. 19]
therefore DB is greater than BC.
But DA is equal to AC;
therefore BA, AC are greater than BC.

Similarly we can prove that AB, BC are also greater than CA, and BC, CA
than AB.

Therefore ete. Q. E. D.

ProrosiTion 21

If on one of the sides of a triangle, from its extremities, there be constructed two
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straight lines meeting within the triangle, the straight lines so constructed will be
less than the remaining two sides of the triangle, but will contain a greater angle.
On BC, one of the sides of the triangle ABC, from its extremities B, C, let
the two straight lines BD, DC be constructed meeting within the triangle;
I say that BD, DC are less than the remaining two sides of the triangle BA,
AC, but contain an angle BDC greater than the angle BAC.
For let BD be drawn through to E.
Then, since in any triangle two sides are greater
E than the remaining one, [1. 20]
D therefore, in the triangle ABE, the two sides AB,
AE are greater than BE.
Let EC be added to each;
8 C therefore BA, AC are greater than BE, EC.
Again, since, in the triangle CED,
the two sides CE, ED are greater than CD,
let DB be added to each;
therefore CE, EB are greater than CD, DB.
But BA, AC were proved greater than BE, EC;
: therefore BA, AC are much greater than BD, DC.
Again, since in any triangle the exterior angle is greater than the interior
and opposite angle, [1. 16]
. therefore, in the triangle CDE,
the exterior angle BDC is greater than the angle CED.
For the same reason, moreover, in the triangle ABE also,
the exterior angle CEB is greater than the angle BAC.
But the angle BDC was proved greater than the angle CEB;
thercfore the angle BDC is much greater than the ang,le BAC.
Therefore ete. Q. E. D.

A

ProrosiTioN 22

Out of three straight lines, which are equal to three given straight lines, to construct
a triangle: thus it is necessary that two of the straight lines taken together tn any
manner should be greater than the remaining one. [1. 20]

Let the three given straight lines be 4, B, C, and of these let two taken to-
gether in any manner be greater than the remaining one,

K
A
B
E ¢
namely A, B greater than C,

4, C greater than B,
and B, C greater than A;
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thus it is required to construct a triangle out of straight lines equal to A4, B, C.

Let there be set out a straight line DE, terminated at D but of infinite length
in the direction of E,
and let DF be made equal to 4, FG equal to B, and GH equal to C.  [1. 3]

With centre F and distance FD let the circle DKL be described;

again, with centre G and distance GH let the circle KLH be described;

and let KF, KG be joined;

I say that the triangle KFG has been constructed out of three straight lines
equal to 4, B, C.

For, since the point F is the centre of the circle DKL,

FD is equal to FK.
But FD is equal to 4;
therefore KF is also equal to A.
Again, since the point @ is the centre of the circle LKH,
GH is equal to GK.
But GH is equal to C;
therefore K@ is also equal to C.

And F(Q is also equal to B;
therefore the three straight lines K7, FG, GK are equal to the three straight
lines 4, B, C.

Therefore out of the three straight lines KF, FG, GK, which are equal to the
three given straight lines A, B, C, the triangle KF@ has been constructed.

Q. E. F.

ProrosiTioN 23

On a given straight line and at a point on 1t to construct a rectilineal angle equal to
a given rectilineal angle.

Let AB be the given straight line, A the point on it, and the angle DCE the
given rectilineal angle;

thus it is required to construct on the given straight line AB, and at the
point A on it, a rectilineal angle equal to the given rectilineal angle DCE.

D

E

A G B

On the straight lines CD, CE respectively let the points D, E be taken at
random;
let DE be joined,
and out of three straight lines which are equal to the three straight lines CD,
DE, CFE let the triangle AFG be constructed in such a way that CD is equal to
AF, CE to AG, and further DE to FG. (1. 22]
Then, since the two sides DC, CE are equal to the two sides FA, AG respec-
tively,
and the base DE is equal to the base FG,
the angle DCE is equal to the angle FAG. [1. 8]
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: Therefore on the given straight line AB, and at the point A on it, the recti-
lineal angle FAG has been constructed equal to the given rectilineal angle
DCE. Q. E. F.

ProrosiTioN 24

If two triangles have the two sides equal to two sides respectively, but have the one of
the angles contained by the equal straight lines greater than the other, they will also
have the base greater than the base.

Let ABC, DEF be two triangles having the two sides 4B, AC equal to the
two sides DE, DF respectively, namely AB to DE, and AC to DF, and let the
angle at A be greater than the angle at D;

I say that the base BC is also greater than the base EF.

For, since the angle BAC is greater

D
A than the angle EDF, let there be con-
structed, on the straight line DE, and at
the point D on it, the angle EDG equal to
¢ the angle BAC; [1. 23]
B let DG be made equal to either of the two
¢ =~ straight lines AC, DF, and let EG, FG be
joined.

Then, since AB is equal to DE, and AC to DG,
the two sides BA, AC are equal to the two sides ED, DG, respectively;
and the angle BAC is equal to the angle FDG;

therefore the base BC is equal to the base EG. [1. 4]
Again, since DF is equal to DG,
the angle DGF is also equal to the angle DFG; {1. 3]

therefore the angle DFG is greater than the angle EGF.
Therefore the angle EFG is much greater than the angle EGF.
And, since EFG is a triangle having the angle £FG greater than the angle
EGF,
and the greater angle is subtended by the greater side, {1. 19]
the side EG is also greater than EF.
But EG is equal to BC.
Therefore BC is also greater than EF.
Therefore ete. Q. E. D.

ProrosiTiON 25

If two triangles have the two sides equal to two sides respectively, but have the base
greater than the base, they will also have the one of the angles contained by the equal
straight lines grealer than the other.

Let ABC, DEF be two triangles having the two sides AB, AC equal to the
two sides DE, DF respectively, namely AB to DE, and AC to DF; and let the
base BC be greater than the base EF;

I say that the angle BAC is also greater than the angle EDF.

For, if not, it is either equal to it or less.

Now the angle BAC is not equal to the angle EDF; for then the base BC
would also have been equal to the base EF, 1. 4}
but it is not;
therefore the angle BAC is not equal to the angle EDF.
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- Neither again is-the angle BAC less than the angle EDF; for then the base
BC would also have been less than the base EF, [1. 24}
D

B c E F
but it is not; therefore the angle BAC is not less than the angle EDF.
But it was proved that it is not equal either;
therefore the angle BAC is greater than the angle EDF.
Therefore ete. Q. E. D.

Prorosrriox 26

If two triangles have the two angles equal to fiwo angles respectively, and one side
equal to one side, namely, either the side adjoining the equal angles, or that sub-
tending one of the equal angles, they will also have the remaining sides equal to the
remaining sides and the remaining angle to the remaining angle.

Let ABC, DEF be two triangles having the two angles ABC, BCA equal to
the two angles DEF, EFD respectively, namely the angle ABC to the angle
DEF, and the angle BCA to the angle EFD; and let them also have one side
equal to one side, first that adjoining the equal angles, namely BC to EF;

I say that they will alzo have the remaining sides equal to the remaining
sides respectively, namely AB to DE and AC to DF, and the remaining angle
to the remaining angle, namely the angle BAC to the angle EDF.

A D

G

H C E F

For, if 4B is unequal to DE, one of them is greater.
Let 4B be greater, and let BG be made equal to DE; and let GC be joined.
Then, since BG is equal to DE, and BC to EF,
the two sides GB, BC are equal to the two sides DE, EF respectively;
and the angle GBC is equal to the angle DEF;
therefore the base GC is equal to the base DF,
and the triangle GBC is equal to the triangle DEF,
and the remaining angles will be equal to the remaining angles, namely those
which the equal sides subtend; (1. 4]
therefore the angle GCB is equal to the angle DFE.
But the angle DFFE is by hypothesis equal to the angle BCA;
therefore the angle BCG is equal to the angle BC4,
the less to the greater: which is impossible.
Therefore A B iz not unequal to DE,
and iz therefore equal to it.
But BC is also equal to EF;
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therefore the two sides AB, BC are equal to the two sides DE, EF res-
pectively,
and the angle ABC is equal to the angle DEF;
therefore the base AC is equal to the base DF,
and the remaining angle BAC is equal to the remaining angle EDF. {1. 4]

Again, let sides subtending equal angles be equal, as AB to DE;

I say again that the remaining sides will be equal to the remaining sides,
namely AC to DF and BC to EF, and further the remaining angle BAC is equal
to the remaining angle EDF.

For, if BC is unequal to EF, one of them is greater.

Let BC be greater, if possible, and let BH be made equal to EF;let AH be
joined.

Then, since BH is equal to EF, and AB to DE,
the two sides A B, BH are equal to the two sides DE, EF respectively, and they
contain equal angles;

therefore the base AH is equal to the base DF,
and the triangle ABII is equal to the triangle DEF,
and the remaining angles will be equal to the remaining angles, namely those
which the equal sides subtend; [1. 4]
therefore the angle BHA is equal to the angle EFD.

But the angle EFD is equal to the angle BCA;
therefore, in the triangle A HC, the exterior angle BHA is equal to the interior
and opposite angle BCA:

which is impossible. [1. 16]

Therefore BC is not unequal to EF,

and is therefore equal to it.

But AB is also equal to DE;
therefore the two sides AB, BC are equal to the two sides DE, EF respectively,
and they contain equal angles;

therefore the base AC is equal to the base DF,
the triangle ABC equal to the triangle DEF,
and the remaining angle BAC equal to the remaining angle EDF. [1. 4]
Therefore ete. Q. E. D.

ProposiTiON 27

If a straight line falling on two straight lines make the alternate angles equal lo one
another, the straight lines will be parallel to one another.
For let the straight line EF falling on the two straight lines AB, CD make
the alternate angles AEF, EFD equal to one another;
A e/ 8 I say that AB is parallel to CD.
For, if not, AB, CD when produced will meet
G either in the direction of B, D or towards 4, C.
c A 5 Tet them be produced and meet, in the direc-
/ tion of B, D, at G.
Then, in the triangle GEF,
the exterior angle AEF is equal to the interior and opposite angle EF(:
which is impossible. [1. 16]
Therefore AB, CD when produced will not meet in the direction of B, D.
Similarly it can be proved that neither will they meet towards A, C.




18 EUCLID

But straight lines which do not meet in either direction are parallel;
[Def. 23]
therefore AB is parallel to CD.
Therefore ete. Q. E. D.

ProrosiTiox 28

If a straight line falling on two straight lines make the exterior angle equal to the
interior and opposite angle on the same side, or the inferior angles on the same side
equal to two right angles, the straight lines will be parallel to one another.

For let the straight line EF falling on the two straight lines AB, CD make
the exterior angle EGB equal to the interior and opposite angle GHD, or the
interior angles on the same side, namely BGH, GHD, equal to two right angles;

I say that AB is parallel to CD.

For, since the angle EGB is equal to the angle E\
GHD, A G B
while the angle EGB is equal to the angle AGH,
[1. 13] H
the angle AGH is also equal to the angle GHD; ¢ \ D

and they are alternate;
therefore AB is parallel to CD. [1. 27]
Again, since the angles BGH, GHD are equal to two right angles, and the
angles AGH, BGH are also equal to two right angles, [r. 13]
the angles AGH, BGH are equal to the angles BGH, GHD.
Let the angle BGH be subtracted from each;
therefore the remaining angle AGH is equal to the remaining angle GHD;
and they are alternate;
therefore A B is parallel to CD. {1. 27]
Therefore etc. Q. E.D.]

F

ProrosiTioN 29

A straight line falling on parallel straight lines makes the alternate angles equal to
one another, the exterior angle equal to the interior and opposite angle, and the in-
terior angles on the same side equal to two right angles.

For let the straight line EF fall on the parallel straight lines AB, CD;

I say that it makes the alternate angles AGH, GHD equal, the exterior angle
EGB equal to the interior and opposite angle GHD, and the interior angles on
the same side, namely BGH, GHD, equal to two right angles.

For, if the angle AGH is unequal to the angle £
GHD, one of them is greater.

Let the angle AGH be greater.

Let the angle BGH be added to each;
therefore the angles AGH, BGH are greater than the H
angles BGH, GHD. ¢ D

But the angles AGH, BGH are equal to two right \
angles; [1. 13]

therefore the angles BGH, GHD are less than two right angles.

But straight lines produced indefinitely from angles less than two right an-
gles meet; [Post. 5]

therefore 4B, CD, if produced indefinitely, will meet;
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but they do not meet, because they are by hypothesis parallel.
Therefore the angle AGH is not unequal to the angle GHD,
and is therefore equal to it.
Again, the angle AGH is equal to the angle EGB; (1. 15]
therefore the angle EGB is also equal to the angle GHD. [C.N. 1]
Let the angle BGH be added to each;
therefore the angles EGB, BGH are equal to the angles BGH, GHD. [C.N. 2]

But the angles EGB, BGH are equal to two right angles; [1. 13]
therefore the angles BGH, GHD are also equal to two right angles.
Therefore etc. Q. E. D.

ProrosiTioN 30

Straight lines parallel to the same straight line are also parallel to one another.
Let each of the straight lines AB, CD be parallel to EF; I say that AB is also
parallel to CD.

A 6/ B For let the straight line GK fall upon them.
£ H / , Then, since the straight line GK has fallen on the paral-
lel straight lines AB, EF,
c K / 5 the angle AGK is equal to the angle GHF. (1. 29]
7/ Again, since the straight line GK has fallen on the pa-
rallel straight lines EF, CD,
the angle GHF is equal to the angle GKD. [1. 29]

But the angle AGK was also proved equal to the angle GHF,
therefore the angle AGK is also equal to the angle GKD; [C.N. 1]
and they are alternate.
Therefore AB is parallel to CD. Q. E. D.

ProrosiTiON 31

Through a given point to draw a straight line parallel o a given straight
line.
Let A be the given point, and BC the given straight line;
thus it is required to draw through the point 4 a straight line parallel to the
straight line BC.
Let a point D be taken at random on BC,

£ A 3 and let AD be joined; on the straight line DA,
and at the point A on it, let the angle DAFE be
constructed equal to the angle ADC [1. 23]; and

let the straight line AF be produced in a straight
line with KA.

Then, since the straight line 4D falling on the two straight lines BC, EF has
made the alternate angles FAD, ADC equal to one another,

B D

therefore EAF is parallel to BC. [1. 27]
Therefore through the given point 4 the straight line EAF has been drawn
parallel to the given straight line BC. Q. E. F.

ProrosiTioN 32

In any triangle, if one of the sides be produced, the exterior angle 7s equal to the tiro
interior and opposite angles, and the three intferior angles of the triangle are equal
to two right angles.
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Let ABC be a triangle, and let one side of it BC be produced to D;

I say that the exterior angle ACD is equal to the two interior and opposite
angles CAB, ABC, and the three interior angles of the triangle ABC, BCA,
CAB are equal to two right angles.

For let CE be drawn through the point C parallel to the straight line AB.

[x. 31]
Then, since AB is parallel to CE, A £
and AC has fallen upon them,

the alternate angles BAC, ACE are equal to one
another. [1. 29)

Again, since AB is parallel to CE,

and the straight line BD has fallen upon them,

the exterior angle ECD is equal to the interior B ¢ 0
and opposite angle ABC. [1. 29]

But the angle ACE was also proved equal to the angle BAC;,
therefore the whole angle ACD is equal to the two interior and opposite angles
BAC, ABC.

Let the angle ACB be added to each;
therefore the angles ACD, ACB are equal to the three angles ABC, BCA,
CAB.

But the angles ACD, ACB are equal to two right angles; f1. 13]
therefore the angles ABC, BCA, CAB are also equal to two right angles.
Therefore ete. Q. E. D,

ProrosiTION 33

The straight lines joining equal and parallel straight lines (at the extremities which
are) in the same directions (respectively) are themselves also equal and parallel.
Let AB, CD be equal and parallel, and let the straight lines AC, BD join
them (at the extremities which are) in the same directions (respectively);
I say that AC, BD are also equal and parallel.

Let BC be joined. R 4
Then, since AB is parallel to CD, and BC has

fallen upon them,

the alternate angles ABC, BCD are equal to one

another. [1. 29]
And, since 4B is equal to CD, D Y

and BC is common,
the two sides A B, BC are equal to the two sides DC, CB;
and the angle ABC is equal to the angle BCD;
therefore the base AC is equal to the base BD,
and the triangle A BC is equal to the triangle DCB,
and the remaining angles will be equal to the remaining angles respectively,
namely those which the equal sides subtend; 1. 4]
therefore the angle ACB is equal to the angle CBD.
And, since the straight line BC falling on the two straight lines AC, BD has
made the alternate angles equal to one another,
AC 1s parallel to BD, [r. 27]
And it was also proved equal to it.
Therefore ete. Q. E. D.
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ProposiTiOoN 34

In parallelogrammic areas the opposile sides and angles are equal to one another,
and the diameter bisects the areas.
Let ACDB be a parallelogrammic area, and B( its diameter;
1 say that the opposite sides and angles of the parallelogram ACDB are equal
to one another, and the diameter BC bisects it.
A B For, since AB is parallel to CD,

: and the straight line BC has fallen upon them,
the alternate angles ABC, BCD are equal to one
another. - [1. 29]

Again, since AC is parallel to BD, and BC has
fallen upon them,
the alternate angles ACB, CBD are equal to one another. {1. 29]
Therefore ABC, DCB are two triangles having the two angles ABC, BCA
equal to the two angles DCB, CBD respectively, and one side equal to one side,
namely that adjoining the equal angles and common to both of them, BC;
therefore they will also have the remaining sides equal to the remaining
sides respectively, and the remaining angle to the remaining angle; [1. 26)
therefore the side AB is equal to CD,
and AC to BD,
and further the angle BAC is equal to the angle CDB.
And, since the angle A BC is equal to the angle BCD,
and the angle CBD to the angle ACB,
the whole angle ABD is equal to the whole angle ACD. [C.N. 2]
And the angle BAC was also proved equal to the angle CDB.
Therefore in parallelogrammic areas the opposite sides and angles are equal
to one another.
I say, next, that the diameter also bisects the areas.
For, since AB is equal to CD,
and BC is common,
the two sides AB, BC are equal to the two sides DC, CB respectively;
and the angle 4 BC is equal to the angle BCD;
therefore the base AC is also equal to DB,
and the triangle ABC is equal to the triangle DCB. {1. 4]
Therefore the diameter BC bisects the parallelogram ACDB. Q. E. D,

c ' D

ProrosritioxN 35

Parallelograms which are on the same base and in the same parallels are equal to
one another.
Let ABCD, EBCF be parallelograms on the same base BC and in the same
parallels AF, BC;
I say that ABCD is equal to the parallelogram EBCF.
A D E ¢ For, since ABCD is a parallelogram,
\ AD 1s equal to BC. [1. 34]
N For the same reason also
EF is equal to BC,
so that AD is also equal to EF; [C.N. 1}
B v and DE is common;
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therefore the whole AE is equal to the whole DF. (C.N. 2]
But AB is also equal to DC; [1. 34]
therefore the two sides £A, A B are equal to the two sides FD, DC respectively,
and the angle FDC is equal to the angle EAB,
the exterior to the interior; (1. 29]
therefore the base EB is equal to the base FC,
and the triangle EA B will be equal to the triangle FDC. [1. 4]
Let DGE be subtracted from each;
therefore the trapezium 4 BGD which remains is equal to the trapezium EGCF
which remains. {C.N. 3]
Let the triangle GBC be added to each;
therefore the whole parallelogram ABCD is equal to the whole parallelogram
EBCF. [C.N. 2]
Therefore ete. Q. E. D.

ProprosiTioN 36

Parallelograms which are on equal bases and in the same parallels are equal to one
another.

Let ABCD, EFGH be parallelograms which are on equal bases BC, FG and
in the same parallels AH, BG;

I say that the parallelogram ABCD is equal to EFGH.

For let BE, CH be joined. A D £ H

Then, since BC is equal to FG,
while

F@ is equal to EH,
BC is also equal to EH. {C.N.1]

But they are also parallel.

And EB, HC join them; B c F G
but straight lines joining equal and parallel straight lines (at the extremities
which are) in the same directions (respectively) are equal and parallel. {1. 33]

Therefore EBCH is a parallelogram. [1. 34]

And it is equal to ABCD;
for it has the same base BC with it, and is in the same parallels BC, AH with

it. fr. 35]
For the same reason also EFGH is equal to the same EBCH; (1. 35)
so that the parallelogram ABCD is also equal to EFGH. [C.N. 1]

Therefore etc. Q. E. D.

ProrositioN 37

Triangles which are on the same base and in the same parallels are equal to one
another.

Let ABC, DBC be triangles on the same base BC and in the same parallels
AD, BC;

1 say that the triangle ABC is equal to the E AD F
triangle DBC.

Let AD be produced in both directions to
E F;

through B let BE be drawn parallel to CA,

[1. 31)
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and through C let CF be drawn parallel to BD. [1. 31]

Then each of the figures EBCA, DBCF is a parallelogram; and they are
equal,

for they are on the same base BC and in the same parallels BC, EF. [1. 35]

Moreover the triangle ABC is half of the parallelogram EBCA; for the di-

ameter AB bisects it. {1. 34]
And the triangle DBC is half of the parallelogram DBCF; for the diameter
DC bisects it. [1. 34]

[But the halves of equal things are equal to one another.]

Therefore the triangle A BC is equal to the triangle DBC.

Therefore ete. Q. E. D.

ProposiTion 38

Triangles which are on equal bases and in the same parallels are equal to
one another.

Let ABC, DEF be triangles on equal bases BC, EF and in the same parallels
BC, AD;

I say that the triangle ABC is equal to the triangle DEF.

For let AD be produced in both directions to G, H;

through B let BG be drawn parallel to C4, {1. 31]
and through F let FH be drawn parallel
G A_D H to DE.

Then each of the figures GBCA, DEFH
is a parallelogram;
and GBCA is equal to DEFH;

B C E F for they are on equal bases BC, EF and
in the same parallels BF, GH. [1. 36)

Moreover the triangle ABC is half of the parallelogram GBCA ; for the diam-
eter AB bisects it. [1. 34]
And the triangle FED is half of the parallelogram DEFH ; for the diameter
DF bisects it. [1. 34]

[But the halves of equal things are equal to one another.]
Therefore the triangle A BC is equal to the triangle DEF.
Therefore ete. Q. E. D.

ProrosiTioN 39

Equal triangles which are on the same base and on the same side are also in the
same parallels.
Let ABC, DBC be equal triangles which are on the same base BC and on
the same side of it;
(I say that they are also in the same parallels.]
And [For] let AD be joined; I say that AD is parallel to BC.
For, if not, let AE be drawn through the point A
A D parallel to the straight line BC, (1. 31]
and let £C be joined.
Therefore the triangle A BC is equal to the triangle

EBC;
8 ¢ for it is on the same base BC with it and in the same
parallels. [1. 37]

But ABC is equal to DBC;
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therefore DBC is also equal to EBC, [C.N.1]
the greater to the less: which is impossible.
Therefore AE is not parallel to BC.
Similarly we can prove that neither is any other straight line except AD;
therefore AD is parallel to BC.
Therefore ete. Q. E. D.

ProposiTiox 40

Equal triangles which are on equal bases and on the same side are also in the same
parallels.

Let ABC, CDE be equal triangles on equal bases BC, CE and on the same
side.

I say that they are also in the same parallels.

For let AD be joined; A D

I say that AD is parallel to BE.

For, if not, let AF be drawn through A parallel to BE
f1. 31], and let FE be joined.

Therefore the triangle ABC is equal to the triangle g % g
FCE;
for they are on equal bases BC, CE and in the same parallels BE, AF. I1. 38]
But the triangle ABC is equal to the triangle DCE,
therefore the triangle DCE is also equal to the triangle FCE,
[C.N.1]

the greater to the less: which is impossible.
Therefore AF is not parallel to BE.
Similarly we can prove that neither is any other straight line except AD;
therefore AD is parallel to BE.
Therefore etc. Q. E. D.

ProrosiTioN 41

If a parallelogram have the same base with a triangle and be in the same parallels,
the parallelogram is double of the triangle.

For let the parallelogram A BCD have the same base BC mth the triangle
EBC, and let it be in the same parallels BC, AE;

I say that the parallelogram ABCD is double of the A D 2
triangle BEC.

For let AC be joined.

Then the triangle A BC is equal to the triangle EBC;

for it is on the same base BC with it and in the same 5 ¢
parallels BC, AE. {1. 37] :
But the parallelogram A BCD is double of the triangle ABC;
for the diameter AC bisects it; [1. 34]
so that the parallelogram A BCD is also double of the triangle EBC.
Therefore ete. Q. E. D.

ProrosiTion 42

To construct, in a given rectilineal angle, a parallelogram equal to a given triangle.
Le‘_c ABC be the given triangle, and D the given rectilineal angle;
thus it is required to construct in the rectilineal angle D a parallelogram equal
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A F G to the triangle ABC.
Let BC be bisected at F, and let AE
o be joined;
on the straight line £C, and at the point
E on it, let the angle CEF be constructed
B E c equal to the angle D; (1. 23]
through A let AG be drawn parallel to EC, and [1. 31]

through C let CG be drawn parallel to EF.
Then FECG is a parallelogram.
And, since BE is equal to EC,
the triangle ABF is also equal to the triangle AEC,
for they are on equal bases BE, EC and in the same parallels BC, AG; [1. 38]
therefore the triangle 4 BC is double of the triangle AEC.

But the parallelogram FECG is also double of the triangle AEC, for it has
the same base with it and is in the same parallels with it; (1. 41]
therefore the parallelogram FECQ is equal to the triangle A BC.

And it has the angle CEF equal to the given angle D.
Therefore the parallelogram FECG has been constructed equal to the given
triangle ABC, in the angle CEF which is equal to D. Q. E.F.

ProrosiTiox 43

In any parallelogram the complements of the parallelograms about the diameter are
equal to one another.
Let ABCD be a parallelogram, and AC its diameter;
and about AC let EH, FG be parallelograms, and BK, KD the so-called com-
plements;
1 say that the complement BX is equal to the complement KD.
For, since ABCD is a parallelogram, and AC its diameter,
the triangle A BC is equal to the triangle ACD. (1. 34]
Again, since EH is a parallelogram, and AK is
A its diameter,
£ M /F the triangle AEK is equal to the triangle AHK.
For the same reason
the triangle KFC is also equal to KGC.
Now, since the triangle AEK is equal to the
triangle AHK,
and KFC to KGC,
the triangle AEK together with KGC is equal to the triangle AHK together
with KF(C. [C.N. 2]
And the whole triangle A BC is also equal to the whole ADC;
therefore the complement BK which remains is equal to the complement KD
which remains. [C.N. 3]
Therefore ete. Q. E. D.

B G

ProrosiTioN 44

To a given straight line to apply, in a given rectilineal angle, a parallelogram equal
to a given triangle.

Let AB be the given straight line, C the given triangle and D the given recti-
lineal angle;
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thus it is required to apply to the given straight line A B, in an angle equal to
the angle D, a parallelogram equal to the given triangle C.

Let the parallelogram BEFG be constructed equal to the triangle C, in the
angle EBG which is equal to D [1. 42]; let it be placed so that BE is in a straight
line with AB; let FG be drawn through to H, and let AH be drawn through A
parallel to either BG or EF. [1. 31]

Let HB be joined.

F
Then, since the straight
line HF falls upon the
parallels AH, EF, D
the angles AHF, HFE are cL_B
H A

E K
™M
equal to two right angles. J
[1. 29] L
Therefore the angles BHG, GFE are less than two right angles;
and straight lines produced indefinitely from angles less than two right angles
meet; [Post. 5]
therefore HB, FE, when produced, will meet.

Let them be produced and meet at K; through the point K let KL be drawn
parallel to either EA or FH, [1.31]
and let HA, GB be produced to the points L, M.

Then HLKF is a parallelogram,
HK is its diameter, and AG, ME are parallelograms, and LB, BF the so-called
complements, about HK;

therefore LB is equal to BF. [1. 43]

But BF is equal to the triangle C;
therefore LB is also equal to C. [CN.1]
And, since the angle GBE is equal to the angle ABM, : f1. 15]

while the angle GBE is equal to D,
the angle ABM is also equal to the angle D.
Therefore the parallelogram LB equal to the given triangle C has been ap-
plied to the given straight line AB, in the angle ABM which is equal to D.
Q. E. F,
ProrosITION 45

To construct, in a given rectilineal angle, a parallelogram equal to a given rec-
telineal figure.

Let ABCD be the given rectilineal figure and E the given rectilineal angle;
thus it is required to construct, in the given angle E, a parallelogram equal to
the rectilineal figure ABCD.

D F Gt
A c
L
5 K H M
Let DB be joined, and let the parallelogram FH be constructed equal to the

triangle ABD, in the angle HKF which is equal to E; [1. 42]
let the parallelogram G equal to the triangle DBC be applied to the straight
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line GH, in the angle GHM which is equal to E. (1. 44]
Then, since the angle E is equal to each of the angles HKF, GHM,
the angle HKF is also equal to the angle GHAM. [CN. 1]

Let the angle KHG be added to each;
therefore the angles FKH, KHG@G are equal to the angles KHG, GHAM.
But the angles FKH, KHG are equal to two right angles; [r.29]
therefore the angles KHG, GH.M are also equal to two right angles.
Thus, with a straight line GH, and at the point H on it, two straight lines
KH, H)M not lying on the same side make the adjacent angles equal to two
right angles;

therefore KH is in a straight line with Ha/f. [1. 14]
And, since the straight line HG falls upon the parallels KM, FG, the alter-
nate angles MHG, HGF are equal to one another. 1. 29]

Let the angle HGL be added to each;
therefore the angles M HG, HGL are equal to the angles HGF, HGL. [CN. 2]

But the angles WHG, HGL are equal to two right angles; [1.29]
therefore the angles HGF, HGL are also equal to two right angles. [C.N. 1]
Therefore FG is in a straight line with GL. (1. 14]
And, since FK is equal and parallel to HG, (1. 34]
and HG to ML also,

KF is also equal and parallel to 3/ L; [C.N.1;1.30]

and the straight lines KM, FL join them (at their extremities); therefore K{,
FL are also equal and parallel. [1. 33]

Therefore KFLM is a parallelogram.
And, since the triangle 4 BD is equal to the parallelogram FH,
and DBC to GM,
the whole rectilineal figure A BCD is equal to the whole parallelogram KFLJ!.
Therefore the parallelogram KFLJ has been constructed equal to the given
rectilineal figure A BCD, in the angle FKA{ which is equal to the given angle E.
Q. E. F.

ProrosiTioN 46

On a given straight line to describe a square.
c Let A B be the given straight line; thus it is required to
describe a square on the straight line A B.

Let AC be drawn at right angles to the straight line AB
from the point A on it [1. 11], and let AD be made equal
D £ to 4B;

through the point D let DFE be drawn parallel to AB,
and through the point B let BE be drawn parallel to AD.

[1.31}

Therefore ADEB is a parallelogram:
A B therefore AB iz equal to DE, and AD to BE. 1. 34]
But AB is equal to AD;
therefore the four straight lines BA, AD, DE, EB are equal to one another;
therefore the parallelogram A DEB is equilateral.
I say next that it is also right-angled.
For, since the straight line A D falls upon the parallels AB. DE,
the angles BAD, ADE are equal to two right angles. (1. 29]




28 EUCLID

But the angle BAD is right;
therefore the angle ADE is also right.

And in parallelogrammic areas the opposite sides and angles are equal to one
another; [1. 34]
therefore each of the opposite angles ABE, BED is also rlght

Therefore ADEB is right-angled.
And it was also proved equilateral.
Therefore it is a square; and it is described on the straight line AB. q. E. .

ProrosiTION 47

In right-angled triangles the square on the side subtending the right angle is equal
to the squares on the sides containing the right angle.

Let ABC be a right-angled triangle having the angle BAC right;

I say that the square on BC is equal to the squares on BA, AC.

For let there be described on BC the
square BDEC, and on BA, AC the squares
GB,HC; [1. 46]
through A let AL be drawn parallel to K
either BD or CE, and let AD, FC be joined. G

Then, since each of the angles BAC, A
BAG is right, it follows that with a
straight line BA, and at the point 4 on it, f
the two straight lines AC, AG not lying on
the same side make the adjacent angles B L
equal to two right angles;
therefore CA is in a straight line with AG.

[1.14]

H

For the same reason
BA is also in a straight line with AH.
And, since the angle DBC is equal to the ]
angle FBA: for each is right: DL E
let the angle ABC be added to each;
therefore the whole angle DBA is equal to the whole angle FBC. [C.N. 2]
And, since DB is equal to BC, and FB to BA,
the two sides AB, BD are equal to the two sides F' B, BC respectively;
and the angle ABD is equal to the angle FBC,
therefore the base AD is equal to the base FC,

and the triangle A BD is equal to the triangle FBC. [1. 4]
Now the parallelogram BL is double of the triangle A BD, for they have the
same base BD and are in the same parallels BD, AL. [1. 41]

And the square GB is double of the triangle FBC,
for they again have the same base FB and are in the same parallels B, GC.
[1.41]
[But the doubles of equals are equal to one another.]
Therefore the parallelogram BL is also equal to the square GB.
Similarly, if AE, BK be joined,
the parallelogram CL can also be proved equal to the square HC,
therefore the whole square BDEC is equal to the two squares GB, HC. [C.N. 2]
And the square BDEC is described on BC,
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and the squares B, HC on B4, AC.
Therefore the square on the side BC is equal to the squares on the sides B4,
AC.
Therefore etc. Q. E. D.

ProrosiTioN 48

If in a triangle the square on one of the sides be equal to the squares on the remain-
ing two sides of the triangle, the angle contained by the remaining two sides of the
triangle is right.

For in the triangle A BC let the square on one side BC be equal to the squares

on the sides BA, AC;
o I say that the angle BAC is right.

Tor let AD be drawn from the point A at right angles to
the straight line AC, let AD be made equal to BA, and let
DC be joined.

Since DA is equal to AB,

the square on DA is also equal to the square on A B.

Let the square on AC be added to each;

D A g therefore the squares on DA, AC are equal to the squares
on BA, AC.

But the square on DC is equal to the squares on DA, AC, for the angle DAC

is right; [1. 47]

and the square on BC is equal to the squares on BA, AC, for this is the hy-
pothesis;
therefore the square on DC is equal to the square on BC,
so that the side DC is also equal to BC.
And, since DA is equal to AB,
and AC is common,
the two sides DA, AC are equal to the two sides B4, 4C;
and the base DC is equal to the base BC;
therefore the angle DAC is equal to the angle BAC. [1. 8]
But the angle DAC is right;
‘ therefore the angle BAC is also right.
Therefore ete. Q. E. D.




BOOK TWO

DEFINITIONS

1. Any rectangular parallelogram is said to be contained by the two straight
lines containing the right angle.

2. And in any parallelogrammic area let any one whatever of the parallelo-
grams about its diameter with the two complements be called a gnomon.

BOOK II. PROPOSITIONS.

ProrosiTiON 1

If there be two straight lines, and one of them be cut into any number of segments
whatever, the rectangle contained by the two straight lines is equal to the rectangles
contained by the uncut straight line and each of the segments.

Let A, BC be two straight lines, and let BC be cut at random at the points
D, E;

I say that the rectangle contained by A, BC is equal to the rectangle con-
tained by A, BD, that contained by A, DE and that contained by 4, EC.

For let BF be drawn from B at right angles

to BC; [1. 11] A
let BG be made equal to A4, [1.3] B D E ¢
through G let GH be drawn parallel to BC,
[1. 31]

and through D, E, C let DK, EL, CH be drawn
parallel to BG. G
Then BH is equal to BK, DL, EH. K L. H
Now BH is the rectangle 4, BC, for it is F
contained by GB, BC, and B(@ is equal to 4;
BK is the rectangle A, BD, for it is contained by GB, BD, and BG is equal to 4
and DL is the rectangle A, DE, for DK, that is BG is equal to 4. [1. 34]
Similarly also FH is the rectangle A, EC.
Therefore the rectangle 4, BC is equal to the rectangle A, BD, the rectangle
A, DE and the rectangle 4, EC.
Therefore etc. Q. E. D.

ProrosiTionN 2

If a straight line be cut at random, the rectangle contained by the whole and both
of the segments is equal to the square on the whole.

For let the straight line AB be cut at random at the point C;

I say that the rectangle contained by A B, BC together with the rectangle
contained by BA, AC is equal to the square on AB,

30
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For let the square ADEB be described on 4B [1. 46], and let CF be drawn
through C parallel to either AD or BE. [1. 31]
g Then AE is equal to AF, CE.

A% Now AE is the square on AB;
AF is the rectangle contained by BA, AC, for it is con-
tained by DA, AC, and AD is equal to 4B;
and CE is the rectangle AB, BC, for BE is equal to AB.
Therefore the rectangle BA, AC together with the rectangle
AB, BCis equal to the square on 4 B.
D F E  Therefore etc. Q. E. D.

ProposITION 3

If a straight line be cut at random, the rectangle contained by the whole and one of
the segments is equal to the rectangle contained by the segments and the square on
the aforesaid segment.
For let the straight line AB be cut at random at C;
I say that the rectangle contained by AB, BC is equal to the rectangle con-
tained by AC, CB together with the square on BC.
A ¢ 8 For let the square CDEB be described on CB; [1. 46]
let ED be drawn through to F,
and through 4 let AF be drawn parallel to either CD
or BE. (1. 31]
Then AF is equal to AD, CE.
Now AF is the rectangle contained by 4B, BC, for
it i1s contained by AB, BE, and BE is equal to BC;
AD is the rectangle AC, CB, for DC is equal to CB;
and DB is the square on CB.
Therefore the rectangle contained by AB, BC is equal to the rectangle con-
tained by AC, CB together with the square on BC.
Therefore ete. Q. E. D.

ProrosiTioN 4

If a straight line be cut at random, the square on the whole is equal to the squares
on the segments and twice the rectangle contained by the segments.
For let the straight line AB be cut at random at C;
I say that the square on A B is equal to the squares on AC, CB and twice the
rectangle contained by AC, CB.
A ¢ B For let the square ADEB be described on AB,
[1.46]

let BD be joined;
G through C let CF be drawn parallel to either AD or
EB,
and through G let HK be drawn parallel to either AB
or DE. (1. 31}
Then, since CF is parallel to AD, and BD has fallen
on them,
the exterior angle CGB is equal to the interior and opposite angle ADB. [1. 29]
But the angle ADB is equal to the angle ABD,
since the side BA is also equal to 4D; [1. 5]

D F
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therefore the angle CGB is also equal to the angle GBC,
s0 that the side BC is also equal to the side CG.. “ 1. 6]
But CB is equal to GK, and CG to KB; [1. 34]
therefore GK is also equal to KB; )
therefore CGK B is equllatela]
I say next that it is also right-angled.
For, since CG is parallel to BK,
the angles KBC, GCB are equal to two right angles fr. 29]
But the angle KBC is rlght :
therefore the angle BCG is also right,
so that the opposite angles CGK, GKB are also right. [1. 34]
Therefore CGKB is right-angled;
and it was also proved equilateral;
therefore it is a square;
and it is deseribed on CB.
For the same reason
HF is also a square;
and it is described on HG, that'is AC. [1. 34]
Therefore the squares HF, KC are the squares on AC, CB.
Now, since AQ is equal to GE,
and AG is the rectangle AC, CB, for GC is equal to CB,
therefore GE is also equal to the rectangle AC, CB.

Therefore AG, GE are equal to twice the rectangle AC, CB.

But the squares HF, CK are also the squares on AC, CB; therefore the four
areas HF, CK, AG, GE are equal to the squares on AC, CB a.nd twice the rec-
tangle contamed by AC, CB.

But HF, CK, AG, GE are the whole ADEB,

which is the square on AB.

Therefore the square on A B is equal to the squares on AC, CB and twice the
rectangle contained by AC, CB.

Therefore ete. ) Q. E. D.

ProrosiTION 5

If a straight line be cut into equal and unequal segments, the rectangle contained
by the unequal segments of the whole together with the square on the straight line
between the points of section is equal to the square on the half.

For let a straight line 4 B be cut into equal segments at C and into unequal
segments at D; A ¢ D B

I say that the rectangle contained by
AD, DB together with the square on
CD is equal to the square on CB.

Forlet the square CEF B be described i
on CB, (1. 46] { H/ "
and let BE be joined; K LENA
through D let DG be drawn parallel to - P -
either CE or BF, E @ F

through H sgain let KM be drawn parallel to either AB or EF, -
and again through 4 let AK be drawn parallel to either CL or BM. [1. 31]
Then, since the complement CH is equal to the complement HF,  [1.43]
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let DA be added to each;
therefore the whole CA{f is equal to the whole DF.
But CM is equal to AL,
since AC is also equal to CB; [1. 36]
therefore AL is also equal to DF.
Let CH be added to each;
therefore the whole AH is equal to the gnomon NOP.
But AH is the rectangle AD, DB, for DH is equal to DB,
therefore the gnomon NOP is also equal to the rectangle AD, DB.
Let LG, which is equal to the square on CD, be added to each;
therefore the gnomon NOP and LG are equal to the rectangle contained by
AD, DB and the square on CD.
But the gnomon NOP and LG are the whole square CEFB, which is de-
scribed on CB;
therefore the rectangle contained by AD, DB together with the square on CD
is equal to the square on CB.
Therefore etc. Q. E .D.
ProrosiTiON 6
If a straight line be bisected and a straight line be added to it in a straight line, the
rectangle contained by the whole with the added straight line and the added straight
line together with the square on the half is equal to the square on the straight line
made up of the half and the added straight line.
For let a straight line AB be bisected at the point C, and let a straight line
BD be added to it in a straight line;
I say that the rectangle contained by AD, DB together with the square on
CB is equal to the square on CD.
For let the square CEFD be described on CD, (1. 46]
and let DE be joined;
through the point B let BG be drawn parallel to either EC or DF,
through the point H let KM be drawn parallel to either AB or EF,
and further through A let AK be drawn parallel to either CL or DM, [1. 31]
A c 8 D Then, since AC is equal to CB,
1o AL is also equal to CH. [1. 36]
Sl A But CH is equal to HF. [1. 43)
K L N 7 M Therefore AL is also equal to HF,
P Let CM be added to each;
therefore the whole A3 is equal to the
gnomon NOP.
But AM is the rectangle AD, DB,
E G F for DM is equal to DB;
therefore the gnomon NOP is also equal to the rectangle AD, DB.
Let LG, which is equal to the square on BC, be added to each;
therefore the rectangle contained by AD, DB together with the square on C'B
is equal to the gnomon NOP and LG.
But the gnomon NOP and LG are the whole square CEFD, which is de-
scribed on CD;
therefore the recta.ngle contained by AD, DB together with the square on CB
1s equal to the square on CD.
Therefore ete. g. E. D.
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ProrosiTiON 7

If a straight line be cut at random, the square on the whole and that on one of the
segments both together are equal to twice the rectangle contained by the whole and
the said segment and the square on the remaining segment.

For let a straight line AB be cut at random at the point C;

I say that the squares on A B, BC are equal to twice the rectangle contained
by AB, BC and the square on CA.

For let the square ADEB be described on AB, [1. 46]

and let the figure be drawn.

Then, since AG is equal to GE [1. 43], let CF be added to each;

therefore the whole AF is equal to the whole CE. A cC 8

Therefore AF, CE are double of AF.

But AF, CFE are the gnomon KLM and the square CF,;
therefore the gnomon KLM and the square CF are
double of AF. Mp--

But twice the rectangle AB, BC is also double of AF;
for BF is equal to BC;
therefore the gnomon KLM and the square CF are equal
to twice the rectangle AB, BC. D N E

Let DG, which is the square on AC, be added to each;
therefore the gnomon KLA and the squares BG, GD are equal to twice the
rectangle contained by AB, BC and the square on AC.

But the gnomon KLAM and the squares BG, GD are the whole ADEB and
CF,

- ~

which are squares described on 4B, BC;
therefore the squares on AB, BC are equal to twice the rectangle contained by
AB, BC together with the square on AC.
Therefore ete. Q. E. D.

ProrosiTion 8

If a straight line be cut at random, four times the rectangle contained by the whole
and one of the segments together with the square on the remaining segment is equal
to the square described on the whole and the aforesaid segment as on one straight line.

For let a straight line AB be cut at random at the point C;

I say that four times the rectangle contained by AB, BC together with the
square on AC is equal to the square described on AB, BC as on one straight
line.

For let [the straight line] BD be produced in a straight line [with A B], and
let BD be made equal to CB;
let the square A EF D be described on AD, and let the figure be drawn double.

Then, since CB is equal to BD, while CB is equal to GK, and BD to KN,

therefore GK is also equal to KN.

For the same reason

QR is also equal to RP.
And, since BC is equal to BD, and GK to KN,
therefore CK is also equal to KD, and GR to RN. [1.36]
But CK is equal to RN, for they are complements of the parallelogram CP;
[1. 43]
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therefore KD is also equal to GR;
therefore the four areas DK, CK, GR, RN are equal to one another.
Therefore the four are quadruple of CK.
Again, since CB is equal to BD,

A c 8 D while BD is equal to BK, that is CG,
ST Tk and CB is equal to GK, that is GQ,
M VA e—N therefore CG is also equal to GQ.
i And, since C@ is equal to GQ, and QR to
0 S ) R :." P RP,'
obo AG is also equal to M@, and QL to RF. [1. 36]

But MQ is equal to QL, for they are comple-
ments of the parallelogram ML; [1. 43]
therefore AG is also equal to RF;
therefore the four areas AG, MQ, QL, RF are

£ T equal to one another.
Therefore the four are quadruple of AG.

But the four areas CK, KD, GR, RN were proved to be quadruple of CK;
therefore the eight areas, which contain the gnomon STU, are quadruple of
AK.

Now, since AK is the rectangle AB, BD, for BK is equal to BD,

therefore four times the rectangle AB, BD is quadruple of AK.

But the gnomon STU was also proved to be quadruple of AK;

therefore four times the rectangle AB, BD is equal to the gnomon STU.

Let OH, which is equal to the square on AC, be added to each;
therefore four times the rectangle AB, BD together with the square on AC is
equal to the gnomon STU and OH.

But the gnomon ST'U and OH are the whole square AEFD,

which is described on 4D;

therefore four times the rectangle AB, BD together with the square on AC is
equal to the square on AD.

But BD is equal to BC;
therefore four times the rectangle contained by AB, BC together with the
squarc on AC is equal to the square on AD, that is to the square described on
AB and BC as on one straight line.

Therefore etc. Q. E. D.

ProrosiTION 9

If a straight line be cut into equal and unequal segments, the squares on the uncqual
segments of the whole are double of the square on the half and of the square on the
straight line between the points of section.
For let a straight line A B be cut into equal segments at C, and into unequal
segments at D;
1 say that the squares on AD, DB are double of the squares on AC, CD.
For let CE be drawn from C at right angles to A B, and let it be made equal
to either AC or CB;
let KA, EB be joined,
let DF be drawn through D paralicl to EC,
and FG through F parallel to AB,
and let AF be joined.
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Then, since AC is equal to CE,
the angle FAC is also equal to the angle AEC.
And, since the angle at C is right,
the remaining angles EAC, AEC are equal to one rlght angle. [1.32]
And they are equal;
therefore each of the angles CEA, CAE is
half a right angle.
For the same reason
each of the angles CEB, EBC is also half G F
a right angle;
therefore the whole angle AEB is right.
And, since the angle GEF is half a
right angle.

and the angle EGF is right, for it is equal ¢ b B
to the interior and opposite angle ECB, {1. 29]
the remaining angle EFG is half a right angle; f1.32]

therefore the angle GEF is equal to the angle EFG,
80 that the side EG is also equal to GF. [1.6]

Again, since the angle at B is half a right angle,
and the angle FDB is right, for it is again equal to the interior and opposite

angle FCB, [1.29]
the remaining angle BFD is half a right angle; {1.32]

therefore the angle at B is equal to the angle DFB,
so that the side FD is also equal to the side DB. 1. 6]

Now, since AC is equal to CE,
the square on AC is also equal to the square on CE;
therefore the squares on AC, CE are double of the square on AC,
But the square on £A4 is equal to the squares on AC, CE, for the angle ACE
is right; [1.47]
therefore the square on EA is double of the square on AC.
Again, since EG is equal to GF,
the square on EG is also equal to the square on GF
therefore the squares on EG, GF are double of the square on GF.
But the square on EF is equal to the squares on EG, GF;
therefore the square on EF is double of the square on GF.
But GF is equal to CD; fr.34]
therefore the square on EF is double of the square on CD.
But the square on EA is also double of the square on AC;
therefore the squares on AE, EF are double of the squares on AC, CD.
And the square on AF is equal to the squares on AF, EF, for the angle AEF
is right; f1. 47]
therefore the square on AF is double of the squares on AC, CD.

But the squares on AD, DF are equal to the square on AF, for the angle at
D is right; [1. 47]
therefore the squares on AD, DF are double of the squares on AC, CD.

And DF is equal to DB;
therefore the squares on AD, DB are double of the squares on AC, CD.
Therefore ete. Q. E. D.
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ProrositioN 10

If a straight line be bisected, and a straight line be added to 1l in a straight line, the
square on the whole with the added straight line and the square on the added straight
Line.both together are double of the square on the half and of the square described on
the straight line made up of the half and the added siraight line as on one straight
line.

For let a straight line A B bebisected at C,and let a straight line BD be added

to it in a straight line;

I say that the squares on AD, DB are double of the squares on AC, CD.

E F For let CE be drawn from the point C at
right angles to AB [1. 11], and let it be made
equal to either AC or CB [1. 3];

’ let EA, EB be joined;
through E let EF be drawn parallel to AD,

A C B O  and through D let FD be drawn parallel to
5 Then, since a straight line EF falls on the
parallel straight lines EC, FD,
the angles CEF, EFD are equal to two right angles; (1. 29]
therefore the angles FEB, EFD are less than two right angles.
But straight lines produced from angles less then two right angles meet;
{1. Post. 5]
therefore EB, FD, if produced in the direction B, D, will meet.
Let them be produced and meet at G,
and let AG be joined.
Then, since AC is equal to CE,
the angle FAC is also equal to the angle AEC; [1. 5]
and the angle at. C is right;
therefore each of the angles FAC, AEC is half a right angle. [1.32]
For the same reason
each of the angles CEB, EBC is also half a right angle;
therefore the angle AEB is right.
And, since the angle £BC is half a right angle,

the angle DBG is also half a right angle. [1. 15]
But the angle BDG is also right,
for it is equal to the angle DCE, they being alternate; {1. 29)

therefore the remaining angle DGB is half a right angle; (1. 32]
therefore the angle DGB is equal to the angle DBG,
so that the side BD is also equal to the side GD. [1. 6]
Again, since the angle EGF is half a right angle,
and the angle at F is right, for it is equal to the opposite angle, the angle at C,

[1. 34]

the remaining angle FEG is half a right angle; (1. 32]
therefore the angle EGF is equal to the angle FEG,

so that the side GF is also equal to the side EF. [1. 6

Naw. since the square on EC is equal to the square on (A,
the squares on EC, CA are double of the square on CA4.
But the square on KA is equal to the squares on EC, C4; (1. 47]
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therefore the square on EA is double of the square on AC. [C.N. 1]
Again, since F@ is equal to EF,
the square on FG@ is also equal to the square on FE;
therefore the squares on GF, FE are double of the square on EF.

But the square on EG is equal to the squares on GF, FE; [1. 47]
therefore the square on EG is double of the square on EF.
And EF is equal to CD; [1. 34]

therefore the square on EG is double of the square on CD.
But the square on EA was also proved double of the square on AC;
therefore the squares on AE, EG are double of the squares on AC, CD.

And the square on AG is equal to the squares on AE, EG, [1.47]
therefore the square on AG is double of the squares on AC, CD.
But the squares on AD, DG are equal to the square on AG; [1.47]

therefore the squares on AD, DG are double of the squares on AC, CD.
And DG is equal to DB;

therefore the squares on AD, DB are double of the squares on AC, CD.
Therefore ete. Q.E.D,

ProrposiTioN 11

To cut a given straight line so that the rectangle contained by the whole and one of
the segments 1s equal to the square on the remaining segment.

Let AB be the given straight line;
thus it is required to cut A B so that the rectangle contained by the whole and
one of the segments is equal to the square on the remaining segment.

For let the square A BDC be described on AB; (1. 46]

let AC be bisected at the point E, and let BE be joined;

let CA be drawn through to F, and let EF be made equal
to BE; E ¢
let the square FH be described on AF, and let GH be
drawn through to K.

I say that AB has been cut at H so as to make the rec- A H_ B
tangle contained by AB, BH equal to the square on AH. /

For, since the straight line AC has been bisected at E, and

FA is added to it, E
the rectangle contained by CF, FA together with the square
on 4F is equal to the square on EF. {11. 8]

But EF is equal to EB; ¢ K D

therefore the rectangle CF, FA together with the square on AF is equal to the
square on EB.

But the squares on BA, AE are equal to the square on EB, for the angle at
A is right: [1.47]
therefore the rectangle CF, FA together with the square on AE is equal to the
squares on BA, AE.

Let the square on AFE be subtracted from each;
therefore the rectangle CF, FA which remains is equal to the square on AB.

Now the rectangle CF, FA is FK, for AF is equal to FG;

and the square on AB is AD;
therefore FK is equal to 4D.

Let AK be subtracted from each;
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therefore #H which remains is equal to HD.
And HD is the rectangle AB, BH, for AB is equal to BD;
and FH is the square on 4AH;
therefore the rectangle contained by AB, BH is equal to the square on HA.
therefore the given straight line 4 B has been cut at H so as to make the rec-
tangle contained by AB, BH equal to the square on H4. Q. E. F.

ProrosiTioN 12

In obtuse-angled triangles the square on the side subtending the obtuse angle is
greater than the squares on the sides containing the obtuse angle by twice the rec-
tangle contained by one of the sides about the obtuse angle, namely that on which the
perpendicular falls, and the straight line cut off outside by the perpendicular to-
wards the obtuse angle.
Let A BC be an obtuse-angled triangle having the angle BAC obtuse, and let
BD be drawn from the point B perpendicular to CA produced;
I say that the square on BC is greater than the squares on BA, AC by twice
the rectangle contained by CA, AD.
B For, since the straight line CD has been cut at ran-
dom at the point A,
the square on DC is equal to the squares on CA, AD
and twice the rectangle contained by CA, AD. [11. 4]
Let the square on DB be added to each;
therefore the squares on CD, DB are equal to the

D A C squareson CA, AD, DB and twice the rectangle CA,
AD.

But the square on CB is equal to the squares on CD, DB, for the angle at D

is right; (1. 47]

and the square on AB is equal to the squares on AD, DB; [1. 47]
therefore the square on CB is equal to the squares on CA, AB and twice the
rectangle contained by CA, AD;
s0 that the square on CB is greater than the squares on CA, AB by twice the
rectangle contained by CA, AD.

Therefore etc. Q. E. D.

ProrposiTioN 13

In acute-angled triangles the square on the side subtending the acute angle is less
than the squares on the sides containing the acute angle by twice the rectangle con-
tained by one of the sides about the acute angle, namely that on which the per pen-
dicular falls, and the straight line cut off within by the perpendicular towards the
acute angle.
Let ABC be an acute-angled triangle having the angle at B acute, and let
AD be drawn from the point A perpendicular to BC;
A I say that the square on AC is less than the squares
on CB, BA by twice the rectangle contained by CB, BD.
For, since the straight line CB has been cut at ran-
dom at D,
the squares on CB, BD are equal to twice the ree-
tangle contained by CB, BD and the square on DC,
[11. 7]
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Let the square on DA be added to each;
therefore the squares on CB, BD, DA are equal to twice the rectangle con-
tained by CB, BD and the squares on AD, DC.

But the square on A B is equal to the squares on BD, DA, for the angle at D
ig right; [1. 47]

and the square on AC is equal to the squares on AD, DC;

therefore the squares on CB, BA are equal to the square on AC a,nd twice the
rectangle CB, BD,
so that the square on AC alone is less than the squares on CB, BA by twice the
rectangle contained by CB, BD

Therefore ete. Q. E. D.

ProrosiTion 14

To construct a square equal to a given rectilineal figure.
Let A be the given rectilineal figure;

thus it is required to construct a square equal to the rectilineal figure 4.
For let there be constructed H

the rectangular parallelogram BD

equal to the rectilineal figure A.

[1. 45]
Then, if BE is equal to ED, B g EF
that which was enjoined will
have been done; for a square BD c D

has been constructed equal to the rectilineal figure A.
But, if not, one of the straight lines BE, ED is greater.
Let BE be greater, and let it be produced to F; )
let EF be made equal to ED, and let BF be bisected at G.

With centre ¢ and distance one of the straight lines GB, GF let the semi-
circle BHF be described; let DE be produced to H, and let GH he joined.

Then, since the straight line BF has been cut into equal segments at G, and
into unequal segments at E,
the rectangle contained by BE EF together with the square on E‘G is equal to
the square on GF. {11. 5]

But GF is equal to GH,;
therefore the rectangle BE, EF together with the square on GF is equal to the
square on GH.

But the squares on HE, EG are equal to the square on GH; [1. 47
therefore the rectangle BE EF together with the square on GE is equal to the
squares on HE, EG.

Let the square on GF be subtracted from each;
therefore the rectangle contained by BE, EF which remains is equal to the
square on EH.

But the rectangle BE, EF is BD, for EF is equal to ED;

therefore the parallelogram BD is equal to the square on 'HE.

And BD is equal to the rectilineal figure A.

Therefore the rectilineal figure 4 is also equal to the square which can be
described on EH.

Therefore a square, namely that which can be described on EH, has been
constructed equal to the given rectilineal figure 4. " Q.E.F.



BOOK THREE

DEFINITIONS

1. Equal circles are those the diameters of which are equal, or the radii of
which are equal.

2. A straight line is said to fouch a circle which, meeting the circle and being
produced, does not cut the circle.

3. Circles are said to touch one another which, meeting one another, do not
cut one another.

4. In a circle straight lines are said to be equally distant from the centre when
the perpendiculars drawn to them from the centre are equal.

5. And that straight line is said to be at a greater distance on which the great-
er perpendicular falls.

6. A segment of a circle is the figure contained by a straight line and a cir-
cumference of a circle.

7. An angle of a segment is that contained by a straight line and a circum-
ference of a circle.

8. An angle in a segment is the angle which, when a point is taken on the cir-
cumference of the segment and straight lines are joined from it to the extrem-
ities of the straight line which is the base of the segment, is contained by the
straight lines so joined.

9. And, when the straight lines containing the angle cut off & circumference,
the angle is said to stand upon that circumference.

10. A sector of a circle is the figure which, when an angle is constructed at the
centre of the circle, is contained by the straight lines containing the angle and
the circumference cut off by them.

11. Stmilar segments of circles are those which admit equal angles, or in which
the angles are equal to one another.

BOOK III. PROPOSITIONS

ProrositioN 1

To find the centre of a given circle.

Let ABC be the given circle;

thus it is required to find the centre of the circle ABC.

Let a straight line A B be drawn through it at random, and let it be bisected
at the point D;
from D let DC be drawn at right angles to AB and let it be drawn through to
E; let CE be bisected at F;

I say that F' is the centre of the circle ABC.

For suppose it is not, but, if possible, let G be the centre,

41
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and let GA, GD, GB be joined.
Then, since AD is equal to DB, and DG is common,
the two sides AD, DG are equal to the two sides BD, DG respectively;
and the base GA is equal to the base (B, for they are
radii;
therefore the angle ADG is equal to the angle GDB.
[1. 8]
But, when a straight line set up on a straight line
makes the adjacent angles equal to one another, each of
the equal angles is right; (1. Def. 10]
therefore the angle GDB is right.
But the angle FDB is also right;
therefore the angle FDB is equal to the angle GDB,
the greater to the less: which is impossible.
Therefore G is not the centre of the circle ABC.
Similarly we can prove that neither is any other point except F.
Therefore the point F is the centre of the circle ABC.
Porism. From this it is manifest that, if in a circle a straight line cut a
straight line into two equal parts and at right angles, the centre of the circle is
on the cutting straight line. Q.E. F.

ProrosiTioN 2

If on the circumference of a circle two points be taken at random, the straight line
joining the points will fall within the circle.

Let ABC be 3 circle, and let two points A, B be taken at random on its cir-
cumference;

I say that the straight line joined from A to B will fall within the circle.

For suppose it does not, but, if possible, let it fall outside, as AEB;
let the centre of the circle A BC be taken [111. 1], and let it be D;let DA, DB be
joined, and let DFE be drawn through.

Then, since DA is equal to DB,

the angle DAE is also equal to the angle DBE. [1. 5] <
And, since one side AEB of the triangle DAE is pro-
duced,

therefore the angle DEB is greater than the angle
DBE. A
And the greater angle is subtended by the greater ET8
side; [1. 19]
therefore DB is greater than DE.
But DB is equal to DF;
therefore DF is greater than DE,
the less than the greater: which is impossible.
Therefore the straight line joined from A to B will not fall outside the circle.
Similarly we can prove that neither will it fall on the circumference itself;
therefore it will fall within.
Therefore ete. Q. E. D.

the angle DEB is greater than the angle DAFE. [1.16] a
But the angle DAE is equal to the angle DBE; \v
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ProrositioN 3

If in a circle a straight line through the centre bisect a straight line not through
the centre, it also cuts it at right angles; and +f it cul ¢t at right angles, it also
bisects 1t.

Let ABC be a circle, and in it let a straight line CD through the centre bisect
a straight line A B not through the centre at the point F;

1 say that it also cuts it at right angles.

For let the centre of the circle A BC be taken, and let it be E; let EA, EB be
joined.
! c Then, since AF is equal to F'B, and FE is common,

two sides are equal to two sides;
and the base EA is equal to the base EB;
therefore the angle AFE

£ is equal to the angle BFE. (1. 8]

But, when a straight line set up on a straight line

A 3 B makes the adjacent angles equal to one another, each
of the equal angles is right; [1. Def. 10]

therefore each of the angles AFE, BFE is right.
Therefore CD, which is through the centre, and
bisects AB which is not through the centre, also cuts it at right angles.
Again, let CD cut AB at right angles;
I say that it also bisects it, that is, that AF is equal to FB.
For, with the same construction,
since F4 is equal to EB,
the angle EAF is also equal to the angle EBF. (1. 5]
But the right angle AFE is equal to the right angle BFE, therefore EAF,
EBF are two triangles having two angles equal to two angles and one side
equal to one side, namely EF, which is common to them, and subtends one of
the equal angles;
therefore they will also have the remaining sides equal to the remaining sides;
[1.26]

D

therefore AF is equal to FB.
Therefore ete. Q. E. D.

ProrosiTioN 4

If in a circle two straight lines cut one another which are not through the centre,
they do not bisect one another.
Let ABCD be a circle, and in it let the two straight lines AC, BD, which are
not through the centre, cut one another at F;
I say that they do not bisect one another.
For, if possible, let them bisect one another, so that
AFE isequal to EC, and BE to ED;
F let the centre of the circle ABCD be taken [mi. 1.
A e and let it be F; let '/ be joined.
Then, since a straight line FE through the centre
W bisects a straight line A not through the centre.
B it also cuts it at right angles; {111. 3]
therefore the angle F/74 i< right.




44 EUCLID

Again, since a straight line F'E bisects a straight line BD,
it also cuts it at right angles; {111. 3]
therefore the angle FEB is right. i

But the angle FEA was also proved right;
therefore the angle FEA is equal to the angle FEB, the less to the greater:
which is impossible.

Therefore AC, BD do not bisect one another.

Therefore etc. . Q. E. D.

ProrosiTiON §

If two circles cut one another, they will not have the same centre.

For let the circles ABC, CDG cut one another at the points B, C;

I say that they will not have the same centre. :

For, if possible, let it be E; let EC be joined, and let EFG be drawn through
at random.

Then, since the point E is the centre of the circle
ABC,

c

A

EC is equal to EF. [1. Def. 15]
Again, since the point E is the centre of the circle
CDG,
EC is equal to EG.
But EC was proved equal to EF also;
therefore EF is also equal to EG, the less to the
greater: which is impossible.
Therefore the point E is not the centre of the mrcles ABC, CDG.
Therefore etc. Q. E.D.

ProrositioN 6

If two circles touch one another, they will not have the same centre.
For let the two circles ABC, CDE touch one another at the point C;
] say that they will not have the same centre.
For, if possible, let it be F'; let FC be joined, and let FEB be drawn through
at random.
Then, since the point F is the centre of the circle
ABC, C
FC is equal to FB.
Again, since the point F is the centre of the
circle CDE, B
FC is equal to FE.
But FC was proved equal to FB;
therefore FE is also equal to FB, the less to the
greater: which is impossible. A
Therefore F is not the centre of the circles ABC, CDE.
Therefore etc. Q.

3
g

ProrosiTiox 7
If on the diameter of a circle a point be taken which is not the centre of the circle,
and from the point straight lines fall upon the circle, that will be greatest on which
the centre s, the remainder of the same diameter will be least, and of the rest the



ELEMENTS III 45

nearer to the straight line through the centre is always greater than the more remote,
and only two equal straight lines will fall from the point on the circle, one on each
side of the least straight line.
Let ABCD be a circle, and let AD be a diameter of it; on AD let a point F be
tuken which is not the centre of the circle, let £ be the centre of the circle,
and from F let straight lines F'B, FC, FG fall upon the circle ABCD;
Isay that FA is greatest, FD is least, and of the rest FB is greater than FC,
and FC than FG.
For let BE, CE, GE be joined.
Then, since in any triangle two sides are greater than the remaining one,
[1. 20}
EB, EF are greater than BF.
G But AFE is equal to BE;
G therefore AF is greater than BF.
Again, since BE is equal to CE, and FE is com-
mon,
the two sides BE, EF are equal to the two sides
CE, EF.
But the angle BEF is also greater than the angle
CEF;
therefore the base BF is greater than the base CF.
[1.24]

For the same reason
CF is also greater than FG.
Again, since GF, FE are greater than EG,
and EG is equal to ED,
QF, FE are greater than ED.
Let EF be subtracted from each;
therefore the remainder GF is greater than the remainder FD.

Therefore FA is greatest, FD is least, and FB is greater than F(C, and FC
than FG.

1 say also that from the point # only two equal straight lines will fall on the
cirele ABCD, one on each side of the least FD.

For on the straight line EF, and at the point £ on it, let the angle FEH be
constructed equal to the angle GEF [1. 23], and let FH be joined.

Then, since GE is equal to EH,

and EF is common,
the two sides GE, EF are equal to the two sides HE, EF;
and the angle GEF is equal to the angle HEF;
therefore the base F( is equal to the base FH. (1. 4]

I say again that another straight line equal to FG will not fall on the circle
from the point 7.

For, if possible, let FK so fall.

Then, since FK is equal to FG, and FH to FG,

FK is also equal to FH,

the nearer to the straight line through the centre being thus equal to the more
remote: which is impossible.

Therefore another straight line equal to GF will not fall from the point
upon the circle;
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therefore only one straight line will so fall.
Therefore ete. Q. E. D.

PROPOSITION 8

If a point be taken outside a circle and from the point straight lines be drawn
through to the circle, one of which is through the centre and the others are drawn at
random, then, of the straight lines which fall on the concave circumference, that
through the centre is greatest, while of the rest the nearer to that through the centre is
always greater than the more remote, but, of the straight lines falling on the convex
circumference, that between the point and the diameter is least, while of the rest the
nearer to the least is always less than the more remote, and only two equal straight
lines will fall on the circle from the point, one on each side of the least.

Let ABC be a circle, and let a point D be taken outside 4 BC; let there be
drawn through from it straight lines DA, DE, DF, DC, and let DA be through
the centre;

1 say that, of the straight lines falling on the concave circumference AEFC,
the straight line DA through the centre is greatest,

while DE is greater than DF and DF than DC,
but, of the straight lines falling on the convex circumference HLKG, the
straight line DG between the point and the diameter AG is least; and the
nearer to the least DG is always less than the more remote, namely DK
than DL, and DL than DH.

For let the centre of the circle ABC be taken [111. 1],
and let it be M ;let ME, MF, MC, MK, ML, MH be
joined.

Then, since AM is equal to EM, let MD be added
to each;

therefore AD is equal to FAf, JMD.
But EM, MD are greater than ED;
therefore AD is also greater than ED.
Again, since MFE is equal to MF,
and D is common,
therefore EM, MD are equal to FM, MD;

and the angle EMD is greater than the angle FMD;
therefore the base ED is greater than the base FD. (1. 24]

Similarly we can prove that FD is greater than CD; therefore DA is greatest,
while DE is greater than DF, and DF than DC.

Next, since MK, KD are greater than M D, [1. 20]

and MG is equal to MK,
therefore the remainder KD is greater than the remainder GD,
so that GD is less than KD.

And, since on 3D, one of the sides of the triangle M LD, two straight lines
MK, KD were constructed meeting within the triangle,

therefore AIK, KD are less than ML, LD; [1. 21]
and MK is equal to ML;
therefore the remainder DK is less than the remainder DL.
Similarly we can prove that DL is also less than DH;
therefore D@ is least, while DK is less than DL, and DL than DH.
1 say also that only two equal straight lines will fall from the point D on the
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circle, one on each side of the least DG.

On the straight line M D, and at the point M on it,
let the angle DM B be constructed equal to the angle KMD, and let DB be
joined.

Then, since MK is equal to M B,

and MD is common,
the two sides KM, MD are equal to the two sides BM, MD respectively;
and the angle KMD is equal to the angle BMD;
therefore the base DK is equal to the base DB. 1. 4]

I say that no other straight line equal to the straight line DK will fall on
the circle from the point D.

For, if possible, let a straight line so fall, and let it be DN.

Then, since DK is equal to DN, -

while DK is equal to DB,
DB is also equal to DN,

that is, the nearer to the least DG equal to the more remote: which was proved
impossible. .

Therefore no more than two equal straight lines will fall on the circle ABC
from the point D, one on each side of DG the least.

Therefore ete. Q. E. D.

ProrosiTION 9

If a point be taken within a circle, and more than two equal straight lines fall from
the point on the circle, the point taken s the centre of the circle.

Let ABC be a circle and D a point within it, and from D let more than two
equal straight lines, namely DA, DB, DC, fall on
the circle ABC;

L
B I say that the point D is the centre of the circle
ABC.
~ For let AB, BC be joined and bisected at the
K g points E, F, and let ED, FD be joined and drawn
r through to the points G, K, H, L.
‘ Then, since AF is equal to EB, and ED is com-
A mon,
! the two sides AE, ED are equal to the two sides
BE, ED;
and the base DA is equal to the base DB,;
therefore the angle AED is equal to the angle BED. (1. 8]
Therefore each of the angles AED, BED is right; [1. Def. 10]

therefore GK cuts A B into two equal parts and at right angles.
And since, if in a circle a straight line cut a straight line into two equal parts
and at right angles, the centre of the circle is on the cutting straight line,
[111. 1, Por.}
the centre of the circle is on GK.
For the same reason
the centre of the circle ABC is also on HL.
And the straight lines GK, HL have no other point common but the point D;
therefore the point D is the centre of the circle ABC.
Therefore etc. Q. E. D.




48 . EUCLID

ProrosiTiON 10

A circle does not cut a circle at more poinis than two.

For, if possible, let the circle ABC cut the circle DEF at more pomts than
two, namely B, C, F, H;

let BH, BG be ]omed and bisected at the points K, L,
and from K, L let KC, LM be drawn at rlght angles to BH, BG and carried
through to the points A, E.

Then, since in the cn‘cle ABC a straight line AC cuts a straight line BH into
two equal parts and at right a.ngles,

the centre of the circle ABC is on AC.

' [111. 1, Por.]

Again, since in the same circle ABC a
straight line NO cuts a straight line BG into
two equal parts and at right angles,

the centre of the circle ABC is on NO.

But it-was also proved to be on AC, and
the straight lines AC, NO meet at no point
except at P;
therefore the point P is the centre of the
circle ABC.

Similarly we can prove that P is also the centre of the circle DEF;
therefore the two circles A BC, DEF which cut one another have the same cen-
tre P: which is impossible. [111. 5]

Therefore ete. ; Q. E. D.

ProrosiTION 11

If two circles touch one another internally, and their centres be taken, the straight
line joining their centres, if it be also produced, will fall on the point of contact of
the circles.
For let the two circles ABC, ADE touch one another mternally at the point
A, and let the centre F of the circle ABC, and the centre G of ADE, be taken;
I say that the straight line joined from GtoF
and produced will fall on A.
For suppose it does not, but, if possible, let it

H
fall as FGH, and let AF, AQF be joined.
Then, since AG, GF are greater than FA, that A
i3, than FH,
let G be subtracted from each;

therefore the remainder AG is greater than the 8
remainder GH.

But AG is equal to GD;

therefore GD is also greater than GH.
the less than the greater: which is impossible.

Therefore the straight line joined from F to Y

G will not fall outside;
therefore it will fall at A on the point of contact.
Therefore etc. Q. E. D
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ProrosiTiON 12

If two circles touch one another externally, the straight line joining their centres will
pass through the point of contact.
For let the two circles ABC, ADE touch one another externally at the point
4, and let the centre F of ABC, and the centre G of ADE, he taken;
I say that the straight line joined from F to G will pass through the point
of contact at A.
For suppose it does not, but, if possible, let it pass as FCDG, and let AF, AG
B be joined.
Then, since the point F is the centre of
the circle ABC,
FA is equal to FC.
Again, since the point G is the centre of

y the circle ADE,
\ € GA is equal to GD.

But FA was also proved equal to FC;
therefore FA, AG are equal to FC, GD,
so that the whole FG is greater than FA,
AG;
but it is also less [1. 20]: which is impossible.
Therefore the straight line joined from F to G will not fail to pass through
the point of contact at 4
therefore it will pass through it.
Therefore ete. Q. E. D.

ProrosiTiox 13

A circle does not touch a circle at more points than one, whether it touch i inter-
nally or externally.

For, if possible, let the circle A BDC touch the circle EBFD, first internally,
at more points than one, namely D, B.

Let the centre G of the circle ABDC, and the centre H of EBFD, be taken.

Therefore the straight line joined from G to H will fall on B, D.  [i11. 11]

Let it so fall, as BGHD.

Then, since the point G is the centre of the
circle ABCD,

BG 1s equal to GD;
therefore BG is greater than HD;
therefore BH is much greater than HD.

Again, since the point H is the centre of the

circle EBFD,
BH is equal to HD;

but it was also proved much greater than it:
which 1s impossible.

Therefore a circle does not touch a circle in-
ternally at more points than one.

I say further that neither does it so touch it externally.

For, if possible, let the circle ACK touch the circle A BDC ut more points
than one, namely A, C,
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and let AC be joined.

Then, since on the circumference of each of the circles ABDC, ACK two
points A, C have been taken at random, the straight line joining the points
will fall within each circle; [11. 2]
but it fell within the circle ABDC and outside ACK [111. Def. 3}: which is ab-
surd.

Therefore a circle does not touch a circle externally at more points than one.

And it was proved that neither does it so touch it internally.

Therefore ete. Q. E. D,

ProrositioN 14

In a circle equal straight lines are equally distant from the centre, and those which
are equally distant from the centre are equal to one another.
Let ABDC be a circle, and let AB, CD be equal straight lines in it;
I say that AB, CD are equally distant from the centre.
For let the centre of the circle ABDC be taken [111. 1], and let it be E; from
E let EF, EG be drawn perpendicular to AB, CD, and let AE, EC be joined.
Then, since a straight line EF through the centre cuts a straight line A B not
through the centre at right angles, it also bisects it. [111. 3]
Therefore AF is equal to F'B; b
therefore AB is double of AF.
For the same reason
CD is also double of CG;
and AB is equal to CD;
therefore AF is also equal to CG.
And, since AE is equal to EC, c
the square on AE is also equal to the square on EC. A
But the squares on AF, EF are equal to the square on AE, for the angle at F is

right;
and the squares on EG, GC are equal to the square on EC, for the angle at G is
right; (1. 47}

therefore the squares on AF, FE are equal to the squares on CG, GE,
of which the square on AF is equal to the square on CG, for AF is equal to CG;
therefore the square on FE which remains is equal to the square on EG,
therefore EF is equal to EG.

But in a circle straight lines are said to be equally distant from the centre
when the perpendiculars drawn to them from the centre are equal [t1r. Def. 4];
therefore AB, CD are equally distant from the centre.

Next, let the straight lines A B, CD be equally distant from the centre; that
is, let EF be equal to EG.

1 say that AB is also equal to CD.

For, with the same construction, we can prove, similarly, that AB is double
of AF, and CD of CG.

And, since AFE is equal to CE,

the square on AE is equal to the square on CE.

But the squares on EF, FA are equal to the square on AE, and the squares on
EG, GC equal to the square on CE. [1.47]

Therefore the squares on EF, FA are equal to the squares on EG, GC,
of which the square on EF is equal to the square on EG, for EF is equal to EG;
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therefore the square on AF which remains is equal to the square on CG;
therefore AF is equal to CG.

And AB is double of AF, and CD double of CG;
therefore AB is equal to CD.

Therefore ete. Q. E.D.

ProrositioxN 15

Of straight lines 1n a circle the diameter s greatest, and of the rest the nearer to the
centre 1s always greater than the more remote.
Let ABCD be a circle, let AD be its diameter and E the centre; and let BC
be nearer to the diameter AD, and FG more remote;
I say that AD is greatest and BC greater than FG.
For from the centre E let EH, EK be drawn perpen-
dicular to BC, Fd.
Then, since BC is nearer to the centre and FG more
remote, EK is greater than FH. {111. Def. 5]
Let EL be made equal to EH, through L let L3 be
drawn at right angles to EK and carried through to N,
N & and let ME, EN, FE, EG be joined.
Then, since EH is equal to EL,
BC(C is also equal to MN. [111. 14]
Again, since AE is equal to EM, and ED to EN,
AD is equal to ME, EN.
But ME, EN are greater than MN, f1. 20]
and MN is equal to BC,
therefore AD is greater than BC.
And, since the two sides ME, EN are equal to the two sides FE, EG,
and the angle MEN greater than the angle FEG,
therefore the base MN is greater than the base FG. (1. 24]
But MN was proved equal to BC.
Therefore the diameter AD is greatest and BC greater than F@.
Therefore ete. Q. E. D.

m_A

ProrosiTioN 16

The straight line drawn at right angles to the diameter of a circle from its extremity
will fall outside the circle, and tnto the space between the straight line and the cir-
cumference another straight line cannot be interposed; further the angle of the semi-
circle 1s greater, and the remaining angle less, than any acute rectilineal angle.

Let ABC be a circle about D as centre and 4 B as diameter;

I say that the straight line drawn from A4 at right angles to AB from its
extremity will fall outside the circle.

For suppose it does not, but, if possible, let it fall within as CA4, and let DC
be joined.

Since DA is equal to DC,

the angle DAC is also equal to the angle ACD. [1. 5]
But the angle DAC is right;
therefore the angle ACD is also right:

thus, in the triangle ACD, the two angles DAC, ACD are equal to two right
angles: which is impossible. [1.17]




52 EUCLID

Therefore the straight line drawn from the point A at right angles to BA will
not fall within the circle.

Similarly we can prove that neither will it fall
on the circumference;

therefore it will fall outside.

Let it fall as AF;

I say next that into the space between the
straight line AF and the ecircumference CHA
another straight line cannot be interposed.

For, if possible, let another straight line be so
interposed, as FA, and let DG be drawn from the
point D perpendicular to FA.

Then, since the angle AGD is right,

and the angle DAG is less than a right angle,
AD is greater than DG. fr. 19]

But DA is equal to DH;
therefore DH is greater than DG, the less than the greater: which is impossible.

Therefore another straight line cannot be mterpo\ed into the ~pace between
the straight line and the circumference.

Isay further that the angle of the semicircle contained by the straight line
B4 and the circumference CHA is greater than any acute rectilineal angle,
and the remaining angle contained by the circumference CHA and the straight
line 4L is less than any acute rectilineal angle.

For, if there is any rectilineal angle greater than the angle contained by the
straight line B4 and the circumference C HA, and any rectilineal angle less than
the angle contained by the circumference CHA and the straight line AE, then
into the space between the circumference and the straight line AE a straight
line will be interposed such as will make an angle contained by straight lines
which is greater than the angle contained by the straight line B4 and the cir-
cumference CH A, and another angle contained by straight lines which is less
than the angle contained by the circumference CHA and the straight line AE.

But such a straight line cannot be interposed;
therefore there will not be any acute angle contained by straight lines which
is greater than the angle contained by the straight line BA and the circum-
ference CHA, nor yvet any acute angle contained by straight lines which is less
than the angle contained by the circumference CH A and thestraight line AE.—

Porisy. From this it is manifest that the straight line drawn at right angles
to the diameter of a circle from its extremity touches the circle. Q. E.D.

ProposiTION 17

From a given point to draw a straight line touching a given circle.

Let A be the given point. and BCD the given circle;
thus it is required to draw from the point A a straight line touching the circle
BCD.

For let the centre E of the circle be taken; [m11. 1]
let AF be joined. and with centre F and distance F4 let the circle AFG be
described;

from D let DF be drawn at right angles to EA,
and let EF, AB be joined;
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1 say that AB has been drawn from the point A touching the circle BCD.
For, smce E is the centre of the circles BCD, AFG,
P ™ EA is equal to EF, and ED to EB,;
therefore the two sides AE, EB are equal to the t\\o sides F'E, ED;
and they contain a common angle, the angle at E;
therefore the base DF is equal to the base A B,
and the triangle DEF is equal to the tliangle BEA
and the remaining angles to the remaining angles;
[1. 4]
therefore the angle EDI" is equal to the angle EBA.
But the angle EDF is right; :
therefore the angle EBA is also rlght
Now EB is a radius;
and the straight line drawn at right angles to the di-
ameter of a circle, from its extremity, touches the
circle; {111. 16, Por.]
therefore A B touches the circle BCD.
Therefore from the given point A the straight line AB has been drawn
touching the circle BCD., Q. E. F,

ProrosiTioN 18

If a straight line touch a circle, and a straight line be joined from the centre to the

point of contact, the straight line so joined will be perpendicular to the tangent.
For let a straight line DE touch the circle A BC at the point C, let the centre

F of the circle ABC be taken, and let FC be joined from F to C;

I say that FC is perpendicular to DE. .

For, if not, let FG be drawn from F perpen-

D dicular to DE. :

Then, since the angle FGC is right,

: the angle FCG is acute; [1. 17]
“and the greater angle is subtended by the great-
er side; (1. 19]

therefore FC is greater than FG.
But FC is equal to FB;
E therefore FB is also greater than FG,
the less than the greater: which is impossible.
Therefore F@ is not perpendicular to DE.
Similarly we can prove that neither is any other straight line except FC,
therefore FC is perpendicular to DE.
Therefore ete. Q. E. D.

ProrosiTiON 19

If a straight line touch a circle, and from the point of contact a straight line be
drawn at right angles to the tangent, the centre of the circle will be on the straight
line so draun.

For let a straight line DE touch the circle ABC at the point C, and from C
let CA be drawn at right angles to DE;

1 say that the centre of the circle is on AC.

For suppose it is not, but, if possible, let /7 bhe the centre,
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and let CF be joined.
Since a straight line DE touches the circle A
ABC,
and FC has been joined from the centre to the
point of contact, 8
FC is perpendicular to DE; [1m. 18] £
therefore the angle FCE is right.
But the angle ACE is also right;
therefore the angle FCE is equal to the angle
ACE, ,
the less to the greater: which is impossible. D C E
Therefore F is not the centre of the circle ABC.
Similarly we can prove that neither is any other point except a point on AC.
Therefore etc. Q. E.D.

~

ProrosiTion 20

In a circle the angle at the centre is double of the angle at the circumference, when
the angles have the same circumference as base.

Let ABC be a circle, let the angle BEC be an angle at its centre, and the
angle BAC an angle at the circumference, and let them have the same circum-
ference BC as base;

I say that the angle BEC is double of the angle
BAC. D

For let AE be joined and drawn through to F.

Then, since EA is equal to EB,
the angle EAB is also equal to the angle EBA; [1. 5] A

therefore the angles EAB, EBA are double of the c
angle EAB.

But the angle BEF is equal to the angles EAB,
EBA; [1. 32] 4
therefore the angle BEF is also double of the angle I
EAB.

For the same reason
the angle FEC is also double of the angle EAC.
Therefore the whole angle BEC is double of the whole angle BAC.
Again let another straight line be inflected, and let there be another angle
BDC; let DE be joined and produced to G.
Similarly then we can prove that the angle GEC is double of the angle EDC,
of which the angle GEB is double of the angle EDB;
therefore the angle BEC which remains is double of the angle BDC.
Therefore etc. Q. E. D.

ProrosiTion 21

In a circle the angles in the same segment are equal fo one another.

Let ABCD be a circle, and let the angles BAD, BED be angles in the same
segment BAED;

I say that the angles BAD, BED are equal to one another.

For let the centre of the circle A BCD be taken, and let it be F; let BF, FD
be joined.
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A Now, since the angle BFD is at the centre,
and the angle BAD at the circumference,
and they have the same circumference BCD as base,
therefore the angle BFD is double of the angle
E BAD. {111. 20]
For the same reason

the angle BFD is also double of the angle BED:;
B\/ o therefore the angle BAD is equal to the angle BED,

e Therefore etc. Q. E. D.

ProrosiTioN 22

The opposite angles of quadrilaterals in circles are equal to two right
angles. .

Let ABCD be a circle, and let ABCD be a quadrilateral in it;

I say that the opposite angles are equal to two right angles.

Let AC, BD be joined.

A /\B Then,_since in any triangle the three angles are equal
to two right angles, [1. 32]
the three angles CAB, ABC, BCA of the triangle ABC
are equal to two right angles.

But the angle CAB is equal to the angle BDC, for they

¢ arein the same segment BADC; {r1. 21]
and the angle ACB is equal to the angle ADB, for they
0 are in the same segment ADCB;

therefore the whole angle ADC is equal to the angles BAC, ACB.
Let the angle ABC be added to each;
therefore the angles ABC, BAC, ACB are equal to the angles ABC, ADC.
But the angles ABC, BAC, ACB are equal to two right angles;
therefore the angles ABC, ADC are also equal to two right angles.
Similarly we can prove that the angles BAD, DCB are also equal to two
right angles.
Therefore ete. Q. E. D.

ProposiTiox 23

On the same straight line there cannot be constructed two stmilar and unequal
segments of circles on the same side.
For, if possible, on the same straight line AB let two similar and unequal
segments of circles ACB, ADB be constructed on the

D same side;
A let ACD be drawn through, and let CB, DB be joined.

& B Then, since the segment ACB is similar to the seg-
ment ADB,
and similar segments of cireles are those which admit equal angles [111. Def. 11],
the angle ACB is equal to the angle A DB, the exterior to the interior: which is
impossible. {1. 16]
Therefore ete. Q. E.D.
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ProrosiTioN 24

Similar segmenis of circles on equal straight lines are equal to one another.
For let AEB, CFD be similar segments of circles on equal straight lines AB,
CD;
I say that the segment AEB is equal to the segment CFD.
For, if the segment AEB be applied to CFD, and if the point A be placed on
C and the straight line AB on CD,
the point B will also coincide with the point D, because AB is equal to CD;

E F__G

N AN

A B c D

and, AB coinciding with CD,
the segment 4 EB will also coincide with CFD.

For, if the straight line A B coincide with CD but the segment AEB do not

coincide with CFD,
it will either fall within it, or outside it;

or it will fall awry, as CGD, and a circle cuts a circle at more points than two:
which is impossible. f111. 10]

Therefore, if the straight line A B be applied to CD, the seginent AEB will
not fail to coincide with CFD also;

therefore it will coincide with it and will be equal to it.
Therefore etc. Q. E.D.

ProrosiTioN 25

Given a segment of a circle, to describe the complete circle of which it is a segment.
Let ABC be the given segment of a circle;
thus it is required to describe the complete circle belonging to the segment
ABC, that is, of which it is a segment.
For let AC be bisected at D, let DB be drawn from the point D at right
angles to AC, and let AB be joined;
the angle ABD is then greater than, equal to, or less than the angle BAD.
First let it be greater;
and on the straight line BA, and at the point A on it, let the angle BAE be
constructed equal to the angle ABD; let DB be drawn
through to E, and let EC be joined.
Then, since the angle A BE is equal to the angle BAE,
the straight line £B is also equal to EA.  [1. 6]
And, since AD is equal to DC, and DE is common, B E
the two sides AD, DE are equal to the two sides CD,
DFE respectively;
and the angle ADE is equal to the angle CDE, for each
is right; ¢
therefore the base AE is equal to the base CE.
But AE was proved equal to BE;
therefore BE is also equal to CE;

o
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therefore the three straight lines AE, EB, EC are equal to one another.
Therefore the circle drawn with centre £ and distance one of the straight
lines AE, EB, EC will also pass-through the remaining points and will have
been completed. [111. 9]
Therefore, given a segment of a circle, the complete circle has been described.
A And it is manifest that the segment A BC is less than a semi-
circle, because the centre E happens to be outside it.
Similarly, even if the angle ABD be equal to the angle
B o BAD,
AD being equal to each of the two BD, DC,
the three straight lines DA, DB, DC will be equal to one an-
¢ other,
D will be the centre of the completed circle,
and ABC will clearly be a semicircle.
But, if the angle A BD be less than the angle BAD, and if we construct, on
a thestraight line BA and at the point 4 on it, an angle equal
to the angle ABD, the centre will fall on DB within the seg-
ment A BC, and the segment A BC will clearly be greater than
B D a semicircle.
Therefore, given a segment of a circle, the complete
¢ circle has been described. Q. E.F.

ProrositTion 26

In equal circles equal angles stand on equal circumferences, whether they stand at
the centres or at the circumferences.

Let ABC, DEF be equal circles, and in them let there be equal angles,
namely at the centres the angles BGC, EHF, and at the circumferences the
angles BAC, EDF;

1 say that the circumference BKC is equal to the circumference ELF.

For let BC, EF be joined.

A Now, since the circles ABC, DEF

arc equal,
the radii are equal.

Thus the two straight lines BG,

GC are equal to the two straight

8 ¢ E lines EH, I F;
K T and the angle at G is equal to the
angle at H;
therefore the base BC is equal to the basec EF. 1. 4]

And, since the angle at A is equal to the angle at D,
the secgment BAC is similar to the segment EDF; [11. Def. 11]
and they are upon equal straight lines.

But similar segments of circles on equal straight lines are equal to one an-
other; L 24]
therefore the segment BAC is equal to EDF.

But the whole circle ABC is also equal to the whole circle DEF;
therefore the circumference BKC which remains is equal to the cirenunference
ELF.

Thercfore ete. Q. 1. D.
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ProrosiTioN 27

In equal circles angles standing on equal circumferences are equal to one another,
whether they stand at the centres or at the circumferences.

For in equal circles ABC, DEF, on equal circumferences BC, EF, let the
angles BGC, EHF stand at the centres G, H, and the angles BAC, EDF at the
circumferences;

I say that the angle BGC is equal to the angle EHF,

and the angle BAC is equal to the angle EDF.

For, if the angle BGC is unequal to D

the angle EHF,

one of them is greater.
Let the angle BGC be greater: and on
the straight line BG, and at the point
G on it, let the angle BGK be con-
structed equal to theangle FHF [1.23].

Now equal angles stand on equal
circumferences, when they are at the centres; [111. 26]

therefore the circumference BK is equal to the circumference EF.

But EF is equal to BC;
therefore BK is also equal to BC, the less to the greater: which is impossible.

Therefore the angle BGC is not unequal to the angle EHF;

therefore it is equal to it.
And the angle at A is half of the angle BGC,
and the angle at D half of the angle EHF; [111. 20]
therefore the angle at 4 is also equal to the angle at D.
Therefore etc. Q. E. D,

Prorpositiox 28

In equal circles equal straight lines cut off equal circumferences, the greater equal
to the greater and the less to the less.

Let ABC, DEF be equal circles, and in the circles let AB, DE be equal
straight lines cutting off ACB, DFE as greater circumferences and AGB, DHE
as lesser;

I say that the greater circumference ACB is equal to the greater circumfer-
ence DFE, and the less circumference AGB to DHE.

For let the centres K, L of the circles
be taken, and let AK, KB, DL, LE be
joined.

Now, since the circles are equal,

the radii are also equal;

therefore the two sides AK, KB are equal A 5 P £

to the two sides DL, LE; G H
and the base AB is equal to the base DE;
therefore the angle AKB is equal to the angle DLE. [1. 8]
But equal angles stand on equal circumferences, when they are at the cen-
tres; [111. 26]

therefore the circumference AGB is equal to DHE.
And the whole circle A BC is also equal to the whole circle DEF;
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therefore the circumference ACB which remains is also equal to the circum-
ference DFE which remains.
Therefore etec. Q. E. D.
ProrosIitioN 29
In equal circles equal circumferences are subtended by equal straight lines.
Let ABC, DEF be equal circles, and in them let equal circumferences BGC,
EHF be cut off; and let the straight lines BC, EF be joined;
I say that BC is equal to EF.
For let the centres of the circles
be taken, and let them be K, L;
let BK, KC, EL, LF be joined.
Now, since the circumference

. ‘ BGC Exg{ ;qual to the circumfer-
B c E F ence s
v v the angle BKC is also equal to
the angle ELF. [111. 27}
And, since the circles ABC, DEF are equal,
the radii are also equal;
therefore the two sides BK, KC are equal to the two sides EL, LF; and they
contain equal angles;
therefore the base BC is equal to the base EF. (1. 4]
Therefore ete. Q. E. D.

Prorosition 30

To bisect a given circumference.
Let ADB be the given circumference;
thus it is required to bisect the cireumference ADB.
D Let AB be joined and bisected at C; from the

point C let CD be drawn at right angles to the
straight line AB, and let AD, DB be joined.
Then, since AC is equal to CB, and CD is com-

A C B mon.
the two sides AC, CD are equal to the two sides BC, CD;
and the angle ACD is equal to the angle BCD, for each is right;

therefore the base AD is equal to the base DB. [r. 4]
But equal straight lines cut off equal circumferences, the greater equal to the
greater, and the less to the less; [111. 28]

and each of the circumferences AD, DB is less than a semicircle;
therefore the circumference AD is equal to the circumference DB.
Therefore the given circumference has been bisected at the point D.
Q. E. F.

ProrosiTiox 31

In a circle the angle in the semicircle is right, that in a greater segment less than
a right angle, and that in a less segment greater than a right angle; and further the
angle of the greater seqgment 1s greater than a right angle, and the angle of the less
segment less than a right angle.

Let ABCD be a circle, let BC be its diameter, and £ its centre, and let B4,
AC, AD, DC be joined;
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I say that the angle BAC in the semicircle BAC is right,
the angle ABC in the segment A BC greater than the semicircle is less than a
right angle,
and the angle ADC in the segment ADC less than c
the semicirele is greater than a right angle. F D

Let AE be joined, and let BA be carried
through to F.

Then, since BE is equal to EA,
the angle ABE is also equal to the angle BAE.

(1. 5]

Again, since CE is equal to EA,

the angle ACE is also equal to the angle CAE. B
[1. 5]

Therefore the whole angle BAC is equal to the two angles ABC, ACB.

But the angle FAC exterior to the triangle ABC is also equal to the two
angles ABC, ACB; 1. 32]

therefore the angle BAC is also equal to the angle FAC;
therefore each is right; {1. Def. 10]
therefore the angle BAC in the semicircle BAC is right.

Next, since in the triangle A BC the two angles ABC, BAC are less than two
right angles, [1.17]

and the angle BAC is a right angle, '
the angle ABC is less than a right angle;
and it is the angle in the segment ABC greater than the semicircle.

Next, since ABCD is a quadrilateral in a circle,
and the opposite angles of quadrilaterals in circles are equal to two right
angles, [111. 22]

while the angle A BC is less than a right angle,
therefore the angle ADC which remains is greater than a right angle;
and it is the angle in the segment ADC less than the semicircle.

I say further that the angle of the greater segment, namely that contained
by the circumference ABC and the stralght line AC, is greater than a right
angle;
and the angle of the less segment, namely that contained by the circumference
ADC and the straight line AC, is less than a right angle.

This is at once manifest.

For, since the angle contained by the straight lines B4, AC is right,
the angle contamed by the circumference ABC and the stralght line AC is
greater than a right angle.

Again, since the angle contained by the straight lines AC, AF is right,
the angle contained by the straight line CA and the circumference ADC is less
than a right angle.

Therefore ete. Q. E. D.

ProrosiTiOoN 32

If a straight line touch a circle, and from the point of contact there be drawn across,
wn the circle, a straight line culling the circle, the angles which it makes with the
tangent will be equal to the angles in the alternate segments of the circle.

For let a straight line EF touch the circle ABCD at the point B, and from
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the point B let there be drawn across, in the circle A BCD, a straight line BD
cutting it;

I say that theangleswhich BD makes with the tangent £F will be equal to the
angles in the alternate segments of the circle, that is, that the angle FBD is
equal to the angle constructed in the segment BAD, and the angle EBD is

equal to the angle constructed in the segment DCB.
A p For let BA be drawn from B at right angles to
EF,
let a point C be taken at random on the circumfer-
C ence BD,
and let AD, DC, CB be joined.
Then, since a straight line EF touches the circle
ABCD at B,
and BA has been drawn from the point of contact
+ at right angles to the tangent, the centre of the
circle ABCD is on BA. [111. 19]
Therefore BA is a diameter of the circle ABCD;

therefore the angle ADB, being an angle in a semicircle, is right. f111. 31]

Therefore the remaining angles BAD, ABD are equal to one right angle.
(1. 32]

E B

But the angle ABF is also right;
therefore the angle ABF is equal to the angles BAD, ABD.
Let the angle ABD be subtracted from each;
therefore the angle DBF which remains is equal to the angle BAD in the al-
ternate segment of the circle.
Next, since ABCD is a quadrilateral in a circle,
its opposite angles are equal to two right angles. [111. 22]
But the angles DBF, DBE are also equal to two right angles;
therefore the angles DBF, DBE are equal to the angles BAD, BCD,
of which the angle BAD was prov ed equal to the angle DBF;
therefore the angle DBE which remains is equal to the angle DCBin the alter-
nate segment DCB of the circle.
Therefore etc. Q. E.D.

ProrosiTioN 33

On a given straight line o describe a segment of a circle admitting an angle equal
to a given rectilineal angle.
Let AB be the given straight line, and the angle at C the given rectilineal
angle;
thus it is required to describe on the
) A given straight line AB a segment of a
circle admitting an angle equal to the
angle at C.

E 7 The angle at C is then acute, or right,
c G or obtuse.

8 First, let it be acute, and, as in the
first figure, on the straight line AB, and
at the point A, let the angle BAD be
E constructed equal to the angle at C;
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therefore the angle BAD is also acute.

Let AE be drawn at right angles to DA, let AB be bisected at F, let FG be
drawn from the point F at right angles to AB, and let GB be joined.

Then, since AF is equal to FB,

and F@ is common,
the two sides AF, FQ are equal to the two sides BF, FG;
and the angle AF@G is equal to the angle BFG,
therefore the base AG is equal to the base BG. {1. 4]

Therefore the circle described with centre G and distance GA will pass
through B also.

Let it be drawn, and let it be ABE;

let EB be joined.

Now, since AD is drawn from 4, the extremity of the diameter AE, at right

angles to AE,
therefore AD touches the circle ABE. {111. 16, Por.]

Since then a straight line AD touches the circle ABE,
and from the point of contact at A a straight line AB is drawn across in the
circle ABE,
the angle DAB is equal to the angle AEB in the alternate segment of the
circle. fi11. 32]

But the angle DAB is equal to the angle at C;

therefore the angle at C is also equal to the angle AEB.

Therefore on the given straight line AB the segment AEB of a circle has
been described admitting the angle AEB equal to the given angle, the angle
at C.

Next let the angle at C be right; D A
and let 1t be again required to describe
on AB a segment of a circle admit-
ting an angle equal to the right angle
at C. , ¢

Let the angle BAD be constructed E
equal to the right angle at C, as is the
case in the second figure;
let A B be bisected at F, and with centre
F and distance either FA or FB let the 8
circle AEB be described.

Therefore the straight line AD touches the circle ABE, because the angle

at A is right. [111. 16, Por.]
And the angle BAD is equal to the angle in the segment AEB, for the latter
too is itself a right angle, being an angle in a semicircle. (111. 31]

But the angle BAD is also equal to the angle at C.

Therefore the angle AEB is also equal to the angle at C.

Therefore again the segment AEB of a circle has been described on A B ad-
mitting an angle equal to the angle at C.

Next, let the angle at C be obtuse;
and on the straight line A B, and at the point A, let the angle BAD be con-
structed equal to it, as is the case in the third figure;
let AE be drawn at right angles to AD, let AB be again bisected at F, let FG
be drawn at right angles to AB, and let GB be joined.
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Then, since AF is again equal to FB,
and F(@ is common,
A pthe two sides AF, FG are equal to
H the two sides BF, F@,

and the angle AFG is equal to the

angle BFG;
therefore the base AG is equal to
c B G the base BG. [1. 4]
Therefore the circle deseribed
with centre G and distance GA
will pass through B also; let it so

E pass, as AEB.
Now, since AD is drawn at right angles to the diameter AE from its ex-
tremity,

AD touches the circle AEB. {111. 18, Por.]
And AB has been drawn across from the point of contact at A;
therefore the angle BAD is equal to the angle constructed in the alternate seg-
ment A HB of the circle. [111. 32]
But the angle BAD is equal to the angle at C.
Therefore the angle in the segment AHB is also equal to the angle at C.
Therefore on the given straight line AB the segment AHB of a circle has
been described admitting an angle equal to the angle at C. Q. E. F.

ProrosiTION 34

From a given circle to cut off a segment admitting an angle equal to a given rec-
tilineal angle.

Let ABC be the given circle, and the angle at D the given rectilineal angle;
thus it is required to cut off from the circle A BC a segment admitting an angle
equal to the given rectilineal angle, the angle at D.

Let EF be drawn touching A BC at the point B, and on the straight line FB,
and at the point B on it, let the angle FBC be constructed equal to the angle

c at D. [1. 23]
F Then, since a straight line EF
touches the eircle ABC,
and BC has been drawn across from

B the point of contact at B,
o the angle F BCis equal to the angle con-
structed in the alternate segment BAC.
€ A [111. 32]

But the angle FBC is equal to the angle at D;
therefore the angle in the segment BAC is equal to the angle at D.
Therefore from the given circle A BC the segment BAC has been cut off ad-
mitting an angle equal to the given rectilineal angle, the angleat D. q. E. F.

ProrosITION 35

If in a circle two straight lines cut one another, the rectangle contained by the seg-
ments of the one s equal lo the reclangle contained by the segments of the other.

For in the circle ABCD let the two straight lines AC, BD cut one another at
the point E;
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I say that the rectangle contained by AE, EC is equal to the rectangle con-
tained by DE, EB.

If now AC, BD are through the centre, so that E is A
the centre of the circle ABCD,
it is manifest that, AE, EC, DE, EB being equal,

the rectangle contained by AE, EC is also equal to the B E D
rectangle contained by DE, EB. A
Next let AC, DB not be through the centre; let the ¢

centre of ABCD be taken, and let it be F,
from F let FG, FH be drawn perpendlcular to the stralght lines AC, DB, and
let FB, FC, FE be joined.

Then since a straight line GF through the centre
cuts a stra.ight line AC not through the centre at right
angles,

A

[«

it also bisects it; [111. 3]
therefore AG is equal to GC.

Since, then, the straight line AC has been cut into
equal parts at G and into unequal parts at E|,
the rectangle contained by AE, EC together with the
square on EG is equal to the square on GC; [11. 5] B¢

Let the square on GF be added;
therefore the rectangle AE, EC together with the squares on GE, GF is equal
to the squares on CG, GF.

But the square on FFE is equal to the squares on EG, GF, and the square on
FC is equal to the squares on CG, GF; (1. 47]
therefore the rectangle AE, EC together with the square on FE is equal to the
square on FC.

And F(C is equal to FB;
therefore the rectangle AE, EC together with the square on EF is equal to the
square on FB.

For the same reason, also,
the rectangle DE, EB together with the square on FE is equal to the square on
FB.

But the rectangle AE, EC together with the square on FE was also proved
equal to the square on FB;
therefore the rectangle AE, EC together with the square on FE is equal to the
rectangle DE, EB together with the square on FE.

Let the square on FE he subtracted from each;
therefore the rectangle contained by AE, EC Which remains is equal to the rec-
tangle contained by DE, EB.

Therefore ete. Q. E. D.

ProrosiTioN 36

If a point be taken outside a circle and from it there fall on the circle two straight
lines, and if one of them cut the circle and the other touch it, the rectangle contained
by the whole of the straight line which cuts the circle and the straight line intercepted
on it outside between the point and the convex circumference will be equal to the
square on the tangent.

For let a point D be taken outside the circle ABC, and from D let the two
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straight lines DCA, DB fall on the circle ABC; let DCA cut the circle A BC and
let BD touch it;
I say that the rectangle contained by AD, DC is equal to the square

on DB.

Then DCA is either through the centre or not through
A the centre.

First let it be through the centre, and let F be the centre

of the circle ABC; let B be joined;

B therefore the angle FBD is right. {111. 18]
And, since AC has been bisected at F, and CD is added

to it,
b ¢ the rectangle AD, DC together with the square on FC is
equal to the square on FD. [11. 6]

But FC is equal to FB;
therefore the rectangle AD, DC together with the square on FB is equal to the
square on FD.

And the squares on FB, BD are equal to the square on FD; f1. 47]
therefore the rectangle AD, DC together with the square on FB is equal to the
squares on FB, BD.

Let the square on FB be subtracted from each;
therefore the rectangle AD, DC which remains is equal to the square on the
tangent DB.

Again, let DCA not be through the centre of the circle ABC;
let the centre K be taken, and from E, let EF be
drawn perpendicular to AC;
let EB, EC, ED be joined.

Then the angle EBD is right. {111. 18]

And, since a straight line EF through the centre

F cuts a straight line AC not through the centre at
5 B right angles,

>

it also bisects it; (111. 3]
therefore AF is equal to F'C.

Now, since the straight-line AC has been bisected at the point F, and CD is
added to it,
the rectangle contained by AD, DC together with the square on FC is equal to
the square on FD. [11. 6]

Let the square on FE be added to each;
therefore the rectangle AD, DC together with the squares on CF, FE is equal
to the squares on FD, FE.

But the square on EC is equal to the squares on CF, FE, for the angle EFC
is right; [1. 47]

and the square on ED is equal to the squares on DF, FI;

therefore the rectangle A D, DC together with the square on EC is equal to the
square on ID.

And EC is equal to EB;
therefore the rectangle AD, DC together with the square on K18 is equal to the
square on ED.

But the squares on B, BD are cqual to the square on D, for the angle
EBD is right; 1. 47]
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therefore the rectangle AD, DC together with the square on EB is equal to the
squares on EB, BD.
Let the square on EB be subtracted from each;
therefore the rectangle AD, DC which remains is equal to the square on DB,
Therefore etc. Q. E. D.

ProrosiTioN 37

If a point be taken outside a circle and from the point there fall on the circle two
straight lines, if one of them cut the circle, and the other fall on it, and if further the
rectangle contained by the whole of the straight line which cuts the circle and the
straight line intercepted on it outside between the point and the convex circumference
be equal to the square on the straight line which falls on the circle, the straight line
which falls on it will touch the circle.

For let a point D be taken outside the circle ABC; from D let the two
straight lines DCA, DB fall on the circle ABC;

let DCA cut the circle and DB fall on it; and D E
let the rectangle AD, DC be equal to the square
on DB.
I say that DB touches the circle ABC. F
For let DE be drawn touching ABC; let
the centre of the circle ABC be taken, and let B A
it be F; let FE, FB, FD be joined.
Thus the angle FED is right. [ri1. 18]
Now, since DE touches the circle A BC, and DCA cuts it, the rectangle AD,
DC is equal to the square on DE. [111. 36]

But the rectangle AD, DC was also equal to the square on DB;
therefore the square on DE is equal to the square on DB;
therefore DE is equal to DB.
And FE is equal to FB;
therefore the two sides DE, EF are equal to the two sides DB, BF;
and FD is the common base of the triangles;
therefore the angle DEF is equal to the angle DBF. [1. 8]
But the angle DEF is right;
therefore the angle DBF is also right.

And FB produced is a diameter;
and the straight line drawn at right angles to the diameter of a circle, from its
extremity, touches the circle; [111. 16, Por.]

therefore DB touches the circle.
Similarly this can be proved to be the case even if the centre be on AC.
Therefore ete. Q. E. D,



BOOK FOUR

DEFINITIONS

1. A rectilineal figure is said to be inscribed in a rectilineal figure when the
respective angles of the inscribed figure lie on the respective sides of that in
which it is inseribed.

2. Similarly a figure is said to be circumscribed about a figure when the respec-
tive sides of the circumscribed figure pass through the respective angles of
that about which it is circumseribed.

3. A rectilineal figure is said to be inscribed in a circle when each angle of the
inscribed figure lies on the circumference of the circle.

4. A rectilineal figure is said to be circumscribed about a circle, when each side
of the circumscribed figure touches the circumference of the circle.

5. Similarly a circle is said to be inscribed in a figure when the circumference
of the circle touches each side of the figure in which it is inscribed.

6. A circle is said to be circumscribed about a figure when the circumference
of the circle passes through each angle of the figure about which it is circum-
scribed.

7. A straight line is said to be fitted into a circle when its extremities are on
the circumference of the circle.

BOOK 1V. PROPOSITIONS

ProrosiTion 1

Into a given circle to fit a straight line equal to a given straight line which is not
greater than the diameter of the circle.
Let ABC be the given circle, and D the given straight line not greater than
the diameter of the circle;
thus it is required to fit into the circle ABC a straight line equal to the straight.
line D.
A D Let a diameter BC of the circle ABC be
drawn.
Then, if BC is equal to D, that which was
B c enjoined will have been done; for BC has
£ been fitted into the circle 4 BC equal to the
straight line D.
But, if BC is greater than D,
let CE be made equal to D, and with centre
C and distance CE let the circle EAF be described;
let CA be joined.
Then, since the point C is the centre of the circle EAF,

67
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CA is equal to CE.
But CE is equal to D;
therefore D is also equal to CA.
Therefore into the given circle ABC there has been fitted CA equal to the
given straight line D. Q. E.F.

ProrosiTioN 2

In a given circle to inscribe a triangle equiangular with a given triangle.

Let ABC be the given circle, and DEF the given triangle;
thus it is required to inscribe in the circle ABC a triangle equiangular with the
triangle DEF.

Let GH be drawn touching the circle ABC at A4 [111. 16, Por.]; on the straight
line AH, and at the point 4 on it, let the angle HAC be constructed equal to
the angle DEF,
and on the straight line AG, and at
the point A on it, let the angle GAB
be constructed equal to the angle
DFE, fr. 23]

let BC be joined.

Then, since a straight line AH
touches the circle ABC,
and from the point of contact at A the
straight line AC is drawn across in the
circle,
therefore the angle HAC is equal to
the angle A BC in the alternate segment of the circle. [111. 32]

But the angle HAC is equal to the angle DEF,

therefore the angle 4 BC is also equal to the angle DEF.
For the same reason
the angle ACB is also equal to the angle DFE;
therefore the remaining angle BAC is also equal to the remaining angle EDF.
[1. 32]

Therefore in the given circle there has been inscribed a triangle equiangular

with the given triangle. Q. E. F.

ProrosiTioN 3

About a given circle to circumscribe a triangle equiangular with a given friangle.
Let ABC be the given circle, and DEF the given triangle;
thus it is required to circumseribe about the circle A BC a triangle equiangular
with the triangle DEF. M H
Let EF be produced in both F D
directions to the points G, H,
let the centre K of the circle ABC B
be taken [111.1]. and let the straight
line KB be drawn across at ran-
dom; G
on the straight line KB, and atthe L ¢ N
point K on it, let the angle BKA be constructed equal to the angle DEG,
and the angle BKC equal to ths angle DFH; {1. 23]
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and through the points A, B, C let LAM, M BN, NCL be drawn touching the
circle 4 BC. [111. 16, Por.]
Now, since LM, MN, NL touch the circle ABC at the points 4, B, C,
and KA, KB, KC have been joined from the centre K to the points A, B, C,
- therefore the angles at the points A, B, C are right. {x11. 18]
And, since the four angles of the quadrilateral AMBK are equal to four
right angles, inasmuch as AMBK is in fact divisible into two triangles,
and the angles KAM, KBM are right,
therefore the remaining angles AKB, AM B are equal to two right angles.
But the angles DEG, DEF are also equal to two right angles; [1.13]
therefore the angles AKB, AMB are equal to the angles DEG, DEF,
of which the angle AKB is equal to the angle DEG;
therefore the angle AMB which remains is equal to the angle DEF which re-
mains.
Similarly it can be proved that the angle LN Bisalso equal to the angle DFE;
therefore the remaining angle M LN is equal to the angle EDF. [1. 32]
Therefore the triangle LMN is equiangular with the triangle DEF; and it
has been circumscribed about the circle ABC.
Therefore about a given circle there has been circumscribed a triangle equi-
angular with the given triangle. Q. E. F.

ProrosITION 4

In a given triangle to inscribe a circle.
Let ABC be the given triangle;
thus it is required to inscribe a circle in the triangle ABC.
A Let the angles A BC, ACB be bisected by
. the straight lines BD, CD (1. 9], and let
£ A .these meet one another at the point D;
G from D let DE, DF, DG be drawn perpendi-
‘ cular to the straight lines AB, BC, CA.
‘ Now, since the angle ABD is equal to the
angle CBD,
g L i and the rlght angle BED is also equal to the
right angle BFD,
EBD, FBD are two triangles having two angles equal to two angles and one
side equal to one side, namely that subtending one of the equal angles, which is
BD common to the triangles;
therefore they will also have the remaining sides equal to the remaining sides;
[1.26]

therefore DE is equal to DF,
For the same reason
D@ is also equal to DF.

Therefore the three straight lines DE, DF, DG are equal to one another;
therefore the circle described with centre D and distance one of the stmlght
lines DE, DF, DG will pass also through the remaining points, and will touch
the straight lines AB, BC, CA, because the angles at the points E, F, G are
right.

For, if it cuts them, the straight line drawn at right angles to the diameter of
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the circle from its extremity will be found to fall within the circle: which was
proved absurd; {111. 16]
therefore the circle described with centre D and distance one of the straight
lines DE, DF, DG will not cut the straight lines AB, BC, CA;
therefore it will touch them, and will be the circle inscribed in the triangle
ABC. [1v. Def. 5)
Let it be inscribed, as FGE.
Therefore in the given triangle A BC the circle EFG has been inscribed.
Q.E.F.

ProposITION 3

About a given triangle to circumscribe a circle.
Let ABC be the given triangle;
thus it is required to circumscribe a circle about the given triangle ABC.

&

Let the straight lines A B, AC be bisected at the points D, E {1. 10}, and from
the points D, E let DF, EF be drawn at right angles to AB, AC;
they will then meet within the triangle ABC, or on the straight line BC, or
outside BC.
First let them meet within at F, and let FB, FC, FA be joined.
Then, since 4D is equal to DB,
and DF is common and at right angles,
therefore the base AF is equal to the base FB, [1. 4}
Similarly we can prove that
CF is also equal to AF;
so that FB is also equal to FC;
therefore the three straight lines FA, FB, FC are equal to one another.
Therefore the circle described with centre F and distance one of the straight
lines FA, FB, FC will pass also through the remaining points, and the circle
will have been circumscribed about the triangle A BC.
Let it be circumscribed, as A BC.
Next, let DF, EF meet on the straight line BC at F, as is the case in the se-
cond figure; and let AF be joined.
Then, similarly, we shall prove that the point F is the centre of the circle
circumscribed about the triangle A BC.
Again, let DF, EF meet outside the triangle ABC at F, as is the case in the
third figure, and let AF, BF, CF be joined.
Then again, since AD is equal to DB,
and DF is common and at right angles,
therefore the base AF is equal to the base BF. [1. 4]
Similarly we can prove that
CF is also equal to AF,
so that BF is also equal to FC;
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therefore the circle described with centre F and distance one of the straight
lines FA, FB, FC will pass also through the remaining points, and will have
been circumscribed about the triangle ABC.

Therefore about the given triangle a circle has been circumscribed.

Q. E. F.

And it is manifest that, when the centre of the circle falls within the triangle,
the angle BAC, being in a segment greater than the semicircle, is less than a
right angle;
when the centre falls on the straight line BC, the angle BAC, being in a semi-
circle, is right;
and when the centre of the cirele falls outside the triangle, the angle BAC, be-
ing in a segment less than the semicircle, is greater than a right angle. [111. 31]

ProrosiTiON 6

In a given circle to inscribe a square.
Let ABCD be the given circle;
thus it is required to inscribe a square in the circle ABCD.

Let two diameters AC, BD of the circle ABCD be
drawn at right angles to one another, and let AB, BC,
CD, DA be joined.

Then, since BE is equal to ED, for E is the centre,

B< E p and EA is common and at right angles,

A

therefore the base AB is equal to the base AD. [1. 4]
For the same reason
each of the straight lines BC, CD is also equal to each
of the straight lines AB, AD;
therefore the quadrilateral ABCD is equilateral.
I say next that it is also right-angled.
For, since the straight line BD is a diameter of the circle ABCD,
therefore BAD is a semicircle;
therefore the angle BAD is right. [111. 31]
For the same reason
each of the angles ABC, BCD, CDA is also right;
therefore the quadrilateral ABCD is right-angled.
But it was also proved equilateral;
therefore it is a square; {I. Def. 22]
and it has been inscribed in the circle ABCD.
Therefore in the given circle the square A BCD has been inscribed. Q. E. F.

C

ProrosiTION 7

About a given circle to circumscribe a square.
Let ABCD be the given circle;
thus it is required to circumscribe a square about the circle ABCD.

Let two diameters AC, BD of the circle ABCD be drawn at right angles to
one another, and through the points A, B, C, D let #G, GH, HK, KF be drawn
touching the circle ABCD. {111. 16, Por.]

Then, since FG touches the circle ABCD,

and EA has been joined from the centre I to the point of contact at ..

therefore the angles at A are right. (111, 1%]
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For the same reason
the angles at the points B, C, D are also right.

Now, since the angle AEB is right, G A

and the angle EBG is also right,
therefore GH is parallel to AC. [1. 28]
For the same reason e

AC is also parallel to FK, B

so that GH is also parallel to FK. 1. 30]
Similarly we can prove that

each of the straight lines GF, HK is parallel to BED. i
Therefore GK, GC, AK, FB, BK are parallelograms; ¢ K
therefore GF is equal to HK, and GH to FK. [1. 34]
And, since AC is equal to BD,
and AC is also equal to each of the straight lines GH, FK,
while BD is equal to each of the straight lines GF, HK, [1. 34]
therefore the quadrilateral FGHK is equilateral.
1 say next that it is also right-angled.
For, since GBEA is a parallelogram,
and the angle AEB is right,
therefore the angle AGB is also right. [1. 34]
Similarly we can prove that
the angles at H, K, F are also right.
Therefore FGHK is right-angled.
But it was also proved equilateral;
therefore it is a square;
and it has been circumseribed about the circle ABCD.
Therefore about the given circle a square has been circumscribed. Q. E. F.

n

ProposITION 8

In a given square to inscribe a circle.

Let ABCD be the given square;

thus it is required to inscribe a circle in the given square ABCD.

Let the straight lines AD, AB be bisected at the 4 E D
points E, F respectively, {1. 10] '
through E let EH be drawn parallel to either AB or
CD, and through F let FK be drawn parallel to either
AD or BC; [1.31] F

therefore each of the figures AK, KB, AH, HD, AG, \ /

GC, B@G, GD is a parallelogram, and their opposite
sides are evidently equal. [1. 34]
Now, since AD is equal to AB, B H c
and AF is half of AD, and AF half of AB,
therefore AE is equal to AF,
so that the opposite sides are also equal;
therefore F@ is equal to GE.
Similarly we can prove that each of the straight lines GH, GK is equal to
each of the straight lines FG, GE;
therefore the four straight lines GE, GF, GH, GK are equal to one another.
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Therefore the circle described with centre G and distance one of the straight
lines GE, GF, GH, GK will pass also through the remaining points.

And it will touch the straight lines AB, BC, CD, DA, because the angles at
E, F, H, K are right.

For, if the circle cuts AB, BC, CD, DA, the straight line drawn at right an-
gles to the diameter of the circle from its extremity will fall within the circle:
which was proved absurd; [111. 16]
therefore the circle described with centre G and distance one of the straight
lines GE, GF, GH, GK will not cut the straight lines AB, BC, CD, DA.

Therefore it will touch them, and will have been inscribed in the square
ABCD.

Therefore in the given square a circle has been inscribed. Q. E. F.

Prorositiox 9

About a given square to circumscrtbe a circle.
Let ABCD be the given square;
thus it is required to circumscribe a circle about the square A BCD.
For let AC, BD be joined, and let them cut one another at F.
Then, since DA is equal to AB, and AC is common,
A therefore the two sides DA, AC are equal to the two
sides BA, AC;
and the base DC is equal to the base BC;
8 D therefore the angle DAC is equal to the angle BAC.
[1. §]
Therefore the angle DA B is bisected by AC.
Similarly we can prove that each of the angles A BC,
c BCD, CDA is bisected by the straight lines AC, DB.
Now, since the angle DAB is equal to the angle ABC,
and the angle EAB is half the angle DAB,
and the angle EBA half the angle ABC,
therefore the angle EAB is also equal to the angle EBA;
so that the side KA is also equal to EB. {1. 6]
Similarly we can prove that each of the straight lines £4, EB is equal to
each of the straight lines EC, ED.
Therefore the four straight lines EA, EB, EC, ED are equal to one another.
Therefore the circle described with centre F and distance one of the straight
lines FA, EB, EC, ED will pass also through the remaining points;
and it will have been circumscribed about the square A BCD.
Let it be circumscribed, as A BCD.
Therefore about the given square a circle has been circumscribed. Q. E. F.

ProrositIion 10

To construct an isosceles triangle having each of the angles at the base double of the
Temaining one.

Let any straight line A B be set out, and let it be eut at the point (' so that
the rectangle contained by A B, B('is equal to the square on C4 ; {11, 11}
with centre A and distance A B let the civele BDE be desceribed,
and let there be fitted in the circle BDI the straight line BD equal to the straight
line AC which is not greater than the diameter of the circle BDE. f1v. 1]
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Let AD, DC be joined, and let the circle ACD be circumscribed about the

triangle ACD. [xv. 5]
Then, since the rectangle AB, BC is equal to
the square on AC, 8
and AC is equal to BD,
therefore the rectangle AB, BC is equal to the A\

square on BD.

And, since a point B has been taken outside
the circle ACD,
and from B the two straight lines BA, BD have
fallen on the circle ACD, and one of them cuts
it, while the other falls on it,
and the rectangle AB, BC is equal to the square
on BD,

@

therefore BD touches the circle ACD. [111. 37]
Since, then, BD touches it, and DC is drawn across from the point of con-
tact at D,
therefore the angle BDC is equal to the angle DAC in the alternate segment of
the circle. [111. 32]
Since, then, the angle BDC is equal to the angle DAC,
let the angle CDA be added to each;
therefore the whole angle BDA is equal to the two angles CDA, DAC.
But the exterior angle BCD is equal to the angles CDA, DAC; f1. 32]
therefore the angle BDA4 is also equal to the angle BCD.

But the angle BDA is equal to the angle CBD, since the side 4D is also
equal to AB; {1. 5]
s0 that the angle DBA is also equal to the angle BCD.

Therefore the three angles BDA, DBA, BCD are equal to one another.
And, since the angle DBC is equal to the angle BCD,
the side BD is also equal to the side DC. [1. 6]
But BD is by hypothesis equal to CA;
therefore CA is also equal to CD,
so that the angle CDA is also equal to the angle DAC; [1. 5]
therefore the angles CDA, DAC are double of the angle DAC.
But the angle BCD is equal to the angles CDA, DAC;
therefore the angle BCD is also double of the angle CAD.
But the angle BCD is equal to each of the angles BDA, DBA;
therefore each of the angles BDA, DBA is also double of the angle DAB.
Therefore the isosceles triangle A BD has been constructed having each of
the angles at the base DB double of the remaining one. Q. E.F,

ProrosiTioN 11

In a given circle to inscribe an equilateral and equiangular pentagon.

Let ABCDE be the given circle;
thus it is required to inscribe in the circle ABCDE an equilateral and equi-
angular pentagon.

Let the isosceles triangle FGH be set out having each of the angles at G,
double of the angle at F; [rv. 10]
let there be inscribed in the circle A BCDE the triangle ACD equiangular with
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the triangle FGH, so that the angle CAD is equal to the angle at F and the
angles at @, H respectively equal to the angles ACD, CDA; f1v. 2]
therefore each of the angles ACD, CDA is also
A double of the angle CAD.
£ Now let the angles ACD, CDA be bisected
8 £ respectively by the straight lines CE, DB {1. 9],
and let AB, BC, DE, EA be joined.
Then, since each of the angles ACD, CDA is
G H double of the angle CAD,
¢ D and they have been bisected by the straight
lines CE, DB,
therefore the five angles DAC, ACE, ECD, CDB, BDA arc equal to one an-
other.

But equal angles stand on equal circumferences; {111. 26]
thercfore the five circumferences AB, BC, CD, DE, EA are equal to one an-
other.

But equal circumferences are subtended by equal straight lines;  [r11. 29]
therefore the five straight lines AB, BC, CD, DE, EA are equal to one another;
therefore the pentagon ABCDE is equilateral.

I say next that it is also equiangular.

For, since the circumference A B is equal to the circumference DE, let BCD
be added to each;
therefore the whole circumference 4 BCD is equal to the whole circumference
EDCB.

And the angle AED stands on the circumference A BCD, and the angle BAE
on the circumference EDCB;

therefore the angle BAE is also equal to the angle AED. {1 27)

For the same reason
each of the angles ABC, BCD, CDE is also equal to each of the angles BAE,
AED;

therefore the pentagon 4 BCDE is equiangular.

But it was also proved equilateral;
therefore in the given circle an equilateral and equiangular pentagon has been
inscribed. Q. E. F.

ProrosiTioN 12

About a given circle to circumscribe an equilateral and equiangular pentagon.

Let ABCDE be the given circle;
thus it is required to circumscribe an equilateral and equiangular pentagon
about the circle ABCDE.

Let A, B, C, D, E be conceived to be the angular points of the inscribed
pentagon, so that the circumferences AB, BC, CD, DE, EA are equal; [1v. 11]
through A, B, C, D, Elet GH, HK, KL, LM, M@ be drawn touching the circle;

[111. 16, Por.]
let the centre F of the circle ABCDE be taken [111. 1], and let FB, I'K, FC, FL,
FD be joined.

Then, since the straight line KL touches the circle ABCDE at C,

and FC has been joined from the centre F to the point of contact at C,

therefore FC is perpendicular to KL; {r11. 18]
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therefore each of the angles at C is right.
For the same reason
the angles at the points B, D are also right.
And, since the angle FCK is right,
therefore the square on FK is equal to the squares on FC, CK.

For the same reason [1. 47]
the square on FK is also equal to the squares on
FB, BK;
so that the squares on FC, CK are equal to the
squares on F'B, BK,
of which the square on FC is equal to the square on
FB;

therefore the square on CK which remainsis equal
to the square on BK.

Therefore BK is equal to CK.

And, since FB is equal to FC,

and FK common,
the two sides BF, FK are equal to the two sides CF, FK; and the base BK
equal to the base CK;
therefore the angle BFK is equal to the angle KFC, [1. 8]
and the angle BKF to the angle FKC.
Therefore the angle BFC is double of the angle KFC,
and the angle BKC of the angle FKC.
For the same reason
the angle CFD is also double of the angle CFL,
and the angle DLC of the angle FLC.
Now, since the circumference BC is equal to CD,
the angle BFC is also equal to the angle CFD. [111. 27)

And the angle BFC is double of the angle KFC, and the angle DFC of the

angle LFC;
therefore the angle KFC is also equal to the angle LFC.

But the angle FCK is also equal to the angle FCL;
therefore FKC, FLC are two triangles having two angles equal to two angles
and one side equal to one side, namely FC which is common to them;
therefore they will also have the remaining sides equal to the remaining sides,
and the remaining angle to the remaining angle; {1. 26]

therefore the straight line KC is equal to CL,
and the angle FKC to the angle FLC,

And, since KC is equal to CL,

therefore KT is double of KC.
For the same reason it can be proved that
HK is also double of BK.
And BK is equal to KC;
therefore HK is also equal to KL.
Similarly each of the straight lines H@, GM, M L can also be proved equal to
each of the straight lines HK, KL;
therefore the pentagon GHKLM is equilateral.
I say next that it is also equiangular.
Tor, since the angle #KC is equal to the angle FLC,
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and the angle HKL was proved double of the angle FKC,
and the angle KL M double of the angle FLC,
therefore the angle HKL is also equal to the angle KLAM.
Similarly each of the angles KHG, HGM, GML can also be proved equal to
each of the angles HKL, KLM;
therefore the five angles GHK, HKL, KLM, LMG, MGH are equal to one an-
other.
Therefore the pentagon GHKLM is equiangular.
And it was also proved equilateral; and it has been circumscribed about the
circle ABCDE. ‘ Q. E. F.

Prorositiox 13

In a given pentagon, which is equilateral and equiangular, to inscribe a circle.
Let ABCDE be the given equilateral and equiangular pentagon;
thus it is required to inscribe a circle in the pentagon A BCDE.

For let the angles BCD, CDE be bisected by the straight lines CF, DF re-
spectively; and from the point F, at which the straight lines CF, DF meet one
another, let the straight lines B, FA, FE be joined.

Then, since BC is equal to CD, and CF common,
the two sides BC, CF are equal to the two sides
DC, CF;

and the angle BCF is equal to the angle DCF;

therefore the base BF is equal to the base DF,
and the triangle BCF is equal to the triangle DCF,
and the remaining angles will be equal to the re-
maining angles, namely those which the equal sides

subtend. {r. 4]
Therefore the angle CBF is equal to the angle
c K o CDF..

And, since the angle CDF is double of the angle CDF, '
and the angle CDE is equal to the angle ABC,
while the angle CDF is equal to the angle CBF;
therefore the angle CBA is also double of the angle CBF;
thercfore the angle A BF is equal to the angle FBC;
therefore the angle A BC has béen bisected by the straight line BF.

Similarly it can be proved that
the angles BAE, AED have also been bisected by the straight lines FA, FE
respectively.

Now let I'G, FH, FK, FL, FM be drawn from the point F perpendicular to
the straight lines AB, BC, CD, DE, EA.

Then, since the angle HCF is equal to the angle KCF,

and the right angle FHC is also equal to the angle FKC,
FHC, FKC are two triangles having two angles equal to two angles and one
side equal to one side, namely FC which is common to them and subtends one
of the equal angles;
therefore they will also have the remaining sides equal to the remaining sides;
[1. 26]
therefore the perpendicular FII is equal to the perpendicular K.
Similarly it can be proved that
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each of the straight lines FL, FM, FG is also equal to each of the straight lines
FH, FK;
therefore the five straight lines FG, FH, FK, FL, F M are equal to one another.

Therefore the circle described with centre F and distance one of the straight
lines FG, FH, FK, FL, FM will pass also through the remaining points;
and it will touch the straight lines AB, BC, CD, DE, EA, because the angles at
the points G, H, K, L, M are right.

For, if it does not touch them, but cuts them,
it will result that the straight line drawn at right angles to the diameter of the
circle from its extremity falls within the circle: which was proved absurd.

[111. 16]

Therefore the circle described with centre F and distance one of the straight

lines G, FH, FK, FL, FM will not cut the straight lines AB, BC,CD, DE, EA;
therefore it will touch them.

Let it be described, as GHKLM.

Therefore in the given pentagon, which is equilateral and equiangular, a
circle has been inseribed. Q. E. F.

ProrosiTiON 14

About a given pentagon, which is equilateral and equiangular, to circumscribe a
circle.

Let ABCDE be the given pentagon, which is equilateral and equiangular;
thus it is required to circumscribe a circle about the
pentagon ABCDE. A

Let the angles BCD, CDE be bisected by the straight
lines CF, DF respectively, and from the point F, at
which the straight lines meet, let the straight lines B, B8 E
FA, FE be joined to the points B, A, E.

Then in manner similar to the preceding it can be
proved that the angles CBA, BAE, AED have also
been bisected by the straight lines FB, FA, FE respec- c D
tively.

Now, since the angle BCD is equal to the angle CDE,

and the angle FCD is half of the angle BCD,
and the angle CDF half of the angle CDE,
therefore the angle FCD is also equal to the angle CDF,
so that the side FC is also equal to the side FD. f1. 6]

Similarly it can be proved that
each of the straight lines B, FA, FE is also equal to each of the straight lines
FC, FD;
therefore the five straight lines FA, FB, FC, FD, FE are equal to one another.

Therefore the circle described with centre F and distance one of the straight
lines FA, FB, FC, FD, FE will pass also through the remaining points, and
will have been circumscribed.

Let it be circumscribed, and let it be ABCDE.

Therefore about the given pentagon, which is equilateral and equiangular, a
circle has been circumscribed. Q. E. F.
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ProrosiTIiON 15

In a given circle to inscribe an equilateral and equiangular hexagon.
Let ABCDEF be the given circle;
thus it is required to inscribe an equilateral and equiangular hexagon in the
circle ABCDEF.
Let the diameter AD of the circle ABCDEF be drawn;
let the centre G of the circle be taken, and with centre D
and distance DG let the circle EGCH be deseribed;
let EG, CG be joined and carried through to the points
B, F,
and let AB, BC, CD, DE, EF, FA be joined.
I say that the hexagon ABCDEF is equilateral and
equiangular.
For, since the point G is the centre of the circle
ABCDEF,
GE is equal to GD.
Again, since the point D is the centre of the circle
GCH,

DE is equal to DG.
But GE was proved equal to GD;
therefore GE is also equal to ED;
therefore the triangle EGD is equilateral;
and therefore its three angles EGD, GDE, DEG are equal to one another, inas-
much as, in isosceles triangles, the angles at the base are equal to one another.
(1. 3}

And the three angles of the triangle are equal to two right angles; {1.32]

therefore the angle EGD is one-third of two right angles.

Similarly, the angle DGC can also be proved to be one-third of two right
angles.

And, since the straight line CG standing on EB makes the adjacent angles
EGC, CGB equal to two right angles,

therefore the remaining angle CGB is also one-third of two right angles.

Therefore the angles EGD, DGC, CGB are equal to one another;

so that the angles vertical to them, the angles BGA, AGF, FGE are equal.
(1. 13]

Therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE are equal to
one another.

But equal angles stand on equal circumferences; (111. 26)
therefore the six circumferences AB, BC, CD, DE, EF, FA are equal to one
another.

And equal eircumferences are subtended by equal straight lines;  [ir1. 29}

therefore the six straight lines are equal to one another;
therefore the hexagon ABCDEF is equilateral.

I say next that it is also equiangular.

For, since the circumference FA is equal to the circumference ED,

let the circumference A BCD be added to each:
therefore the whole FABCD is equal to the whole EDCBA;
and the angle FED stands on the circumference FABCD,
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and the angle AFE on the circumference EDCBA ;
therefore the angle'AFE is equal to the angle DEF., [111. 27]

Similarly it can be proved that the remaining angles of the hexagon ABCDEF
are also severally equal to each of the angles AFE, FED, L

therefore the hexagon ABCDEF is equlangular.

But it was also proved equilateral;

and it has been inscribed in the circle ABCDEF. .

‘Therefore in the given circle an equilateral and equiangular hexagon has
been inscribed. Q. E. F,

PorisM. From this it is manifest that the side of the hexagon is equal to the
radius of the circle.

And, in like manner as in the case of the pentagon, if through the points of
division on the circle we draw tangents to the circle, there will be circumscribed.
about the ecircle an equllateral and equiangular hexagon in conformlty with
what was explained in the ease of the pentagon.

And further by means similar to those explained in the case of the pentagon
we can both inscribe a circle in a given hexagon and circumscribe one about it.

Q. E. F.

ProrosiTioxN 16

In a given circle to inscribe a fifteen-angled figure which shall be both equilateral
and equiangular.

Let ABCD be the given circle;
thus it is required to inscribe in the circle ABCD a fifteen-angled figure which
shall be both equilateral and equiangular. A

In the circle ABCD let there be in-
scribed a side AC of the equilateral tri-
angle inscribed in it, and a side AB of an
equilateral pentagon;
therefore, of the equal segments of which
there are fifteen in the circle ABCD, there
will be five in the circumference A BC Which £
is one-third of the circle, and there will be
three in the circumference 4B which is

o

one-fifth of the circle; c D
therefore in the remainder BC there will \ %
be two of the equal segments. \c/

Let BC be bisected at E; [111. 30]

therefore each of the circumferences BE, EC is a fifteenth of the circle ABCD.

If therefore we join BE, EC and fit into the circle A BCD straight lines equal
to them and in contlgmty, a fifteen-angled figure which is both equilateral and
equlangular will have been inscribed in it. Q. E. F.

And, in like manner as in the case of the pentagon, if through the points of
division on the circle we draw tangents to the circle, there will be circum-
scribed about the circle a fifteen-angled figure which is equilateral and equi-
angular.

And further, by proofs similar to those in the case of the pentagon, we can
both inscribe a circle in the given fifteen-angled figure and circumscribe one
about it. Q. E. F.
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DEFINITIONS

1. A magnitude is a part of a magnitude, the less of the greater, when it
measures the greater.

2. The greater is a multiple of the less when it is measured by the less.

3. A ratio is a sort of relation in respect of size between two magnitudes of
the same kind.

4. Magnitudes are said to have a ratio to one another which are capable,
when multiplied, of exceeding one another.

5. Magnitudes are said to be in the same ratio, the first to the second and the
third to the fourth, when, if any equimultiples whatever be taken of the first
and third, and any equimultiples whatever of the second and fourth, the for-
mer equimultiples alike exceed, are alike equal to, or alike fall short of, the lat-
ter equimultiples respectively taken in corresponding order.

6. Let magnitudes which have the same ratio be called proportional.

7. When, of the equimultiples, the multiple of the first magnitude exceeds
the multiple of the second, but the multiple of the third does not exceed the
multiple of the fourth, then the first is said to have a greater ratio to the second
than the third has to the fourth.

8. A proportion in three terms is the least possible. _

9. When three magnitudes are proportional, the first is said to have to the
third the duplicate ratio of that which it has to the second.

10. When four magnitudes are <continuously > proportional, the first is
said to have to the fourth the triplicate ratio of that which it has to the second,
and so on continually, whatever be the proportion.

11. The term corresponding magnitudes is used of antecedents in relation to
antecedents, and of consequents in relation to consequents.

12. Alternate ratio means taking the antecedent in relation to the antecedent
and the consequent in relation to the consequent.

13. Inverse ratio means taking the consequent as antecedent in relation to
the antecedent as consequent.

14. Composition of a ratio means taking the antecedent together with the
consequent as one in relation to the consequent by itself.

15. Separation of a ratio means taking the excess by which the antecedent
exceeds the consequent in relation to the consequent by itself.

16. Conversion of a ratio means taking the antecedent in relation to the ex-
cess by which the antecedent exceeds the consequent.

17. A ratio ex aequali arises when, there being several magnitudes and an-
other set equal to them in multitude which taken two and two are in the same
proportion, as the first is to the last among the first magnitudes, so is the first
to the last among the second magnitudes;

81
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Or, in other words, it means taking the extreme terms by virtue of the re-
moval of the intermediate terms.

18. A perturbed proportion arises when, there being three magnitudes and
another set equal to them in multitude, as antecedent is to consequent among
the first magnitudes, so is antecedent to consequent among the second magni-
tudes, while, as the consequent is to a third among the first magnitudes, soisa
third to the antecedent among the second magnitudes.

BOOK V. PROPOSITIONS
ProrosiTion 1

If there be any number of magnitudes whatever which are, respectively, equimul-
tiples of any magnitudes equal in multitude, then, whatever multiple one of the
magnitudes 1s of one, that multiple also will all be of all.

Let any number of magnitudes whatever A B, CD be respectively equimulti-
ples of any magnitudes E, F equal in multitude;

I say that, whatever multiple A B is of E, that multiple will AB, CD also be
of E, F.

For, since A B is the same multiple of E that CD is of F, as many magnitudes
as there are in AB equal to E, so many also are there in CD equal to F.

Let AB be divided into the magnitudes AG, GB equal to E,

and CD into CH, HD equal to F;

then the multitude of the magnitudes AG, GB will be equal to the multitude of
the magnitudes CH, HD.

Now, since AG is equal to E, and CH to F,

therefore AG is equal to E, and AG, CH to E, F.
For the same reason
GBis equal to E, and GB, HD to E, F;

therefore, as many magnitudes as there are in A B equal to E, so many also are
there in AB, CD equal to E, F,
therefore, whatever multiple AB is of E, that multiple will AB, CD also be of
E F.

Therefore etc. Q. E. D.

ProrosiTiox 2

If a first magnitude be the same multiple of a second that a third is of a fourth, and
a fifth also be the same multiple of the second that a sixth is of the fourth, the sum of
the first and fifth will also be the same multiple of the second that the sum of the

third and sixzth s of the fourth. 8 G
Let a first magnitude, AB, be the same A — —
multiple of a second, C, that a third, DE, ¢___
is of a fourth, ¥, and let a fifth, BG, also . E H

be the same multiple of the second, C,
that a sixth, FH, is of the fourth F; F
I say that the sum of the first and fifth, AG, will be the same multiple of the
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second, C, that the sum of the third and sixth, DH, is of the fourth, F.

For, since A B is the same multiple of C that DFE is of F, therefore, as many
magnitudes as there are in AB equal to C, so many also are there in DE equal
to F.

For the same reason also,
as many as there are in BG equal to C, so many are there also in EH equal to F;
therefore, as many as there are in the whole AG equal to C, so many also are
there in the whole DH equal to F.

Therefore, whatever multiple AG is of C, that multiple also is DH of F.

Therefore the sum of the first and fifth, AG, is the same multiple of the sec-
ond, C, that the sum of the third and sixth, DH, is of the fourth, F.

Therefore ete. Q. E. D.

ProposiTION 3

If a first magnitude be the same multiple of a second that a third is of a fourth, and
1if equimultiples be taken of the first and third, then also ex aequali the magnitudes
taken will be equimultiples respectively, the one of the second, and the other of the
ourth.

g Let a first magnitude A be the same multiple of a second B that a third C is

of a fourth D, and let equimultiples EF, GH be taken of A, C;

I say that EF is the same multiple of B that GH is of D.

For, since EF is the same multiple of A that GH is of C, therefore, as many
magnitudes as there are in EF equal to A, so many also are there in GH equal
to C.

Let EF be divided into the magnitudes EK, KF equal to A, and GH into the
magnitudes GL, LH equal to C;
then the multitude of the magnitudes EK, KF will be equal to the multitude
of the magnitudes GL, LH.

A And, since A is the same multiple

B— of B that C is of D,

€ K ~F while EK isequal to 4, and GL to C,
i therefore EK is the same multiple

- of B that GL is of D.

D—— For the same reason

a L H KF is the same multiple of B that

LH is of D.

Since, then, a first magnitude £K is the same multiple of a second B that a
third GL is of a fourth D,
and a fifth KF is also the same multiple of the second B that a sixth LH is of
the fourth D,
therefore the sum of the first and fifth, EF, is also the same multiple of the
second B that the sum of the third and sixth, GH, is of the fourth D. [v.2]
Therefore ete. Q. E. D.

ProrosiTioN 4

If a first magnitude have to a second the same ralio as a third to a fourth, any
equimultiples whatever of the first and third will also have the same ratio to any
equimultiples whatever of the second and fourth respectively, taken in corresponding
order.
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For let a first magnitude A have to a second B the same ratio as a third C to
a fourth D; and let equimultiples E, F be taken of 4, C, and G, H other, chance,
equimultiples of B, D;

I say that, as E is to G, so is F' to H.

For let equimultiples K, L
be taken of E, F, and other,
chance, equimultiples M, N 8——

A

of G, H. f —————
Since E is the same multi- g————sr—no
ple of A that F is of C, K

and equimultiples K, L of E,
F have been taken,
therefore K is the same mul- C——
tiple of A that L is of C. D—
[v. 3]
For the same reason
M is the same multiple of H———
B that N is of D.
And, since, as A is to B,
so is C to D,
and of A, C equimultiples K, L have been taken,
and of B, D other, chance, equimultiples M, N,
therefore, if K is in excess of 3, L also is in excess of N,
if it is equal, equal, and if less, less. fv. Def. 5]
And K, L are equimultiples of E, F,
and M, N other, chance, equimultiples of G, H;
therefore, as E is to (, so is F to H. [v. Def. 5]
Therefore etc. Q. E. D.

PROPOSITION 5

If a magnitude be the same multiple of a magnitude that a part subtracted s of a
part subtracted, the remainder will also be the same multiple of the remainder that

the whole 1s of the whole.

For let the magnitude A B be the same multiple of the magnitude CD that
the part AE subtracted is of the part CF subtracted;

I say that the remainder EB is also the same multiple of the remainder
FD that the whole AB is of the whole CD.

A £ B
G ¢ F D

For, whatever multiple AE is of CF, let EB be made that multiple of CG.
Then, since AE is the same multiple of CF that EB is of GC,
therefore 4 F is the same multiple of CF that AB is of GF. [v.1]
But, by the assumption, AE is the same multiple of CF that AB is of CD.
Therefore AB is the same multiple of each of the magnitudes GF, CD;
therefore GF is equal to CD.
Let CF be subtracted from each;
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therefore the remainder GC is equal to the remainder FD.
And, since AE is the same multiple of CF that KB is of GC,
and GC is equal to DF,
therefore AE is the same multiple of CF that EB is of FD.
- But, by hypothesm,
AE is the same multlple of CF that AB is of CD;
therefore EB is the same multiple of FD that AB is of CD.
_ That is, the remainder EB will be the same multiple of the remainder FD
that the whole AB is of the whole CD.
Therefore etc. : Q. E. D.

ProPOSITION 6

If two magnitudes be equimultiples of two magnitudes, and any magnitudes sub-
tracted from them be equimultiples of the same, the remainders also are either equal
to the same or equimultiples of them.
For let two magnitudes 4B, CD be equimultiples of two magmtudes E F,
and let AG, CH subtracted from them be equlmul-
G B tiples of the same two E, F;
I say that the remainders also, GB, HD, are
either equal to E, F or equimultiples of them.
K ¢ 4 0 For, first, let GB be equal to E;
I say that HD is also equal to F.
For let CK be made equal to F.
Since AG is the same multiple of E that CH is of F,
" while GB is equal to E and KC to F,
therefore AB is the same multiple of E that KH is of F. [v.2]
" But, by hypothesis, AB is the same multiple of E that CD is of F;
therefore KII is the same multiple of F that CD is of F.
Since then each of the magnitudes KH, CD is the same multiple of F,
therefore KH is equal to CD.
Let CH be subtracted from each;
therefore the remainder KC is equal to the remainder HD.
But F is equal to KC;
therefore HD is also equal to F.
Hence, if GB is equal to E, HD is also equal to F.
Slmllarly we can prove that even if GB be a multiple of E, HD is also the
same multiple of F.
Therefore etc. Q. E. D.

ProrosiTiON 7

Equal magnitudes have to the same the same ratio, as also has the same to equal
magnitudes.

Tet A, B be equal magnltudes and C any other, chance, magnitude;

1 say that each of the magnitudes 4, B has the same ratio to C, and C has
the same ratio to each of the magnitudcs 4, B.

For let equimultiples D, E of A, B be taken, and of C another, chance, multi-
ple F.

Then, since D is the same multiple of A that E is of B, while 4 is equal to 5,

therefore D is equal to E.
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But F is another, chance, magnitude.
If therefore D is in excess of F, E is also in excess of F, if equal to it, equal;

and, if less, less. A b
And D, E are equimultiples of 4, B,
while F is another, chance, multiple of C; B—— E
therefore, as A is to C, so is B to C. c . F
[v. Def. 5]

I say next that C also has the same ratio to each of the magnitudes 4, B.
For, with the same construction, we can prove similarly that D is equal to E;
and F is some other magnitude.

If therefore F is in excess of D, it is also in excess of E, if equal, equal; and, if
less, less.

And F is a multiple of C, while D, E are other, chance, equimultiples of 4, B;

therefore, as C is to A, so is C to B. [v. Def. 5]

Therefore ete.

Porism. From this it is manifest that, if any magnitudes are proportional,
they will also be proportional inversely. Q. E. D.

ProrosITION 8

Of unequal magnitudes, the greater has to the same a greater ratio than the less has;
and the same has to the less a greater ratio than it has to the greater.

Let AB, C be unequal magnitudes, and let AB be greater; let D be another,
chance, magnitude;

I say that 4B has to D a greater ratio A E B
than C has to D, and D has to C a greater

ratio than it has to AB. ¢ G H
For, since AB is greater than C,let BE F + +

be made equal to C; K

then the less of the magnitudes AE, EB,if |

multiplied, will sometime be greater than

D. [v.Def.4]
First, let AE be less than EB; M

let AE be multiplied, and let N

F@ be a multiple of it which is greater than D;
then, whatever multiple FG is of AE, let GH be made the same multiple of EB
and K of C;
and let L be taken double of D, M triple of it, and successive multiples in-
creasing by one, until what is taken is a multiple of D and the first that is
greater than K. Let it be taken, and let it be N which is quadruple of D and the
first multiple of it that is greater than K.
Then, since K is less than N first,
therefore K is not less than M.
And, since F@ is the same multiple of AE that GH is of EB,
therefore F@G is the same multiple of AE that FH is of AB. [v. 1]
But IG is the same multiple of AE that K is of C;
therefore FH is the same multiple of AB that K is of C;
therefore FH, K are equimultiples of AB, C.
Again, since GH is the same multiple of EB that K is of C,
and EB is equal to C,
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therefore GH is equal to K.
But K is not less than 3
therefore neither is GH less than M.
And FG is greater than D;
therefore the whole FH is greater than D, M together.

But D, M together are equal to N, inasmuch as M is triple of D, and M, D
together are quadruple of D, while N is also quadruple of D; whence M, D to-
gether are equal to V.

But FH is greater than M, D;

therefore FH is in excess of N,
while K is not in excess of N.

And FH, K are equimultiples of AB, C, while N is another, chance, multiple

of D;
therefore AB has to D a greater ratio than C has to D. [v. Def. 7]

I say next, that D also has to C a greater ratio than D has to 4B.

For, with the same construction, we can prove similarly that N is in excess
of K, while N is not in excess of FH.

And N is a multiple of D,

while FH, K are other, chance, equimultiples of AB, C,
therefore D has to C a greater ratio than D has to AB. [v. Def. 7]
Again, let AE be greater than EB.
Then the less, EB, if multiplied, will sometime be greater than D. [v. Def. 4]
Let it be multiplied, and let GH be a

A E B multiple of EB and greater than D;
¢ and, whatever multiple GH is of EB, let
c _ G # FG be made the same multiple of AE, and
' ? K of C.

Ke——— Then we can prove similarly that FH,
D—— K are equimultiples of AB, C;
e and, similarly, let N be taken a multiple
" . ) . of D but the first that is greater than FG,
N ’ . so that F@ is again not less than M.

’ N N But GH is greater than D;

therefore the whole FH is in excess of D, M, that is, of N.
Now K is not in excess of N, inasmuch as FG also which is greater than GH,
that is, than K, is not in excess of N.
And in the same manner, by following the above argument, we complete the
demonstration.
Therefore ete. Q. E. D.

ProrosiTioN 9

Magnitudes which have the same ratio to the same are equal to one another; and
magnitudes to which the same has the same ratio are equal.
For let each of the magnitudes A, B have the same ratio to C;
I say that 4 is cqual to B.

A— B For, otherwise, each of the magnitudes 4,
c B would not have had the same ratio to C;
but it has; [v. 8]

therefore 4 is equal to B.
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Again, let C have the same ratio to each of the magnitudes 4, B;
I say that A is equal to B.
For, otherwise, C would not have had the same ratio to each of the magni-
tudes 4, B; [v. 8]
but it has; :
therefore A is equal to B.
Therefore ete. Q. E.D.

Provrositiox 10

Of magnitudes which have a ratio to the same, that which has a greater ratio s
greater; and that to which the same has a greater ratio is less.
For let A have to C a greater ratio than B has to C;
I say that A is greater than B.

A B
c

For, if not, A is either equal to B or less.
Now 4 is not equal to B;
for in that case each of the magmtudes A, B would have ha.d the same ratio to
C; [v. 7]
but they have not; '
therefore A is not equal to B.

Nor again is 4 less than B; . :
for in that case A would have had to C a less ratio than B has to C; v. 8]
but it has not;
therefore 4 is not less than B.

But it was proved not to be equal either;
therefore A is greater than B.
Again, let C have to B a greater ratio than C has to 4;
I say that B is less than 4.
For, if not, it is either equal or greater.
Now B is not equal to 4;
for in that case C would have had the same ratio to each of the magnitudes A4,
B; [v.7]
but it has not;
therefore A is not equal to B.
Nor again is B greater than A;
for in that case C would have had to B a less ratio than it has to 4; [v. 8]
but it has not;
therefore B is not greater than A.
But it was proved that it is not equal either;
therefore B is less than A.
Therefore ete. Q.E.D.

Prorosrtiox 11

Ratios which are the same with the same ratio are also the same with one another.
For, as A is to B, so let C be to D,
and, as C is to D, so let E be to F;
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I say that, as A is to B, sois E to F.
For of 4, C, E let equimultiples G, H, K be taken, and of B, D, F other,

A c Em—
B D—r— F—
G—mMm8m —— H K

L M N

chance, equimultiples L, M, N.
Then since, as A is to B, so is C to D,
and of 4, C equimultiples G, H have been taken,
and of B, D other, chance, equimultiples L, M,
therefore, if G is in excess of L, H is also in excess of M,
if equal, equal,
and if less, less.
Again, since, as C is to D, so is E to F,
and of C, F equimultiples H, K have been taken,
and of D, F other, chance, equimultiples M, N,
therefore, if H is in excess of M, K is also in excess of N,
if equal, equal,
and if less, less.
But we saw that, if H was in excess of M, G was also in excess of L; if equal,
equal; and if less, less;
so that, in addition, if G is in excess of L, K is also in excess of N,
if equal, equal,
and if less, less.
And G, K are equimultiples of 4, E,
while L, N are other, chance, equimultiples of B, F;
therefore, as A isto B, sois £ to F.
Therefore ete. Q. E.D.

ProrosiTioN 12

If any number of magnitudes be proportional, as one of the antecedents ts to one
of the consequents, so will all the antecedents be to all the consequents.
Let any number of magnitudes 4, B, C, D, E, F be proportional, so that, as
Aisto B,sois C to D and E to F;
I say that, as A isto B, soare A, C, Eto B, D, F.
For of 4, C, E let equimul-

A B C— tiples G, H, K be taken,
D £ F and of B, D, F other, chance,
e L equimultiples L, M, N.

Then since, as A is to B, so
e M isCto D, and E to F,
Ko Ne— and of 4, C, E equimultiples

G, H, K have been taken,
and of B, D, F other, chance, equimultiples L, 3, N,
therefore, if G is in excess of L, H is also in excess of 4/, and K of N,
if equal, equal,
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and if less, less;
so that, in addition,
if G is in excess of L, then G, H, K are in excess of L, M, N,
if equal, equal,
and if less, less.

Now G and G, H, K are equimultiples of 4 and 4, C, E, since, if any number
of magnitudes whatever are respectively equimultiples of any magnitudes
equal in multitude, whatever multiple one of the magnitudes is of one, that
multiple also will all be of all. [v.1]

For the same reason

Land L, M, N are also equimultiples of B and B, D, F;
therefore, as A isto B, soare 4, C, E to B, D, F.  {v. Def. 5]
Therefore ete. Q. E. D.

ProrosiTion 13

If a first magnitude have to a second the same ratio as a third to a fourth, and the
third have to the fourth a greater ratio than a fifth has to a sixth, the first will also
have to the second a greater ratio than the fifth to the sixth.

For let a first magnitude A have to a second B the same ratio as a third C
has to a fourth D,
and let the third C have to the fourth D a greater ratio than a fifth £ has to a
sixth F;

I say that the first A will also have to the second B a greater ratio than the
fifth E to the sixth 7.

A c M G
8— D—— N———— K

~ T m m

For, since there are some equimultiples of C, E,
and of D, F other, chance, equimultiples, such that the multiple of C is in ex-
cess of the multiple of D,
while the multiple of F is not in excess of the multiple of F,[v. Def. 7]
let them be taken,
and let G, H be equimultiples of C, E,
and K, L other, chance, equimultiples of D, F,
so that G is in excess of K, but H is not in excess of L;
and, whatever multiple G is of C, let M be also that multiple of 4,
and, whatever multiple K is of D, let N be also that multiple of B.
Now, since, as 4 is to B, so is C to D,
and of A, C equimultiples M, G have becen taken,
and of B, D other, chance, equimultiples N, K,
therefore, if M is in excess of N, G is also in excess of K,
if equal, equal,
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and if less, less. [v. Def. 5]
But G is in excess of K
therefore M is also in excess of N.
But H is not in excess of L;
and M, H are equimultiples of 4, E,
and N, L other, chance, equimultiples of B, F;

therefore A has to B a greater ratio than E has to F. [v. Def. 7]

Therefore ete. Q. E. D.

ProrosiTION 14

If a first magnitude have to a second the same ratio as a third has to a fourth, and
the first be greater than the third, the second will also be greater than the fourth; if
equal, equal; and if less, less.
For let a first magnitude 4 have the same ratio to a second B as a third C
has to a fourth D; and let A be greater than C;
I say that B is also greater than D.
For, since A is greater than C,

Aer—m—— C—— and B is another, chance, magnitude,
B——— [+ J— therefore A has to B a greater ratio
than C has to B. [v. 8]

But, as 4 is to B, so is C to D;
therefore C has also to D a greater ratio than C has to B.  [v. 13]

But that to which the same has a greater ratio is less; [v. 10]
therefore D is less than B;
50 that B is greater than D.

Similarly we can prove that, if A be equal to C, B will also be equal to D;

and, if A be less than C, B will also be less than D.
Therefore etc. Q. E. D.

ProrosiTION 15

Parts have the same ratio as the same multiples of them taken in corresponding
order.
For let AB be the same multiple of C that DE is of F;
I say that, as C is to F, sois AB to DE.
For, since AB is the same multiple

A G H 5 c of C that DE is of F, as many magni-

K L ' tudes as there are in AB equal to C,

D+ : —iE F———  so many are there also in DE equal
to F.

Let AB be divided into the magnitudes AG, GH, HB equal to C,
and DE into the magnitudes DK, KL, LE equal to F;

then the multitude of the magnitudes AG, GH, HB will be equal to the multi-
tude of the magnitudes DK, KL, LE.

And, since AG, GH, HB are equal to one another,

and DK, KL, LE are also equal to one another,
therefore, as AG is to DK, so is GH to KL, and HB to LE. [v.7]

Therefore, as one of the antecedents is to one of the consequents, so will all

the antecedents be to all the consequents; [v. 12]
therefore, as AG is to DK, s0 is AB to DE.
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But AQ is equal to C and DK to F;
therefore, as C is to F, so is AB to DE.
Therefore etc. Q. E.D.

ProrosiTioN 16

If four magnitudes be proportional, they will also be proportional alternately.
Let A, B, C, D be four proportional magnitudes,
so that, as 4 is to B, so is C to D;
I say that they will also be so alternately, *hat is, as A is to C, so is B to D.

A— C
B D—

' Gy
Fi — He———

For of A, B let equimultiples E, F be taken,
and of C, D other, chance, equimultiples G, H.
Then, since E is the same multiple of A that F is of B,
and parts have the same ratio as the same multiples of them, [v.15]
therefore, as A isto B, sois E to F.
But as A is to B, so is C to D;

therefore also, as Cis to D, so is E to F. [v.11]
Again, since G, H are equimultiples of C, D,
therefore, as C is to D, so is G to H. v. 15]
But, as Cisto D,sois E to F;
therefore also, as E is to F, so is G to H. [v.11]

But, if four magnitudes be proportional, and the first be greater than the
third,
the second will also be greater than the fourth;
if equal, equal;
and if less, less. [v. 14]
Therefore, if E is in excess of G, F is also in excess of H,
if equal, equal,
and if less, less.
Now E, F are equimultiples of 4, B,
and G, H other, chance, equimultiples of C, D;
therefore, as A is to C, so is B to D. [v. Def. 5]
Therefore ete. Q. E. D.

ProrosiTiOoN 17

If magnitudes be proportional componendo, they will also be proportional sepa-
rando.

Let AB, BE, CD, DF be magnitudes proportional componendo, so that, as
ABis to BE, sois CD to DF;

I say that they will also be proportional separando, that is, as AE is to EB,
sois CF to DF,

For of AE, EB, CF, FD let equimultiples GH, HK, LM, MN be taken,

and of EB, FD other, chance, equimultiples, KO, NP.
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Then, since GH is the same multiple of AE that HK is of EB,

therefore GH is the same multiple of AF that GK isof AB. [v.1]
But GH is the same multiple of AE that LM is of CF;

therefore GK is the same multiple of AB that LM is of CF.

A E B C F D

G H K 0
M N P

Again, since LM is the same multiple of CF that MN is of FD,
therefore LM is the same multiple of CF that LN is of CD.  [v. 1]
But LM was the same multiple of CF that GK is of AB;
therefore GK is the same multiple of AB that LN is of CD.
Therefore GK, LN are equimultiples of AB, CD.
Again, since HK is the same multiple of EB that MN is of FD,
and KO is also the same multiple of EB that NP is of FD,
therefore the sum HO is also the same multiple of EB that MP is of FD.
[v.2]
And, since, as AB is to BE, so is CD to DF,
and of 4B, CD equimultiples GK, LN have been taken,
and of EB, FD equimultiples HO, MP,
therefore, if GK is in excess of HO, LN is also in excess of MP,
if equal, equal,
and if less, less.
Let GH be in excess of KO;
then, if HK be added to each,
GK is also in excess of HO.
But we saw that, if GK was in excess of HO, LN was also in excess of MP;
therefore LN is also in excess of M P,
and, if MN be subtracted from each,
LM is also in excess of NP;
so that, if GH is in excess of KO, LM is also in excess of NP.
Similarly we can prove that,
if GH be equa.l to KO L will also be equal to NP,
and if less, less.
And GH, LM are equimultiples of AE, CF,
while KO, NP are other, chance, equimultiples of EB, FD;
therefore, as AE is to EB, so is CF to FD.
Therefore etc. Q. E. D.

ProrosiTiON 18

1f magnitudes be proportional separando, they will also be proportional compo-
nendo.

Let AE, EB, CF, FD be magnitudes proportional separando, so that, as AF
is to B, so is CF to FD;

I say that they will also be proportional componendo, that is, as AB is to BI,
so is CD to FD.
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For, if CD be not to DF as AB to BE,
then, as AB is to BE, so will CD be either to some magnitude less than DF or

to a greater.
First, let it be in that ratio to a less mag- A E B

A b E
nitude DG. o

Then, since, as AB is to BE, so is CD to ¢ =t )
DG,

they are magnitudes proportional componendo;

s0 that they will also be proportional separando. [v.17]
Therefore, as AE is to EB, so is C@ to GD.
But also, by hypothesis,

as AF is to EB, so is CF to FD.
Therefore also, as CG is to GD, so is CF to FD. [v.11]
But the first CG is greater than the third CF;
therefore the second GD is also greater than the fourth FD. [v.14]
But it is also less: which is impossible.
Therefore, as AB is to BE, so is not CD to a less magnitude than FD.
Similarly we can prove that neither is it in that ratio to a greater;
it is therefore in that ratio to FD itself.

Therefore etc. Q. E.D.

ProrosiTion 19

If, as a whole ts to a whole, so is a part subtracted to a part subtracted, the remainder
will also be to the remainder as whole to whole.

For, as the whole A B is to the whole CD, so let the part AE subtracted be to
the part CF subtracted;

1 say that the remainder E B will also be to the remainder A_E B
FD as the whole AB to the whole CD. C F 0
For since, as AB is to CD, so is AE to CF, -

alternately also, as BA is to AE, so is DC to CF. [v.16]

And, since the magnitudes are proportional componendo, they will also be

proportional separando, [v. 17]

that is, as BE is to EA, so is DF to CF,
and, alternately,
as BE is to DF, so is EA to FC. [v.16]

But, as AE is to CF, so by hypothesis is the whole 4 B to the whole CD.

Therefore also the remainder EB will be to the remainder FD as the whole
AB is to the whole CD. [v.11]

Therefore ete.

[PorisM. From this it is manifest that, if magnitudes be proportional com-
ponendo, they will also be proportional convertendo.] Q. E. D.

Prorosition 20

If there be three magnitudes, and others equal to them in multttude, which taken
two and two are in the same ratio, and if ex aequali the first be greater than the
third, the fourth will also be greater than the sixth; if equal, equal; and, if less, less.
Let there be three magnitudes 4, B, C, and others D, E, F equal to them in
multitude, which taken two and two are in the same ratio, so that,
as A isto B, sois D to E,
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and, as Bisto C,sois E to F;
and let A be greater than C ex aequali;
I say that D will also be greater than F;if A is equal to C, equal; and, if less,
less.
For, since A is greater than C,

A D————— and B is some other magnitude,

8 . E and the greater has to the same a greater
ratio than the less has, [v. 8]

C—— F——

therefore A has to B a greater ratio
than C has to B.
But, as A is to B, sois D to E,
and, as C is to B, inversely, so is F to E;
therefore D has also to E a greater ratio than F has to E.  [v. 13]
But, of magnitudes which have a ratio to the same, that which has a greater
ratio is greater; [v. 10]
therefore D is greater than F.
Similarly we can prove that, if 4 be equal to C, D will also be equal to F;
and if less, less.
Therefore ete. Q. E.D.

ProrosiTioN 21

If there be three magnitudes, and others equal to them in multitude, which taken
two and two together are in the same ratio, and the proportion of them be perturbed,
then, if ex aequali the first magnitude is greater than the third, the fourth will also
be greater than the sixzth; if equal, equal; and if less, less.

Let there be three magnitudes A, B, C, and others D, E, F equal to them in
multitude, which taken two and two are in the same ratio, and let the propor-
tion of them be perturbed, so that,

asdisto B,sois E to F,
and, as Bisto C,s0is D to E,
and let A be greater than C ex aequali;

I say that D will also be greater than F; if 4 is equal to C, equal; and if
less, less.

For, since A 1s greater than C,

2—_ g and B is some other magnitude,
c F therefore A has to B a greater

ratio than C has to B. [v. 8]
But, as A is to B, so is E to F,
and, as C is to B, inversely, so is E to D.
Therefore also E has to F a greater ratio than F has to D. [v. 13]
But that to which the same has a greater ratio is less; [v. 10]
therefore F is less than D;
therefore D is greater than F.
Similarly we can prove that, if 4 be equal to C, D will also be equal to F;
and if less, less.
Therefore etc. Q. E. D.
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ProrosiTioN 22

If there be any number of magnitudes whatever, and others equal to them in multi-
tude, which taken two and two together are in the same ratio, they will also be in
the same ratio ex aequali. '

Let there be any number of magnitudes 4, B, C; and others D, E, F equal to
them in multitude, which taken two and two together are in the same ratio, so
that, : :
as Aisto B,sois D to E, o
and, as Bisto C,’'sois E to F;

I say that they will also be in the same ratlo ex aequali,
<that is, as' 4 is to C, so is D to F>.

For of A, D let'equimultiples G, H be taken, _ _

and of B, E other, chance, equimultiplés K, L;
and, further, of C, F other, chance, equimultiples M, N.

A—— B— C
D E— F
G K M
He——— L—t— N

Then, since, as A isto B, sois D to E,
and of 4, D equimultiples G, H have been taken,
and of B, E other, chance, equimultiples K, L,
therefore, as G is to K, sois’ H to L. . v 4
For the same reason also, .
as KistoM,soisLtoN. .
Since, then, there are three magnitudes G, K, M, and others H LN equal to
them in multitude, which taken two and two together are in the same ratio,
therefore, ex aequals, if G is in excess of M, H is also in excess of N;
if equal, ‘equal; and if less less [v. 20]
And G, H are equimultiples of A, D,
and 3, N other, chance, equimultiples of C F.
Therefore, as 4 is to C, sois D to F. [v. Def. 5]
Therefore etc. Q. E.D.

ProrosiTioN 23

If there be three magnitudes, and others equal to them in mulittude, which taken
two and two together are in the same ratio, and the proportion of them be perturbed,
they will also be in the same ratio ex aequali.

Let there be three magnitudes 4, B, C, and others equal to them in multi-
tude, which, taken two and two together, are in the same proportion, namely
D, E, F; and let the proportion of them be perturbed, so that,

as Aisto B,soisEto F, .
and, as Bisto C,sois D to E;
I say that, as 4 is to C, so is D to F.
Of A, B, D let equimultiples G, H, K be taken,
and of C, E, F other, chance, equimultiples L, M, N.
Then, since &, H are equimultiples of A, B,
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and parts have the same ratio as the same multiples of them, [v. 15]
therefore, as A is to B, so is G to H.
For the same reason also,

Am— - B— c
D E— F——
G + + H—— S E—,
Ke— M ' Ne——t

as Eisto F,sois M to N.
And,as A isto B,sois E to F;

therefore also, as Gis to H, sois M to N. [v.11]
Next, since, as Bisto C, sois D to E,
alternately, also, as Bis to D, sois C to E. [v. 16]

And, since H, K are equimultiples of B, D,
and parts have the same ratio as their equimultiples,

therefore, as B is to D, so is H to K. [v.13]

But, as Bisto D, so is C to E;
therefore also, as H is to K, sois C to E. [v.11]

Again, since L, A are equimultiples of C, E,

therefore, as C' is to E, so is L to M. [v. 13]

But, as Cis to E, so is H to K;;
therefore also, as H is to K, so is L to M, [v.11]
and, alternately, as H is to L, so is K to M. fv.16)

But it was also proved that,
as Gisto H,sois M to N.
Since, then, there are three magnitudes G, H, L, and others equal to them in

multitude K, M, N, which taken two and two together are in the same ratio,

and the proportion of them is perturbed,
therefore, ex aequal?, if G is in excess of L, K is also in excess of N;
if equal, equal; and if less, less. fv.21]
And G, K are equimultiples of A, D,
and L N of C, F.
Therefore, as A isto C, sois D to F.
Therefore etc. Q. E. D.

ProrosiTioN 24

If a first magnitude have to a second the same ratio as a third has to a fourth, and
also a fifth have to the second the same ratio as a sixth to the fourth, the first and fifth
added together will have to the second the same ratio as the third and sizth have to
the fourth.

Let a first magnitude A B have to a second C the same ratio as a third DE
has to a fourth F;
B ¢ and let also a fifth BG have to the second C

the same ratio as a sixth FH has to the
3 Y fourth F';

m O O >

Isay that the first and fifth added together,
AG. will have to the second (' the same ratio

as the third and sixth. DI, has to the fourth F.

For since, as BG is to (', so is EH to F,
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inversely, as C is to BG, so is F to EH.
Since, then, as AB is to C, sois DE to F,
and, as C'is to BG, so is F to EH,
therefore, ex aequali, as AB is to BG, so is DE to EH. [v.22]
And, since the magnitudes are proportional separando, they will also be pro-
portional componendo; [v. 18]
therefore, as AG is to GB, so is DH to HE.
But also, as BGis to C, sois EH to F;
therefore, ex aequali, as AGis to C, sois DH to F. [v.22]
Therefore ete. Q. E. D.

ProrosiTIiON 25

If four magnitudes be proportional, the greatest and the least are greater than the
remaining two.

Let the four magnitudes A B, CD, E, F be proportional so that, as AB is to
CD, so is E to F, and let AB be the greatest of them and F the least;

I say that AB, F are greater than CD, E. G B

For let AG be made equal to E, and CH equal to A ¢
F. E

Since, as ABisto CD,sois E to F, c

and E is equal to AG, and F to CH,
therefore, as AB is to CD, so is AG to CH. F—

And since, as the whole A B is to the whole CD, so is the part AG subtracted
to the part CH subtracted,
the remainder GB will also be to the remainder HD as the whole AB is to the
whole CD. [v. 19]

But 4B is greater than CD;

therefore GB isalso greater than HD.
And, since AG is equal to E, and CH to F,
therefore AG, F are equal to CH, E.

And if, GB, HD being unequal, and GB greater, AG, F be added to GB and

CH, E be added to HD,
it follows that AB, F are greater than CD, E.
Therefore etc. Q. E. D.




BOOK SIX

DEFINITIONS

1. Simalar rectilineal figures are such as have their angles severally equal and
the sides about the equal angles proportional.

2. A straight line is said to have been cut in extreme and mean ratio when, as
the whole line is to the greater segment, so is the greater to the less.

3. The height of any figure is the perpendicular drawn from the vertex to the
base.

BOOK VI. PROPOSITIONS

ProprosiTIiON 1

Triangles and parallelograms which are under the same height are to one another
as their bases.
Let ABC, ACD be triangles and EC, CF parallelograms under the same
height;
I say that, as the base BC is to the base CD, so is the triangle ABC to the
triangle ACD, and the parallelogram EC to the parallelogram CF.
For let BD be produced in both di-
E__A 3 rections to the points H, L and let [any
number of straight lines] BG, GH be
made equal to the base BC, and any
number of straight lines DK, KL equal
to the base CD;
let AG, AH, AK, AL be joined.
¢ B8 ¢ ) K L Then, since CB, BG, GH are equal to
one another,
the triangles ABC, AGB, AHG are also equal to one another. [1. 38]
Therefore, whatever multiple the base HC is of the base BC, that multiple
also is the triangle AHC of the triangle ABC.
For the same reason,
whatever multiple the base LC is of the base CD, that multiple also is the tri-
angle ALC of the triangle ACD;
and, if the base HC is equal to the base CL, the triangle AHC is also equal to
the triangle ACL, [1. 38]
if the base HC is in excess of the base CL, the triangle AHC is also in excess of
the triangle ACL,

and, if less, less.
Thus, there being four magnitudes, two bases BC, CD and two triangles
ABC, ACD,
99
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equimultiples have been taken of the base BC and the triangle A BC, namely
the base HC and the triangle AHC,
and of the base CD and the triangle A DC other, chance, equimultiples, namely
the base LC and the triangle ALC;
and it has been proved that,
if the base HC is in excess of the base CL, the triangle AHC is also in excess of
the triangle ALC;
if equal, equal; and, if less, less.

Thercfore, as the base BC is to the base CD, so is the triangle ABC to the
triangle ACD. [v. Def. 5]

Next, since the parallelogram EC is double of the triangle ABC, fr. 41]

and the parallelogram FC is double of the triangle ACD,
while parts have the same ratio as the same multiples of them, {v. 15]

therefore, as the triangle ABC is to the triangle ACD, so is the parallelogram
EC to the parallelogram FC.

Since, then, it was proved that, as the base BC is to CD, so is the triangle
ABC to the tnangle ACD,
and, as the triangle ABC is to the triangle ACD, so is the parallelogram EC to
the parallelovram CF,
therefore also, as the base BC is to the base CD, so is the parallelogram EC to
the parallelogram FC. fv.11]

Therefore etc. Q. E. D.

ProrosiTiON 2

If a straight line be drawn parallel to one of the sides of a triangle, it will cut the
sides of the triangle proportionally; and, if the sides of the triangle be cut propor-
tionally, the line joining the points of section will be parallel to the remaining side
of the triangle.
For let DE be drawn parallel to BC, one of the sides of the triangle ABC;
I say that, as BD is to DA, so is CE to EA.

For let BE, CD be joined. A
Therefore the triangle BDE is equal to the triangle

CDE;

for they are on the same base DE and in the same paral-

lels DE, BC. fr.38) D 3
And the triangle ADFE is another area. ¢
But equals have the same ratio to the same; [v. 7] B

therefore, as the triangle BDE is to the triangle ADFE, so is the triangle CDE to
the triangle ADE.

But, as the triangle BDE is to ADE, so is BD to DA;
for, being under the same height, the perpendicular drawn from £ to AB, they
are to one another as their bases. [vI. 1]

For the same reason also,

as the triangle CDE is to ADE, so is CE to EA.

Therefore also, as BD is to DA, so is CE to EA. [v.11]

Again, let the sides AB, AC of the triangle A BC be cut proportionally, so
that, as BD is to DA, so is CE to EA; and let DE be joined.

I say that DFE is psaraliel to BC.



ELEMENTS VI 101

For, with the same construction,
since, as BD is to DA, so is CE to EA,
but, as BD is to DA, so is the trlangle BDE to the tnangle ADE,
and, as CE is to EA, so is the triangle CDE to the triangle ADE, [vi1. 1]
therefore also,
as the triangle BDE is to the triangle ADE, so is the triangle CDE to the tri-

angle ADE. [v.11]
Therefore each of the trlangles BDE, CDE has the same ratio to ADE.
Therefore the triangle BDE is equal to the triangle CDL; [v. 9]

and they are on the same base DE.
But equal triangles which are on the same base are also in the same parallels.
[1.39]
Therefore DE is parallel to BC.
Therefore ete. . ' v Q. E. D.

ProrosiTioN 3

If an angle of a triangle be bisected and the straight line cutting the angle cut the
base also, the segments of the base will have the same ratio as the remaining sides
of the triangle; and, if the segments of the base have the same ratio as the remaining
stdes of the triangle; the straight line joined from the vertex to the point of section
will bisect the angle of the triangle.
Let ABC be a tnangle and let the angle BAC be bisected by the straight
line AD;
I say that, as BDisto CD,sois BA to AC.
E For let CE be drawn through C parallel to
DA, and let BA be carried through and meet
A it at E.
Then, since the straight line AC falls upon
the parallels AD, EC, '
the angle ACE is equal to the angle CAD.
: (1. 29]
B D C But the angle CAD is by hypothesis equal
to the angle BAD;
therefore the angle BAD is also equal to the angle ACE.
Again, since the straight line BAE falls upon the parallels AD, EC,
the exterior angle BAD is equal to the interior angle AEC. [1.29]
But the angle ACE was also proved equal to the angle BAD;
therefore the angle ACE is also equal to the angle AEC,
so that the side AF is also equal to the side AC. [1. 6]
And, since AD has been drawn parallel to EC, one of the sides of the triangle
BCE,

therefore, proportionally, as BD is to DC, so is BA to AE.
But AF is equal to AC; [v1. 2]
therefore, as BD is to DC, so is BA to AC.

Again, let BA be to AC as BD to DC, and let AD be joined;

I suy that the angle BAC has been bisected by the straight line AD.

For, with the same construction,

since, as BD 1s to DC, so is BA to AC,

and also, as BD is to DC, so is BA to AE: for AD has been drawn parallel to
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EC, one of the sides of the triangle BCE: [v1. 2]
therefore also, as BA is to AC, so is BA to AE. fv.11]

Therefore AC is equal to AE, [v.9]
so that the angle AEC is also equal to the angle ACE. [1. 5]

But the angle AEC is equal to the exterior angle BAD, [1. 29]
and the angle ACE is equal to the alternate angle CAD; [ed.]

therefore the angle BAD is also equal to the angle CAD.
Therefore the angle BAC has been bisected by the straight line AD.
Therefore etc. Q. E. D.

ProrosiTioN 4

In equiangular triangles the sides about the equal angles are proportional, and
those are corresponding sides which subtend the equal angles.

Let ABC, DCE be equiangular triangles having the angle A BC equal to the
angle DCE, the angle BAC to the angle CDE,
and further the angle ACB to the angle CED; F

I say that in the triangles ABC, DCE the
sides about the equal angles are proportional, A
and those are corresponding sides which
subtend the equal angles. b

For let BC be placed in a straight line
with CE.

Then, since the angles ABC, ACB areless § < t
than two right angles, [1.17]

and the angle ACB is equal to the angle DEC,
therefore the angles ABC, DEC are less than two right angles;
therefore BA, ED, when produced, will meet. [1. Post. 5]
Let them be produced and meet at F.
Now, since the angle DCE is equal to the angle ABC,

- BF is parallel to CD. [1. 28]
Again, since the angle ACB is equal to the angle DEC,
AC is parallel to FE. [1. 28]
Therefore FACD is a parallelogram;
therefore FA is equal to DC, and AC to FD. {1.34]
And, since AC has been drawn parallel to FE, one side of the triangle FBE,
therefore, as BA is to AF, so is BC to CE. [v1. 2]

But AF is equal to CD;
therefore, as BA is to CD, so is BC to CE,

and alternately, as AB is to BC, so is DC to CE. [v. 16]
Again, since CD is parallel to BF,
therefore, as BC is to CE, so is #D to DE. [v1. 2]

But FD is equal to AC;
therefore, as BC is to CE, so is AC to DE,
and alternately, as BC is to CA, so is CE to ED. [v.16]
Since, then, it was proved that,
as AB is to BC, so is DC to CE,
and, as BCisto CA, sois CE to ED;
therefore, ex aequali, as B4 is to AC, so is CD to DE. fv.22)
Therefore ete. Q. E. D.
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ProrosiTioxN 5

If two triangles have their sides proportional, the triangles will be equiangular and
will have those angles equal which the corresponding sides subtend.

Let ABC, DEF be two triangles having their sides proportional, so that,

as AB is to BC, so is DE to EF,
as BC is to CA, so is EF to FD,
and further, as BA is to AC, so is ED to DF;

I say that the triangle A BC is equiangular with the triangle DEF, and they
will have those angles equal which the corresponding sides subtend, namely
the angle ABC to the angle DEF, the angle BCA to the angle EFD, and fur-
ther the angle BAC to the angle EDF.

For on the straight line EF, and at the points E, F on it, let there be con-
structed the angle FE@ equal to the angle ABC, and the angle EFG equal to
the angle ACB; [1. 23]
therefore the remaining angle at A is equal to the remaining angle at G. [1. 32]

Therefore the triangle ABC is equiangular with the triangle GEF.

Therefore in the triangles ABC,

A D GEF the sides about the equal

angles are proportional, and those
are corresponding sides which sub-

3 tend the equal angles; [v1. 4]
5 therefore, as AB is to BC, so is GE
c to EF.
B But, as AB is to BC, so by hypo-
thesis is DE to EF;
therefore, as DE is to EF, so is GE to EF. [v.11]
Therefore each of the straight lines DE, GE has the same ratio to EF;
therefore DE is equal to GE. [v. 9]

For the same reason
DF is also equal to GF.
Since then DE is equal to EG,
and EF is common,
the two sides DE, EF are equal to the two sides GE, EF;
and the base DF is equal to the base FG,
therefore the angle DEF is equal to the angle GEF, [1. 8]
and the triangle DEF is equal to the triangle GEF,
and the remaining angles are equal to the remaining angles, namely those
which the equal sides subtend. {1. 4]
Therefore the angle DFE is also equal to the angle GFE,
and the angle EDF to the angle EGF.
And, since the angle FED is equal to the angle GEF,
while the angle GEF is equal to the angle ABC,
therefore the angle ABC is also equal to the angle DEF.
For the same reason
the angle ACB is also equal to the angle DFE,
and further, the angle at 4 to the angle at D;
therefore the triangle 4 BC is equiangular with the triangle DEF.
Therefore etc. Q. E.D.
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ProrosiTioN 6

If two triangles have one angle equal to one angle and the sides about the equal angles
proportional, the triangles will be equiangular and will have those angles equal
which the corresponding sides subtend.

Let ABC, DEF be two triangles having one angle BAC equal to one angle
EDF and the sides about the equal angles proportional, so that,

as BA is to AC, so is ED to DF;

I say that the triangle A BC is equiangular with the triangle DEF, and will
have the angle A BC equal to the angle DEF, and the angle ACB to the angle
DFE.

For on the straight line DF, and at the points D, F on it, let there be con-
structed the angle FDG equal to either of the angles BAC, EDF, and the angle
DF(@ equal to the angle ACB; [1. 23]
therefore the remaining angle at B is equal to the remaining angle at G. [1. 32]

Therefore the triangle A BC is equiangular with the triangle DGF.

Therefore, proportionally, as BA is to AC, so is GD to DF. [vi. 4]

But, by hypothesis, as BA is to AC, so also is ED to DF;
therefore also, as ED is to DF, so is
GD to DF, [v.11] D

Therefore ED is equal to DG; {v. 9]

and DF is common;
therefore the two sides ED, DF are
equal to the two sides GD, DF; and
the angle EDF is equal to the angle F
GDF; : B c
therefore the base EF is equal to the base GF,
and the triangle DEF is equal to the triangle DGF,
and the remaining angles will be equal to the remaining angles, namely those
which the equal sides subtend. {1. 4]
Therefore the angle DFG is equal to the angle DFE,
and the angle DGF to the angle DEF.
But the angle DFG is equal to the angle ACB;
therefore the angle ACB is also equal to the angle DFE.
And, by hypothesis, the angle BAC is also equal to the angle EDF;
therefore the remaining angle at B is also equal to the remaining angle at E;
[1. 32]
‘therefore the triangle A BC is equiangular Wlth the triangle DEF.
Therefore etc. Q. E.D.

ProrosiTION 7

If two triangles have one angle equal to one angle, the szdes about other angles
proportional, and the remaining angles either both less or both not less than a right
angle, the triangles will be equiangular and will have those angles equal, the sides
about which are proportional.

Let ABC, DEF be two triangles having one angle equal to one angle, the
angle BAC to the angle EDF, the sides about other angles ABC, DEF pro-
pomonal so that, as AB is to BC, so is DE to EF, and, first, each of the re-
maining angles at C, F less than a right angle;
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1 say that the triangle A BC is equiangular with the triangle DEF, the angle
ABC will be equal to the angle DEF, and the remaining angle, namely the
angle at C, equal to the remaining angle, the
angle at F.

For, if the angle ABC is unequal to the
angle DEF, one of them is greater.

Let the angle ABC be greater;

E ¢ and on the straight line AB, and at the point

B on it, let the angle ABG be constructed
equal to the angle DEF., (1. 23]
c Then, since the angle 4 is equal to D,
and the angle ABG to the angle DEF,
therefore the remaining angle AGB is equal to the remaining angle DFE. [1. 32]

Therefore the triangle 4 BG is equiangular with the triangle DEF.

Therefore, as AB is to BG, so is DE to EF. [v1. 4]

But, as DE is to EF, so by hypothesis is AB to BC;
therefore A B has the same ratio to each of the straight lines BC, BG; ([v. 11]

therefore BC is equal to BG, [v.9]
so that the angle at C is also equal to the angle BGC. [1. 5]
But, by hypothesis, the angle at C is less than a right angle;
therefore the angle BGC is also less than a right angle;
so that the angle AGB adjacent to it is greater than a right angle. [1. 13]
And it was proved equal to the angle at F;
therefore the angle at F is also greater than a right angle.
But it is by hypothesis less than a right angle: which is absurd.
Therefore the angle ABC is not unequal to the angle DEF;
_ therefore it is equal to it.

But the angle at A is also equal to the angle at D;
therefore the remaining angle at C is equal to the remaining angle at F. [1. 32]

Therefore the triangle A BC is equiangular with the triangle DEF.

But, again, let each of the angles at C, F be supposed not less than a right

A angle;
I say again that, in this case too, the triangle
D ABC is equiangular with the triangle DEF.
For, with the same construction, we can prove
similarly that

A D

B G

BC is equal to BG;
L E so that the angle at C is also equal to the angle
BGC. (1. 5]
But the angle at C is not less than a right angle;
therefore neither is the angle BGC less than a right angle.

Thus in the triangle BGC the two angles are not less than two right angles:
which is impossible. {1.17]
Therefore, once more, the angle A BC is not unequal to the angle DEF;
therefore it is equal to it.

But the angle at 4 is also equal to the angle at D;

therefore the remaining angle at C is equal to the remaining angle at F.  [1. 32]
Therefore the triangle A BC is equiangular with the triangle DEF.
Therefore etc. Q. E. D.
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ProrositTioN 8

If in a right-angled triangle a perpendicular be drawn from the right angle to the
base, the triangles adjoining the perpendicular are similar both to the whole and to
one another.

Let ABC be a right-angled triangle having the angle BAC right, and let AD
be drawn from A perpendicular to BC;

I say that each of the triangles ABD, ADC is similar to the whole ABC
and, further, they are similar to one another.

For, since the angle BAC is equal to the angle ADB, for each is right,
and the angle at B is common to the two triangles
ABC and ABD,
therefore the remaining angle ACB is equal to the
remaining angle BAD; {1.32]
therefore the triangle ABC is equiangular with
the triangle ABD.

Therefore, as BC which subtends the right
angle in the triangle ABC is to BA which sub- B
tends the right angle in the triangle ABD, so is
AB itself which subtends the angle at C in the triangle ABC to BD which
subtends the equal angle BAD in the triangle ABD, and so also is AC to AD
which subtends the angle at B common to the two triangles. [vI. 4]

Therefore the triangle ABC is both equiangular to the triangle ABD and
has the sides about the equal angles proportional.

Therefore the triangle 4 BC is similar to the triangle ABD. [v1. Def. 1]

Similarly we can prove that

the triangle ABC is also similar to the triangle ADC;

therefore each of the triangles A BD, ADC is similar to the whole ABC.

I say next that the triangles ABD, ADC are also similar to one another.

For, since the right angle BDA is equal to the right angle ADC,

and moreover the angle BAD was also proved equal to the angle at C,
therefore the remaining angle at B is also equal to the remaining angle DAC;
[1.32]
therefore the triangle ABD is equiangular with the triangle ADC.

Therefore, as BD which subtends the angle BAD in the triangle ABD is to
DA which subtends the angle at C in the triangle A DC equal to the angle BAD,
so is AD itself which subtends the angle at B in the triangle ABD to DC which
subtends the angle DAC in the triangle ADC equal to the angle at B, and so
also is BA to AC, these sides subtending the right angles; [vI1. 4]

therefore the triangle ABD is similar to the triangle ADC. [vi1. Def. 1]

Therefore ete.

Porism. From this it is clear that, if in a right-angled triangle a perpendic-
ular be drawn from the right angle to the base, the straight line so drawnisa
mean proportional between the segments of the base. Q. E. D.

ProrosiTioN 9

From a given straight line to cut off a prescribed part.
Let AB be the given straight line;
thus it is required to cut off from A B a prescribed part.
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Let the third part be that prescribed.
Let a straight line AC be drawn through from 4 containing with A B any
angle;
let a point D be taken at random on AC, and let

DE, EC be made equal to AD. [1.3]

¢ Let BC be joined, and through D let DF be drawn

E parallel to it. (1. 31]

D Then, since FD has been drawn parallel to BC,
one of the sides of the triangle ABC,

A F B therefore, proportionally, as CD is to DA, so is BF

to FA. [vi. 2]

But CD is double of DA ;
therefore BF is also double of F4;
therefore BA is triple of AF.
Therefore from the given straight line A B the prescribed third part AF has
been cut off. Q. E. F.

ProrosiTioN 10

To cut a given uncut straight line similarly to a given cut straight line.
Let AB be the given uncut straight line, and AC the straight line cut at the
points D, E; and let them be so placed as to con-

€ tain any angle;
€ let CB be joined, and through D, E let DF, EG
be drawn parallel to BC, and through D let
DHK be drawn parallel to AB. [1. 31]
) H K Therefore each of the figures FH, HB is a
ﬂ l / parallelogram;
i 3 G g therefore DH is equal to FG and HK to G][E?. :
1. 34

Now, since the straight line HE has been drawn parallel to KC, one of the
sides of the triangle DKC,
therefore, proportionally, as CE is to ED, sois KH to HD. [v1.2]
But KH is equal to BG, and HD to GF;
therefore, as CE is to ED, so is BG to GF.
Again, since FD has been drawn parallel to GE, one of the sides of the tri-
angle AGE,
therefore, proportionally, as ED is to DA, so is GF to FA.  [v1.2]
But it was also proved that,
as CF is to ED, so is BG to GF;
therefore, as CE is to ED, so is BG to GF,
and, as ED is to DA, so is GF to FA.
Therefore the given uncut straight line AB has been cut similarly to the
given cut straight line AC. Q. E. F.

Prorosition 11

To two given straight lines to find a third proportional.
Let BA, AC be the two given straight lines, and let them be placed so as to
contain any angle;
thus it is required to find a third proportional to BA, AC.
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For let them be produced to the points D, E, and let BD be made equal to

AC; [1.3]
let BC be joined, and through D let DE be drawn par-
allel to it. (1. 31]

Since, then, BC has been drawn parallel to DE, one
of the sides of the triangle A DE, proportionally, as AB
is to BD, sois AC to CE. [vI. 2]

But BD is equal to AC;

therefore, as AB is to AC, so is AC to CE.

Therefore to two given straight lines AB, AC a third

proportional to them, CE, has been found. q. E. F.

ProrosiTioN 12

To three given straight lines to find a fourth proportional.
Let A, B, C be the three given straight lines;
thus it is required to find a fourth proportional to 4, B, C.

E

w

D H F

Let two straight lines DE, DF be set out containing any angle EDF;
let D@ be made equal to 4, GE equal to B, and further DH equal to C;
let GH be joined, and let EF be drawn through E parallel to it. [1. 31]
Since, then, GH has been drawn parallel to EF, one of the sides of the tri-
angle DEF,
therefore, as D@ is to GE, so is DH to HF. [vi. 2]
But DG is equal to A, GE to B, and DH to C;
therefore, as A is to B, so is C to HF.
Therefore to the three given straight lines 4, B, C a fourth proportional HF
has been found. Q. E. F.

Prorosrrion 13

To two given straight lines to find @ mean proportional.

Let AB, BC be the two given straight lines;
thus it is required to find a mean proportional to 4 B, D
BC. .
Let them be placed in a straight line, and let the
semicircle ADC be described on AC;

let BD be drawn from the point B at right angles to h 5 ¢
the straight line AC, and let AD, DC be joined.
Since the angle ADC is an angle in a semicircle, it is right. [x11. 31]

And, since, in the right-angled triangle ADC, DB has been drawn from the
tight angle perpendicular to the base,
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therefore DB is a mean proportional between the segments of the base, 4B,

BC. [vi. 8, Por.]
Therefore to the two given straight lines AB, BC a mean proportional DB
has been found. Q. E. F.

ProrposiTiON 14

In equal and equiangular parallelograms the sides about the equal angles are re-
ciprocally proportional; and equiangular parallelograms in which the sides about
the equal angles are reciprocally proportional are equal.
Let AB, BC be equal and equiangular parallelograms having the angles at
B equal, and let DB, BE be placed in a straight line;
therefore FB, BG are also in a straight line.

7 [1. 14]
/ / / 1 say that, in AB, BC, the sides about the
74 5 ¢ equal angles are reciprocally proportional, that
/ is to say, that, as DB is to BE, so is GB to
BF.
For let the parallelogram FE be completed.
Since, then, the parallelogram AB is equal
A D to the parallelogram BC,
and FE is another area,
therefore, as AB is to FE, so is BC to FE. v.7]
But, as ABis to FE, so is DB to BE, [v1. 1]
and, as BC is to FE, so is GB to BF. [id.]
therefore also, as DB is to BE, so0 is GB to BF. (v.11]

Therefore in the parallelograms 4 B, BC the sides about the equal angles are
reciprocally proportional.
Next, let GB be to BF as DB to BE;
I say that the parallelogram A B is equal to the parallelogram BC.
For since, as DB is to BE, so is GB to BF,
while, as DB is to BE, so is the parallelogram 4B to the parallelogram FE,
[vi. 1]
and, as GB is to BF, so is the parallelogram BC to the parallelogram FE, [v1. 1]
therefore also, as AB is to FE, so is BC to FE; [v.11]
therefore the parallelogram A B is equal to the parallelogram BC. [v. 9]
Therefore ete. Q. E. D.

ProrosiTioN 13

In equal triangles which have one angle equal to one angle the sides about the equal
angles are reciprocally proportional; and those triangles which have one angle equal
to one angle, and in which the sides about the equal angles are reciprocally propor-
tional, are equal.

Let ABC, ADE be equal triangles having one angle equal to one angle,
namely the angle BAC to the angle DAE;

I say that in the triangles A BC, ADE the sides about the equal angles are
reciprocally proportional, that is to say, that,

as CA isto AD, sois EA to AB.
For let them he placed so that CA is in a straight line with A D;
therefore £4 is also in a straight line with AB. [1. 14]
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Let BD be joined.
Since, then, the triangle A BC is equal to the triangle ADE, and BAD is an-
other area,
therefore, as the triangle CA B is to the triangle BAD, so is B
the triangle EAD to the triangle BAD. [v. 7] D
But, as CAB is to BAD, so is CA to AD, (vi. 1]
and, as EAD is to BAD, so is EA to AB. [Zd.]
Therefore also, as CA is to AD, so is EA to AB. [v. 11] A
Therefore in the triangles ABC, ADE the sides about
the equal angles are reciprocally proportional.
Next, let the sides of the triangles ABC, ADE be recip- ©
rocally proportional, that is to say, let EA be to AB as
CA to AD; E
I say that the triangle ABC is equal to the triangle ADE.
For, if BD be again joined,
since, as C4 is to AD, so is EA to AB,
while, as CA is to AD, so is the triangle ABC to the triangle BAD,
and, as E4 is to AB, so is the triangle EAD to the triangle BAD, [v1. 1]
therefore, as the triangle A BC is to the triangle BAD, so is the triangle EAD

to the triangle BAD. [v. 11}
Therefore each of the triangles ABC, EAD has the same ratio to BAD.
Therefore the triangle A BC is equal to the triangle EAD. [v. 9]
Therefore ete. Q. E. D.

ProrosiTIiON 16

If four straight lines be proportional, the rectangle contained by the extremes is
equal to the rectangle contained by the means; and, if the rectangle contained by the
extremes be equal to the rectangle contained by the means, the four straight lines
will be proportional.

Let the four straight lines AB, CD, E, F be proportional, so that, as ABis to
CD,sois Eto F;

I say that the rectangle contained by AB, Fis equal to the rectangle con-
tained by CD, E.

G H
A B

C D
E F

Let AG, CH be drawn from the points 4, C at right angles to the straight
lines AB, CD, and let AG be made equal to F, and CH equal to E.

Let the parallelograms BG, DH be completed.

Then since, as ABis to CD, sois E to F,

while F is equal to CH, and F to AG,
therefore, as AB is to CD, so is CH to AG.

Therefore in the parallelograms BG, DH the sides about the equal angles
are reciprocally proportional.

But those equiangular parallelograms in which the sides about the equal
angles are reciprocally proportional are equal; [vi. 14]
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therefore the parallelogram BG is equal to the parallelogram DH.
And BG is the rectangle AB, F, for AG is equal to F;
and DH is the rectangle CD, E, for E is equal to CH;
therefore the rectangle contained by AB, F is equal to the rectangle contained
by CD, E.
Next, let the rectangle contained by AB, F be equal to the rectangle con-
tained by CD, E;
I say that the four straight lines will be proportional, so that, as AB is to
CD,sois E to F.
For, with the same construction,
since the rectangle AB, F is equal to the rectangle CD, E,
and the rectangle AB, F is BG, for AG is equal to F,
and the rectangle CD, E is DH, for CH is equal to E,
therefore BG is equal to DH.
And they are equiangular.
But in equal and equiangular parallelograms the sides about the equal angles
are reciprocally proportional. [vi. 14]
Therefore, as AB is to CD, so is CH to AG.
But CH is equal to E, and AG to F;
therefore, as ABis to CD, sois E to F.
Therefore ete. Q. E.D.

ProrosiTroN 17

If three straight lines be proportional, the rectangle contained by the extremes is
equal to the square on the mean; and, if the rectangle contained by the extremes be
equal to the square on the mean, the three straight lines will be proportional.

Let the three straight lines A, B, C be proportional, so that, as 4 is to B, so
is B to C;

I say that the rectangle contained by 4, C is equal to the square on B.

A Let D be made equal to B.
Then, since, as A is to B, so is B

B———— D/ +to (,

c

and B is equal to D,
therefore, as 4 is to B, so is D to C.
But, if four straight lines be proportional, the rectangle contained by the
extremes is equal to the rectangle contained by the means. [vi. 16]
Therefore the rectangle 4, C is equal to the rectangle B, D.
But the rectangle B, D is the square on B, for B is equal to D;
therefore the rectangle contained by A4, C is equal to the square on B.
Next, let the rectangle 4, C be equal to the square on B; I say that, as A4 is
to B, sois B to C.
For, with the same construction,
since the rectangle A, C is equal to the square on B,
while the square on B is the rectangle B, D, for B is equal to D,
therefore the rectangle A, C is equal to the rectangle B3, D.
But, if the rectangle contained by the extremes be equal to that contained
by the means, the four straight lines are proportional. [VI. 16]
Therefore, as A is to B, so is D to C.
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But B is equal to D;
thelefore, as A is to B sois Bto C.
Therefore ete. Q. E. D.

[

ProrosrTiOoN 18

Ona given straight line to describe a rectilineal figure similar and similarly situated
to a given rectilineal figure.
"Let AB be the given straight line and CE the given rectilineal ﬁgure
thus it is required to describe on the straight line AB a rectlhneal figure similar
and similarly situated to the rectilineal figure CE.
Let DF be joined, and on the g E -
straight line AB, and at the .. H
points 4, B on it, let the angle - P :
GAB be constructed equal to the G
angle at C, and the angle ABG
equal to the angle CDF.  [1. 23]
Therefore the remaining angle © 0 . A. . B
CFD is equal to the angle AGB; (1.32]
therefore the triangle FCD is equiangular with the triangle GAB. .
Therefore, proportionally, as FD is to GB, so is FC to GA, and CD to AB.
Again, on the straight line BG, and at the points B, G on it, let the angle
BGH be constructed equal to the angle DFE, and the angle GBH equal to the

angle FDE. [1. 23]
Therefore the remaining angle at E is equal to the remammg angle at H;
[1. 32]

therefore the triangle FDE is equlangular with the triangle GBH;
therefore, proportionally, as FD is to GB, so is FE to GH, and ED to HB,.
[vi. 4]
But it was also proved that, as FD is to GB, so is FC to G4, and CD to AB;
therefore also, as FC is to AG, so 1s CD to AB, and FE to GH, and further. LD
to HB.
And, since the angle CFD is equal to the angle AGB,
and the angle DFE to the angle BG’H
therefore the whole angle CFE is equal to the whole angle AGH,
For the same reason
the angle CDE is also equal to the angle ABH.
And the angle at C is also equal to the angle at A4,
and the angle at E to the angle at H.
Therefore AH is equiangular with CE;
and they have the sides about thelr equal angles prop01t10nal
therefore the rectilineal figure 4 H is similar to the rectilineal figure CE.
[v1. Def. 1]
Therefore on the given straight line A B the rectilineal figure AH has been
described similar and similarly situated to the given rectlhneal figure CE.
, . Q.E.F.

PROPOSI'I 10N 19

Simalar triangles are to one another in the duplicate ratio of the correspondmg sides.
Let ABC, DEF be similar triangles having the angle at B equal to the angle
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at E, and such that, as AB is to BC, so is DE to EF, so that BC corresponds
to EF; [v. Def. 11]
I say that the triangle ABC has to the triangle DEF a ratio duplicate of

that which BC has to EF.
For let a third proportional BG be

A taken to BC, EF, so that, as BC is to
D EF, so0 is EF to BG,; [v1. 11]
and let AG be joined.

Since then, as ABis to BC, so is DE

to EF,
B G C E t therefore, alternately, as AB is to DE,
so is BC to EF. [v. 16]

But, as BC is to EF, so is EF to BG;

therefore also, as AB is to DE, so is EF to BG. [v.11]

Therefore in the triangles A BG, DEF the sides about the equal angles are
reciprocally proportional.

But those triangles which have one angle equal to one angle, and in which
the sides about the equal angles are reciprocally proportional, are equal;

[v1. 15]
therefore the triangle A BG is equal to the triangle DEF.

Now since, as BC is to EF, so is EF to BG,
and, if three straight lines be proportional, the first has to the third a ratio
duplicate of that which it has to the second, [v. Def. 9]

therefore BC has to BG a ratio duplicate of that which CB has to EF.

But, as CB is to BG, so is the triangle ABC to the triangle ABG;  {vi. 1]
therefore the triangle ABC also has to the triangle ABG a ratio duplicate of
that which BC has to EF.

But the triangle A BG is equal to the triangle DEF';
therefore the triangle A BC also has to the triangle DEF a ratio duplicate of
that which BC has to EF.

Therefore etc.

Porism. From this it is manifest that, if three straight lines be proportional,
then, as the first is to the third, so is the figure described on the first to that
which is similar and similarly described on the second. Q. E. D.

Prorosition 20

Stmilar polygons are divided info similar triangles, and into triangles equal in
multitude and tn the same ratio as the wholes, and the polygon has to the polygon
a ratio duplicate of that which the corresponding side has to the corresponding side.

Let ABCDE, FGHKL be similar polygons, and let AB correspond to FG,

I say that the polygons ABCDE, FGHKL are divided into similar triangles,
and into triangles equal in multitude and in the same ratio as the wholes, and
the polygon ABCDE has to the polygon FGHKL a ratio duplicate of that
which A B has to FG.

Let BE, EC, GL, LI be joined.

Now, since the polygon ABCDF is similar to the polygon FGHKL,

the angle BAE is equal to the angle GFL;
and, as BA is to AE, so is GF to FL. [vi. Def. 1]
Since then ABE, FGL are two triangles having one angle equal to onec angle
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and the sides about the equal angles proportional,
therefore the triangle ABE is equiangular with the triangle FGL; [vi1. 6]
so that it is also similar; [vi. 4 and Def. 1]
therefore the angle ABE is A
equal to the angle FGL.
But the whole angle ABC is 8 / F

also equal to the whole angle

F
M - /
FGH because of the similarity G L
of the polygons;
therefore the remaining angle
EBC is equal to the angle < )

LGH ¢
And, since, because of the similarity of the triangles ABE, FGL,
as EB is to BA, so is LG to GF,
and moreover also, because of the similarity of the polygons,
as ABis to BC, sois FG to GH,
therefore, ex aequali, as EB is to BC, so is LG to GH; [v.22]
that is, the sides about the equal angles EBC, LGH are proportional;
therefore the triangle EBC is equiangular with the triangle LGH, [vI. 6]
so that the triangle EBC is also similar to the triangle LGH. [v1. 4 and Def. 1]
For the same reason
the triangle ECD is also similar to the triangle LHK.

Therefore the similar polygons ABCDE, FGHKL have been divided into
similar triangles, and into triangles equal in multitude.

I say that they are also in the same ratio as the wholes, that is, in such man-
ner that the triangles are proportional, and ABE, EBC, ECD are antecedents,
while FGL, LGH, LHK are their consequents, and that the polygon ABCDE
has to the polygon FGHKL a ratio duplicate of that which the corresponding
side has to the corresponding side, that is AB to FG.

For let AC, FH be joined.

Then since, because of the similarity of the polygons,

the angle ABC is equal to the angle FGH,
and, as AB is to BC, so is FG to GH,
the triangle A BC is equiangular with the triangle FGH; [v1. 6]
therefore the angle BAC is equal to the angle GFH,
and the angle BCA to the angle GHF.
And, since the angle BA M is equal to the angle GFN,
and the angle A BM is also equal to the angle FGN,
therefore the remaining angle A M B is also equal to the remaining angle FNG;
[1. 32]
therefore the triangle ABJM is equiangular with the triangle FGN.
Similarly we can prove that
the triangle BMC is also equiangular with the triangle GNH.

Therefore, proportionally, as AM is to MB, so is FN to NG,
and, as BM is to MC, sois GN to NH;
so that, in addition, ex aequals,

as AM is to MC, so is FN to NH.

But, as AM is to MC, so is the triangle ABM to MBC, and AME to EMC;

for they are to one another as their bases. [vi. 1]
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Therefore also, as one of the antecedents is to one of the consequents, so are
all the antecedents to all the consequents; {v.12]
therefore, as the triangle AMB is to BMC, so is ABE to CBE.

But, as AMB is to BMC, so is AM to MC;
therefore also, as AM is to MC, so is the triangle ABE to the triangle EBC.

For the same reason also,

as FN is to NH, so is the triangle FGL to the triangle GLH.

And, as AM isto MC, sois FN to NH;
therefore also, as the triangle ABE is to the triangle BEC, so is the triangle
FQL to the triangle GLH;
and, alternately, as the trxangle ABE is to the triangle FGL, so is the triangle
BE’C to the triangle GLH.

Similarly we can prove, if BD, GK be joined, that, as the triangle BEC is to
the triangle LGH, so also is the triangle ECD to the triangle LHK.

And since, as the triangle ABE is to the triangle FGL, so is EBC to LGH,
and further ECD to LHK,
therefore also, as one of the antecedents is to one of the consequents, so are all
the antecedents to all the consequents; [v.12]

therefore, as the triangle ABE is to the triangle FGL,
so is the polygon ABCDE to the polygon FGHKL.

But the triangle A BE has to the triangle FGL a ratio duplicate of that which
the corresponding side A B has to the corresponding side FG; for similar tri-
angles are in the duplicate ratio of the corresponding sides. [v1. 19]

Therefore the polygon A BCDE also has to the polygon FGHKL a ratio dup-
licate of that which the corresponding side A B has to the corresponding side
FQ.

Therefore ete.

PorisMm. Similarly also it can be proved in the case of quadrilaterals that
they are in the duplicate ratio of the corresponding sides. And it was also
proved in the case of triangles; therefore also, generally, similar rectilineal
figures are to one another in the duplicate ratio of the corresponding sides.

Q. E. D.

ProrosiTion 21

Figures which are similar to the same rectilineal figure are also stimilar to
one another.

For let each of the rectilineal figures A, B be similar to C; I say that 4 is

also similar to B.

For, since A is similar to C,
it is equiangular with it and has the sides about the equal angles proportional.
[vi. Def. 1]
Again, since B is similar to C,
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it is equiangular with it and has the sides about the equal angles proportional.
Therefore each of the figures A, B is equiangular with C and with C has the
sides about the equal angles proportional;
therefore A is similar to B. Q. E. D.

ProrosiTION 22

If four straight lines be proportional, the rectilineal figures simalar and similarly
described upon them will also be proportional; and if the rectilineal figures similar
and similarly described upon them be proportional, the straight lines will them-
selves also be proportional.

Let the four straight lines AB, CD, EF, GH be proportional,

so that, as AB is to CD, so is EF to GH,
and let there be described on AB, CD the similar and similarly situated recti-
lineal figures KAB, LCD,
and on EF, GH the similar and similarly situated rectilineal figures MF, NH;
I say that, as KAB is to LCD, sois MF to NH.

For let there be taken a third proportional O to AB, CD, and a third pro-
portional P to EF, GH. [v1. 11]

Then since, as AB is to CD, so is EF to GH,

and, as CD is to O, so is GH to P,

therefore, ex aequali, as AB is to O, so is EF to P. [v.22]
But, as AB is to O, so is KAB to LCD, [vi. 19, Por.]

and, as EF is to P, sois MF to NH;
therefore also, as KAB is to LCD, sois MF to NH. [v.11]

K L
AV
A C E F G H
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Next, let MF be to NH as KAB is to LCD;
I say also that, as AB is to CD, sois EF to GH.
For, if EF is not to GH as AB to CD,

let EF be to QR as AB to CD, [vi. 12]
and on QR let the rectilineal figure SR be deseribed similar and similarly sit-
uated to either of the two MF, NH. [vi. 18]

Since then, as AB is to CD, so is EF to QR,
and there have been described on AB, CD the similar and similarly situated
figures KAB, LCD,

and on EF, QR the similar and similarly situated figures MF, SE,
therefore, as KAB is to LCD, sois MF to SR.
But also, by hypothesis,
as KAB is to LCD, sois MF to NH;
therefore also, as MF is to SR, sois MF to NH. fv.11]



ELEMENTS VI 117

Therefore MF has the same ratio to each of the figures NH, SR;

therefore NH is equal to SR. {v. 9]
But it is also similar and similarly situated to it;

therefore GH is equal to QR.
And, since, as AB is to CD, so is EF to QR, :

while QR is equal to GH,
therefore, as AB is to CD, so is EF to GH.

Therefore ete. Q. E. D.

ProrosrItioN 23

Equiangular parallelograms have to one another the ratio compounded of the ratios
of their sides. -

Let AC, CF be equiangular parallelograms having the angle BCD equal to
the angle ECG,

I say that the parallelogram AC has to the parallelogram CF the ratio com-
pounded of the ratios of the sides.

>
(el
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For let them be placed so that BC is in a straight line with C@;
therefore DC is also in a straight line with CE.
Let the parallelogram DG be completed;
let a straight line K be set out, and let it be contrived that,
_ as BC is to C@, so is K to L,

and, as DCis to CE, sois L to M. [vi. 12]

Then the ratios of K to L and of L to M are the same as the ratios of the
sides, namely of BC to CG and of DC to CE.

But the ratio of K to M is compounded of the ratio of K to L and of that of
L to M; , '

so that K has also to M the ratio compounded of the ratios of the sides.

Now since, as BC' is to CG, so is the parallelogram AC to the parallelogram
CH, [(vi. 1]

while, as BC is to C@G, so is K to L,
therefore also, as K is to L, so is AC to CH. [v.11]
Again, since, as DC is to CE, so is the parallelogram CH to CF, [vi. 1]
while, as DC is to CE, sois L to M,

therefore also, as L is to M, so is the parallelogram CH to the parallelogram
CF. [v.11]

Since, then, it was proved that, as K is to L, so is the parallelogram AC to the
parallelogram CH,
and, as L is to M, so is the parallelogram CH to the parallelogram CF,

therefore, ex aequali, as K is to M, so is AC to the parallelogram CF.

But K has to M the ratio compounded of the ratios of the sides;
therefore AC also has to CF the ratio compounded of the ratios of the sides.

Therefore ete. Q. E. D.
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ProrosiTion 24

In any parallelogram the parallelograms about the diameter are similar both to the
whole and to one another.
Let ABCD be a parallelogram, and AC its diameter, and let EG, HK be
parallelograms about AC; A E B
I say that each of the parallelograms EG, HK is N
similar both to the whole ABCD and to the other. 1o F

For, since EF has been drawn parallel to BC, one \
of the sides of the triangle ABC,
proportionally, as BE is to EA, so is CF to FA.

vr.2) D K C
Again, since FG has been drawn parallel to CD, one of the sides of the tri-
angle ACD,

proportionally, as CF is to FA, so is DG to GA. [v1. 2]
But it was proved that,
as CF is to FA, so also is BE to EA;
therefore also, as BE is to EA, sois DG to GA,
and therefore, componendo,

as BA is to AE, sois DA to AG, [v. 18]
and, alternately,
as BA isto AD, sois EA to AG. [v. 16]

Therefore in the parallelograms ABCD, EG, the sides about the common
angle BAD are proportional.
And, since GF is parallel to DC,
the angle AFG is equal to the angle DCA4;
and the angle DAC is common to the two triangles ADC, AGF;
therefore the triangle ADC is equiangular with the triangle AGF.
For the same reason
the triangle ACB is also equiangular with the triangle AFE,
and the whole parallelogram A BCD is equiangular with the parallelogram EG.
Therefore, proportionally,
as AD is to DC, so is AG to GF,
as DC is to CA, so is GF to FA,
as AC isto CB, sois AF to FE,
and further, as CB is to BA, so is FE to FA.
And, since it was proved that,
as DCisto C4, sois GF to FA,
and, as AC is to CB, sois AF to FE,
therefore, ex aequali, as DC is to CB, so is GF to FE. [v.22]
Therefore in the parallelograms A BCD, EQ the sides about the equal angles
are proportional;
therefore the parallelogram A BCD is similar to the parallelogram EG.
[vi. Def. 1]
For the same reason
the parallelogram ABCD is also similar to the parallelogram KH;
therefore each of the parallelograms EG, HK is similar to ABCD.
But figures similar to the same rectilineal figure are also similar to one an-
other; [vi. 21]
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therefore the parallelogram E@ is also similar to the parallelogram HK,
Therefore etc. Q. E. D,

ProrositioN 25

To construct one and the same figure simalar to a given rectilineal figure and equal
to another given rectilineal figure.

Let A BC be the given rectilineal figure to which the figure to be constructed
must be similar, and D that to which it must be equal;
thus it is required to construct one and the same figure similar to ABC and
equal to D.

A K

T\

Let there be applied to BC the parallelogram BE equal to the triangle A BC
(1. 44], and to CE the parallelogram CM equal to D in the angle FCE which is
equal to the angle CBL. (1. 45]

Therefore BC is in a straight line with CF, and LE with EM.

Now let GH be taken a mean proportional to BC, CF [v1. 13}, and on GH let
KGH be deseribed similar and similarly situated to A BC. [v1. 18]

Then, since, as BC is to GH, so is GH to CF,
and, if three straight lines be proportional, as the first is to the third, so is the
figure on the first to the similar and similarly situated figure described on the
second, [vi. 19, Por.]

therefore, as BC is to CF, so is the triangle ABC to the triangle KGH.

But, as BC is to CF, so also is the parallelogram BE to the parallelogram EF.

{vi. 1]

Therefore also, as the triangle ABC is to the triangle KGH, so is the paral-
lelogram BE to the parallelogram EF;
therefore, alternately, as the triangle A BC is to the parallelogram BE, so is the
triangle KGH to the parallelogram EF. [v.16]

But the triangle ABC is equal to the parallelogram BE;

therefore the triangle KGH is also equal to the parallelogram EF.
But the parallelogram EF is equal to D;
therefore KGH is also equal to D.

And KGH is also similar to ABC.

Therefore one and the same figure KGH has been constructed similar to the
given rectilineal figure A BC and equal to the other given figure D. Q. E. D.

ProposiTioN 26

If from a parallelogram there be taken away a parallelogram similar and similarly
situated to the whole and having a common angle with it, it is about the same dia-
meler with the whole.

For from the parallelogram ABCD let there be taken away the parallelo-
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gram AF similar and similarly situated to A BCD, and having the angle DAB
common with it;

I say that ABCD is about the same diameter with A G D
AF.

For suppose it is not, but, if possible, let AHC be E
the diameter < of ABCD >, let GF be produced and K
carried through to H, and let HK be drawn through
H parallel to either of the straight lines AD, BC.

C.

fr.31] ‘
Since, then, ABCD is about the same diameter with KG therefore, as DA is
to AB, s0is GA to AK. [v1. 24]

But also, because of the similarity of ABCD, EG,
as DA is to AB, sois GA to AE;
therefore also, as GA is to AK, so is GA to AE. [v.11]

Therefore GA has the same ratio to each of the straight lines AK, AE.

Therefore AE is equal to AK [v. 9], the less to the greater: which is impos-
sible.

Therefore ABCD cannot but be about the same diameter with AF';
therefore the parallelogram A BCD is about the same diameter with the paral-
lelogram AF.

Therefore etc., Q. E.D.:

ProrositioN 27

Of all the parallelograms applied to the same straight line and de ﬁczent by parallelo-
grammic figures stmilar and szmzlarly situated to that described on the half of the
straight line, that parallelogram is greatest which ts applied to the half of the straight
line and is stmilar to the defect.

Let AB be a straight line and let it be bisected at C; let there be apphed to
the straight line AB the parallelogram AD defi- )
cient by the parallelogrammic figure DB described Soer E
on the half of AB, that is, CB; -

I say that, of the parallelograms applied to AB G\ V \
and deficient by parallelogrammic figures similar
and similarly situated to DB, AD is greatest.

For let there be applied to the straight line AB :
the parallelogram AF deficient by the parallelo- A
grammic figure FB similar and similarly situated
to DB;

I say that AD is greater than AF.
For, since the parallelogram DB is similar to the parallelogram FB,

they are about the same diameter. {v1. 26]
Let their diameter DB be drawn, and let the figure be described.
Then, since CF is equal to FE, [1. 43]

and FB 1s common,
therefore the whole CH is equal to the whole KE.
But CH is equal to CG, since AC is also equal to CB. 1. 36]
Therefore GC is also equal to EK.
Let CF be added to each;
therefore the whole AF is equal to the gnomon LMN;;
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so that the parallelogram DB, that is, AD, is greater than the parallelogram
AF. .
Therefore ete. Q. E. D.

ProrosiTION 28

To a given straight line to apply a parallelogram equal to a given rectilineal figure
and deficient by a parallelogrammic figure similar to a given one: thus the given
rectilineal figure must not be greater than the parallelogram described on the half of
the straight line and stmilar o the defect.

Let A B be the given straight line, C the given rectilineal figure to which the
figure to be applied to AB is required to be equal, not being greater than the
parallelogram described on the half of AB and similar to the defect, and D the
parallelogram to which the defect is required to be similar;
thus it is required to apply to the given straight line AB a parallelogram equal
to the given rectilineal figure C and deficient by a parallelogrammic figure
which is similar to D.

Let AB be bisected at the point E, and on EB let EBFG be described similar
and similarly situated to D; [vI. 18]
let the parallelogram AG be completed.

If then AG is equal to C, that which was enjoined will have been done;
for there has been applied to the given straight line AB the parallelogram AG
equal to the given rectilineal figure C and deficient by a parallelogrammic fig-
ure B which is similar to D. ,

H G P_F
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But, if not, let HE be greater than C.
Now HE is equal to GB;
therefore GB is also greater than C.
Let KLMN be constructed at once equal to the excess by which GB is

greater than C and similar and similarly situated to D. [v1. 25)
But D is similar to GB;
therefore KA is also similar to GB. [vi. 21]

Let, then, KL correspond to GE, and LA to GF.
Now, since GB is equal to C, KM,
therefore GB is greater than K./ ;
therefore also GF is greater than KL, and GF than LM.
Let GO be made equal to KL, and GP equal to L) ; and let the parallelo-
gram OGPQ be completed;
therefore it is equal and similar to K./,
Therefore GQ is also similar to (/B [vi. 21}
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therefore GQ is about the same diameter with GB. {v1. 26]
Let GQB be their diameter, and let the figure be described.
Then, since BG is equal to C, KM,
and in them G@Q is equal to KM,
therefore the remainder, the gnomon UWYV, is equal to the remainder C.
And, since PR is equal to OS,
let @B be added to each;
therefore the whole PB is equal to the whole OB.
But OB isequal to TE, since the side AE is also equal to the side £B; [1. 36]
therefore TE is also equal to PB.
Let OS be added to each;
therefore the whole T'S is equal to the whole, the gnomon VWU.
But the gnomon VWU was proved equal to C;
therefore T'S is also equal to C.
Therefore to the given straight line 4 B there has been applied the parallelo-
gram ST equal to the given rectilineal figure C and deficient by a parallelo-
grammic figure @B which is similar to D. Q. E.F.

ProvrosiTioN 29

To a given straight line to apply a parallelogram equal to a given rectilineal figure
and exceeding by a parallelogrammic figure similar to a given one.

Let A B be the given straight line, C the given rectilineal figure to which the
figure to be applied to A B is required to be equal, and D that to which the ex-
cess is required to be similar;
thus it is required to apply to the straight line A B a parallelogram equal to the
rectilineal figure C and exceeding by a parallelogrammic figure similar to D.

iw— <

Q

Let AB be bisected at E;
let there be described on EB the parallelogram BF similar and similarly sit-
uated to D;
and let GH be constructed at once equal to the sum of BF, C and similar and
similarly situated to D. [v1. 25]

Let KH correspond to FL and KG to FE.

Now, since GH is greater than FB,

therefore KH is also greater than FL, and KG than FE.
Let FL, FE be produced,
let FLAM be equal to KH, and FEN to KG,
and let MN be completed;
therefore MN is both equal and similar to GH.



ELEMENTS VI 123

But GH is similar to EL;

therefore MN is also similar to EL; [vi. 21]

therefore EL is about the same diameter with MN. [v1. 26}
Let their diameter FO be drawn, and let the figure be described.
Since GH is equal to EL, C,
while GH is equal to MN,

therefore MN is also equal to EL, C.

Let EL be subtracted from each;
therefore the remainder, the gnomon X WV is equal to C.

Now, since AE is equal to EB,

AN is also equal to NB [1. 36}, that is, to LP {1. 43}

Let EO be added to each;

therefore the whole A0 is equal to the gnomon VW X.

But the gnomon VWX is equal to C;

therefore AO is also equal to C.

Therefore to the given straight line A B there has been applied the parallelo-
gram AO equal to the given rectilineal figure C and exceeding by a parallelo-
grammic figure QP which is similar to D, since PQ is also similar to EL [v1. 24].

Q. E. F.

ProrosiTion 30

To cut a given finite straight line in extreme and mean ratio.
Let AB be the given finite straight line;
thus it is required to cut AB in extreme and mean ratio.

On AB let the square BC be described; and let there be
¢ F_H applied to AC the parallelogram CD equal to BC and ex-
ceeding by the figure AD similar to BC. {v1. 29]

Now BC is a square;
therefore AD is also a square.
And, since BC is equal to CD,
A let CE be subtracted from each;
therefore the remainder BF is equal to the remainder AD.
But it is also equiangular with it;
therefore in BF, AD the sides about the equal angles are
0 reciprocally proportional; {vi. 14]
therefore, as FE is to ED, so is AE to EB.
But FE is equal to AB, and ED to AE.
Therefore, as BA is to AE, sois AE to EB.
And AB is greater than AE;

therefore AFE is also greater than EB.

Therefore the straight line AB has been cut in extreme and mean ratio at
E, and the greater segment of it is AE. Q. E. F.

ProrosiTion 31

In right-angled triangles the figure on the side subtending the right angle is equal
to the similar and stmilarly described figures on the sides containing the right angle.
Let ABC be a right-angled triangle having the angle BAC right;
I say that the figure on BC is equal to the similar and similarly deseribed
figures on BA, AC.
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Let AD be drawn perpendicular.

Then since, in the right-angled triangle A BC, AD has been drawn from the
right angle at A perpendicular to the base BC,
the triangles ABD, ADC adjoining the per-
pendicular are similar both to the whole
ABC and to one another. [vI. 8] A

And, since ABC is similar to ABD,
therefore, as CB is to BA, sois AB to BD.

[vi. Def. 1]

And, since three straight lines are propor- :
tional, B D . c
as the first is to the third, so is the figure *
on the first to the SImllar and similarly
described figure on the second. [v1. 19, Por.] ‘

Therefore, as CB is to BD, so is the figure on CB to the similar and s1m11arly
described figure on BA. .

For the same reason also,

as BC is to CD, so is the ﬁgure on BC to that on CA;
so that, in addition,

as BCisto BD, DC, so is the figure on BC to the similar and similarly described
figures on BA, AC.

But BC is equal to BD, DC;,
therefore the figure on BC is also equal to the similar and s1m11ar]y descnbed
figures on BA, AC.

Therefore etc. : : Q. E. D.

ProrositTioN 32

If two triangles having two sides proportional to two sides be placed together at one
angle so that their corresponding sides are also parallel, the remaining sides of the
triangles will be in a straight line.

Let ABC, DCE be two triangles having the two sides BA, AC proportional
to the two sides DC, DE, so that, as ABis to AC, sois DC to DE, and A B par-
allel to DC, and AC to DE;

I say that BC is in a straight linc with CE.

For, since AB is parallel to DC,
and the straight line AC has fallen upon
them,
the alternate angles BAC, ACD are equal to
one another. (1. 29]

For the same reason
the angle CDE is also equal to the angle
ACD; :
80 that the angle BAC is equal to the angle B C E
CDE.

And, since ABC, DCE are two triangles having one angle, the angle at A,
equal to one angle, the angle at D, )

and the sides about the equal angles proportional,
so that, as BA is to AC, so is CD to DE,
therefore the triangle ABC is equiangular with the triangle DCE; [v1. 6]
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therefore the angle ABC is equal to the angle DCE.
But the angle ACD was also proved equal to the angle BAC;
therefore the whole angle ACE is equal to the two angles ABC, BAC.
Let the angle ACB be added to each;
therefore the angles ACE, ACB are equal to the angles BAC ACB, CBA.
But the angles BAC, ABC, ACB are equal to two right angles {r. 32)
therefore the angles ACE', ACB are also equal to two right angles.
Therefore with a straight line AC, and at the point C on it, the two straight
lines BC, CE not lying on the same side make the adjacent angles ACE, ACB
equal to two right angles;
therefore BC is in a straight line with CE. (1. 14]
Therefore etc. Q. E. D.

ProrosIiTioN 33

In equal circles angles have the same ratio as the circumferences on which they

stand, whether they stand at the centres or at the circumferences.

Let ABC, DEF be equal circles, and let the angles BGC, EHF be angles at
their centres G, H, and the angles BAC, EDF angles at the circumferences;

I say that, as the circumference BC is to the circumference EF, so is the angle
BGC to the angle EHF, and the angle BAC to the angle EDF.

b For let any number of consecu-
tive circumferences CK, KL be
made equal to the circumference
BC,
and any number of consecutive

0 circumferences FM, MN equal to

the circumference EF;

O ~—""  and let GK, GL, HM, HN be
joined.

Then, since the circumferences BC, CK, KL are equal to one another,

the angles BGC, CGK, KGL are also equal to one another; [111. 27]
therefore, whatever multiple the circumference BL is of BC, that multiple also
is the angle BGL of the angle BGC.

For the same reason also,
whatever multiple the circumference NE is of EF, that multiple also is the
angle NHE of the angle EHF.

If then the circumference BL is equal to the circumference EN, the angle
BGL is also equal to the angle EHN; [111. 27]
if the circumference BL is greater than the circumference EN, the angle BGL
is also greater than the angle EAN;

and, 1f less, less.

There being then four magmtudes two circumferences BC EF, and two
angles BGC, EHF,
there have been taken, of the circumference BC and the angle BGC equimulti-
ples, namely the circumference BL and the angle BGL,
and of the circumference EF and the angle EHF equimultiples, namely the
circumference EN and the angle EHN.

And it has been proved that,

if the circumference BL is in excess of the circumference EN,
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the angle BGL is also in excess of the angle EHN;
if equal, equal;
and if less, less.
Therefore, as the circumference BC is to EF, so is the angle BGC to the
angle EHF. [v. Def. 5]
But, as the angle BGC is to the angle EHF, so is the angle BAC to the angle
EDF; for they are doubles respectively.
Therefore also, as the circumference BC is to the circumference EF, so is the
angle BGC to the angle EHF, and the angle BAC to the angle EDF.
Therefore ete. Q. E. D.



BOOK SEVEN

DEFINITIONS

1. An unit is that by virtue of which each of the things that exist is called
one.

2. A number is a multitude composed of units.

3. A number is a part of a number, the less of the greater, when it measures
the greater;

4. but parts when it does not measure it.

5. The greater number is a multiple of the less when it is measured by the
less.

6. An even number is that which is divisible into two equal parts.

7. An odd number is that which is not divisible into two equal parts, or that
which differs by an unit from an even number.

8. An even-times even number is that which is measured by an even number
according to an even number.

9. An even-times odd number is that which is measured by an even number
according to an odd number.

10. An odd-times odd number is that which is measured by an odd number
according to an odd number.

11. A prime number is that which is measured by an unit alone.

12, Numbers prime fo one another are those which are measured by an unit
alone as a common measure.

13. A composite number is that which is measured by some number.

14. Numbers composite to one another are those which are measured by some
number as a common measure.

15. A number is said to multiply a number when that which is multiplied is
added to itself as many times as there are units in the other, and thus some
number is produced.

16. And, when two numbers having multiplied one another make some num-
ber, the number so produced is called plane, and its sides are the numbers
which have multiplied one another.

17. And, when three numbers having multiplied one another make some
number, the number so produced is solid, and its sides are the numbers which
have multiplied one another.

18. A square number is equal multiplied by equal, or a number which is con-
tained by two equal numbers.

19. And a cube is equal multiplied by equal and again by equal, or & number
which is contained by three equal numbers.

20. Numbers are proportional when the first is the same multiple, or the
same part, or the same parts, of the second that the third is of the fourth.

127
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21. Simzilar plane and solid numbers are those which have their sides pro-
portional.
22. A perfect number is that which is equal to its own parts.

BOOK VII. PROPOSITIONS

ProrosiTIiON 1

Two unequal numbers being set out, and the less being continually subtracted in
turn from the greater, if the number which 1s left never measures the one before it
until an unzt is left, the original numbers will be prime to one another.

For, the less of two unequal numbers A B, CD being continually subtracted
from the greater, let the number which is left never measure the one before
it until an unit is left; :

I say that AB, CD are prime to one another, that is, that an unit alone
measures AB, CD.

For, if AB, CD are not prime to one another, some number will measure
them.

Let a number measure them, and let it be E; let CD, measuring BF, leave
F A less than itself,

let AF, measuring DG, leave GC less than itself,
and let GC, measuring FH, leave an unit HA.
Since, then, £ measures CD, and CD measures BF,
therefore E also measures BF. A
But it also measures the whole B4; H ¢
therefore it will also measure the remainder AF. i G
But AF measures DG;,
therefore E also measures DG.

But it also measures the whole DC; - E

therefore 1t will also measure the remainder CG.

But CG measures FH; B D

therefore E also measures FH.

But it alzo measures the whole FA4;
therefore it will also measure the remainder, the unit 4 H, though it is a num-
ber: which is impossible.

Therefore no number will measure the numbers AB, CD; therefore AB, CD
are prime to one another. {v11. Def. 12]

Q. E.D.

ProrosiTiON 2

Given two numbers not prime to one another, to find their greatest common measure.

Let AB, CD be the two given numbers not prime to one another.

Thus it is required to find the greatest common measure of AB, CD.

If now CD measures AB—and it also measures itself—CD is a common
measure of CD, AB.

And it is manifest that it is also the greatest; for no greater number than CD
will measure CD.

But. if CD does not measure 4 B, then, the less of the numbers A B, CD being
continually subtracted from the greater, some number will be left which will
measure the one before it.
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For an unit will not be left; otherwise AB, CD will be prime to one another
[vi1. 1], which is contrary to the hypothesis.
Therefore some number will be left which will measure the one before it.
Now let CD, measuring BE, leave EA4 less than itself,

A let EA, measuring DF, leave FC less than itself,
E c and let CF measure AE.
F Since then, CF measures AE, and 4 E measures DF,

therefore CF will also measure DF.
But it also measures itself;
therefore it will also measure the whole CD.
B D But CD measures BE;
therefore CF also measures BE.
But it also measures EA;
therefore 1t will also measure the whole BA.
But it also measures CD;
therefore CF measures AB, CD.

Therefore CF is a common measure of AB, CD.

1 say next that it is also the greatest.

For, if CF is not the greatest common measure of AB, CD, some number
which is greater than CF will measure the numbers AB, CD.

Let such a number measure them, and let it be G.

Now, since G measures CD, while CD measures BE, G also measures BE.

But it also measures the whole BA;

therefore it will also measure the remamder AE.
But AE measures DF;
therefore G will also measure DF,

But it also measures the whole DC;
therefore it will also measure the remainder CF, that is, the greater will meas-
ure the less: which is impossible

Therefore no number whxch is greater than CF will measure the numbers
AB, CD;

therefore CF is the greatest common measure of AB, CD.

Porisym. From this it is manifest that, if 2 number measure two numbers, it

will also measure their greatest common measure. Q. E. D.

ProrosiTioN 3

Given three numbers not prime to one another, to find their greatest common measure.
Let 4, B, C be the three given numbers not prime to one another;
thus it is required to find the greatest common meas-
ure of 4, B, C.
For Iet the greatest common measure, D, of the two
Al B numbers A, B be taken; [vir. 2]
then D either measures, or does not measure, C.
Dl el FI First, let it measure it.
But it measures A, B also;
therefore D measures A, B, C;
therefore D is a common measure of 4, B, C.
I say that it is also the greatest.
For, if D is not the greatest common measure of 4, B, (, some number which
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is greater than D will measure the numbers A, B, C.
Let such a number measure them, and let it be E.
Since then F measures 4, B, C,
it will also measure 4, B;
therefore it will also measure the greatest common measure of 4, B.
fvi1. 2, Por.]
But the greatest common measure of A, B is D;
therefore £ measures D, the greater the less: which is impossible.
Therefore no number which is greater than D will measure the numbers
4, B, C; .
therefore D is the greatest common measure of 4, B, C.
Next, let D not measure C;
I say first that C, D are not prime to one another.
For, since A, B, C are not prime to one another, some number will measure
them.
Now that which measures A, B, C will also measure 4, B, and will measure
D, the greatest common measure of 4, B. [vi1. 2, Por.]
But it measures C also;
therefore some number will measure the numbers D, C;
therefore D, C are not prime to one another.
Let then their greatest common measure E be taken. [vi. 2]
Then, since E measures D,
and D measures A, B,
therefore E also measures 4, B.
But it measures C also;
therefore E measures 4, B, C;
therefore E is a common measure of 4, B, C.
I say next that it is also the greatest.
For, if E is not the greatest common measure of 4, B, C, some number which
is greater than E will measure the numbers 4, B, C.
Let such a number measure them, and let it be F.
Now, since F measures 4, B, C,
it also measures A, B;
therefore it will also measure the greatest common measure of A, B,
[vi1. 2, Por.]
But the greatest common measure of 4, B is D;
therefore F measures D.
And it measures C also;
therefore F measures D, C;
therefore it will also measure the greatest common measure of D, C.
[vi1. 2, Por.]
But the greatest common measure of D, C is E;
therefore F measures E, the greater the less: which is impossible
Therefore no number which is greater than E will measure the numbers 4,
B, C;
therefore E is the greatest common measure of 4, B, C.
Q. E. D.
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ProrosiTiON 4

Any number is either a part or parts of any number, the less of the greater.

Let 4, BC be two numbers, and let BC be the less;

I say that BC is either a part, or parts, of A.

For A, BC are either prime to one another or not.

First, let A, BC be prime to one another.

Then, if BC be divided into the units in it, each unit of those
in BC will be some part of A; so that BC is parts of 4.
F Next let A, BC not be prime to one another; then BC either
measures, or does not measure, 4.

If now BC measures A, BC is a part of A.

But, if not, let the greatest common measure D of A, BC be taken; [viI. 2]

and let BC be divided into the numbers equal to D, namely BE, EF, FC.

Now, since D measures 4, D is a part of A.

But D is equal to each of the numbers BE, EF, F(C;
therefore each of the numbers BE, EF, FC is also a part of A; so that BC is
parts of A.

Therefore etc. Q. E. D.

>
m W

c

ProrosiTioN 5

If a number be a part of a number, and another be the same part of another, the
sum will also be the same part of the sum that the one ts of the one.
For let the number A be a part of BC,
and another, D, the same part of another EF that 4 is of BC,
I say that the sum of 4, D is also the same part of the

B sum of BC, EF that A is of BC.
E For since, whatever part A is of BC, D is also the same
s part of EF,
,4 ID H therefore, as many numbers as there are in BC equal to 4,
s0 many numbers are there also in EF equal to D.
c F Let BC be divided into the numbers equal to A, namely
B@G, GC, ’

and EF into the numbers equal to D, namely EH, HF;

then the multitude of BG, GC will be equal to the multitude of EH, HF.

And, since BG is equal to A, and EH to D,

therefore BG, FH are also equal to 4, D.
For the same reason
GC, HF are also equal to 4, D.

Therefore, as many numbers as there are in BC equal to A, so many are
there also in BC, EF equal to A, D.

Therefore, whatever multiple BC is of A, the same multiple also is the sum
of BC, EF of the sum of 4, D. '

Therefore, whatever part A is to BC, the same part also is the sum of 4, D
of the sum of BC, EF. Q. E. D.

ProrosiTioN 6

If a number be parts of a number, and another be the same parts of another, the
sum will also be the same parts of the sum that the one is of the one.
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For let the number AB be parts of the number C, and another, DE, the
same parts of another, F, that AB is of C;

I say that the sum of AB, DE is also the same parts of the sum of C, F
that AB is of C.

For since, whatever parts AB is of C, DE is also the

same parts of F, A
therefore, as many parts of C as there are in AB, so many c D
parts of F are there also in DE. G H F

Let AB be divided into the parts of C, namely AG, GB, |g’ £
and DE into the parts of 7, namely DH, HE;

thus the multitude of AG, GB will be equal to the multitude of DH, HE.

And since, whatever part AG is of C, the same part is DH of F also,
therefore, whatever part AG is of C, the same part also is the sum of AG, DH
of the sum of C, F. [vII. 5]

For the same reason,
whatever part GB is of C, the same part also is the sum of GB, HE of the sum
of C, F.

Therefore, whatever parts AB is of C, the same parts also is the sum of AB,
DE of the sum of C, F. Q. E. D.

ProrosiTiON 7

If a number be that part of a number, which a number subtracted is of a number
subtracted, the remainder will also be the same part of the remainder that the whole
18 of the whole.

For let the number A B be that part of the number CD which A E subtracted
is of CF subtracted;

I say that the remainder EB is also the same part of the remainder FD that
the whole AB is of the whole CD.

For, whatever part AE is of CF, the same part also let EB be of CG.

Now since, whatever part AE is of CF, the same part also is EB of CG,
therefore, whatever part AE is of CF, the same part alsois AB of GF. [viI. 5]

But, whatever part AE is of CF, the same part also, by hypothesis, is A B of
CD;

therefore, whatever part AB is of GF, the same part is it of CD also;
therefore GF' is equal to CD.
Let CF be subtracted from each;
therefore the remainder GC is equal to the remainder FD.
Now since, whatever part AE is of CF, the same part also is EB of GC,
while GC is equal to FD,

therefore, whatever part AE is of CF, the same part also is EB of FD.

But, whatever part AE is of CF, the same part also is AB of CD;
therefore also the remainder KB is the same part of the remainder FD that the
whole AB is of the whole CD. Q. E. D.
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ProrositioN 8

If a number be the same parts of a number that a number subtracted is of a number
subtracted, the remainder will also be the same parts of the remainder that the whole
1s of the whole.

For let the number A B be the same parts of the number CD that AE sub-
tracted is of CF subtracted;

I say that the remainder EB is also the same parts of the remainder FD
that the whole AB is of the whole CD. '
For let GH be made equal to AB.

c__ £ Therefore, whatever parts GH is of CD, the
G M K N H same parts also is AE of CF.

Let GH be divided into the parts of CD,
A [ £ B namely GK, KH, and AE into the parts of CF,

namely AL, LE;
thus the multitude of GK, KH will be equal to the multitude of AL, LE.
Now since, whatever part GK is of CD, the same part also is AL of CF,
while CD is greater than CF,
therefore GK is also greater than AL.

Let GM be made equal to AL,

Therefore, whatever part GK is of CD, the same part also is GAM of CF;
therefore also the remainder MK is the same part of the remainder FD that
the whole GK is of the whole CD. [viL. 7]

Again, since, whatever part KH is of CD, the same part also is EL of CF,

while CD is greater than CF,
therefore HK is also greater than EL.

Let KN be made equal to EL.

Therefore, whatever part KH is of CD, the same part also is KN of CF;
therefore also the remainder N H is the same part of the remainder FD that the
whole KH is of the whole CD. [viI. 7]

But the remainder M K was also proved to be the same part of the remainder
FD that the whole GK is of the whole CD;
therefore also the sum of MK, NH is the same parts of DF that the whole H@
is of the whole CD.

But the sum of MK, NH is equal to EB,

and HG is equal to B4;
therefore the remainder EB is the same parts of the remainder D that the
whole AB is of the whole CD. Q. E. D.

ProrosiTion 9

If a number be a part of a number, and another be the same part of another, alter-
nately also, whatever part or parts the first s of the third, the same part, or the same
parts, will the second also be of the fourth.
For let the number A be a part of the number BC, and an-
B E other, D, the same part of another, £F, that A is of BC;
H 1 say that, alternately also, whatever part or parts 4 is of
G ID D, the same part or parts is BC of EF also.
F For since, whatever part A is of BC, the same part also is
D of EF,
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therefore, as many numbers as there are in BC equal to 4, so many also are
there in EF equal to D.

Let BC be divided into the numbers equal to 4, namely BG, GC,

and EF into those equal to D, namely EH, HF;

thus the multitude of BG, GC will be equal to the multitude of EH, HF.

Now, since the numbers BG, GC are equal to one another, and the numbers
EH, HF are also equal to one another,

while the multitude of BG, GC is equal to the multitude of EH, HF,

therefore, whatever part or parts BG is of EH, the same part or the same parts
is GC of HF also;
so that, in addition, whatever part or parts BG is of EH, the same part also, or
the same parts, is the sum BC of the sum EF. [viL. 5, 6]

But BG is equal to 4, and EH to D;
therefore, whatever part or parts 4 is of D, the same part or the same parts is
BC of EF also. Q. E.D.

ProrosiTioN 10

If a number be parts of a number, and another be the same parts of another, alter-
nately also, whatever parts or part the first is of the third, the same parts or the same
part will the second also be of the fourth.

For let the number A4 B be parts of the number C, and another, DE, the same
parts of another, F;

I say that, alternately also, whatever parts or part ABis

of DE, the same parts or the same part is C of F' also.
For since, whatever parts AB is of C, the same parts D
also is DE of F, A
therefore, as many parts of C as there are in AB, so many c F
parts also of F are there in DE. G H
Let AB be divided into the parts of C, namely AG, GB, B £

and DE into the parts of ', namely DH, HE;
thus the multitude of AG, GB will be equal to the multitude of DH, HE.
Now since, whatever part AG is of C, the same part also is DH of F,
alternately also, whatever part or parts AG is of DH,
the same part or the same parts is C of F also. fvii. 9]
For the same reason also,
whatever part or parts GB is of HE, the same part or the same partsis C of F
also;
so that, in addition, whatever parts or part AB is of DE, the same parts also,

or the same part, is C of F. fviL. 5, 6]
Q. E. D.

ProrositioN 11

If, as whole is to whole, so is a number subtracted to a number subtracted, the re-
mainder will also be to the remainder as whole to whole.

As the whole 4B is to the whole CD, so let AE subtracted be to CF sub-
tracted;

1 say that the remainder EB is also to the remainder #D as the whole AB
to the whole CD.

Since, as AB is to CD, so is AE to CF,
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A whatever part or parts AB is of CD, the same part or the same
¢, partsis AE of CF also; [virL. Def. 20]
Et F Therefore also the remainder EB is the same part or parts of FD
that ABis of CD. [vi. 7, 8]
Therefore, as EB is to FD, so is AB to CD. - [vir. Def. 20]

8Bl D : Q. E.D.

ProrosiTIiON 12

If there be as many numbers as we please in proportion, then, as one of the ante-
cedents s to one of the consequents, so are all the antecedents to all the consequents.
Let A, B, C, D be as many numbers as we please in proportion, so that,

as A isto B, sois C to D;
I say that, as A is to B, so are 4, C to B, D.
For since, as A is to B, sois C to D,
whatever part or parts A is of B, the same part or parts is C of
D also. [vii. Def. 20]
- Therefore also the sum of 4, C is the same part or the same parts of the sum
of B, D that A4 is of B. - [vi 5, 6]
Therefore, as A is to B, so are 4, C to B, D. . {vi1. Def. 20]
Q. E. D.

AI Blc

ProrosiTION 13

If four numbers be proportional, they will also be proportional alternately.
Let the four numbers A, B, C, D be proportional, so that,
as A is to B, sois C to D;
T say that they will also be proportional alternately, so that,
as 4 is to C, so will B be to D.

A For since, as A is to B, sois C to D,
D  therefore, whatever part or parts A is of B, the same part or
B the same parts is C of D also.  [vir. Def. 20]
c Therefore, alternately, whatever part or parts 4 is of C,
the same part or the same parts is B of D also. (v11. 10]
Therefore, as A is to C, so is B to D. [vi1. Def. 20]
Q. E. D.

ProrositioN 14

If there be as many numbers as we please, and others equal to them in multitude,
which taken two and two are in the same ratio, they will also be in the same ratio
ex aequali.

Let there be as many numbers as we please A, B, C, and others equal to
them in multitude D, E, F, which taken two and two are in the same ratio, so
that,

X 5 as Aisto B,sois D to E,
£ and, as Bisto C,s0is E to F;

B I say that, ex aequali,

c F as A isto C,soalsois D to F.

For, since, as 4 isto B, sois D to E,
therefore, alternately,
as Aisto D, sois B to E. [vir. 13]
Again, since, as Bis to C, sois E to F,
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-therefore, alternately,
asBisto E,s0isCtoF. . - - [vin 13]
But asBlstoE sois 4 to D; :
therefore also, as 4 is to D, so is C to F.
Therefore, alternately, : '
as Aisto C,sois D to F. [id.)

ProrosiTioN 15

If an unst measure any number, and another number measure any other riumber
the same number of times, alternately also, the unit will measure the third number
the same number of times that the second measures the fourth.

For let the unit A measure any number BC, :
and let another number D measure any

other number EF the same number of A B ".G H_C
tlmes, - D :
I-say that, alternately also, the unit 4 ¢ K L F

measures the number D the same number y —
of times that BC measures EF. - -

For, since the unit A measures the number BC the same number of times
that D measures EF,
therefore, as many units as there are in BC, so many numbers equal to D are
there in EF also.

Let BC be divided into the units in it, BG, GH, HC,

and EF into the numbers EK, KL, LF equal to D.

Thus the multitude of BG, GH, HC will be equal to the multitude of EK,
KL, LF.

And since the units BG, GH, HC are equal to one another,

and the numbers EK, KL, LF are also equal to one another, ,

while the multitude of the units BG GH, HC is equal to the multitude of the
numbers EK, KL, LF,
therefore, as the umt BG is to the number EK, so will the unit GH be to the
number KL, and the unit HC to the number LF

Therefore also, as one of the antecedents is to one of the consequents, S0 w111
all the antecedents be to all the consequents; fvir. 12]

therefore, as the unit B@ is to the number E’K $0 1s BC to EF.
But the unit BG is equal to the unit 4, -
and the number EK to the number D

Therefore, as the unit 4 is to the number D, so is BC to EF

Therefore the unit A measures the number D the same number of times that
BC measures EF. Q. E. D.

ProrosiTiOoN 16

If two numbers by multiplying one another make certain numbers, the numbers so
produced unll be equal to one another.
Let A, B be two numbers, and let A by multiplying B make C, and B by
multiplying A make D;
I say that C is equal to D.
For, since 4 by multiplying B has made C;
therefore B measures C according to the units in A.




ELEMENTS VII 137

But the unit E also measures the number 4 according to the units in it;
therefore the unit £ measures A the same number of times that B measures C.
Therefore, alternately, the unit E
measures the number B the same num-
B ber of times that A measures C [VII. 15).
c Again, since B by multlplylng A has
D made D, -
— T therefore A measures D accordmg to the
units in B. .
But the unit E also measures B according to the units in it;
therefore the unit £ measures the number B the same number of times that A
measures D.
But the unit E measured the number B the same number of tlmes that A
measures C;
therefore A measures each of the numbers C, D the same number offtlmes.
Therefore C is equal to D. : Q. E. D.

i ProrositioN 17

If a number by multiplying two numbers make certain numbers, the numbers so
produced will have the same ratio as the numbers multiplied. '
For let the number A be multiplying the two numbers B, C make D, E;
I say that, as Bisto C, sois D to E.
For, since A by multiplying B has made D,
therefore B measures D accordmg to the units in A.
‘But the unit F also meas-

A

A o ures.the number 4 according
B C— * to the units in it;

' D — E__ ~ therefore the unit F measures

—F the number 4 the same num-

ber of times that B measures D.
Therefore, as the unit F is to the number A4, so is B to D. [viI. Def. 20]
_ For the same reason,
as the unit F is to the number A, so also is C to E;
therefore also, as B is to D, sois C to E.
Therefore, alternately, as B is to C, so is D to E. . . [vi. 13]
Q. E. D.

ProrosiTioN 18

If two numbers by multiplying any number make certain numbers, the numbers so
produced will have the same ratio as the multipliers.
For let two numbers 4, B by multiplying any number C make D, E;
I say that, as A is to B, so is D to E.
For, since 4 by multiplying C has made D,
therefore also C by multiplying A has made D.
{vir. 16]

c

m o o >»

For the same reason also

C by multiplying B has made E.
Therefore the number C by multiplying the two numbers 4, B has made D, E.
Therefore, as A is to B, so is D to E, [ViI. 17]
Q. E. D.
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ProrosiTioN 19

If four numbers be proportional, the number produced from the first and fourth
will be equal to the number produced from the second and third; and, if the number
produced from the first and fourth be equal to that produced from the second and
third, the four numbers unll be proportional.
Let 4, B, C, D be four numbers in proportion, so that,
as A is to B, sois C to D;
and let A by multiplying D make E, and let B by multiplying C make F;
I say that E is equal to F.
For let A by multiplying C make G.
Since, then, A by multiplying C has made G, and by multiplying D has
made E,
the number A by multiplying the two numbers C, D
has made G, E.
Therefore, as C is to D, so is G to E. [vi1. 17]
But, as Cis to D, so is 4 to B; Al B C| D E| FI G
therefore also, as A is to B, so is G to E.
Again, since 4 by multiplying C has made G,
but, further, B has also by multiplying C made F,
the two numbers 4, B by multiplying a certain num-
ber C have made G, F.
Therefore, as A is to B, sois G to F. [viI. 18]
But further, as 4 is to B, so is G to E also;
therefore also, as G is to E, so is G to F.
Therefore G has to each of the numbers E, F the same ratio;
therefore E is equal to F. [ef. v. 9]
Again, let E be equal to F;
I say that, as A is to B, sois C to D.
For, with the same construction,
since E is equal to F,

therefore, as Gisto E, so is G to F. [ef. v. 7)
But, as Gis to E, sois C to D, [vir. 17)
and, as Gisto F, sois 4 to B. [vir. 18]

Therefore also, as 4 is to B, so is C to D. Q. E. D.

ProrosiTion 20

The least numbers of those which have the same ratio with them measure those which
have the same ratio the same number of times, the greater the greater and the less
the less.

For let CD, EF be the least numbers of those which have the same ratio
with A, B;

I say that CD measures A the same number of times that EF measures B.

Now CD is not parts of 4.

For, if possible, let it be so;

therefore EF is also the same parts of B that CD is of 4.
‘ ' {vi1. 13 and Def. 20]

Therefore, as many parts of A as there are in CD, so many parts of B are

there also in EF.
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Let CD be divided into the parts of 4, namely CG, GD, and EF into the
parts of B, namely EH, HF;
thus the multitude of CG, GD will be equal to the multitude of EH, HF .
Now, since the numbers CG, GD are equal to one another,

and the numbers EH, HF are also equal to one another,
while the multitude of CG, GD is equal to the multitude of
A-|B EH, HF,
€| E therefore, as CG is to EH, so is GD to HF.
el TH Therefore also, as one of the antecedents is to one of the
F  consequents, so will all the antecedents be to all the conse-
D quents. (viI. 12]

Therefore, as CG is to EH, so is CD to EF.

Therefore CG, EH are in the same ratio with CD, EF, being less than they:
which is impossible, for by hypothesis CD, EF are the least numbers of those
which have the same ratio with them.

Therefore CD is not parts of 4;

therefore it is a part of it. [virL. 4]

And EF is the same part of B that CD is of 4; [vi1. 13 and Def. 20]
therefore CD measures A the same number of times that EF measures B.
Q. E. D.

ProrosiTiON 21

Numbers prime to one another are the least of those which have the same ratio with
them.

lE Isay that A, B are the least of those which have
the same ratio with them.
For, if not, there will be some numbers less than
A, B which are in the same ratio with 4, B.
Let them be C, D.

Since, then, the least numbers of those which have the same ratio measure
those which have the same ratio the same number of times, the greater the
greater and the less the less, that is, the antecedent the antecedent and the
consequent the consequent, [vi1. 20]

therefore C measures A the same number of times that D measures B.

Now, as many times as C measures 4, so many units let there be in E.

Therefore D also measures B according to the units in E.

And, since C measures A according to the units in E,

therefore I also measures A according to the units in C. [viI. 16]

For the same reason

Let A, B be numbers prime to one another;
c D|

E also measures B according to the units in D. [viI. 16]
Therefore E measures A, B which are prime to one another: which 1s im-
possible. [vii. Def. 12]

Therefore there will be no numbers less than A, B which are in the same
ratio with 4, B.
Therefore 4, B are the least of those which have the same ratio with them.
Q. E. D.
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ProPOSITION 22

The least numbers of those which have the same ratio with them are prime to one
another.

Let A, B be the least numbers of those which have the same ratio with them;

I say that A, B are prime to one another.

For, if they are not prime to one another, some ,
number will measure them.

Let some number measure them, and let it be C. B

And, as many times as C measures A, so many
units let there be in D,
and, as many times as C measures B, so many units E
let there be in E.

Since C measures 4 according to the units in D,

therefore C by multiplying D has made A. [vir. Def. 15]
For the same reason also i
C by multiplying F has made B.
Thus the number C by multiplying the two numbers D, E has made 4, B;

therefore, as D is to E, so is 4 to B; o [vil 17)
therefore D, E are in the same ratio with 4, B, being less than they: which is
impossible.

Therefore no number will measure the numbers A, B.
Therefore A, B are prime to one another. Q. E. D,

ProrosiTioN 23

If two numbers be prime to one another, the number which measures the one of them
wrll be prime to the remaining number

Let A, B be two numbers prime to one another, and let any number C
measure A

1 say that C, B are also prime to one another.
For, if C, B are not prime to one another,
some number will measure C, B.

Let a number measure them, and let it be D.

Since D measures C, and C measures A, therefore D also
measures 4. '

But it also measures B; I
therefore D measures A, B which are prime to one another: A B C D

which is impossible. [vit. Def. 12]
Therefore no number will measure the numbers C, B.
Therefore C, B are prime to one another. Q. E.D.

ProposiTioN 24

If two numbers be prime to any number, their product also will be prime to the same.
For let the two numbers 4, B be prime to any number C, and let A by mul-
tiplying B make D;
I say that C, D are prime to one another.
For, if C, D are not prime to one another, some number will measure C, D.
Let a number measure them, and let it be E.
Now, since C, A are prime to one another,
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and a certain number E measures C, :
- therefore A, E are prime to one another. [vi1. 23]

As many times, then, as E measures D, so many units let there be in
’ therefore F' also measures

D according to the units in E. [v11. 16)
Therefore E by multiplying ¥ has made D. [vi1. Def. 15]

F But, further, A by multiplying B has also made D;
therefore the product of E, F is equal to the product of

A, B.
¢ But if the product of the extremes be equal to that of
) the means, the four numbers are proportional; [vi1. 19]
therefore, as E is to A, so is B to F.

But 4, E are pnme to one another, e
numbers which are prime to one another are also the least of tho<e W, h1ch have
the same ratio, {vir. 21}
and the least numbers of those which have the same ratio with them measure
those which have the same ratio the same number of times, the greater the
greater and the less the less, that is, the antecedent the antecedent and the
consequent the consequent; [v11. 20]

therefore E measures B.

But it also measures C;
therefore £ measures B, C which are prime to one another: which is 1mp0351ble
[vi1. Def. 12]
Therefore no number will measure the numbers C, D.
Therefore C, D are prime to one another. Q. E. D.

ProrosiTioN 25

If two numbers be prime to one another, the product of one of them into itself will
be prime to the remaining one.
Let A, B be two numbers prime to one another,
and let 4 by multiplying itself make C;
I say that B, C are prime to one another.
For let D be made equal to 4.
l B Since A, B are prime to one another, and 4 is equal to D,
T therefore D, B are also prime to one another.
D Therefore each of the two numbers D, A is prime to B,
C therefore the product of 12, A will also be prime to B. [viI. 24]
But the number which is the product of D, A4 is C.
Therefore C, B are prime to one another. Q. E. D.

ProrosiTioxN 26

If two numbers be prime to two numbers, both to each, their products also will be
prime to one another.

For let the two numbers .4, B be prime
to the two numbers C, D; both to each,
8 and let A by multiplying B make E, and let
E C by multiplying D make F;

F I say that E, F are prime to one another.

A c
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For, since each of the numbers 4, B is prime to C,
therefore the product of A, B will also be prime to C. [vi1. 24]
But the product of 4, Bis E;
therefore E, C are prime to one another.
For the same reason
E, D are also prime to one another.
Therefore each of the numbers C, D is prime to E.

Therefore the product of C, D will also be prime to E. [vir. 24]
Dut the product of C, D is F.
Therefore E, F are prime to one another. Q. E. D.

ProrosiTioN 27

If two numbers be prime to one another, and each by multiplying itself make a
certain number, the products will be prime to one another; and, if the original
numbers by multiplying the products make certain numbers, the latier will also
be prime to one another [and this is always the case with the extremes].
Let A, B be two numbers prime to one another,
let A by multiplying itself make C, and by multiplying C make D,
and let B by multiplying itself make E, and by multiply-
ing E make F; A
I say that both C, E and D, F are prime to one another.
For, since A, B are prime to one another, and 4 by
multiplying itself has made C,
therefore C, B are prime to one another. [vir. 23 c F
Since, then, C, B are prime to one another, B
and B by multiplying itself has made E,
therefore C, E are prime to one another. [id.]
Again, since A, B are prime to one another,
and B by multiplying itself has made E,
therefore A, E are prime to one another. [id.]
Since, then, the two numbers A, C are prime to the two numbers B, E, both
to each,
therefore also the product of A, C is prime to the product of B, E. [v11. 26]
And the product of A, C is D, and the product of B, E is F.
Therefore D, F are prime to one another. Q. E. D.

ProrosiTion 28

If two numbers be prime to one another, the sum will also be prime to each of them;
and, if the sum of two numbers be prime to any one of them, the original numbers
will also be prime to one another.
For let two numbers AB, BC prime to one another be added;
I say that the sum AC is also prime to each of
the numbers AB, BC. A B ¢
For, if CA, AB are not prime to one another,
some number will measure CA, AB.
Let a number measure them, and let it be D.
Since then D measures CA, AB,
therefore it will also measure the remainder BC.
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But it also measures BA4;
therefore D measures AB, BC which are prime to one another: which is im-
possible. [vii. Def. 12]

Therefore no number will measure the numbers CA, AB; therefore CA, AB
are prime to one another.

For the same reason

AC, CB are also prime to one another.
Therefore CA is prime to each of the numbers AB, BC.
Again, let CA, AB be prime to one another;
I say that AB, BC are also prime to one another.
For, if AB, BC are not prime to one another,
some number will measure AB, BC.

Let a number measure them, and let it be D.

Now, since D measures each of the numbers 4 B, BC, it will also measure
the whole CA.

But it also measures AB;

therefore D measures CA, AB which are prime to one another:

which is impossible. [vir. Def. 12]
Therefore no number will measure the numbers 4B, BC.
Therefore AB, BC are prime to one another. Q. E. D.

ProrosITION 29

Any prime number is prime to any number which it does not measure.
Let A be a prime number, and let it not measure B;
I say that B, A are prime to one another.
For, if B, A are not prime to one another,
A some number will measure them.
B Let C measure them.
c Since C measures B,
and A does not measure B,
therefore C is not the same with A.
Now, since C measures B, 4,
therefore it also measures A which is prime, though it is not the same with it:
which is impossible.
Therefore no number will measure B, A.
Therefore A, B are prime to one another. Q. E. D.

ProrosrTion 30

If two numbers by multiplying one another make some number, and any prime
number measure the product, it will also measure one of the original numbers.
For let the two numbers 4, B by multiplying one another make C, and let
any prime number D measure C;
I say that D measures one of the numbers A, B.
For let it not measure 4.
Now D is prime;
therefore A, D are prime to one another. [vir. 29]
£ And, as many times as D measures C, so many
units let there be in E.
Since then D measures C according to the units in E,

O W >
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therefore D by multiplying E has made C. [vir. Def. 15]
Further, A by multiplying B has also made C;
therefore the product of D, E is equal to the product of 4, B.
Therefore, asDisto A,sois B to E. [vi. 19]
But D, A are prime to one another, .
primes are also least, TviL. 21]
and the least measure. the numbers which have the same ratio the same num-
ber of times, the greater the greater and the less the less, that is, the antecedent
the antecedent and the consequent the consequent; ) [vi1. 20]
therefore D measures B.

Similarly we can also show that, if D does not measure B, it will measure A.

Therefore D measures one of the numbers 4, B. Q. E. D.

ProrosrTioN 31

Any composite number is measured by some prime number.
Let A be a composite number,
1 say that A is measured by some pnme number.
For, since A is composite,
some number will measure it.

Let a number measure it, and let it be B. A
Now, if B is prime, what was enjoined will have g
been done.

But if it is composite, some number will measure it.

Let a number measure it, and let it be C.

Then, since C measures B,

and B measures 4,
therefore C also measures A.

And, if C is prime, what was enjoined will have been done.

But if it is composite, some number will measure it.

Thus, if the investigation be continued in this way, some prime number will
be found which will measure the number before it, which will also measure A.

For, if it is not found, an infinite series of numbers will measure the number
A, each of which is less than the other:

which is impossible in numbers.

Therefore some prime number will be found which will measure the one
before it, which will also measure A.

Therefore any composite number is measured by some prime number.
Q. E. D.

ProrosiTioN 32

Any number either is prime or is measured by some prime number.
Let A be a number;
I say that A either is prime or is measured by some ,
prime number.
If now A is prime, that which was enjoined will have been done.
But if it is composite, some prime number will measure it. [vi. 31]
Therefore any number either is prime or is measured by some prime number.
Q. E. D.
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ProrosITIiON 33

Given as many numbers as we please, to find the least of those which have the same
ratto with them.
Let A, B, C be the given numbers, as many as we please;
thus it is required to find the least of those which
al s A, B, C are either prime to one another or not.
¢l o Now, if 4, B, C are prime to one another, they
are the least of those whlch have the same ratio
with them. [viz. 21]
I l But, if not, let D the greatest common ‘measure
H o L 'L “F and, as many times as D measures the numbers A4,
- G B, C respectively, so many units let there be in the
numbers E, F, @ respectively.
Therefore the numbers E, F, G measure the numbers 4, B, C respectively
according to the units in D. [vi1. 16]
therefore E, F, G are in the same ratio with A, B, C.-{vi1. Def. 20]
I say next that they are the least that are in that ratio.
For, if E, F, G are not the least of those which have the same ratio w1th A
B, C,
there will be numbers less than E, F, G which are in the same ratio with 4,
Let them be H, K, L;
therefore H measures A the same number of times that the numbers K, L
measure the numbers B, C respectively.
Now, as many times as H measures A, so many units let there be
in M;
cording to the units in M
And, since H measures 4 according to the units in M,
therefore M also measures A according to the units in H. {[vi1. 16]
For the same reason
M also measures the numbers B, C according to the units in the numbers K, L
Therefore M measures A B, C.
Now, since H measures A accordrng to the units in 2,
therefore H by multiplying M has made A. [vir. Def. 15]
For the same reason also
E by multiplying D has made 4.
Therefore, as K is to H, so is M to D. [vir, 19]
But E is greater than H;
therefore 3 is also greater than D.
And it measures A, B, C:
which is impossible, for by hypothesis, D is the greatest common measure of

I have the same ratio with A, B, C.
E of 4, B, C be taken, [vi1. 3]
Therefore E, F, G measure A, B, C the same number of times;
B, C.
therefore the numbers K, L also measure the numbers B, C respectively ac-
respectively;
Therefore the product of E, D is equal to the product of H, M.
4, B, C.
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Therefore there cannot be any numbers less than E, F, G which are in the
same ratio with 4, B, C.

Therefore E, F, G are the least of those which have the same ratio with 4,
B, C. Q. E. D.

ProrosiTioN 34

Given two numbers, to find the least number which they measure.
Let A, B be the two given numbers;
thus it is required to find the least number which they measure.
Now A, B are either prime to one another or not.
First, let A, B be prime to one another, and let A

by multiplying B make C;
therefore also B by multiplying A has made C. A B
Therefore A, B measure C. c
I say next that it is also the least number they D
measure.

For, if not, A, B will measure some number
which is less than C.
Let them measure D.
Then, as many times as A measures D, so many units let there be in E,
and, as many times as B measures D, so many units let there be in F;
therefore 4 by multiplying £ has made D,

and B by multiplying F has made D; fviI. Def. 15]
therefore the product of A, E is equal to the product of B, F.
Therefore, as A is to B, sois F to E. [viI. 19]
But A, B are prime,
primes are also least, [vir. 21]
and the least measure the numbers which have the same ratio the same number
of times, the greater the greater and the less the less; [vir. 20]

therefore B measures E, as consequent consequent.
And, since A by multiplying B, £ has made C, D,
therefore, as B is to E, sois C to D. [viL. 17]
But B measures E;
therefore C also measures D, the greater the less:
which is impossible.
Therefore A, B do not measure any number less than C;
therefore C is the least that is measured by 4, B.
Next, let A, B not be prime to one another,
and let F, E, the least numbers of those which have the same ratio with A, B,
be taken; [v11. 33] 1
therefore the product of 4, E is equal to the product of B, F. [viL. 19] |
And let A by multiplying £ make C; '

therefore also B by multiplying F has made C; A B
therefore A, B measure C. F £ \
I say next that it is also the least number
that they measure. C
For, if not, 4, B will measure some number —————D
which is less than C. —G —H

Let them measure D.
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And, as many times as A measures D, so many units let there be in G,
and, as many times as B measures D, so many units let there be in H.
Therefore A by multiplying G has made D,
and B by multiplying H has made D.
Therefore the product of A, G is equal to the product of B, H;
therefore, as A is to B, so is H to G. {vir. 19]
But, as A is to B, sois F to E.
Therefore also, as F is to E, so is H to G.
But F, E are least, -
and the least measure the numbers which have the same ratio the same num-
ber of times, the greater the greater and the less the less; [vIr. 20]
therefore E measures G.
And, since A by multiplying E, G has made C, D, -
therefore, as E is to G, so is C to D. [vir. 17]
But E measures G;
therefore C also measures D, the greater the less:
which is impossible.
Therefore A, B will not measure any number which is less than C.
Therefore C is the least that is measured by 4, B. Q. E.D.

ProposiTION 35

If two numbers measure any number, the least number measured by them will also
measure the same.
For let the two numbers A, B measure any number CD,
and let E be the least that they measure;
I say that E also measures CD.
For, if E does not measure CD, let E, measuring DF, leave CF less than
itself.

A B Now, since 4, B measure E,
F and E measures DF,
¢ ’ D therefore 4, B will also measure DF.
E———— But they also measure the whole CD;

therefore they will also measure the remainder CF which is less than E:
which is impossible.
Therefore E cannot fail to measure CD;
therefore it measures it. Q. E. D.

ProrosiTiON 36

Given three numbers, to find the least number which they measure.
Let A, B, C be the three given numbers;
thus it is required to find the least number which they

measure.
Let D, the least number measured by the two num-
bers A, B, be taken. [vir. 34]

Then C either measures, or does not measure, D.
First, let it measure it.

But 4, B also measure D;

therefore 4, B, C measure D.

I say next that it is also the least that they measure.

m o 0o ® >



148 EUCLID

For, if not, 4, B, C will measure some number which is less than D.

Let them measure E.

Since A, B, C measure E,

therefore also A, B measure E.
Therefore the least number measured by A,:Bwill also measure E. [vii. 35]
But D is the least number measured by 4, B;
therefore D will measure £, the greater the less:
which is impossible.
Therefore A, B, C will not measure any number which is less than D; «
therefore D is the least that A, B, C measure.

Again, let C not medsure D,
and let E, the least number measured by C, D, be ,
taken. , D [vin. 34)

. B

Since 4, B measure D, c
and D measures E,

D.

therefore also A; B measure E.
But C also measures E;
therefore also A B, C measure E. —_ F
I say next that it is also the least that they measure.
For, if not, A, B, C will measure some number which is less than E.
Let them measure F.
Since A, B, C measure F,
therefore also A, B measure F;
therefore the least number measured by A, B will also measure F. [vi1. 35]
But D is the least number measured by 4, B;
therefore D measures F.
But C also measures I';
therefore D C measure F,
so that the least number measured by D, C w1ll also measure F.
But E is the least number measured by C, D
therefore £ measures F, the crreater the less:
which is impossible. '
Therefore A, B, C will not measure any number which is less than E.
Therefore E is the least that is measured by A, B, C. Q. E. D.

m

ProrpositioN 37

If a number be measured by any number, the number which is measured will have
a part called by the same name as the measuring number.
For let the number A be measured by any number B;
I say that A has a part called by the same nameas B. . a
For, as many times as B measures A, so many units let B
there be in C.
Since B measures A according to the units in C, ¢
and the unit D also measures the number C according D—
to the units in it,
therefore the unit D measures.the number C the same number of times as B
measures 4.
Therefore, alternately, the unit D measures the number B the same number
of times as C measures 4; - [vit, 15]
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therefore, whatever part the unit D is of the number B, the same part is C of 4
also.
But the unit D is a part of the number B called by the same name as it;
therefore C is also a part of A called by the same name as B,
so that A has a part C which is called by the same name as B. Q. E. D.

ProrosiTION 38

If a number have any part whatever, it will be measured by a number called by the
same name as the part.

For let the number A have any part whatever, B,

and let C be a number called by the same name as the part B;

A I say that C' measures 4.

For, since B is a part of A called by the same name
as C,
¢ © *  and the unit D is also a part of C called by the same

—D name as it,

therefore, whatever part the unit D is of the number C,
the same part is B of 4 also;

therefore the unit D measures the number C the same number of times that B
meagures A. : :

Therefore, alternately, the unit D measures the number B the same number
of times that C' measures 4. [viL. 15]

Therefore C measures 4. Q. E. D.

ProposiTioN 39

To find the number which is the least that will have given parts.
Let 4, B, C be the given parts;
thus it is required to find the nuinber which is the least that will have the parts
4, B, C.
Let D, E, F be numbers called by the same name as the parts 4, B, C,
A B c and let @, the least number measured
—_ —_ by D, E, F, be taken. [vii. 36]
D E Therefore G has parts called by the
F same name as D, E, F. [vi1. 37]
But A, B, C are parts called by the
same name as D, E, F; -
" . therefore G has the parts A, B, C.
1 say next that it is also the least number that has.
For, if not, there will be some number less than G which will have the parts
A, B, C.
Let it 'be H.
Since H has the parts A4, B, C,
therefore H will be measured by numbers called by the same name as the parts
A, B, C. [vi1. 38)
But D, E, F are numbers called by the same name as the parts 4, B, C;
therefore H is measured by D, E, F.
And it is less than G: which is impossible.
Therefore there will be no number less than G that will have the parts 4,
B, C. Q. E. D.

H
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ProrosiTiON 1

If there be as many numbers as we please in continued proportion, and the extremes
of them be prime to one another, the numbers are the least of those which have the
same ratio with them.

Let there be as many numbers as we please, 4, B, C, D, in continued pro-

portion,
and let the extremes of them A, D be
prime to one another; A €—
I say that A, B, C, D are the least of B F—
those which have the same ratio with them. ¢—— G
For, if not, let E, F, G, H be lessthan A, p H

B, C, D, and in the same ratio with them.
Now, since A, B, C, D are in the same ratio with E, F, G, H,
and the multitude of the numbers 4, B, C, D is equal to the multitude of the
numbers E, F, G, H,
therefore, ex aequali,
as Aisto D,sois E to H. [vi1. 14]
But 4, D are prime,
primes are also least, [vir. 21]
and the least numbers measure those which have the same ratio the same num-
ber of times, the greater the greater and the less the less, that is, the antecedent
the antecedent and the consequent the consequent. [v11. 20]
Therefore A measures E, the greater the less:
which is impossible.
Therefore E, F, G, H which are less than A, B, C, D are not in the same
ratio with them.
Therefore 4, B, C, D are the least of those which have the same ratio with
them. Q. E. D.

ProposITION 2

To find numbers in continued proportion, as many as may be prescribed, and the
least that are tn a given ratio.

Let the ratio of A to B be the given ratio in least numbers;
thus it is required to find numbers in continued proportion, as many as may be
prescribed, and the least that are in the ratio of 4 to B.

Let four be preseribed;
let A by multiplying itself make C, and by multiplying B let it make D;

let B by multiplying itself make E;
further, let A by multiplying C, D, E make F, G, H.

150
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and let B by multiplying £ make K.
Now, since 4 by multiplying itself has made C,
and by multiplying B has made D,
A c therefore, as A is to B, sois C to D.
[vii. 17]
Again, since 4 by multiplying B
E has made D,
F ¢ and B by multiplying itself has made
E,
therefore the numbers 4, B by mul-
K tiplying B have made the numbers
D, E respectively.
Therefore, as A is to B, sois D to E, [vir. 18]
But, as 4 is to B, sois C to D;
therefore also, as C is to D, so is D to E.
And, since A by multiplying C, D has made F, G,
therefore, as C is to D, so is F to G. [viL. 17]
But, as C is to D, so was A to B;
therefore also, as A is to B, so is F to G.
Again, since 4 by multiplying D, E has made G, H,
therefore, as D is to E, sois (G to H. [viL. 17]
But, as Disto E, sois A to B.
Therefore also, as 4 is to B, sois G to H.
And, since A, B by multiplying £ have made H, K,
therefore, as 4 is to B, so is H to K. [vi1. 18]
But, as A is to B, sois F to G, and G to H.
Therefore also, as F is to G, sois G to H, and H to K;
therefore C, D, E, and F, G, H, K are proportional in the ratio of A to B.
I say next that they are the least numbers that are so.
For, since A, B are the least of those which have the same ratio with them,
and the least of those which have the same ratio are prime to one another,
[vi1. 22]

therefore A, B are prime to one another.

And the numbers A, B by multiplying themselves respectively have made
the numbers C, E, and by multiplying the numbers C, E respectively have
made the numbers F, K;
therefore C, E and F, K are prime to one another respectively. [vi1. 27)

But, if there be as many numbers as we please in continued proportion, and
the extremes of them be prime to one another, they are the least of those which

have the same ratio with them. [vrirr. 1]
Therefore C, D, E and F, G, H, K are the least of those which have the same
ratio with 4, B. Q. E. D.

Porisum. From this it is manifest that, if three numbers in continued propor-
tion be the least of those which have the same ratio with them, the extremes of
them are squares, and, if four numbers, cubes.

ProrosiTion 3

If as many numbers as we please in continued proportion be the least of those which
have the same ratio with them, the extremes of them are prime to one another.
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Let as many numbers as we please, 4, B, C, D, in continued proportion be
the least of those which have the same ratio with them;

A B c - - -

I say that the extremes of them A, D are prime to one another.

For let two numbers E F, the least that are in the ratio of 4, B, C, D, be
taken, [vn 33]
then three others G, H, K with the same property;

: and others, more by one continually, [vrir. 2]
until the multitude taken becomes equal to the multltude of the numbers 4,
B, C, D. :
Let them be taken, and let them be L, M, N, O.
Now, since E, F are the least of those which have the same ratio with them,
they are prime to one another. [viz. 22]
And, since the numbers E, F by multiplying themselves respectively have
made the numbers G, K, and by multiplying the numbers G, K respectively
have made the numbers L, O, [vi. 2, Por.]
therefore both G, K and L, O are prime to one another.  [vII. 27]
And, since A, B, C, D are the least of those which have the same ratio with
them,
while L, M, N, O are the least that are in the same ratio with 4, B, C, D,
and the multltude of the numbers A, B, C, D is equal to the multltude of the
numbers L, M, N, O,
therefore the numbers 4, B, C, D are equal to the numbers L, M, N, O re-
spectively;
therefore A is equal to L, and D to O.
And L, O are prime to one another.
Therefore A, D are also prime to one another. Q. E. D.

ProposiTiON 4

Given as many ratios as we please in least numbers, to find numbers in. continued
proportion which are the least in the given ratios.
Let the given ratios in least numbers be that of A to B, that of C to D, and
that of E to F;
thus it is required to find numbers in continued proportion which are the least
that are in the ratio of A to B, in the ratio of C to D, and in the ratio of E to F.
Let G, the least number measured by B, C, be taken. [vi1. 34]
And, as many times as B measures G, so many times also let A measure H,
and, as many times as C measures ¢, so many times also let D measure K.
Now E either measures or does not measure K. ,
First, let it measure it.
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And, as many times as E measures K, so many times let ' measure L also.
Now, since A measures H the same number of times that B measures G,

therefore,-as A is to B, sois H to G. .- [vi1. Def. 20, viI. 13]

A— B—— ’
c— D—
E—— F
N—— G
0 H

M K

p L

. For the same reason.also,
asCisto D,sois G to K,
and further, as Fis to F, sois K to L; :
therefore H, G, K, L are continuously proportlonal in the ratio of A to B, in
the ratio of C to D and in the ratio of E to F.
I say next that they are also the least that have this property:
For, if H, G, K, L are not the least numbers continuously proportional in the
ratios of 4 to B, of C to D, and of E to F, let them be N, O, M, P.
Then since, as A is to B, sois N to O, '
while 4, B are least,
and the least numbers measure those which have the same ratio the same num-
ber of times, the greater the greater and the less the less, that is, the antecedent
the antecedent and the consequent the consequent;
therefore. B measures O. [vi1. 20]
For the same reason -
C also measures O;
therefore B, C measure O;
therefore the least number measured by B, C will also measure 0. [viI. 35]
But G is the least number measured by B, C;
therefore G measures O, the greater the less:
which is impossible.
Therefore there will be no numbers less than H, G, K, L which are continu-
ously in the ratio of 4 to B, of C to D, and of E to F.
Next, let E not measure K.
A— c— E
B—— D— F

M —_—r

0 S

N T

P
Let M, the least number measured by FE, K, be taken.

And, as many times as K measures M, so many times let H, G measure N, O
respectively,
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and, as many times as E measures M, so many times let F measure P also.
Since H measures N the same number of times that G measures O,
therefore, as H is to G, so is N to 0. [viL. 13 and Def. 20]
But, as H is to G, so is 4 to B;
therefore also, as A is to B, sois N to O.
For the same reason also,
as Cisto D, sois O to M.
Again, since E measures M the same number of times that F' measures P,
: therefore, as E is to F, so is M to P; [vi1. 13 and Def. 20]
therefore N, O, M, P are continuously proportional in the ratios of 4 to B, of
C to D, and of E to F.
I say next that they are also the least that are in the ratios A: B, C: D, E: F.
For, if not, there will be some numbers less than N, O, M, P continuously
proportional in the ratios A: B, C: D, E: F.
Let them be @, R, S, T.
Now since, as @ is to R, so is A to B.
while 4, B are least,
and the least numbers measure those which have the same ratio with them the
same number of times, the antecedent the antecedent and the consequent the
consequent, [vir. 20]
therefore B measures R.
For the same reason C also measures R;
therefore B, C measure R.
Therefore the least number measured by B, C will also measure B. [viI. 35]
But G is the least number measured by B, C;
therefore G measures K.
And, as Gisto R, sois K to S: {vi1. 13]
therefore K also measures S.
But E also measures S;
therefore E, K measure S.
Therefore the least number measured by E, K will also measure S. [vi1. 35]
But M is the least number measured by E, K;
therefore M measures S, the greater the less:
which is impossible.
Therefore there will not be any numbers less than N, O, M, P continuously
proportional in the ratios of A to B, of C to D, and of E to F;
therefore N, O, M, P are the least numbers continuously proportional in the
ratios A: B, C:D, E: F. Q. E. D.

ProrosiTION 5

Plane numbers have to one another the ratio compounded of the ratios of their sides.
Let A, B be plane numbers, and let the numbers C, D be the sides of 4, and
E, F of B;
I'say that A has to B the ratio compounded of the ratios of the sides.
For, the ratios being given which C has to £ and D to F, let the least num-
bers G, H, K that are continuously in the ratios C: E, D: F be taken, so that,
as Cisto K, sois G to H,
and, as Dis to F, sois H to K. [viir. 4]
And let D by multiplying E make L.
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Now, since D by multiplying C has made A4, and by multiplying E has
made L,
therefore, as C is to E, sois 4 to L. [vii. 17]
But, as Cis to E, sois G to H;
therefore also, as G is to H, sois A to L.
Again, since E by multiplying D has made L, and
further by multiplying F has made B,
B therefore, as D is to F, so is L to B. [vi1. 17]
—¢ —bD But, as Disto F, sois H to K;
—E —F therefore also, as H is to K, so is L to B.
G But it was also proved that,
H as Gisto H,sois 4 to L;
K therefore, ex aequali,
L as Gisto K, sois 4 to B. [vir. 14]
But G has to K the ratio compounded of the ratios of the sides;
therefore A also has to B the ratio compounded of the ratios of the sides.
Q. E. D.

ProrosiTiON 6

If there be as many numbers as we please in continued proportion, and the first do
not measure the second, neither will any other measure any other.
Let there be as many numbers as we please, 4, B, C, D, E, in continued pro-
portion, and let A not measure B;
I say that neither Wll] any other measure any other.
Now it is manifest that A, B,
A C, D, E do not measure one an-
B8 other in order; for A does not
even measure B.
I say, then, that neither will
any other measure any other.
£ For, if possible, let A measure

O

—_F .
G And, however many A, B, C
H are, let as many numbers F, G,
H, the least of those which have
the same ratio with A, B, C, be taken. [vi1. 33]
Now, since F, G, H are in the same ratio with A, B, C, and the multitude of

the numbers 4, B, C is equal to the multitude of the numbers F, G, H,
therefore, ex aequali, as A isto C, sois F to H. [vir. 14]

And since, as 4 is to B, so is F to G,
while 4 does not measure B,

therefore neither does F' measure G; [vi1. Def. 20}
therefore F is not an unit, for the unit measures any number.
Now F, H are prime to one another. [viI. 3]

And, as Fisto H, sois A to C;
therefore neither does A measure C.
Similarly we can prove that neither will any other measure any other.
Q. E. D.
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PROPOSITION 7

If there be as many numbers as we please in continued proportwn and the ﬁrst
measure the last, it will measure the second also.

Let there be as many numbers as we please, 4, B, C, D, in continued pro-
portion; and let A measure D;
I say that A also measures B.

For, if A does not measure B, nelther B o
will any other of the numbers measure any ¢ ‘ '

other. b 6]

But A measures D.

Therefore 4 also measures B. Q. E. D.

A_.

ProrosiTioN 8 .

If between two numbers there fall numbers in continued proportion 'unth them, the'n
however many numbers fall between them in continued préportion, so many wdl
also fall in conlinued proportion between the numbers which have the same ratio
with the original numbers.

Let the numbers C, D fall between the two numbers 4, B in continued pro-
portion with them, and let E be made in the same ratio to F as 4 is to B;

I say that, as many numbers as have fallen between A, B in continued pro-
portion, so many will also fall between E, F in continued proportion.

For, asmanyas A, B,C, D

are in multitude, let so many A E
numbers G, H, K, L, the least C—— M
of those which have the same pe—o-uv-—— N
ratio with A, C, D, B, be g F
taken; fvii.33] 6—

therefore the extremes of H—

them G, L are prime to one ‘L(

another. [vi. 3)
Now, since 4, C, D, B are in the same ratio with G, H, K L
and the multltude of the numbers A, C, D, B is equal to the multltude of the
numbers G, H, K, L; -
* therefore, ex aequali, as A is to B, sois G to L. [vin 14]
But, as 4 is to B, sois K to F,
therefore also, as G'is to L, sois E to F.
But G, L are prime,
primes are also least, [VII 21]
and the least numbers measure those which have the same ratio the same num-
ber of times, the greater the greater and the less the less, that is, the anteced-
ent the antecedent and the consequent the consequent. v 20]
Therefore G measures E the same number of times as L measures F.
Next, as many times as G measures E, so many times let H, K also measure
M, N respectlvely,
therefore G, H, K, L' measure E, M, N, F-the same number of times.
Therefore G, H, K, L are in the same ratio with E, M, N, F. [vix. Def. 20]
But G, H, K, L are in the same ratio with 4, C, D, B;
therefore A, C, D, B are also in the same ratio with E, M, N, F.
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/" But 4, C, D, B are in eontinued proportion;
therefore E, M, N, F are also in continued proportion.
Therefore, as many numbers as have fallen between A, B in continued pro-
portion with them, so-many numbers have also fallen: between E, F in con-
tinued proportion. : Q. E. D.

ProposiTION 9

If two numbers be prime to one another, and numbers fall between them in con-
tinued proportion, then, however many numbers fall between them in continued
proportion, so many will also fall between each of them and an unit in continued
proportion.

Let A, B be two numbers prime to one another, and let: C D fall between
them in contmued proportion, .

and let the unit £ be set out;

I say that as many numbers as fall between A, B in contmued proportlon, S0
many will also fall between either of the numbers A, B and the unit in con-
tinued proportion.

For let two numbers F, @, the least that are in the ratio of A C’ D, B, be
taken,

- three numbers H, K, L with the same property,
and others more by one contlnually, until their multitude is equal to the multi-
tude of 4, C, D, B. [viil. 2]
N ,
K
L

@O O

.,,
|
oz =

p

Let them be taken, and let them be M, N, O, P.

It is now manifest that F by multlplymg 1fself has made H and by multiply-
ing H has made M, while G by multiplying itself has made L and by multiply-
ing L has made P. : [vii. 2, Por.]

And, since M, N, O, P are the least of those which have the same ratio with
F, G,
and A C, D B are also the least of those which have the same ratio with
F, G, [viir. 1]
W h11e the Inultltude of the numbers M, N, O, P is equal to the multitude of the
numbers A4, C, D, B,

therefore M, N, O, P are equal to A, C, D, B respectively;
therefore M is equal to 4, and P to B.
Now, since F by multiplying itself has made H,
therefore F measures H according to the units in 7.

But the unit E also measures F according to the units in it;
thercfore the unit E measures the number ¥ the same number of times as F
measures H.
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Therefore, as the unit E is to the number F, so is F to H. {vi1. Def. 20]
Again, since ¥ by multiplying H has made 2/,
therefore H measures M according to the units in F.

But the unit E also measures the number F according to the units in it;
therefore the unit E measures the number F the same number of times as H
measures M.

Therefore, as the unit E is to the number F, so is H to M.

But it was also proved that, as the unit E is to the number F, sois F to H;
therefore also, as the unit F is to the number F, s0 is F to H, and H to M.

But M is equal to 4;
therefore, as the unit E is to the number F, sois F to H, and H to A.

For the same reason also,

as the unit E is to the number G, so is G to L and L to B ;

Therefore, as many numbers as have fallen between 4, B in continued pro-
portion, so many numbers also have fallen between each of the numbers 4, B
and the unit E in continued proportion. Q. E. D.

ProrosiTION 10

If numbers fall between each of two numbers and an unit in continued proportion
however many numbers fall between each of them and an unit in continued pro-
portion, so many also will fall between the numbers themselves in continued propor-
tion.

For let the numbers D, E and F, G respectively fall between the two num-
bers A, B and the unit C in continued proportion;

I say that, as many numbers as have fallen between each of the numbers A, B
and the unit C in continued proportion, so many numbers will also fall between
A, B in continued proportion.

For let D by multiplying ¥ make H, and let the numbers D, F by multiply-
ing H make K, L respectively.

Now, since, as the unit C

is to the number D, so is D __ A
to E, 8
therefore the unit C measures
the number D the same num- DP—
ber of times as D measures E— H
E. [vir. Def. 20] fF_——

But the unit C -measures s L

the number D according to
the units in D;
therefore the number D also measures E according to the units in D;
therefore D by multiplying itself has made E.

Again, since, as C is to the number D, so is £ to 4,
therefore the unit C' measures the number D the same number of times as E'
measures 4.

But the unit ¢ measures the number D according to the units in D;

therefore E also measures A according to the units in D,
therefore D by multiplying £ has made A.
For the same reason also
F by multiplying itself has made G, and by multiplying G has made B.
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And, since D by multiplying itself has made E and by multiplying F has
made H,

therefore, as D isto F, so is E to H. [vii. 17]
For the same reason also,
as Disto F, sois H to G. [vir. 18)

Therefore also, as F is to H, so is H to G.
Again, since D by multiplying the numbers £, H has made A, K respec-
tively,
therefore, as F is to H, so is A to K. [vi1. 17]
But, as Fisto H, sois D to F;
therefore also, as D is to F, sois A to K.
Again, since the numbers D, F by multiplying H have made K, L respec-
tively,
therefore, as D is to F, so is K to L. [viL. 18]
But, as Disto F,sois A to K;
therefore also, as A is to K, sois K to L.
Further, since ¥ by multiplying the numbers H, G has made L, B respec-
tively,
therefore, as H is to G, so is L to B, [viL. 17]
But, as His to G, so is D to F
therefore also, as Disto F, sois L to B,
But it was also proved that,
as Disto F,sois A to K and K to L;
therefore also, as A is to K, sois K to L and L to B.
Therefore A, K, L, B are in continued proportion.
Therefore, as many numbers as fall between each of the numbers A, B and
the unit C in continued proportion, so many also will fall between A, B in con-
tinued proportion. Q. E. D.

ProrosiTiON 11

Between two square numbers there 1s one mean proportional number, and the square
has to the square the ratio duplicate of that which the side has to the side.
Let A, B be square numbers,
and let C be the side of 4, and D of B;
I say that between A, B there is one mean proportional number, and A has
to B the ratio duplicate of that which C has to D.

A For let C by multiplying D make F.
Now, since A is a square and C 1s its side,
C—— D therefore C by multiplying itself has made A.

£ For the same reason also,
D by multiplying itself has made B.
Since, then, C by multiplying the numbers C, D has made A, E respectively,

therefore, as C is to D, so is A to E. [vir. 177
For the same reason also,
as Cisto D,sois E to B. (viI. 18]

Therefore also, as A is to F, so is E to B.

Therefore between A, B there is one mean proportional number.

I say next that A also has to B the ratio duplicate of that which € has to D.
For, since A, E, B are three numbers in proportion,
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therefore A has to B the ratio duplicate of that which 4 has to E. [v. Def. 9]
But, as A is to E, sois C to D.
Therefore A has to B the ratio duplicate of that which the side C has to D.
Q. E. D.

ProrosiTiON 12

Between two cube numbers there are two mean proportional numbers, and the cube
has to the cube the ratio triplicate of that which the side has to the side.
Let A, B be cube numbers,
and let C be the side of 4, and D of B;
I say that between A, B there are two mean proportional numbers, and 4 has
to B the ratio triplicate of that which C has to D.
For let C by multiplying

itself make E, and by multi- A—— £—0o0
plying D let it make F; B F

let D by multiplying itself C— H a
make G, D K

and let the numbers C, D by
multiplying F make H, K respectively.
Now, since 4 is a cube, and C its side,
and C by multiplying itself has made E,
therefore C by multiplying itself has made E and by multiplying F has made 4.
For the same reason also
D by multiplying itself has made G and by multiplying G has made B.
And, since C by multiplying the numbers C, D has made E, F respectively,

therefore, as C is to D, sois E to F. [vir. 17]

For the same reason also,
as Cisto D, sois F to G. [viL. 18]
Again, since C by multiplying the numbers E, F has made 4, H respectively,
therefore, as E is to F, sois 4 to H. [vir. 17]

But, as Eisto F, sois C to D.

Therefore also, as C is to D, so is A to H.

Again, since the numbers C, D by multiplying F have made H, K respec-
tively, A
therefore, as C is to D, so is H to K. [vir. 18]

Again, since D by multiplying each of the numbers ¥, G has made K, B re-
spectively,

therefore, as F is to G, so is K to B. [vir. 17]

But, as Fis to G, sois C to D;

therefore also, as C is to D, sois A to H, H to K, and K to B.

Therefore H, K are two mean proportionals between 4, B.

I say next that A also has to B the ratio triplicate of that which C has to D.

For, since A, H, K, B are four numbers in proportion,
therefore 4 has to B the ratio triplicate of that which A hasto H. [v. Def. 10]

But, as 4 is to H, sois C to D;
therefore A4 also has to B the ratio triplicate of that which C has to D.

Q. E. D.
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ProrosiTiOoN 13

If there be as many numbers as we please in continued proportion, and each by
multiplying itself make some number, the products will be proportional; and, if the
ortginal numbers by multiplying the products make certain numbers, the latter will
also be proportional.

Let there be as many numbers as we please, A, B, C, in continued propor-
tion, so that, as 4 is to B, so is B to C;
let A, B, C by multiplying themselves make D, E, F, and by multiplying D, E,
F let them make @, H, K; v

I say that D, E, F and G, H, K are in continued proportion,

A G
B H
C K
D

£ M
F N
L P

o Q
For let A by multiplying B make L,
and let the numbers 4, B by multiplying L make 3/, N respectively.
And again let B by multiplying C make O,
and let the numbers B, C by multiplying O make P, Q respectively.
Then, in manner similar to the foregoing, we can prove that
D, L, E and G, M, N, H are continuously proportional in the ratio of A to B,
and further E, O, F and H, P, Q, K are continuously proportional in the ratio
of B to C.
Now, as A is to B, sois B to C;
therefore D, L, E are also in the same ratio with E, O, F,
and further G, M, N, H in the same ratio with H, P, Q, K.
And the multitude of D, L, E is equal to the multitude of E, O, F and that
of G, M, N, H to that of H, P, Q, K;
therefore, ex aequali,
asDisto E,sois Eto F,
and, as Gis to H, sois H to K. fvir. 14]
Q. E. D.
ProrosiTioN 14

If a square measure a square, the side will also measure the side; and, if the side
measure the side, the square will also measure the square.

Let A4, B be square numbers, let C, D be their sides, and let A measure B;
I say that C also measures D.

A— For let C by multiplying D make E;
B therefore A, E, I3 are continuously proportional in the
—C ——D  ratio of C to D. [vir. 11]
e And, since A, E, B are continuously proportional,

and 4 measures B,
therefore A also measures E. (v 7]
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And, as 4 isto E, so is C to D;

therefore also C measures D. [vir. Def. 20]
Again, let C measure D;

I say that A also measures B.
For, with the same construction, we can in a similar manner prove that 4,

E, B are continuously proportional in the ratio of C to D.
And since, as Cis to D, sois 4 to E,
and C measures D,

therefore 4 also measures E. [vir. Def. 20]
And A, E, B are continuously proportional;

therefore A also measures B.
Therefore ete. Q. E. D,

ProrosiTioN 15

If a cube number measure a cube number, the side will also measure the side; and,
if the side measure the side, the cube will also measure the cube.
For let the cube number A measure the cube B,
and let C be the side of A and D of B;
I say that C measures D.
For let C by multiplying itself make E,
and let D by multiplying itself make G;
further, let C by multiplying D make F,
and let C, D by multiplying ¥ make H, K respectively.
Now it is manifest that E, F,

G and A, H, K, B are continu- A—
ously proportional in the ratio 8
of Cto D. [vim. 11, 12]  ©— H
And, since A, H, K, B are 0D— K
continuously proportional, E—
and A measures B, G
therefore it also measures H.
fvim. 7]~
And, as A is to H, so is C to D;
therefore C also measures D. ' [vii. Dei. 20]

Next, let C measure D;

I say that A will also measure B.
For, with the same construction, we can prove in a similar manner that 4,

H, K, B are continuously proportional in the ratio of C to D.

And, since C measures D,

and, as Cisto D, sois A to H,

therefore A also measures H, [vi1. Def. 20]
so that A measures B also. Q. E. D,

ProrosiTioN 16

If a square number do not measure a square number, netther will the side measure
the side; and, if the side do nol measure the side, netther will the square measure

the square.
Let A, B be square numbers, and let C, D be their sides; and let A not meas-
ure B;
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I say that neither does C measure D.
For, if C measures D, A will also measure B, [viii. 14]
But A does not measure B;

therefore neither will C measure D.
Again, let C not measure D;

I say that neither will 4 measure B.
For, if A measures B, C will also measure D. [vii. 14]
But C does not measure D; :
therefore neither will A measure B. Q. E. D.

C—0Ho

0—

ProrposiTiON 17

If a cube number do not measure a cube number, neither will the side measure the
side; and, if the side do not measure the side, neither will the cube measure the cube.
For let the cube number A not measure the cube number B,
and let C be the side of A, and D of B;
I say that C will not measure D.

A . .

B For if ¢ measures D, A will also measure B.
c_ [viIr. 15]
0— But A does not measure B;

therefore neither does C measure D.
Again, let C not measure D;
I say that neither will A measure B.

For, if A measures B, C will also measure D. [vIiI. 15]
But C does not measure D;
therefore neither will A measure B. Q. E. D.

ProrosiTion 18

Between two simzlar plane numbers there is one mean proportional number; and
the plane number has to the plane number the ratio duplicate of that which the
corresponding side has to the corresponding side.

Let A, B be two similar plane numbers, and let the numbers C, D be the
sides of A4, and E, F of B.

A—— c—

G

Now, since similar plane numbers are those which have their sides propor-

tional, ' [vi1. Def. 21]
therefore, as Cisto D, so is F to F.

I say then that between A, B there is one mean proportional number, and 4
has to B the ratio duplicate of that which C has to E, or D to F, that is, of that
which the corresponding side has to the corresponding side.

Now since, as Cisto D, sois E to F,

therefore, alternately, as C is to E, sois D to F. [vir. 13]

And, since 4 is plane, and C, D are its sides,

therefore D by multiplying C has made 4.
For the same reason also
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E by multiplying F has made B.
Now let. D by multiplying £ make G.
Then, since D by multiplying C has made 4, and by multiplying E has made
G,
therefore; as C is to E, sois 4 to G. [vi1. 17]
But, as Cisto E, sois D to F;
therefore also, as D is to F, sois 4 to G.
Again, since E by multiplying D has made @, and by multiplying F has
made B,
therefore, as D is to F, so is G to B. [vir. 17]
But it was also proved that,
asDisto F,sois A to G;
therefore also, as 4 is to @, so is G to B.
Therefore A, G, B are in continued proportion.
Therefore between A, B there is one mean proportional number.
I say next that A also has to B the ratio duplicate of that which the corres-
ponding side has to the corresponding side, that is, of that which C has to E or
DtoF.
For, since 4, (G, B are in continued proportion,
A has to B the ratio duplicate of that which it has to G. [v. Def. 9]
And, as 4 is to G, sois C to E, and sois D to F.
Therefore 4 also has to B the ratio duplicate of that whlch C has to EorD
to F. ' Q. E. D.

ProrosiTioN 19

Between two similar solid numbers there fall two mean proportional numbers; and
the solid number has to the similar solid number the ratio triplicate of that which
the corresponding side has to the corresponding side.

Let A, B be two similar solid numbers, and let C, D, E be the sides of A4, a.nd
F, G H of B.

Now since similar solid nuimbers are those which have thelr sides propor-
tional, . [vii. Def. 21]
therefore, as C is to D, sois F to G,
and, as D is to E, so is G to H.

I say that between A, B-there fall two mean proportional numbers, and 4
has to B the ratio triplicate of that which C has to ¥, D to G, and also E to H.

A
B
c- F— N
D— G—— ‘ o}
E— H

K—'v

1

M—

For let C by multiplying D make K, and let F by multiplying G make L.
Now, since C, D are in the same ratio with F, G,
and K is the product of C, D, and L the product of F,G K, L are similar plane
numbers; [vi1. Def. 21]
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therefore between K, L there is one mean proportional number. [vin. 18]
Let it be M.
Therefore M is the product of D, F, as was proved in the theorem preceding
this. [vinr. 18]

Now, since D by multiplying € has made K, and by multiplying # has made

M,
therefore, as Cisto F, sois K to M. {vii. 17]

But, as K is to M, so is M to L.

Therefore K, M, L are continuously proportional in the ratio of C to F.

And since, as C is to D, so is F to G,

alternately therefore, as C is to F, sois D to G. [vi1. 13]

For the same reason also,

as Disto G, sois E to H.
"Therefore K, M, L are continuously proportional in the ratio of C to F, in
the ratio of D to G, and also in the ratio of E to H.
Next, let E, H by multiplying M make N, O respectively.
Now, since A4 is a solid number, and C, D, E are its sides,
therefore £ by multiplying the product of C, D has made 4.
But the product of C, D is K;
therefore £ by multiplying K has made 4.
For the same reason also
H by multiplying L has made B.
Now, since E by multiplying K has made 4, and further also by multiplying
M has made N,
therefore, as K is to 3, sois 4 to N. [vi1. 17]
But, as Kisto M, sois C to F, D to G, and also E to H;.
therefore also, as Cisto F, D to G, and E to H, sois 4 to N.
Again, since E, H by multiplying M have made N, O respectively,
therefore, as E is to H, sois N to O. - (vi1. 18]

But, as Fis to H,s0is C to F and D to G;
therefore also, as Cisto F, D to G, and E to H,so is A to N and N to O.

Again, since H by multiplying A has made O, and further also by multiply-
ing L has made B,

therefore, as M is to L, sois O to B. [viL. 17]

But, as M isto L,sois C to F, D to G, and E to H.

Therefore also, as Cis to F, D to G, and E to H, so not only is O to B, but
also 4 to N and N to O.

Therefore A, N, O, B are continuously proportional in the aforesaid ratios
of the sides.

I say that A also has to B the ratio triplicate of that which the correspond-
ing side has to the corresponding side, that is, of the ratio which the number C
hasto F, or D to G, and also E to H.

For, since A, N, O, B are four numbers in continued proportion,
therefore A has to B the ratio triplicate of that which A hasto N. [v. Def. 10]

But, as 4 is to N, so it was proved that C is to ¥, D to @, and also F to H.

Therefore A also has to B the ratio triplicate of that which the correspond-
ing side has to the corresponding side, that is, of the ratio which the number
Chasto F, D to G, and also E to 1. Q. E. D.
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ProrosiTioN 20

If one mean proportional number fall between two numbers, the numbers will be
stmilar plane numbers.

For let one mean proportional number C fall between the two numbers
A, B;

I say that A, B are similar plane numbers.

Let D, E, the least numbers of those which have the same ratio with 4, C,
be taken; [vi1. 33]
therefore D measures A the same number of times that E measures C. {vII. 20]

Now, as many times as D measures 4, so many units let there be in F;

therefore F' by multiplying D has made 4,
so that A is plane, and D, F are its sides.

Again, since D, E are the least of the numbers which have the same ratio
with C, B,
therefore D measures C the same number of times that E measures B. {vi1. 20]

Aem—no D—

B €
c

F—

G

As many times, then, as E measures B, so many units let there be in G;
therefore E measures B according to the units in G;
therefore G by multiplying E has made B.
Therefore B is plane, and E, G are its sides.
Therefore A, B are plane numbers.
I say next that they are also similar.
For, since F by muitiplying D has made A, and by multiplying E has
made C,
therefore, as D is to E, so is A to C, that is, C to B. [vi1. 17]
Again, since E by multiplying F, G has made C, B respectively,
therefore, as F is to @, so is C to B. [vii. 17]
But, as Cis to B, sois D to E;
therefore also, as D is to E, sois F to G.

And alternately, as D is to F, so is E to G. {vir. 13]
Therefore A, B are similar plane numbers; for their sides are proportional.
Q. E. D.

ProrosiTioN 21

If two mean proportional numbers fall between two numbers, the numbers are stmi-
lar solid numbers.
For let two mean proportional numbers C, D fall between the two numbers
A, B;
I say that A, B are similar solid numbers.
For let three numbers E, F, G, the least of those which have the same ratio
with 4, C, D, be taken; [viI. 33 or viiI. 2]
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therefore the extremes of them E, (7 are prime to one another. [vir. 3]
Now, since one mean proportional number F has fallen between E, G,
therefore E, G are similar plane numbers. [viir. 20]

Let, then, H, K be the sides of E, and L, 3 of G.
Therefore it is manifest from the theorem before this that E, F, ( are con-
tinuously proportional in the ratio of H to L and that of K to M.

A— o1 £—
B F—
Cor—r-— G—
D H-
N— K—
O L—
Mo

Now, sinee E, F, G are the least of the numbers which have the same ratio
with 4, C, D,
and the multitude of the numbers E, F, G is equal to the multitude of the num-
bers A, C, D,
therefore, ex aequali, as E is to G, sois A to D. [viI. 14)
But E, ¢ are prime,
primes are also least, [vir. 21]
and the least measure those which have the same ratio with them the same
number of times, the greater the greater and the less the less, that is, the ante-
cedent the antecedent and the consequent the consequent; [vi1. 20]
therefore £ measures A the same number of times that G measures D.
Now, as many times as £ measures 4, so many units let there be in N.
Therefore N by multiplying £ has made A.
But E is the product of H, K
therefore N by multiplying the product of H, K has made A.
Therefore A is solid, and H, K, N are its sides.
Again, since E, F, G are the least of the numbers which have the same ratio
as C, D, B,
therefore £ measures C the same number of times that G measures B.
Now, as many times as £ measures C, so many units let there be in O.
Therefore G measures B according to the units in O;
therefore O by multiplying G has made B.
But G is the product of L, M,
therefore O by multiplying the product of L, A has made B.
Therefore B is solid, and L, 31, O are its sides;
therefore A, B are solid.
I say that they are also similar.
For, since N, O by multiplying £ have made 4, C,
therefore, as N is to O, so is 4 to C, that is, E to F. [vir. 18]
But, as Eisto F, sois H to L and K to M ;
therefore also, as H is to L, so is K to M and N to O.
And H, K, N are the sides of A, and O, L, M the sides of B.
Therefore A, B are similar solid numbers. Q. E. D.
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ProrosiTion 22

If three numbers be in continued proportion, and the first be square, the third wzll
also be square.

Let 4, B, C be three numbers in continued proportlon, and let A the first be
square; A
I say that C the third is also square.

For, since between A, C there is one mean propor-
tional number, B, _ o N
‘therefore A, C are similar plane numbers. {viir. 20]

But A is square; -

therefore C is also square. ' Q. E. D.

ProrosiTioN 23

If four numbers be in continued proportion, and the first be cube, the fourth will
also be cube.
Let A, B, C, D be four numbers in continued proportion, and let A be cube;
I say that D is also cube.

For, since between A, D there are two mean A

proportional numbers B, C, B

therefore A, D are similar solid numbers. ¢

[virz. 21} D

But 4 is cube; }
therefore D is also cube. 'Q. E. D.

ProrosiTiON 24

If two numbers have to one another the ratio which a square number has to a square
number, and the first be square, the second will also be square.

For let the two numbers A, B have to one another the ratio which the
square number C has to the square number D, and

let A be square; A
I say that B is also square. B
. c
For, since C, D are square, D
C, D are similar plane numbers.
Therefore one mean proportional number falls between C, D. - {viir. 18]
And, as Cisto D, sois A to B;
therefore one mean proportional number falls between A, B also. v 8]
And 4 is square;
therefore B is also square. fvir. 22]

Q. E.D.

ProposiTiON 25

If two numbers have to one another the ratio which a cube number has to a cube
number, and the first be cube, the second will also be cube.
For let the two numbers 4, B have to one another the ratio which the cube
number C has to the cube number D, and let A be cube; .
I say that B is also cube.
For, since C, D are cube,
C, D are similar solid numbers.
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Therefore two mean proportional numbers fall between C, D. [virI. 19]
And, as many numbers as fall between C, D in continued proportion, so

. many will also fall between
A——o E

those which have the same
B F—————  ratio with them; [vi1l. §]
c—— . so that two mean propor-
D tional numbers fall between

A, B also.
Let E, F so fall.

Since, then, the four numbers 4, E, F, B are in continued proportion,
and A is cube,
therefore B is also cube. [vriI. 23]
Q. E. D.

ProrosiTioN 26

Similar plane numbers have to one another the ratio which a square number has
to a square number.

Let A, B be similar plane numbers;
I say that A has to B the ratio which a square number has to a square number.

A——— B

c
D— E— F

For, since A, B are similar plane numbers,

therefore one mean proportional number falls between A, B. [vi1. 18]
Let it so fall, and let it be C;

and let D, E, F, the least numbers of those which have the same ratio with 4,
C, B, be taken; [vi1. 33 or VIII. 2]

therefore the extremes of them D, F are square. [vIiI. 2, Por.]
And since, as D is to F, sois 4 to B,
and D, F are square,
therefore A has to B the ratio which a square number has to a square number.
Q. E. D,

ProrosiTioN 27

Similar solid numbers have to one another the ratio which a cube number has to a
cube number.

Let A, B be similar solid numbers;
I say that A has to B the ratio which a cube number has to a cube number.

A— c

E— F— G ——— H

For, since A, B are similar solid numbers,
therefore two mean proportional numbers fall between A, B. (v, 19]
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Let C, D so fall,
and let E, F, G, H, the least numbers of those which have the same ratio with
A, C, D, B, and equal with-them in multitude, be taken; {vi1. 33 or viI. 2]
therefore the extremes of them E, H are cube. [viiI. 2, Por.]
And, as E is to H, so is A to B;
therefore A also has to B the ratio which a cube number has to a cube number.
Q.E.D.




BOOK NINE

ProrosiTioN 1

If two similar plane numbers by multiplying one another make some number, the

product will be square.

Let A, B be two similar plane numbers, and let A by multiplying B make C;
I say that C 1s square.

: For let A by multiplying itself make D.
c Therefore D is square.
Since then A by multiplying itself has made
0 D, and by multiplying B has made C,
therefore, as A is to B, sois D to C. [vi1. 17]
And, since 4, B are similar plane numbers,
therefore one mean proportional number falls between A, B. [vim. 18)

But, if numbers fall between two numbers in continued proportion, as many
as fall between them, so many also fall between those which have the same
ratio; [vIil. 8)

so that one mean proportional number falls between D, C also.

And D is square;

therefore C is also square. [viir. 22]
Q. E. D.

ProrosiTIiON 2

If two numbers by multiplying one another make a square number, they are similar
plane numbers.
Let A, B be two numbers, and let A by multiplying B make the square num-

ber C;

A 1 say that 4, B are similar plane numbers.

8 For let A by multiplying itself make D;
therefore D is square.

g Now, since A by multiplying itself has

made D, and by multiplying B has made C,
therefore, as 4 isto B, sois D to C. [viI. 17]
And, since D is square, and C is so also,
therefore D, C are similar plane numbers.

Therefore one mean proportional number falls between D, C. {viir. 18]
And, as Disto C, sois A to B;
therefore one mean proportional number falls between A, B also. (vi1. 8]
But, if one mean proportional number fall between two numbers, they are
similar plane numbers; {vir. 20]
therefore A, B are similar plane numbers. Q. E. D.

171
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ProrosiTioN 3

If @ cube number by multiplying itself make some number, the product will be
cube.
For let the cube number 4 by multiplying itself make B;
I say that B-is cube.
For let C, the side of 4, be taken, and let C' by multiplying itself make D.
It is then manifest that C by multiplying D has made A.

Now, since C by multiplying itself has made D, A—
therefore C measures D according to the units in itself. B
But further the unit also measures C according to the ¢-— D—

units in it; .
therefore, as the unit is to C, sois C to D. . [vir. Def. 20]
. "Again, 'since C by multiplying D has made 4, ‘
therefore D measures 4 according to the units in C.
But the unit also measures C according to the units in it;
therefore, as the unit is to C, sois D to 4.
- But, as the unit is to C, so is C to D;
therefore also, as the unit is to C, so'is C to D, and D to A.
. Therefore between the unit and the number A two mean ploportlonal num-
bers C, D have fallen in continued proportion. :
Agaln, since 4 by multiplying itself has made B, '
therefore 4 measures B according to the units in ltself
But the unit also measures A according to the units in it; ‘
therefore, as the unit is to 4, so is A to B. [vir. Def. 20]
But between the unit and A two mean proportional numbers have fallen;
therefore two mean proportional numbers will also fall between A, B, - [vii1. §]
But, if two mean proportional numbers fall between two numbers, and the
first be cube, the second will also be cube. {vim. 23)
And 4 is cube;
therefore B is also cube. Q. E. D,

ProrosiTioN 4

If a cube number by multiplying a cube number make some number, the product
will be cube.
For let the cube number A by multiplying the cube number B make C;
I say that C is cube.
For let A by multiplying itself make D;
therefore D is cube. f1x. 3]
And, since A by multiplying itself ‘has
made D, and by multiplying B has made C
therefore, as A is to B, so is D to C. {vir. 17]
And, since A, B are cube numbers,
A, B are similar solid numbers.
Therefore two mean proportional numbers fall between 4, B; fvir. 19]
so that two mean proportional numbers will fall between D, C also. [vim. §]
And D is cube;

C

therefore C is also cube : [vin. 23]
' ' Q. E. D.




ELEMENTS IX 173

ProrositTiON 5

If a cube number by multiplying any number make a cube number, the multz'plzed
number will also be cube.
- For let the cube number, A by multiplying any number B make the cube
number C;
I say that B is cube.
For let A by multiplying itself make D;
: therefore D is cube. [1%. 3]
Now, since A. by multiplying itself has
made D, and by multiplying B has made
C,
therefore, as 4 is to B, sois D to C. . [vii. 17]
And since D, C are cube, :
they are 51m1lar sohd numbers.

O O m >

Therefore two mean proportional numbers fall between D, C. [viiI. 19]
And, as D is to C, sois A to B;
therefore two mean proportional numbers fall between A B also. fvir. §]
And A is cube; )
therefore B is also cube. [vrir. 23]

PROPOSITION 6

If a number by multiplying itself make a cube number, zt will ttself also be cube.
For let the number 4 by multiplying itself make the cube number B;
I say that A is also cube. .

Arme—— For let A by multiplying B make.C.
e Since, then, A by multiplying itself has made B, and
c by multlplymg B has made C,

therefore C is cube.
And, since A by multiplying itself has made B,
therefore A measures B according to the units in itself.
But the unit also measures 4 according to the units in it.
Therefore, as the unit is to 4, so is 4 to B. [vir. Def. 20]
And, since 4 by multiplying B has made C,
therefore B measures C according to the units in A.
But the unit also measures A according to the units in it. :
Therefore, as the unit is to 4, so is B to C. [viI. Def. 20]
But, as the unit is to 4, so is A to B;
therefore also, as A is to B, so is B to C.
And, since B, C are cube,
they are similar solid numbers.
Therefore there are two mean proportional numbers between B, C. [viir. 19]
And, as Bisto C, sois A to B.
Therefore there are two mean proportional numbers between A, B also.
{viir. 8
And B is cube;
therefore A is also cube. [ef. viiI. 23]
Q. E. D.
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ProrosiTiON 7

If a composite number by multiplying any number make some number, the product
will be solid.
For, let the composite number A by multiplying any number B make C;
I say that C is solid.
For, since A is composite, it will be
measured by some number.
) [vi1. Def. 13]
Let it be measured by D;
and, as many times as D measures 4,
$0 many units let there be in E.
Since, then, D measures A according to the units in E,
therefore E by multiplying D has made 4. [vir. Def. 15]
And, since 4 by multiplying B has made C,
and 4 is the product of D, E,
therefore the product of D, E by multiplying B has made C.
Therefore C is solid, and D, E, B are its sides. Q. E. D.

o O W >

PropositiON 8

If as many numbers as we please beginning from an unit be in continued propar-
tion, the third from the unit will be square, as will also those which successively
leave out one; the fourth will be cube, as will also all those which leave out two; and
the seventh will be at once cube and square, as will also those which leave out five.
Let there be as many numbers as we please, 4, B, C, D, E, F, beginning
from an unit and in continued proportion; A
I saythat B, the third from the unit,issquare, asare also B
all those which leave out one; C, the fourth, is cube, as ¢
D

E

F

are also all those which leave out two; and F, the sev-
enth, is at once cube and square, as are also all those
which leave out five.
For since, as the unit is to A4, sois 4 to B,
therefore the unit measures the number A the same number of times that 4
measures B. [vi1. Def. 20]
But the unit measures the number 4 according to the units in it; .
therefore A also measures B according to the units in A.
Therefore 4 by multiplying itself has made B;
therefore B is square.
And, since B, C, D are in continued proportion, and B is square,
therefore D is also square. [vim. 22]

For the same reason
F 1s also square.

Similarly we can prove that all those which leave out one are square.

I say next that C, the fourth from the unit, is cube, as are also all those which
leave out two.

For since, as the unit is to 4, so is B to C,
therefore the unit measures the number A the same number of times that B
measures C.

But the unit measures the number A according to the units in 4;
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therefore B also measures C according to the units in 4.
Therefore A by multiplying B has made C.
Since then A by multiplying itself has made B, and by multiplying B has
made C,
therefore C is cube.
And, since C, D, E, F are in continued proportion, and C is cube,
therefore F is also cube. [viir. 23]
But it was also proved square;
therefore the seventh from the unit is both cube and square.
Similarly we can prove that all the numbers which leave out five are also
both cube and square. Q. E. D.

ProrosiTiON 9

If as many numbers as we please beginning from an unit be in continued propor-
tion, and the number after the unit be square, all the rest will also be square. And,
if the number after the unit be cube, all the rest will also be cube.

Let there be as many numbers as we please, A, B, C, D, E, F, beginning
from an unit and in continued proportion, and let A4,
the number after the unit, be square;

I say that all the rest will also be square.

Now it has been proved that B, the third from the

unit, is square, as are also all those which leave out one;
[1x. 8]

A
B
c
D
E
F

I say that all the rest are also square.
For, since 4, B, C are in continued proportion,

and 4 is square,

therefore C is also square. [vim. 22]

Again, since B, C, D are in continued proportion,

and B is square,

D is also square. [viir. 22]
Similarly we can prove that all the rest are also square.
Next, let 4 be cube;

I say that all the rest are also cube.

Now it has been proved that C, the fourth from the unit, is cube, as also are
all those which leave out two; (1x. 8]
I say that all the rest are also cube.

For, since, as the unit is to 4, so is 4 to B,
therefore the unit measures A the same number of times as A measures B.
But the unit measures A according to the units in it;
therefore A also measures B according to the units in itself;
therefore A by multiplying itself has made B.
And 4 is cube.
But, if a cube number by multiplying itself make some number, the product
1s cube. {1x. 3]
Therefore B is also cube.
And, since the four numbers A, B, C, D are in continued proportion,
and A4 is cube,
D al=o0 is cube. v, 23]
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For the same reason
E is also cube, and similarly all the rest are cube. Q. E. D.

Provrosition 10

If as many numbers as we please beginning from an unit be in continued propor-
tion, and the number after the unit be not square, neither will any other be square
except the third from the unit and all those which leave out one. And, if the number
after the unit be not cube, neither will any other be cube except the fourth from the
unit and all those which leave out two.

Let there be as many numbers as we please, 4, B,C, D, E, F, beglnmng from
an unit and in continued proportion,

and let A, the number after the unit, not be square;

Isay that neither mll any other be square except the thlrd from the unit
<and those which leave out one>.

For, if possible, let C be square. A—ro

But B is also square; [1x.8] B
[therefore B, C have to one another the ratio
which a square number has to a square number].

And, as Bis to C, so is A to B;
therefore ‘4, B have to one another the ratio
which a square number has to a square number;
[so that 4, B are similar plane numbers]. [vII1. 26, converse]

And B is square; o

Mmoo

therefore A4 is also square:
which is contrary to the hypothesis.

Therefore C is not square.

Similarly we can prove that neither is any other of the numbers ‘square ex-
cept the third from the unit and those which leave out one.

Next, let A not be cube.

I say that neither will any other be cube except the fourth from the unit and
those which leave out two.

For, if possible, let D be cube.

Now C is also cube; for it is fourth from the unit. [ix. 8]

And, as Cisto D, sois B to C;

therefore B also has to C the ratio which a cube has to a cube.
And C is cube;
therefore B is also cube. ' [vii1. 25]
And since, as the unit is to 4, sois 4 to B,
and the unit measures 4 according to the units in it,
therefore A also measures B according to the units in itself;
therefore A by multiplying itself has made the cube number B.

But, if a number by multiplying itself make a cube number, it is also itself
cube. [1x. 6]

Therefore A is also cube:

which is contrary to the hypothesis.

Therefore D is not cube.

Similarly we can prove that neither is any other of the numbers cube except
the fourth from the unit and those which leave out two. Q. E. D.
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ProrposiTioNn 11

If as many numbers as we please beginning from an unit be in continued propor-
tion, the less measures the greater according to some one of the numbers which have
place among the proportional numbers.

Let there be as many numbers as we please, B, C, D, E, beginning from the
unit 4 and in continued proportion;

I say that B, the least of the numbers B, C, D, E,

measures E according to some one of the numbers C, D.
& For since, as the unit 4 is to B, sois D to E,
c therefore the unit A measures the number B the same
g number of times as D measures E;

therefore, alternately, the unit A measures D the same
number of times as B measures E. [vii. 15]
But the unit A measures D according to the units in it;
therefore B also measures E according to the units in D;
so that B the less measures E the greater according to some number of those
which have place among the proportional numbers.—

Porism. And it is manifest that, whatever place the measuring number has,
reckoned from the unit, the same place also has the number according to which
it measures, reckoned from the number measured, in the direction of the num-
ber before it.— Q. E. D.

ProrosiTioN 12
If as many numbers as we please beginning from an unit be tn continued propor-
tion, by however many prime numbers the last is measured, the next to the unit will
also be measured by the same.

Let there be as many numbers as we please, A, B, C, D, beginning from an
unit, and in continued proportion;

I say that, by however many prime numbers D is measured, 4 will also be
measured by the same.

For let D be measured by any prime number E;

A F I say that F measures A.

B G For suppose it does not;

C—— H now E is prime, and any prime
D number is prime to any which it
E— does not measure; [v11. 29]

therefore E, A are prime to one another.
And, since E measures D, let it measure it according to F,
therefore E by multiplying F has made D.
Again, since 4 measures D according to the units in C, [1X. 11 and Por.]
therefore A by multiplying C has made D.
But, further, £ has also by multiplying ¥ made D;
therefore the product of 4, C is equal to the product of E, F.
Therefore, as 4 is to E, so is F to C. (vi1. 19]
But 4, E are prime,
primes are also least, [vir. 21]
and the least measure those which have the same ratio the same number of
times, the antecedent the antecedent and the consequent the consequent;
{vir. 20}
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therefore E measures C.
Let it measure it according to @;
therefore E by multiplying G has made C.
But, further, by the theorem before this,
A has also by multiplying B made C. (1x. 11 and Por]
Therefore the product of 4, B is equal to the product of E, G.
Therefore, as 4 is to E, so is G to B. [vII. 19]
But A4, E are prime,
primes are also least, {vir. 21]
and the least numbers measure those which have the same ratio with them the
same number of times, the antecedent the antecedent and the consequent the
consequent: fvi1. 20}
therefore £ measures B.
Let it measure it according to H;
therefore £ by multiplying H has made B.

But, further, A has also by muitiplying itself made B; [ix. 8]
therefore the product of E, H is equal to the square on 4.
Therefore, as Eisto 4, sois A to H. [vir. 19]

But 4, E are prime,
primes are also least, [vi1. 21]
and the least measure those which have the same ratio the same number of
times, the antecedent the antecedent and the consequent the consequent;
[v11. 20]
therefore £ measures A, as antecedent antecedent.
But, again, it also does not measure it:
which is impossible.
Therefore E, A are not prime to one another.
Therefore they are composite to one another.
But numbers composite to one another are measured by some number.
[VIL Def. 14]
And, since F is by hypothesis prime,
and the prime is not measured by any number other than itself,
therefore £ measures 4, E,
so that £ measures A.
[But it also measures D;
therefore £ measures 4, D.]
Similarly we ean prove that, by however many prime numbers D is meas-
ured, 4 will also be measured by the same. Q. E. D.

ProrosiTION 13

If as many numbers as we please beginning from an unit be in continued propor-
tion, and the number after the unit be prime, the greatest will not be measured by
any except those which have a place among the proportional numbers.

Let there be as many numbers as we please, 4, B, C, D, beginning from an
unit and in continued proportion, and let 4, the number after the unit, be prime;

Isay that D, the greatest of them, will not be measured by any other number
except 4, B, C.

For, if possible, let it be measured by F, and let E not be the same with any
of the numbers 4, B, C.
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It is then manifest that E is not prime.

For, if E is prime and measures D,
it will also measure A [1x. 12], which is prime, though it is not the same with it:
which is impossible.

A— E—- Therefore E is not prime.

B F Therefore it is composite.
o G But any composite num-
D H—oo ber is measured by some

prime number; [vi1. 31]
therefore E is measured by some prime number.
I say next that it will not be measured by any other prime except A.
For, if E is measured by another,
and £ measures D,
that other will also measure D;
so that it will also measure A [1x. 12], which is prime, though it is not the same
with it:
which is impossible.
Therefore A measures E.
And, since £ measures D, let it measure it acecording to F.
I say that F is not the same with any of the numbers 4, B, C.
For, if F is the same with one of the numbers 4, B, C,
and measures D according to E,
therefore one of the numbers A, B, C also measures D according to E.

But one of the numbers A, B, C measures D according to some one of the
numbers 4, B, C; f1x. 11}
therefore FE is also the same with one of the numbers 4, B, C:
which is contrary to the hypothesis.

Therefore F is not the same as any one of the numbers 4, B, C.
Similarly we can prove that F is measured by A, by proving again that F is
not prime.
For, if it is, and measures D,
it will also measure A [1x. 12], which is prime, though it is not the same with it:
which is impossible;
therefore ¥ is not prime.
Therefore it is composite.
But any composite number is measured by some prime number; ({viI. 31]
therefore F' is measured by some prime number.
I say next that it will not be measured by any other prime except 4.
For, if any other prime number measures F,
and /' measures D,
that other will also measure D;
so that it will also measure A [1x. 12], which is prime, though it is not the same
with it:
which is impossible.
Therefore A measures F.
And, since E measures D according to F,
therefore £ by multiplying ¥ has made D.
But, further, 4 has also by multiplying C made D; [1x. 11]
therefore the product of A, C is equal to the product of E, F.
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Therefore, proportionally, as A is to E, sois F to C. [vi1. 19]
But A measures F;
therefore F also measures C.
Let it measure it according to G.
Similarly, then, we can prove that G is not the same with any of the numbers
A, B, and that it is measured by A.
And, since F measures C according to G
therefore F by multiplying G has made C.

But, further, 4 has also by multiplying B made C; [1x. 11]
therefore the product of 4, B is equal to the product of F, G.
Therefore, proportionally, as A is to F, so is G to B. [viI. 19]

But A measures F;
therefore (¢ also measures B.
Let it measure it according to H.
Similarly then we can prove that H is not the same with A.
And, since G measures B according to H,
therefore G by multiplying H has made B.

But, further, A has also by multiplying itself made B; [1x. 8]
therefore the product of H, G is equal to the square on A.
Therefore, as H isto 4, sois A to G. [vii. 19]

But A measures G;
therefore H also measures A, which is prime, though it is not the same with it:
which is absurd.
Therefore D the greatest will not be measured by any other number except
A, B, C. Q. E.D.

ProvrosiTiOoN 14

If a number be the least that s measured by prime numbers, 1t will not be measured
by any other prime number except those originally measuring .

For let the number A be the least that is measured by the prime numbers
B, C, D;

I say that A will not be measured by A B—
any other prime numberexcept B,C,D. E———— C——
For, if possible, let it be measured b

by the prime number E, and let E not
be the same with any one of the numbers B, C, D.
Now, since E measures A, let it measure it according to F;
therefore E by multiplying F has made A.

And 4 is measured by the prime numbers B, C, D.

But, if two numbers by multiplying one another make some number, and
any prime number measure the product, it will also measure one of the original
numbers; [vI1. 30]

therefore B, C, D will measure one of the numbers E, F.

Now they will not measure E;
for E is prime and not the same with any one of the numbers B, C, D.

Therefore they will measure ¥, which is less than 4:
which is impossible, for 4 is by hypothesis the least number measured by B,
C, D.

Therefore no prime number will measure A except B, C, D. Q. E.D.
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ProrosiTIiON 15

If three numbers in continued proportion be the least of those which have the same
ratio with them, any two whatever added together will be prime to the remaining
number.
Let A, B, C, three numbers in continued proportion, be the least of those
which have the same ratio with them;

A— B Isay thatany two of thenumbers A, B, C whatever
C—— added together are prime to the remaining number,

—E _f namely A, Bto C; B, C to 4 ; and further, 4, C to B.

For let two numbers DE, EF, the least of those

which have the same ratio with 4, B, C, be taken. [vim. 2]

It is then manifest that DE by multiplying itself has made A, and by multi-
plying EF has made B, and, further, EF by multiplying itself has made C.

{vir. 2]
Now, since DE, EF are least,
they are prime to one another. [vi1. 22]
But, if two numbers be prime to one another,
their sum is also prime to each; [vir. 28]

therefore DF is also prime to each of the numbers DE, EF.
But, further, DE is also prime to EF;
therefore DF, DE are prime to EF.
But, if two numbers be prime to any number,
their product is also prime to the other; [viI. 24]
so that the product of FD, DE is prime to IF;
hence the product of FD, DE is also prime to the square on EF. [viIL. 25]
But the product of FD, DE is the square on DE together with the product of
DE, EF; [11. 3]
therefore the square on DE together with the product of DE, EF is prime to
the square on EF.
And the square on DE is 4,
the product of DE, EF is B,
and the square on EF is C;
therefore A, B added together are prime to C.
Similarly we can prove that B, C added together are prime to A.
I say next that 4, C added together are also prime to B.
For, since DF is prime to each of the numbers DE, EF,

the square on DF is also prime to the product of DE, EF. [vir. 24, 25]
But the squares on DE, EF together with twice the product of DE, EF are
equal to the square on DF; [11. 4]

therefore the squares on DE, EF together with twice the product of DE, EF
are prime to the product of DE, EF.
Separando, the squares on DE, EF together with once the product of DE,
EF are prime to the product of DE, EF.
Therefore, separando again, the squares on DE, EF are prime to the product
of DE, EF.
And the square on DE is 4,
the product of DE, EF is B,
and the square on FF is C.
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Therefore A, C added together are prime to B. Q. E.D.

ProrosiTIiON 16

If two numbers be prime to one another, the second will not be to any other number
as the first ts lo the second.
For let the two numbers 4, B be prime to one another;

I say that B is not to any other number as A is to B. A
For, if possible, as 4 is to B, so let B be to C. B
Now A, B are prime,

primes are also least, [vi1. 21) ¢

and the least numbers measure those which have the same ratio the same
number of times, the antecedent the antecedent and the consequent the conse-
quent; [vir. 20]
therefore A measures B as antecedent antecedent.
But it also measures itself;
therefore A measures A, B which are prime to one another:
which is absurd.
Therefore B will not be to C, as A is to B. Q. E. D.

Prorosition 17

If there be as many numbers as we please in continued proportion, and the extremes
of them be prime to one another, the last will not be to any other number as the first
to the second.

For let there be as many numbers as we please, A, B, C, D, in continued pro-
portion,

and let the extremes of them, 4, D, be prime to A—— B
one another; c
I say that D is not to any other number as 4 »p
is to B.
For, if possible, as 4 is to B, so let D be to E;
therefore, alternately, as 4 is to D, sois B to E. [vi1. 13]
But A, D are prime,
primes are also least, [vir. 21]

and the least numbers measure those which have the same ratio the same num-
ber of times, the antecedent the antecedent and the consequent the conse-
quent. [viI. 20]
Therefore A measures B.
And, as 4 is to B, sois B to C.
Therefore B also measures C;
so that A also measures C.
And since, as Bisto C, sois C to D,
and B measures C,
therefore C also measures D.
But A measured C;
so that A also measures D.
But it also measures itself;
therefore A measures A, D which are prime to one another:
which is impossible.
Therefore D will not be to any other number as A is to B. Q. E. D.
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ProrosiTioN 18

Given two numbers, to investigate whether it is possible to find a third proportional
to them.

Let A, B be the given two numbers, and let it be required to investigate
whether it is possible to find a third proportional to them.

Now A, B are either prime to one another or not.

And, if they are prime to one another, it has been proved that it is impossible
to find a third proportional to them. [rx. 16]

Next, let 4, B not be prime to one another,

and let B by multiplying itself make C.
Then A either measures C or does not measure it.
First, let it measure it according to D;
therefore A by multiplying D has made C.
But, further, B has also by multiplying itself made C;
therefore the product of 4, D is equal to the square on B.
Therefore, as A is to B, so is B to D; [viI. 19]
therefore a third proportional number D has been found to 4, B.
Next, let A not measure C;

A
B

[

I say that it is impossible to find a third proportional number to 4, B.
For, if possible, let D, such third proportional, have been found.
Therefore the product of 4, D is equal to the square on B.
But the square on B is C;
therefore the product of A, D is equal to C.
Hence 4 by multiplying D has made C;
therefore A measures C according to D.
But, by hypothesis, it also does not measure it:
which is absurd.
Therefore it is not possible to find a third proportional number to 4, B when
4 does not measure C. Q. E. D.

ProrosiTioN 19

Given three numbers, to investigate when it is possible to find a fourth proportional
A to them.

Let A, B, C be the given three numbers, and let
it be required to investigate when it is possible to
find a fourth proportional to them.

[The Greek text of this proposition is corrupt. However, analagously to Proposition 18

the condition that a fourth proportional to A, B, C exists is that A measure the product
of B and C.]

B
C

Prorosition 20

Prime numbers are more than any assigned multitude of prime numbers.
Let A, B, C be the assigned prime numbers;
I say that there are more prime numbers than 4, B, C.
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For let the least number measured by A, B, C be taken,
and let it be DE;
let the unit DF be added to DE.
Then EF is either prime or not. A
First, let it be prime; B 6
then the prime numbers A, B, C, EF have

been found which are more than 4,B, C. D
Next, let EF not be prime; € -F
therefore it is measured by some prime number. [vi1. 31]

Let it be measured by the prime number G.

I say that (7 is not the same with any of the numbers A, B, C.

For, if possible, let it be so.

Now 4, B, C measure DE;

therefore @ also will measure DE.
But it also measures EF.
Therefore (, being a number, will measure the remainder, the unit DF:
which is absurd.

Therefore @ is not the same with any one of the numbers 4, B, C.

And by hypothesis it is prime.

Therefore the prime numbers 4, B, C, G have been found which are more
than the assigned multitude of 4, B, C. Q. E. D.

ProrosiTion 21

If as many even numbers as we please be added together, the whole is even.

For let as many even numbers as we please, AB, BC, CD, DE, be added to-
gether;

I say that the whole AE is even.

For, since each of the numbers 4B,

BC, CD, DE is even, it has a half part; A___8 ¢ D E
[vi1. Def. 6]
so that the whole AF also has a half part.
But an even number is that which is divisible into two equal parts; [id.]
therefore AE is even. Q. E. D.

ProrosiTiON 22

If as many odd numbers as we please be added together, and their multitude be even,
the whole will be even.
For let as many odd numbers as we please, AB, BC, CD, DE, even in multi-
tude, be added together;
I say that the whole AE is even.
For, since each of the numbers

AB, BC, CD, DE is odd, if an unit A ‘? ¢ D E
be subtracted from each, each of :
the remainders will be even; _ [viI. Def. 7]
so that the sum of them will be even. 1x. 21]
But the multitude of the units is also even.
Therefore the whole AE is also even. [1x. 21]

Q. E. D.
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Prorositiox 23

If as many odd numbers as we please be added together, and their multitude be odd,
the whole will also be odd.
For let as many odd numbers as we please, AB, BC, CD, the multitude of
which is odd, be added together;

A B ¢ ED 1 say that the whole AD is also odd.

Let the unit DE be subtracted from CD;
therefore the remainder CE is even. [(vii. Def. 7]
But CA is also even; [1x. 22]
therefore the whole AF is also even. {1x. 21]

And DE is an unit.
Therefore AD is odd. [viI. Def. 7]

Q. E. D.

ProrosiTiON 24

If from an even number an even number be subtracted, the remainder will be even.
For from the even number AB let the even number BC be subtracted:
A c B I say that the remainder CA is even.
* For, since AB is even, it has a half part. [vi1. Def. 6]
For the same reason BC also has a half part;
so that the remainder [CA also has a half part, and] AC is therefore even.
Q. E. D.

Prorposition 25

If from an even number an odd number be subtracted, the remainder will be odd.
For from the even number A B let the odd number BC be subtracted;
A cCD B I say that the remainder CA4 is odd.
— For let the unit CD be subtracted from BC;
therefore DB is even. [vii. Def. 7}

But AB is also even;
therefore the remainder AD is also even. [1x. 24]
And CD is an unit;
therefore CA is odd. {vii. Def. 7]
Q. E. D.

ProrosiTioN 26

If from an odd number an odd number be subtracted, the remainder will be even.
For from the odd number A B let the odd number BC be subtracted;
I say that the remainder CA is even.

¢ ¢ DB For, since AB is odd, let the unit BD be subtracted:
therefore the remainder AD is even. [vii. Def. 7]

For the same reason CD is also even; fvir. Def. 7
so that the remainder CA is also even. [1x. 24

Q. E. D.

ProrosiTioN 27

If from an odd number an even number be subtracted, the remainder will he odl.
For from the odd number AB let the even number BC be subtracted:
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I say that the remainder CA is odd.
Let the unit AD be subtracted;

therefore DB is even. [vii. Def. 7] AD ¢ B
But BC is also even;
therefore the remainder CD is even. [1x. 24]
Therefore CA is odd. [vi1. Def. 7]
Q. E. D.

ProrosiTiON 28

If an odd number by multiplying an even number make some number, the product
will be even.

For let the odd number A by multiplying the even number B make C;

I say that C is even.

For, since 4 by multiplying B has made C,
therefore C is made up of as many numbers equal to B
as there are unitsin A. [viL. Def. 15]

And B is even;

therefore C is made up of even numbers.

But, if as many even numbers as we please be added together, the whole is
even. [1x. 21]

Therefore C is even. Q. E. D.

A—
B

Prorosition 29

If an odd number by multiplying an odd number make some number, the product
will be odd.

For let the odd number A by multiplying the odd number B make C;

I say that C is odd.

For, since A by multiplying B has made C,
therefore C is made up of as many numbers equal to
B as there are units in A. [vir. Def.15] C

And each of the numbers A, B is odd;
therefore C is made up of odd numbers the multitude of which is odd.

Thus C is odd. [1x. 23]

Q. E. D.

A——

ProrposiTiox 30

If an odd number measure an even number, it will also measure the half of it.
For let the odd number 4 measure the even number B;
I say that it will also measure the half of it.

. A
For, since A measures B, 5
let it measure it according to C; o

I say that C is not odd.
For, if possible, let it be so.
Then, since A measures B according to C,
therefore A by multiplying € has made B.
Therefore B is made up of odd numbers the multitude of which is odd.
Therefore B is odd: [1x. 23]
which is absurd, for by hypothesis it is even.
Therefore C is not odd;
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therefore C is even.
Thus A measures B an even number of times.
For this reason then it also measures the half of it. Q. E. D.

ProrosiTIiON 31

If an odd number be prime to any number, it will also be prime to the double of it.

For let the odd number A be prime to any number B,

and let C be double of B;

A I say that A is prime to C.

For, if they are not prime to one another,
some number will measure them.

Let a number measure them, and let it be D.
D— Now A is odd;

therefore D is also odd.
And since D which is odd measures C,
and C is even,
therefore [D] will measure the half of C also. [1x. 30}
But B is half of C;

therefore D measures B.
But it also measures A ;
therefore D measures A, B which are prime to one another:
which is impossible.
Therefore A cannot but be prime to C.
Therefore A, C are prime to one another. Q. E. D.

ProrpositioN 32

Each of the numbers which are continually doubled beginning from a dyad is even-
times even only.

For let as many numbers as we please, B, C, D, have been continually doub-
led beginning from the dyad 4;
I say that B, C, D are even-times even only.

A— Now that each of the numbers B, C, D is
8 even-times even is manifest; for it is
g doubled from a dyad.

I say that it is also even-times even only.
For let an unit be set out.
Since then as many numbers as we please beginning from an unit are in con-
tinued proportion,
and the number A after the unit is prime,
therefore D, the greatest of the numbers 4, B, C, D, will not be measured by

any other number except 4, B, C. [1x. 13]
And each of the numbers 4, B, C is even;
therefore D is even-times even only. [vi1. Def. 8]
Similarly we can prove that each of the numbers B, C is even-times even
only. Q. E. D.

ProrosiTiOoN 33

If a number have its half odd, it is even-times odd only.
For let the number A have its half odd;
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I say that A is even-times odd only.

Now that it is even-times odd is manifest; for the half of it, being odd, meas-
ures it an even number of times. [viI. Def. 9]

I say next that it is also even-times odd only.

For, if 4 is even-times even also,
it will be measured by an even number according to an even number;

[viL. Def. 8]
so that the half of it will also be measured by an even number though it is odd:
which is absurd.
Therefore A is even-times odd only. Q. E.D.

A

Prorosrtion 34

If a number neither be one of those which are continually doubled from a dyad, nor
have its half odd, it is both even-times even and even-times odd.

For let the number A neither be one of those doubled from a dyad, nor have
its half odd;

I say that A is both even-times even and even-times odd. A
Now that 4 is even-times even is manifest;
for it has not its half odd. [viL. Def. 8]

I say next that it is also even-times odd.

For, if we biseet A, then bisect its half, and do this continually, we shall
come upon some odd number which will measure A according to an even num-
ber.

For, if not, we shall come upon a dyad,

and 4 will be among those which are doubled from a dyad:
which is contrary to the hypothesis.

Thus A is even-times odd.

But it was also proved even-times even.

Therefore A is both even-times even and even-times odd. Q. E. D.

PropositioN 35

If as many numbers as we please be in continued proportion, and there be sub-
tracted from the second and the last numbers equal to the first, then, as the excess of
the second is to the first, so will the excess of the last be to all those before .

Let there be as many numbers as we please in continued proportion, 4, BC,
D, EF, beginning from 4 as least,

and let there be subtracted from BC and : A—
EF the numbers BG, FH, each equal B-é—-c
to 4; P
I say that, as GCis to A, s0 is EH  ¢___ —F
to 4, BC, D. L K H

For let FK be made equal to BC, and FL equal to D.
Then, since FK is equal to BC,
and of these the part FH is equal to the part BG,
therefore the remainder HK is equal to the remainder GC.
And since, as EF is to D, so is D to BC, and BC to A,
while D is equal to FL, BC to FK, and 4 to FH,
therefore, as EF is to FL, so is LF to FK, and FK to FH.
Separando, as EL is to LF, so is LK to 'K, and KH to FH. [vi. 11, 13]
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Therefore also, as one of the antecedents is to one of the consequents, so are
all the antecedents to all the consequents; [v11. 12]
therefore, as KH is to FH, so are EL, LK, KH to LF, FK, HF.

But KH is equal to CG, FH to A, and LF, FK, HF to D, BC, A;
therefore, as CG is to A, sois EH to D, BC, A.
Therefore, as the excess of the second is to the first, so is the excess of the
last to all those before it. Q. E. D.

ProrposiTION 36

If as many numbers as we please beginning from an unit be set out continuously
in double proportion, until the sum of all becomes prime, and if the sum multiplied
into the last make some number, the product will be perfect.

For let as many numbers as we please, A, B, C, D, beginning from an unit
be set out in double proportion, until the sum of all becomes prime,

let E be equal to the sum, and let £ by multiplying D make FG;
I say that FG is perfect.

For, however many 4, B, C, D are in multitude, let so many E, HK, L, M

be taken in double proportion beginning from £
therefore, ex aequali, as A is to D, so is E to M. [vir. 14]
Therefore the product of E, D is equal to the product of A, Af.  [viL. 19]
And the product of E, D is FG,
therefore the product of A, A is also FG.
Therefore A by multiplying A has made FG;
therefore M/ measures FG according to the units in A.
And 4 is a dyad;
therefore FG is double of 1.

—A —8

P Q

But M, L, HK, E are continuously double of each other;
therefore E, HK, L, M, FG are continuously proportional in double proportion.
Now let there be subtracted from the second HK and the last F'G the num-
bers HN, FO, each equal to the first E;
therefore, as the excess of the second is to the first, so is the excess of the last to
all those before it. 1x. 35}
Therefore, as NK is to F, sois OG to M, L, KH, E.
And MK is equal to E;
therefore OG is also equal to A, L, HK | E.
But FO is also equal to E,
and F is equal to 4, B, C, D and the unit.
Therefore the whole FG is equal to E, HK, L, M and A, B, C. D and the
unit;
and it is measured by them.
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I say also that FG will not be measured by any other number except 4, B,
C, D, E, HK, L, M and the unit.

For, if possible, let some number P measure FG,
and let P not be the same with any of the numbers 4, B, C, D, E, HK, L, M.

And, as many times as P measures FG, so many units let there be in Q;

therefore @ by multiplying P has made FG.

But, further, E has also by multiplying D made FG;

therefore, as F is to @, so is P to D. [vir. 19]

And, since 4, B, C, D are continuously proportional beginning from an unit,
therefore D will not be measured by any other number except 4, B, C. [1x. 13]

And, by hypothesis, P is not the same with any of the numbers 4, B, C;

therefore P will not measure D.
But, as Pisto D, sois E to Q;
therefore neither does E measure Q. [vi1. Def. 20]

And E is prime;

and any prime number is prime to any number which it does not measure.
[vir. 29]

Therefore E, Q are prime to one another.

But primes are also least, [vin. 21]
and the least numbers measure those which have the same ratio the same num-
ber of times, the antecedent the antecedent and the consequent the conse-
quent; [vir. 20]

and, as F is to @, so is P to D;
therefore E measures P the same number of times that @ measures D.
But D is not measured by any other number except 4, B, C;
therefore @ is the same with one of the numbers 4, B, C.

Let it be the same with B.

And, however many B, C, D are in multitude, let so many E, HK, L be
taken beginning from E.

Now E, HK, L are in the same ratio with B, C, D;

therefore, ex acqualz, as B is to D, so is K to L. [vII. 14]

Therefore the product of B, L is equal to the product of D, E. [vii. 19]

But the product of D, E is equal to the product of @, P;

therefore the product of @, P is also equal to the product of B, L.
Therefore, as Q is to B, sois L to P. [vi1. 19]
And @ is the same with B;
therefore L is also the same with P:
which is impossible, for by hypothesis P is not the same with any of the num-
bers set out.

Therefore no number will measure FG except A, B, C, D, E, HK, L, M and
the unit.

And FG was proved equal to 4, B, C, D, E, HK, L, M and the unit;
and a perfect number is that which is equal to its own parts; [vi1. Def. 22]

therefore F @ is perfect. Q. E. D.




BOOK TEN

DEFINITIONS 1

1. Those magnitudes are said to be commensurable which are measured by
the same measure, and those incommensurable which cannot have any com-
mon measure.

2. Straight lines are commensurable in square when the squares on them are
measured by the same area, and incommensurable in square when the squares
on them cannot possibly have any area as a common measure.

3. With these hypotheses, it is proved that there exist straight lines infinite
in multitude which are commensurable and incommensurable respectively,
some in length only, and others in square also, with an assigned straight line.
Let then the assigned straight line be called rational, and those straight lines
which are commensurable with it, whether in length and in square or in square
only, rational, but those which are incommensurable with it ¢rrational.

4. And let the square on the assigned straight line be called rafional and
those areas which are commensurable with it rational, but those which are in-
commensurable with it ¢rrational, and the straight lines which produce them
irrational, that is, in case the areas are squares, the sides themselves, but in
case they are any other rectilineal figures, the straight lines on which are de-
scribed squares equal to them.

BOOK X. PROPOSITIONS

ProrositioN 1

Two unequal magnitudes being set out, if from the greater there be subtracted a mag-
nitude greater than its half, and from that which is left a magnitude greater than its
half, and if this process be repeated continually, there uill be left some magnitude
which will be less than the lesser magnitude set out.
Let AB, C be two unequal magnitudes of which AB is the greater:
I say that, if from A B there be subtracted
K H c a magnitude greater than its half, and from
— that which is left a magnitude greater than
D , E its half, and if this process be repeated
continually, there will be left some magni-
tude which will be less than the magnitude C.
For C if multiplied will sometime be greater than AB. Tef. v. Def. 4]
Let it be multiplied, and let DE be a multiple of C, and greater than A B;
let DE be divided into the parts DF, FG, GE equal to C,
from AB let there be subtracted BH greater than its half,
and, from AH, HK greater than its half,

191
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and let this process be repeated continually until the divisions in AB afe equal
in multitude with the divisions in DE.
Let, then, AK, KH, HB be divisions which are equal in multitude with DF,
FQG, GE.
Now, since DE is greater than AB,
and from DE there has been subtracted EG less than its half,
and, from AB, BH greater than its half,
therefore the remainder GD is greater than the remainder HA.
And, since GD is greater than HA,
and there has been subtracted, from GD, the half GF,
and, from HA, HK greater than its half,
therefore the remainder DF is greater than the remainder AK.
But DF is equal to C;
therefore C is also greater than AK.
Therefore AK is less than C.
Therefore there is left of the magnitude A B the magnitude AK which is less
than the lesser magnitude set out, namely C. Q. E. D.

And the theorem can be similarly proved even if the parts subtracted be
halves.

ProrosiTiON 2

If, when the less of two unequal magnitudes is continually subtracted in turn from
the greater, that which is left never measures the one before it, the magnitudes will
be incommensurable.

For, there being two unequal magnitudes AB, CD, and AB being the less,
when the less is continually subtracted in turn from the greater, let that which
is left over never measure the one before it;

I say that the magnitudes A B, CD are incommensurable.

For, if they are commensur-
able, some magnitude will meas- E A—$ 8
ure them.

Let a magnitude measure © F
them, if possible, and let it be ¥

let AB, measuring FD, leave CF less than itself,
let CF measuring BG, leave AG less than itself,
and let this process be repeated continually, until there is left some magnitude
which is less than E.
Suppose this done, and let there be left AG less than E.
Then, since K measures 4 B,
while A B measures DF,
therefore E will also measure FD.
But it measures the whole CD also;
therefore it will also measure the remainder CF.
But CF measures BG,
therefore E also measures BG.

But it measures the whole AB also;
therefore it will also measure the remainder AG, the greater the less:

which is impossible.
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Therefore no magnitude will measure the magnitudes 4B, CD;
therefore the magnitudes AB, CD are incommensurable. [x. Def. 1]
Therefore etc. Q. E. D.

ProrosiTioN 3

Given two commensurable magnitudes, o find their greatest common
measure.

Let the two given commensurable magnitudes be A B, CD of which AB is the
less;
thus it is required to find the greatest common measure of AB, CD.

Now the magnitude AB either measures CD or it does not.

If then it measures it—and it measures itself also—AB is a common meas-
ure of 4B, CD.

And it is manifest that it is also the greatest;

for a greater magnitude than the magnitude A B will not measure 4 B.

Next, let AB not measure CD.

Then, if the less be continually
subtracted in turn from the greater,

F . . . .

. A— B that which is left over will sometime

c . p measure the one before it, because
3 AB, CD are not incommensurable;

[ef. x. 2]
let AB, measuring ED, leave EC less than itself,
let EC, measuring FB, leave AF less than itself,
and let AF measure CE.
Since, then, AF measures CE,
while CE measures FB,
therefore AF will also measure FB.
But it measures itself also;
therefore AF will also measure the whole 4 B.
But AB measures DE;
therefore AF will also measure ED.
But it measures CE also;
therefore it also measures the whole CD.
Therefore AF is a common measure of AB, CD.
I say next that it is also the greatest.
For, if not, there will be some magnitude greater than AF which will meas-
ure AB, CD.
Let it be G.
Since then G measures A B,
while A B measures ED,
therefore G will also measure ED.
But it measures the whole CD also;
therefore G will also measure the remainder CE.
But CE measures FB;
therefore G will also measure F'B.
But it measures the whole 4B also,
and it will therefore measure the remainder 4 F, the greater the less:
which is impossible.
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Therefore no magnitude greater than AF will measure AB, CD;
therefore AF is the greatest common measure of AB, CD.
Therefore the greatest common measure of the two given commensurable
magnitudes AB, CD has been found. Q. E. D.
PorisM. From this it is manifest that, if a magnitude measure two magni-
tudes, it will also measure their greatest common measure.

ProrositiON 4

Given three commensurable magnitudes, to find their greatest common measure.

Let A, B, C be the three given commensurable magnitudes;
thus it is required to find the greatest common measure of 4, B, C.

Let the greatest common measure of the two
magnitudes 4, B be taken, and let it be D; [x.3] A
then D either measures C, or does not measure it. B

First, let it measure it. c

Since then D measures C,

while it also measures 4, B,
therefore D is a common measure of 4, B, C.

And it is manifest that it is also the greatest;
for a greater magnitude than the magnitude D does not measure 4, B.

Next, let D not measure C.

1 say first that C, D are commensurable.

For, since 4, B, C are commensurable,

some magnitude will measure them,
and this will of course measure A4, B also;
so that it will also measure the greatest common measure of A, B, namely D.
[x. 3, Por.]

D

E— f—

But it also measures C;
so that the said magnitude will measure C, D;
therefore C, D are commensurable.
Now let their greatest common measure be taken, and let it be E. [x.3]
Since then £ measures D,
while D measures A, B,
therefore E will also measure 4, B.
But it measures C also;
therefore E measures A, B, C;
therefore E is a common measure of 4, B, C.
I say next that it is also the greatest.
For, if possible, let there be some magnitude F greater than E, and let it
measure 4, B, C.
Now, since F measures A, B, C,
it will also measure 4, B,
and will measure the greatest common measure of 4, B. [X. 3, Por.]
But the greatest common measure of 4, B is D,
therefore F' measures D.
But it measures C also;
therefore F measures C, D;
therefore F will also measure the greatest common measure of C, D.
[x. 3, Por.]




ELEMENTS X 195

But that is E;
therefore F will measure E, the greater the less:
which is impossible.

Therefore no magnitude greater than the magnitude F will measure 4, B, C;
therefore E is the greatest common measure of A, B, C if D do not measure C,
and, if it measure it, D is itself the greatest common measure.

Therefore the greatest common measure of the three given commensurable
magnitudes has been found.

PorisM. From this it is manifest that, if a magnitude measure three magni-
tudes, it will also measure their greatest common measure.

Similarly too, with more magnitudes, the greatest common measure can be
found, and the porism can be extended. Q. E. D.

ProrosiTION 5

Commensurable magnitudes have to one another the ratio which a number has to a
number.
Let A, B be commensurable magnitudes;
I say that A has to B the ratio which a number has to a number.
For, since A, B are commensurable, some magnitude will measure them.
Let it measure them, and let it be C.
And, as many times as C meas-

A B c ures A, so many units let there be
D in D;
. and, as many times as C meas-
— ures B, so many units let there
be in E.

Since then C measures 4 according to the units in D,
while the unit also measures D according to the units in it,
therefore the unit measures the number D the same number of times as the
magnitude C measures 4
therefore as C, is to 4, so is the unit to D; [vi1. Def. 20]
therefore, inversely, as A4 is to C, 50 is D to the unit. (ef. v. 7, Por.]
Again, since C measures B according to the units in E,
while the unit also measures E according to the units in it,
therefore the unit measures E the same number of times as C measures B;
therefore, as C is to B, so is the unit to E.
But it was also proved that,
as A is to C, so 1s D to the unit;
therefore, ex aequali,

as A is to B, so is the number D to E. [v. 22]
Therefore the commensurable magnitudes A, B have to one another the
ratio which the number D has to the number E. Q. E. D.

ProposiTiON 6

If two magnitudes have to one another the ratio which a number has to a number,
the magnitudes will be commensurable.
For let the two magnitudes A, B have to one another the ratio which the
number D has to the number £;
I say that the magnitudes A, B are commensurable.
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For let A be divided into as many equal parts as there are units in D,
and let C be equal to one of them;
and let F be made up of as
many magnitudes equal to C

as there are units in E. ' ' B c
Since then there are in 4 D
as many magnitudes equal to E F

C as there are units in D,
whatever part the unit is of D, the same part is C of 4 also;
therefore, as C is to A, so is the unit to D. [vi1. Def. 20]
But the unit measures the number D;
therefore C also measures A.
And sinee, as C is to A4, so is the unit to D,
therefore, inversely, as 4 is to C, so is the number D to the unit.
fcf. v. 7, Por.]
Again, since there are in F as many magnitudes equal to C as there are units
in E,
therefore, as C is to F, so is the unit to E. [vi1. Def. 20]
But it was also proved that,
as A is to C, so is D to the unit;

therefore, ex aequali, as A is to F, sois D to E. [v. 22]
But, as D is t0 E, so is A to B;
therefore also, as A is to B, so is it to F also. [v.11]
Therefore A has the same ratio to each of the magnitudes B, F;
therefore B is equal to F. [v.9]

But C measures F;
therefore it measures B also.
Further it measures A also;
therefore C measures A, B.
Therefore A is commensurable with B.
Therefore ete.
PorisM. From this it is manifest that, if there be two numbers, as D, E, and
a straight line, as A, it is possible to make a straight line [¥] such that the
given straight line is to it as the number D is to the number E.
And, if a mean proportional be also taken between A, F, as B,
as A is to F, so will the square on A be to the square on B, that is, as the first
is to the third, so is the figure on the first to that which is similar and similarly
described on the second. [v1. 19, Por.]
But, as 4 is to F, so is the number D to the number E;
therefore it has been contrived that, as the number D is to the number E, so
also is the figure on the straight line 4 to the figure on the straight line B.
Q. E. D.

ProrosiTIiON 7

Incommensurable magnitudes have not to one another the ratio which a number has
to a number.
Let A, B be incommensurable magnitudes;
I say that A has not to B the ratio which a number has to a number.
For, if A has to B the ratio which a number has to a number, 4 will be com-
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mensurable with B. [x. 6]
But it is not;
— A therefore A has not to B the ratio which a number has to a num-
B ber.
Therefore ete. Q. E. D.

ProrosiTioN 8

If two magnitudes have not to one another the ratio which a number has to a number,
the magnitudes will be incommensurable.

For let the two magnitudes A, B not have to one another the ratio which a
number has to a number;

A I say that the magnitudes A, B are incommensurable.
B For, if they are commensurable, 4 will have to B the ratio
which a number has to a number. [x. 5]

But it has not;
therefore the magnitudes A, B are incommensurable.
Therefore etc. Q. E.D.

ProvrosiTiOoN 9

The squares on stratght lines commensurable in length have to one another the ratio
which a square number has to a square number; and squares which have to one an-
other the ratio which a square number has to a square number will also have their
stdes commensurable in length. But the squares on straight lines incommensurable
in length have not to one another the ratio which a square number has to a square
number; and squares which have not to one another the ratio which a square
number has to a square number will not have their sides commensurable in length
either.
For let A, B be commensurable in length;
1 say that the square on A has to the

A B square on B the ratio which a square
c number has to a square number.
L For, since 4 is commensurable in
length with B,
therefore A has to B the ratio which a number has to a number. [x. 5]

Let it have to it the ratio which C has to D.

Since then, as 4 is to B, sois C to D,
while the ratio of the square on A4 to the square on B is duplicate of the ratio
of 4 to B,
for similar figures are in the duplicate ratio of their corresponding sides;

[v1. 20, Por.]
and the ratio of the square on C to the square on D is duplicate of the ratio of
CtoD,
for between two square numbers there is one mean proportional number, and
the square number has to the square number the ratio duplicate of that which
the side has to the side; (v 11]
therefore also, as the square on A is to the square on B, so is the square on €
to the square on D.

Next, as the square on A is to the square on B, so let the square on C be to
the square on D;
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I say that 4 is commensurable in length with B.

For since, as the square on 4 is to the square on B, so is the square on C to
the square on D,
while the ratio of the square on A to the square on B is duplicate of the ratio
of A to B,
and the ratio of the square on C to the square on D is duplicate of the ratio of
C to D,

therefore also, as A is to B, so is C to D.
Therefore A has to B the ratio which the number C has to the number D;
therefore A is commensurable in length with B. [x. 6]

Next, let A be incommensurable in length with B;

I say that the square on A has not to the square on B the ratio which a
square number has to a square number.

For, if the square on A has to the square on B the ratio which a square num-
ber has to a square number, A will be commensurable with B.

But it is not;
therefore the square on A has not to the square on B the ratio which a square
number has to a square number.

Again, let the square on A not have to the square on B the ratio which a
square number has to a square number;

I say that 4 is incommensurable in length with B.

For, if A is commensurable with B, the square on A will have to the square
on B the ratio which a square number has to a square number.

But it has not;

therefore A is not commensurable in length with B.

Therefore etc.

Porisum. And it is manifest from what has been proved that straight lines
commensurable in length are always commensurable in square also, but those
commensurable in square are not always commensurable in length also.

[LEana. It has been proved in the arithmetical books that similar plane
numbers have to one another the ratio which a square number has to a square
number, [ViII. 26]
and that, if two numbers have to one another the ratio which a square number
has to a square number, they are similar plane numbers. [Converse of viiI. 26]

And it is manifest from these propositions that numbers which are not simi-
lar plane numbers, that is, those which have not their sides proportional, have
not to one another the ratio which a square number has to a square number.

For, if they have, they will be similar plane numbers: which is contrary to
the hypothesis.

Therefore numbers which are not similar plane numbers have not to one
another the ratio which a square number has to a square number.]

ProrposiTioN 10

To find two straight lines tncommensurable, the one in length only, and the other in
square also, with an assigned straight line.

Let A be the assigned straight line;
thus it is required to find two straight lines incommensurable, the one in length
only, and the other in square also, with A.

Let two numbers B, C be set out which have not to one another the ratio
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which a square number has to a square number, that is, which are not similar
plane numbers;
and let it be contrived that,

Aere——— as B is to C, so 1s the square on A to the square on D

D—m — —1for we have learnt how to do this— [x. 6, Por.]
therefore the square on A4 is commensurable with the
B square on D. [x. 6]
o And, since B has not to C the ratio which a square num-

ber has to a square number,
therefore neither has the square on A to the square on D the ratio which a
square number has to a square number;
therefore A is incommensurable in length with D. (x. 9]
Let E be taken a mean proportional between A, D;
therefore, as A is to D, so is the square on A to the square on E.  [v. Def. 9]
But A is incommensurable in length with D;
therefore the square on 4 is also incommensurable with the square on F;
(x.11]
therefore 4 is incommensurable in square with E.
Therefore two straight lines D, E have been found incommensurable, D in
length only, and F in square and of course in length also, with the assigned
straight line 4. Q. E. D.

ProrposiTiox 11

If four magnitudes be proportional, and the first be commensurable with the second,
the third will also be commensurable with the fourth; and, if the first be incommen-
surable with the second, the third will also be incommensurable with the fourth.
Let A, B, C, D be four magnitudes in proportion, so that, as 4 is to B, so is
C to D,
and let A be commensurable with B;

A 8 I say that C will also be commensurable
Cm— D with D.

For, since A is commensurable with B,
therefore A has to B the ratio which a number has to a number. {x. 3]

And, as A is to B, sois C to D;
therefore C also has to D the ratio which a number has to a number;
therefore C is commensurable with D. [x. 6]
Next, let A be incommensurable with B;
I say that C will also be incommensurable with D.
For, since 4 is incommensurable with B,
therefore A has not to B the ratio which a number has to a number. {x.7]
And, as 4 is to B, so is C to D;
therefore neither has C to D the ratio which a number has to a number:
therefore C is incommensurable with D. [x. 8]
Therefore ete. Q. E. D.

ProrositTioN 12

Magnitudes commensurable with the same magnitude are commensurable with one
another also.
For let each of the magnitudes A, B be commensurable with C;
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I say that A4 is also commensurable with B.
For, since 4 is commensurable with C,
therefore A has to C the ratio

which a number has to a A c B

number. {x. 5] D
Let it have the ratio which —————F H

D has to E. —F K
Again, since C is commen- G L

surable with B,
therefore C has to B the ratio which a number has to a number. [x. 5]
Let it have the ratio which F has to G.
And, given any number of ratios we please, namely the ratio which D has to
E and that which F has to G,
let the numbers H, K, L be taken continuously in the given ratlos [ef. vII1. 4]
so that, as D is to E, so is H to K,
and, as F is to G, so is K to L.
Since, then, as A is to C, so is D to E,
while, as D is to E, sois H to K,
therefore also, as 4 is to C, sois H to K. [v. 11]
Again, since, as C is to B, sois F to G, .
while, as F is to G, so is K to L,

therefore also, as C is to B, so is K to L. [v. 11]
But also, as A is to C, so is H to K;
therefore, ex aequali, as 4 is to B, so is H to L. [v.22]
Therefore 4 has to B the ratio which a number has to a number;
therefore 4 is commensurable with B. [x. 6]
Therefore ete. Q. E. D.

ProrosiTiOoN 13

If two magnitudes be commensurable, and the one of them be incommensurable with
any magnitude, the remaining one will also be incommensurable with the same.
Let A, B be two commensurable magnitudes, and let one of them, A4, be in-
commensurable with any other magnitude C;
I say that the remaining one, B, will also be incom- A

mensurable with C. c
For, if B is commensurable with C, B
while 4 is also commensurable with B,
4 is also commensurable with C. [x. 12]

But it is also incommensurable with it:
which is impossible.
Therefore B is not commensurable with C;
therefore it is incommensurable with it.
Therefore ete. Q. E. D.

LeMMA

Given two unequal straight lines, to find by what square the square on the greater s

greater than the square on the less.
Let A B, C be the given two unequal straight lines, and let, A B be the greater
of them;
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thus it is required to find by what square the square on A B is greater than the
square on C.
Let the semicircle ADB be described on 4B,
D and let AD be fitted into it equal to C; [1v. 1]
let DB be joined.
It is then manifest that the angle ADB is

h . right, frir. 31]
and that the square on ADB is greater than the
square on AD, that is, C, by the square on DB. [1.47]

Similarly also, if two straight lines be given, the straight line the square on
which is equal to the sum of the squares on them is found in this manner:

Let AD, DB be the given two straight lines, and let it be required to find the
straight line the square on which is equal to the sum of the squares on them.

Let them be placed so as to contain a right angle, that formed by AD, DB;

and let AB be joined.

It is again manifest that the straight line the square on which is equal to the

sum of the squares on AD, DB is AB. (1. 47]
‘ Q. E. D.

ProrosiTiON 14

If four straight lines be proportional, and the square on the first be greater than the
square on the second by the square on a straight line commensurable with the first,
the square on the third will also be greater than the square on the fourth by the square
on a straight line commensurable with the third.
And, if the square on the first be greater than the square on the second by the square
on a straight line incommensurable with the first, the square on the third will also
be greater than the square on the fourth by the square on a straight line incommen-
surable with the third.
Let A, B, C, D be four straight lines in proportion, so that, as 4 is to B, so is
C to D;
and let the square on A be greater than the square on B
by the square on £,
and let the square on C be greater than the square on D
by the square on F;
I say that, if A is commensurable with E, C is also com-
£ F mensurable with F,
and, if A is incommensurable with ¥, C is also incom-
mensurable with F.
For since, as 4 is to B, sois C to D,
A B C p therefore also, as the square on A is to the square on B,
so is the square on C to the square on D. fvi. 22
But the squares on E, B are equal to the square on 4,
and the squares on D, F are equal to the square on C.
Therefore, as the squares on E, B are to the square on B, so are the squares
on D, F to the square on D;
therefore, separando, as the square on E is to the square on B, so is the square
on F to the square on D; fv.17]
therefore also, as K is to B, so is I to D; Ivi. 22]
therefore, inversely, as Bis to E, =0 is D to F.
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But, as A is to B, so also is C to D;
therefore, ex aequali, as A isto E, sois C to P. [v.22]
Therefore, if A is commensurable with E, C is also commensurable with F,
and, if A is incommensurable with E, C is also incommensurable with F. [x. 11]
Therefore etc. Q.E.D.

ProrosiTION 15

If two commensurable magnitudes be added together, the whole will also be commen-
surable with each of them; and, if the whole be commensurable wiih one of them, the
original magnitudes will also be commensurable.

For let the two commensurable magnitudes AB, BC be added together;

I say that the whole AC is also commen-
surable with each of the magnitudes AB, B
BC. A + c

For, since AB, BC are commensurable,
some magnitude will measure them.

Let it measure them, and let it be D.

Since then D measures AB, BC, it will also measure the whole AC.

But it measures AB, BC also;

therefore D measures AB, BC, AC;
therefore AC is commensurable with each of the magnitudes AB, BC.
(X. Def. 1]

Next, let AC be commensurable with 4B;
I say that AB, BC are also commensurable.
For, since AC, AB are commensurable, some magnitude will measure them.
Let it measure them, and let it be D.
Since then D measures CA, A B, it will also measure the remainder BC.
But it measures AB also;
therefore D will measure AB, BC;

therefore AB, BC are commensurable. [x. Def. 1]

Therefore etc. Q. E. D,

ProrosiTioN 16

If two incommensurable magnitudes be added together, the whole will also be in-
commensurable with each of them; and, if the whole be incommensurable with one
of them, the original magnitudes will also be incommensurable.

For let the two incommensurable magnitudes AB, BC be added A
together; I say that the whole AC is also incommensurable with D
each of the magnitudes AB, BC.

For, if CA, AB are not incommensurable, some magnitude
will measure them.

Let it measure them, if possible, and let it be D. 8t

Since then D measures CA, AB,

therefore it will also measure the remainder BC.
But it measures AB also;
therefore D measures AB, BC. c
Therefore AB, BC are commensurable;
but they were also, by hypothesis, incommensurable:
which is impossible.
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Therefore no magnitude will measure CA, AB;
therefore CA, AB are incommensurable. [x. Def. 1]
Similarly we can prove that AC, CB are also incommensurable.
Therefore AC is incommensurable with each of the magnitudes AB, BC.
Next, let AC be incommensurable with one of the magnitudes AB, BC.
First, let it be incommensurable with A B;
I say that AB, BC are also incommensurable.
For, if they are commensurable, some magnitude will measure them.
Let it measure them, and let it be D.
Since, then, D measures AB, BC,
therefore it will also measure the whole AC.
But it measures A B also;
therefore D measures CA, AB.
Therefore CA, AB are commensurable;
but they were also, by hypothesis, incommensurable:
which is impossible.
Therefore no magnitude will measure AB, BC;
therefore AB, BC are incommensurable. [X. Def. 1]
Therefore ete. Q. E.D.

LeEMMa

If to any straight line there be applied a parallelogram deficient by a square figure,
the applied parallelogram ts equal to the rectangle contained by the segments of the
straight line resulting from the application.
For let there be applied to the straight line AB the parallelogram AD de-
ficient by the square figure DB;

2] I say that AD is equal to the rectangle contained
by AC, CB.
This is indeed at once manifest;
A C B for, since DB is a square,

DC is equal to CB;
and AD is the rectangle AC, CD, that is, the rectangle AC, CB.
Therefore ete. Q. E.D.

ProrosiTiON 17

If there be two unequal straight lines, and to the greater there be applied to a parallel-
ogram equal to the fourth part of the square on the less and deficient by a square
figure, and if it divide it info parts which are commensurable in length, then the
square on the greater will be greater than the square on the less by the square on a
straight line commensurable with the greater.

And, if the square on the greater be greater than the square on the less by the square
on a straight line commensurable with the greater, and if there be applied to the
greater a parallelogram equal to the fourth part of the square on the less and defi-
cient by a square figure, 1t will divide it into parts which are commensurable in
length.

Let A, BC be two unequal straight lines, of which BC is the greater,

and let there be applied to BC a parallelogram equal to the fourth part of the
square on the less, 4, that is, equal to the square on the half of 4. and deficient
by a square figure. Let this be the rectangle BD, DC, [ef. Lemma]
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and let BD be commensurable in length with DC;

I say that the square on BC is greater than the square on A by the square on
a straight line commensurable with BC.

For let BC be bisected at the point E, .

and let EF be made equal to DE.

Therefore the remainder DC is equal to BF.

And, since the straight line BC has been cut into
equal parts at E, and into unequal parts at D,
therefore the rectangle contained by BD, DC, together
with the square on ED, is equal to the square on EC; [11. 5]

And the same is true of their quadruples;
therefore four times the rectangle BD, DC, together with four times the square
on DE, is equal to four times the square on EC.

But the square on A is equal to four times the rectangle BD, DC;
and the square on DF is equal to four times the square on DE, for DF is double
of DE. .

And the square on BC is equal to four times the square on EC, for again BC
is double of CE.

Therefore the squares on 4, DF are equal to the square on BC,
so that the square on BC is greater than the square on 4 by the square on DF.

It is to be proved that BC is also commensurable with DF.

Since BD is commensurable in length with DC,

-

therefore BC is also commensurable in length with CD. [x. 15]

But CD is commensurable in length with CD, BF, for CD is equal to BF.
(x. 6]

Therefore BC is also commensurable in length with BF, CD, [x.12]

so that BC is also commensurable in length with the remainder FD; [x.15]
therefore the square on BC is greater than the square on A by the square on a
straight line commensurable with BC.

Next, let the square on BC be greater than the square on A by the square on
a straight line commensurable with BC,
let a parallelogram be applied to BC equal to the fourth part of the square on
A and deficient by a square figure, and let it be the rectangle BD, DC..

It is to be proved that BD is commensurable in length with DC.

With the same construction, we can prove similarly that the square on BC
is greater than the square on A by the square on FD.

But the square on BC is greater than the square on 4 by the square on a
straight line commensurable with BC.

Therefore BC is commensurable in length with FD,
so that BC is also commensurable in length with the remainder, the sum of

BF, DC. [X. 15]

But the sum of BF, DC is commensurable with DC, [x. 6]

so that BC is also commensurable in length with CD; [x.12]

and therefore, separando, BD is commensurable in length with DC.  [x. 15]
Therefore ete. Q.E.D.

ProrosiTioN 18

If there be two unequal straight lines, and to the greater there be applied a parallel-
ogram equal to the fourth part of the square on the less and deficient by a square
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figure, and if it diride it into parts which are incommensurable, the square on the
greater will be greater than the square on the less by the square on a straight line
incommensurable with the greater.
And, if the square on the greater be greater than the square on the less by the square
on a straight line incommensurable with the greater, and if there be applied to the
greater a parallelogram equal to the fourth part of the square on the less and deficient
by a square figure, 1t divides it into parts which are incommensurable.
Let 4, BC be two unequal straight lines, of which BC is the greater,
and to BC let there be applied a parallelogram equal to the fourth

B part of the square on the less, 4, and deficient by a square figure.
Let this be the rectangle BD, DC, {ef. Lemma before x. 17’
F1 and let BD be incommensurable in length with DC;
A I say that the square on BC is greater than the square on A by
1 the square on a straight line incommensurable with BC.
ol For, with the same construction as before, we can prove simi-
larly that the square on BC is greater than the square on 4 by
c the square on FD.

It is to be proved that BC is incommensurable in length with DF.
Since BD is incommensurable in length with DC.

therefore BC is also incommensurable in length with CD. IX. 167
But DC is commensurable with the sum of BF, DC; ix.6
therefore BC is also incommensurable with the sum of BF, DC; {x.137

so that BC is also incommensurable in length with the remainder FD. {x. 15

And the square on BC is greater than the square on - by the square on FD;
therefore the square on BC is greater than the square on A by the square on a
straight line incommensurable with BC.

Again, let the square on BC be greater than the square on A4 by the square on
a straight line incommensurable with BC, and let there be applied to BC a
parallelogram equal to the fourth part of the square on 4 and deficient by a
square figure. Let this be the rectangle BD, DC.

It is to be proved that BD is incommensurable in length with DC.

For, with the same construction, we can prove similarly that the square on
BC is greater than the square on A by the square on FD.

But the square on BC is greater than the square on A by the square on a
straight line incommensurable with BC;

therefore BC is incommensurable in length with FD.

so that BC is also incommensurable with the remainder. the sum of BF. D(.

XI5
But the sum of BF, D(C is commensurable in length with DC; XA
therefore B( is also incommensurable in length with DC, X. 13
so that. separando, BD is also incommensurable in length with DC.  x. 16
Therefore ete. w. E. D.
LeEMys

Since it has been proved that straight lines commensurable in length are al-
ways commensurable in square also. while those commensurable in sguare are
not always commensurable in length also. but can of course L~ either com-
mensurable or incommensurable in length. it is manifest that. if any straight
line be commenzurable in length with a given rationual straight e, it 1= ealled
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rational and commensurable with the other not only in length but in square
also, since straight lines commensurable in length are always commensurable
in square also.

But, if any straight line be commensurable in square with a given rational
straight line, then, if it is also commensurable in length with it, it is called in
this case also rational and commensurable with it both in length and in square;
but, if again any straight line, being commensurable in square with a given
rational straight line, be incommensurable in length with it, it is called in this
case also rational but commensurable in square only.

ProrosiTIiON 19

The rectangle contained by rational straight lines commensurable in length is
rational.

For let the rectangle AC be contained by the rational straight lines AB, BC
commensurable in length;

I say that AC is rational. D
For on AB let the square AD be described;

therefore AD is rational. [x. Def. 4] ¢
And, since 4B is commensurable in length with BC,

while 4B is equal to BD,
therefore BD is commensurable in length with BC.
And, as BD is to BC, sois DA to AC. [v1. 1]
Therefore DA is commensurable with AC. [x.11] A 8
But DA is rational;

therefore AC is also rational. [x. Def. 4]

Therefore ete. Q. E. D.

ProrposiTion 20

If a rational area be applied to a rational straight line, it produces as breadth a
straight line rational and commensurable in length with the straight line to which
it is applied.

For let the rational area AC be applied to AB, a straight line once more
rational in any of the aforesaid ways, producing BC as breadth;

I say that BC is rational and commensurable in length with BA.

For on AB let the square AD be described; D
therefore AD is rational. [x. Def. 4]
But AC is also rational;
therefore DA is commensurable with 4C.

And, as DA is to AC, sois DB to BC. [v1. 1] B A
Therefore DB is also commensurable with BC; [x.11]
and DB is equal to BA;
therefore AB is also commensurable with BC.
But AB is rational; c
therefore BC is also rational and commensurable in length with AB.
Therefore etc. Q. E.D.

ProrosiTioN 21

The rectangle contained by rational siraight lines commensurable in square only
18 irrational, and the side of the square equal to it is irrational. Let the latter be
called medial.
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For let the rectangle AC be contained by the rational straight lines A B, BC
commensurable in square only;
I say that AC is irrational, and the side of the square equal to it is irrational;
and let the latter be called medial.

0 For on AB let the square AD be described;
therefore AD is rational. [x. Def. 4]
8 And, since AB is incommensurable in length with BC,
for by hypothesis they are commensurable in square only,
while AB is equal to BD,
therefore DB is also incommensurable in length with BC.
c And, as DB is to BC, sois AD to AC; [vi. 1]

therefore DA is incommensurable with AC. [x.11]
But DA is rational;
therefore AC is irrational,

so that the side of the square equal to AC is also irrational. [x. Def. 4]
And let the latter be called medial. Q. E. D.
LeMMa

If there be two straight lines, then, as the first is to the second, so is the
square on the first to the rectangle contained by the two straight lines.
Let FE, EG be two straight lines.

f 3 I say that, as FE is to EG, so is the square on
FE to the rectangle FE, EG.
For on FE let the square DF be described,
D and let GD be completed.
Sinee then, as FE is to EG, sois FD to DG, [vi. 1]

and FD is the square on FE,
and D@ the rectangle DE, EG, that is, the rectangle FE, EG,
therefore, as FE is to EG, so is the square on FE to the rectangle FE, EG.
Similarly also, as the rectangle GE, EF is to the square on EF, that is, as GD
is to FD, so is GE to EF. Q. E. D.

ProrosiTioN 22

The square on a medial straight line, if applied to a rational straight line, produces
as breadth a straight line rational and incommensurable in length with that to which
it is applied.
Let A be medial and CB rational,
and let a rectangular area BD equal to the
square on A be applied to BC, producing CD as
G breadth;

I say that CDis rational and incommensur-
able in length with CB.

For, since A is medial, the square on it is
equal to a rectangular area contained by ra-
tional straight lines commensurable in square
only. [x.21]
Let the square on it be equal to GF.

But the square on it is also equal to BD;
therefore BD is equal to GF.

B

c D E F
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But it is also equiangular with it;
and in equal and equiangular parallelograms the sides about the equal angles
are reciprocally proportional; [vI. 14]
therefore, proportionally, as BC is to EG, so is EF to CD.
Therefore also, as the square on B( is to the square on EG, so is the square
on EF to the square on CD. [v1. 22]
But the square on CB is commensurable with the square on EG, for each of
these straight lines is rational;
therefore the square on EF is also commensurable with the square on CD.
[x. 11]
But the square on EF is rational; .
therefore the square on CD is also rational; [X. Def. 4]
therefore CD is rational.
And since EF is incommensurable in length with EG,
for they are commensurable in square only,
and, as EF is to EG, so is the square on EF to the rectangle FE, EG, [Lemma)
therefore the square on EF is incommensurable with the rectangle FE, EG.
[x.11]
But the square on CD is commensurable with the square on EF, for the
straight lines are rational in square;
and the rectangle DC, CB is commensurable with the rectangle FE, EG, for
they are equal to the square on A;
therefore the square on CD is also incommensurable with the rectangle DC,
CB. [x.13]
But, as the square on CD is to the rectangle DC, CB, so is DC to CB,;
[Lemma)
therefore DC is incommensurable in length with CB. [x. 11]
Therefore CD is rational and incommensurable in length with CB.
Q. E. D.

ProposiTIox 23

A straight line commensurable with a medial straight line is medial.
Let A be medial, and let B be commensurable with 4;
I say that B is also medial.
For let a rational straight line CD be set out,
and to CD let the rectangular area CE equal to the
square on 4 be applied, producing ED as breadth; C
therefore ED is rational and incommensurable in
length with CD. [x.22]
And let the rectangular area CF equal to the square
on B be applied to CD, producing DF as breadth.
Since, then, 4 is commensurable with B,
the square on A is also commensurable with the
square on B.
But EC is equal to the square on 4,
and CF is equal to the square on B;
therefore £C is commensurable with CF.
And, as EC is to CF, sois ED to DF; [vi. 1]
therefore ED is commensurable in length with DF. [x. 11]
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But ED is rational and incommensurable in length with DC;
therefore DF is also rational [x. Def. 3] and incommensurable in length with
DC. [x. 13]

Therefore CD, DF are rational and commensurable in square only.

But the straight line the square on which is equal to the rectangle contained
by rational straight lines commensurable in square only is medial; [x.21]
therefore the side of the square equal to the rectangle CD, DF is medial.

And B is the side of the square equal to the rectangle CD, DF;

therefore B is medial. Q. E.D.

Porrsm. From this it is manifest that an area commensurable with a medial
area is medial.

[And in the same way as was explained in the case of rationals [Lemma
following x. 18] it follows, as regards medials, that a straight line commensur-
able in length with a medial straight line is called medial and commensurable
with it not only in length but in square also, since, in general, straight lines
commensurable in length are always commensurable in square also.

But, if any straight line be commensurable in square with a medial straight
line, then, if it is also commensurable in length with it, the straight lines are
called, in this case too, medial and commensurable in length and in square,
but, if in square only, they are called medial straight lines commensurable in
square only.]

ProrosiTioN 24

The rectangle contained by medial straight lines commensurable in length is medial.
For let the rectangle AC be contained by the medial straight lines AB, BC
which are commensurable in length;
I say that AC is medial.
For on AB let the square AD be described;
therefore AD is medial.
And, since AB is commensurable in length with BC,
while AB is equal to BD,
therefore DB is also commensurable in length with BC;
so that DA is also commensurable with AC. [v1. 1, x. 11]
But DA is medial;
therefore AC is also medial. [x. 23, Por.]
Q. E. D.

ProrositioN 25

The rectangle contained by medial straight lines commensurable in square only 1s
etther rational or medial.

For let the rectangle AC be contained by the medial straight lines AB, BC
which are commensurable in square only;

I say that AC is either rational or medial.
For on AB, BC let the squares AD, BE be described;
therefore each of the squares AD, BE is medial.

Let a rational straight line FG be set out,
to FG let there be applied the rectangular parallelogram GH equal to A D, pro-
ducing FH as breadth,
to M let there be applied the rectangular parallelogram M K cqual to AC,
producing HK as breadth,
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and further to KN let there be similarly applied NL equal to BE, producing
KL as breadth;
therefore FH, HK, KL are in a straight line.

Since then each of the squares AD, BE A F G

is medial,
and AD is equal to GH, and BE to NL,

therefore each of the rectangles GH, NL is
also medial. c

And they are applied to the rational ° B H M
straight line FG;
therefore each of the straight lines FH, KL o E K N
is rational and incommensurable in length
with FG. [x. 22] L
And, since AD is commensurable with BE,
therefore GH is also commensurable with NL.
And, as GH is to NL, so is FH to KL; [vI. 1]
therefore FH is commensurable in length with KL. [x. 11]
Therefore FH, KL are rational straight lines commensurable in length;
therefore the rectangle FH, KL is rational. [x. 19]
And, since DB is equal to BA, and OB to BC,
therefore, as DB is to BC, so is AB to BO.
But, as DB is to BC, sois DA to AC, [vi. 1]
and, as AB is to BO, so is AC to CO; led.]

therefore, as DA is to AC, so is AC to CO.
But AD is equal to GH, AC to MK and CO to NL;
therefore, as GH is to MK, sois MK to NL;
therefore also, as FH is to HK, so is HK to KL; [vi.1, V. 11]
therefore the rectangle FH, KL is equal to the square on HK. [vi. 17]
But the rectangle FH, KL is rational;
therefore the square on HK is also rational.
Therefore HK 1is rational.
And, if it is commensurable in length with FG,
HN is rational; [x.19]
but, if it is incommensurable in length with FG,
KH, HM are rational straight lines commensurable in square only, and there-
fore HN is medial. [x. 21]
Therefore HN 1is either rational or medial.
But HX is equal to AC;
therefore AC is either rational or medial.
Therefore etc. Q. E.D.

ProrosiTioN 26

A medial area does not exceed a medial area by a rational area.
For, if possible, let the medial area AB exceed the medial area AC by the
rational area DB,
and let a rational straight line EF be set out;
to EF let there be applied the rectangular parallelogram FH equal to AB, pro- !
ducing EH as breadth, l
and let the rectangle FG equal to AC be subtracted; ﬁ
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therefore the remainder BD is equal to the remainder KH.
But DB is rational;
A F E therefore KH is also rational.
Since, then, each of the rectangles AB,
AC is medial,
o) c and AB is equal to FH, and AC to FG,
K G therefore each of the rectangles FH, FG is
also medial.
H And they are applied to the rational
straight line EF;
therefore each of the straight lines HE, EQ is rational and incommensurable in
length with EF. [x.22]
And, since [DB is rational and is equal to KH,
therefore] KH is [also] rational;
and it is applied to the rational straight line EF;

therefore GH is rational and commensurable in length with EF. [(x. 20]
But EG is also rational, and is incommensurable in length with EF;
therefore EG is incommensurable in length with GH. [x. 13]

And, as EG is to GH, so is the square on EG to the rectangle EG, GH;
therefore the square on EG is incommensurable with the rectangle EG, GH.
[x.11]
But the squares on EG, GH are commensurable with the square on EG, for

both are rational;
and twice the rectangle EG, GH is commensurable with the rectangle EG, GH,

for it is double of it; [x. 6]
therefore the squares on EG, GH are incommensurable with twice the rec-
tangle EG, GH; [x. 13]

therefore also the sum of the squares on EG, GH and twice the rectangle EG,
GH, that is, the square on EH [11. 4] is incommensurable with the squares on
EG, GH. [x. 16]

But the squares on EG, GH are rational;

therefore the square on FH is irrational. [x. Def. 4]
Therefore EH is irrational.
But it is also rational:
which is impossible.
Therefore ete. Q. E. D.

ProrositioN 27

To find medial stratght lines commensurable in square only which contain
a rational rectangle.
Let two rational straight lines A, Bcommensurable in square
D only beset out;
let C be taken a mean proportional between A, B, [v1. 13]
and let it be contrived that,
B as A is to B, sois C to D. [¥1.12]
Then, since A, B are rational and commensurable in
square only,
the rectangle A, B, that is, the square on C
[vI. 17], is medial. [x. 21
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Therefore C is medial. [x.21]
And since, as 4 isto B, sois C to D,
and 4, B are commensurable in square only,
therefore C, D are also commensurable in square only. [x. 11]
And C is medial;
therefore D is also medial. [x. 23, addition]
Therefore C, D are medial and commensurable in square only.
I say that they also contain a rational rectangle.
For since, as A is to B, so is C to D,
therefore, alternately, as A is to C, so is B to D, {v.16]
But, as 4 is to C, so is C to B;
therefore also, as C'is to B, so is B to D;
therefore the rectangle C, D is equal to the square on B.
But the square on B is rational;
therefore the rectangle C, D is also rational.

Therefore medial straight lines commensurable in square only have been”

found which contain a rational rectangle. 'Q.E.D.

Prorosition 28

To find medial straight lines commensurable in square only, which contain a medial
rectangle.

Let the rational straight lines A, B, C commensurable in square only be set
out;

let D be taken a mean proportional between 4, B, [v1. 13]
and let it be contrived that,
as Bisto C,sois D to E. [vi. 12]

Since A, B are rational straight
linescommensurableinsquareonly, A
therefore the rectangle A, B, that B
is, the square on D {v1. 17}, is medi- ¢ E
al. [(x. 21]

Therefore D is medial. [x.21]

And since B, C are commensurable in square only,

and, as Bisto C,sois D to E,
therefore D, E are also commensurable in square only. [x. 11]
But D is medial;

therefore E is also medial. [X. 23, addition]
Therefore D, E are medial straight lines commensurable in square only.
I say next that they also contain a medial rectangle.
For since, as Bis to C, sois D to E,
therefore, alternately, as B is to D, sois C to E. {v. 16]
But, as Bisto D, sois D to 4;
therefore also, as D is to A4, so is C to E;
therefore the rectangle A, C is equal to the rectangle D, E. [v1. 16]
But the rectangle 4, C is medial; [x.21]
therefore the rectangle D, F is also medial.
Therefore medial straight lines commensurable in square only have been
found which contain a medial rectangle. Q. E. D.

Py p——
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LEmMMa 1

To find two square numbers such that their sum ts also square.
Let two numbers AB, BC be set out, and let them be either both even or
both odd.

, — Then since, whether an even number is sub-
A 0 c B tracted from an even number, or an odd number
from an odd number, the remainder is even, [1x. 24, 26]

therefore the remainder AC is even.

Let AC be bisected at D.

Let AB, BC also be either similar plane numbers, or square numbers, which
are themselves also similar plane numbers.

Now the product of AB, BC together with the square on CD is equal to the
square on BD. [11. 6]

And the product of A B, BC is square, inasmuch as it was proved that, if two
similar plane numbers by multiplying one another make some number, the
product is square. 1x. 1]

Therefore two square numbers, the product of AB, BC, and the square on
CD, have been found which, when added together, make the square on BD.

And it is manifest that two square numbers, the square on BD and the
square on CD, have again been found such that their difference, the product
of AB, BC, is a square, whenever A B, BC are similar plane numbers.

But when they are not similar plane numbers, two square numbers, the
square on BD and the square on DC, have been found such that their differ-
ence, the product of 4B, BC, is not square. Q. E. D.

LevMa 2

To find two square numbers such that their sum is not square.
For let the product of AB, BC, as we said, be square,
and CA even,
and let CA be bisected by D.

It is then manifest that the square pro-
£ . duct of AB, BC together with the square
A G HD F C 8 onCD isequal to the square on BD.

[See Lemma. 1]

Let the unit DE be subtracted;
therefore the product of AB, BC together with the square on CE is less than
the square on BD.

I say then that the square product of AB, BC together with the square on
CE will not be square.

For, if it is square, it is either equal to the square on BE, or less than the
square on BE, but cannot any more be greater, lest the unit be divided.

First, if possible, let the product of A B, BC together with the square on CE
be equal to the square on BE,

and let GA be double of the unit DE.
Since then the whole AC is double of the whole D,
and in them A@ is double of DE,
therefore the remainder GC is also double of the remainder EC;
therefore GC is bisected by £.
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Therefore the product of GB, BC together with the square on CE is equal to
the square on BE. (11. 6]

But the product of AB, BC together with the square on CFE is also, by hy-
pothesis, equal to the square on BE;
therefore the product of GB, BC together with the square on CE is equal to the
product of AB, BC together with the square on CE.

And, if the common square on CE be subtracted,

it follows that A B is equal to GB:
which is absurd.

Therefore the product of AB, BC together with the square on CE is not
equal to the square on BE.

I say next that neither is it less than the square on BE.

For, if possible, let it be equal to the square on BF,

and let HA be double of DF.
Now it will again follow that HC is double of CF;
so that CH has also been bisected at F,

and for this reason the product of HB, BC together with the square on FC is
equal to the square on BF. {11. 6]

But, by hypothesis, the product of AB, BC together with the square on CE
is also equal to the square on BF.

Thus the product of HB, BC together with the square on CF will also be
equal to the product of AB, BC together with the square on CE:

which is absurd.

Therefore the product of AB, BC together with the square on CE is not less
than the square on BE.

And it was proved that neither is it equal to the square on BE.

Therefore the product of AB, BC together with the square on CE is not
square. Q. E. D.

ProrositioN 29

To find two rational straight lines commensurable tn square only and such that the
square on the greater is greater than the square on the less by the square on a straight
line commensurable in length with the greater.

For let there be set out any rational straight line A B, and two square num-
bers CD, DE such that their difference CE is not square; {Lemma 1]
let there be described on A B the semicircle AFB,
and let it be contrived that,
as DC is to CE, so is the square on BA to the square on AF. [x. 6, Por.]

Let FB be joined.

Since, as the square on BA is to the square on AF, F
sois DC to CE,
therefore the square on BA has to the square on AF
the ratio which the number DC has to the number

CE;

therefore the square on BA is commensurable with A . B

the square on AF. [x. 6] c E D
But the square on A B is rational; [X. Def. 4]

therefore the square on AF is also rational; {7d.]
therefore AF is also rational.




ELEMENTS X 215

And, since DC has not to CE the ratio which a square number has to a
square number,
neither has the square on BA to the square on AF the ratio which a square
number has to a square number;

therefore AB is incommensurable in length with AF. [x. 9]

Therefore BA, AF are rational straight lines commensurable in square only.

And since, as DC is to CE, so is the square on BA to the square on AF,
therefore, convertendo, as CD is to DE, so is the square on AB to the square on
BF. [v. 19, Por., 111. 31, 1. 47]

But CD has to DE the ratio which a square number has to a square number:
therefore also the square on AB has to the square on BF the ratio which a
square number has to a square number;

therefore AB is commensurable in length with BF. [x. 9]

And the square on AB is equal to the squares on AF, FB;
therefore the square on A B is greater than the square on AF by the square on
BF commensurable with A B.

Therefore there have been found two rational straight lines BA, AF com-
mensurable in square only and such that the square on the greater AB is
greater than the square on the less AF by the square on BF commensurable in
length with AB. Q. E. D.

Prorpostrion 30

To find two rational straight lines commensurable in square only and such that the
square on the greater is greater than the square on the less by the square on a straight
line incommensurable in length with the greater.

Let there be set out a rational straight line AB,

and two square numbers CE, ED such that their

F sum CD is not square; [Lemma 2]

let there be described on A B the semicircle AFB,
let it be contrived that,

as DC is to CE, so is the square on BA to the

square on AF. [x. 6, Por.]

and let FB be joined.

) Then, in a similar manner to the preceding,

c E D we can prove that BA, AF are rational straight
lines commensurable in square only.

And since, as DC is to CE, so is the square on BA to the square on AF,
therefore, convertendo, as CD is to DE, so is the square on A B to the square on
BF. [v. 19, Por., 111. 31, 1. 47]

But CD has not to DE the ratio which a square number has to a square
number;
therefore neither has the square on 4 B to the square on BF the ratio which a
square number has to a square number;

therefore 4 B is incommensurable in length with BF. [x. 9]

And the square on A B is greater than the square on AF by the square on FB
incommensurable with A B.

Therefore AB, AF are rational straight lines commensurable in square only,
and the square on A B is greater than the square on AF by the square on F'B
incommensurable in length with 4 B. Q. E. D.
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ProrosiTion 31

To find two medial straight lines commensurable in square only, containing a
rational rectangle, and such that the square on the greater is greater than the square
on the less by the square on g straight line commensurable in length with the greater.

Let there be set out two rational straight lines A, B commensurable in
square only and such that the square on A, being the greater,

is greater than the square on B the less by the square on a
straight line commensurable in length with A. [x. 29]
And let the square on C be equal to the rectangle 4, B.
Now the rectangle 4, B is medial; [x. 21]
therefore the square on C is also medial;
therefore C is also medial. [x.21]
Let the rectangle C, D be equal to the square on B. A B C D

Now the square on B is rational;
therefore the rectangle C, D is also rational.

And since, as A 1is to B, so is the rectangle A, B to the square on B,

while the square on C is equal to the rectangle A, B,

and the rectangle C, D is equal to the square on B,
therefore, as A is to B, so is the square on C to the rectangle C, D.
But, as the square on C is to the rectangle C, D, sois C to D;
therefore also, as A is to B, sois C to D.
But A is commensurable with B in square only;
therefore C is also commensurable with D in square only.  [X. 11]

And C is medial; - : '

therefore D is also medial. [%. 23, addition]

And since, as 4 is to B, sois C to D,
and the square on 4 is greater than the square on B by the square on a straight
line commensurable with 4,
therefore also the square on C is greater than the square on D by the square on
a straight line commensurable with C. [x. 14}

Therefore two medial straight lines C, D, commensurable in square only and
containing a rational rectangle, have been found, and the square on C is greater
than the square on D by the square on a straight line commensurable in length
with C.

Similarly also it can be proved that the square on C exceeds the square on
D by the square on a straight line incommensurable with C, when the square
on 4 is greater than the square on B by the square on a straight line incom-
mensurable with A. [x. 30]

ProrosiTiOoN 32

To find two medial straight lines commensurable in square only, containing a
medial rectangle, and such that the square on the greater is greater than the square
on the less by the square on a straight line commensurable with the greater.

Let there be set out three rational straight lines 4, B, C cominensurable in
square only, and such that the square on A is greater than the square on C by
the square on a straight line commensurable with 4, [x. 29]

and let the square on D be equal to the rectangle A, B.

Therefore the square on D is medial;
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therefore D is also medial. [x. 21]
Let the rectangle D, E be equal to the rectangle B, C.
Then since, as the rectangle 4,

A

D B is to the rectangle B, C, so is 4
- to C;

B while the square on D is equal to
e the rectangle 4, B,

and the rectangle D, E is equal to the rectangle B, C,
therefore, as A is to C, so is the square on D to the rectangle D, E.
But, as the square on D is to the rectangle D, E, so is D to E;
therefore also, as A is to C, sois D to E.
But A is commensurable with C in square only;
therefore D is also commensurable with £ in square only.  [x. 11]
But D is medial,
therefore E is also medial. [x. 23, addition]

And, since, as 4 is to C, sois D to E,
while the square on A is greater than the square on C by the square on a
straight line commensurable with 4,
therefore also the square on D will be greater than the square on E by the
square on a straight line commensurable with D. [x. 14]

I say next that the rectangle D, ¥ is also medial.

For, since the rectangle B, C is equal to the rectangle D, E, while the rectan-
gle B, C is medial, [x. 21]
therefore the rectangle D, E is also medial.

Therefore two medial straight lines D, E, commensurable in square only,
and containing a medial rectangle, have been found such that the square on
the greater is greater than the square on the less by the square on a straight
line commensurable with the greater.

Similarly again it can be proved that the square on D is greater than the
square on E by the square on a straight line incommensurable with D, when
the square on 4 is greater than the square on C by the square on a straight line
incommensurable with 4. [x. 30]

LeMMa

Let ABC be a right-angled triangle having the angle A right, and let the
perpendicular AD be drawn;
I say that the rectangle CB, BD is equal to the

? square on BA,
the rectangle BC, CD equal to the square on CA,
the rectangle BD, DC equal to the square on AD,
—5 and, further, the rectangle BC, AD equal to the

rectangle B4, AC.
And first that the rectangle CB, BD is equal to the square on BA.
For, since in a right-angled triangle AD has been drawn from the right angle
perpendicular to the base,
therefore the triangles ABD, ADC are similar both to the whole ABC and to
one another. [v1. 8]
And since the triangle A BC is similar to the triangle ABD, therefore, as CB
is to B4, sois BA to BD; [vI. 4]
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therefore the rectangle CB, BD is equal to the square on AB. [vi. 17]
For the same reason the rectangle BC, CD is also equal to the square on AC.
And since, if in a right-angled triangle a perpendicular be drawn from the

right angle to the base, the perpendicular so drawn is a mean proportional be-

tween the segments of the base, [vi. 8, Por.]
therefore, as BD is to DA, so is AD to DC;
therefore the rectangle BD, DC is equal to the square on AD. {vi. 17}

I say that the rectangle BC, AD is also equal to the rectangle BA, AC.
For since, as we said, A BC is similar to ABD,

therefore, as BC is to CA, so is BA to AD. [v1. 4]
Therefore the rectangle BC, AD is equal to the rectangle BA, AC. [vi. 16}
Q. E. D.

ProrosiTioN 33

To find two straight lines incommensurable in square which make the sum of the
squares on them rational but the rectangle contained by them medial.
Let there be set out two rational straight lines AB, BC commensurable in
square only and such that the square on
the greater AB is greater than the square
on the less BC by the square on a straight F
line incommensurable with AB,  [x. 30]
let BC be bisected at D,
let there be applied to AB a parallelogram 5 EB P ¢
equal to the square on either of the
straight lines BD, DC and deficient by a square figure, and let it be the rec-
tangle AE, EB; [v1. 28]
let the semicircle AFB be described on AB,
let EF be drawn at right angles to AB,
and let AF, FB be joined.
Then, since AB, BC are unequal straight lines,
and the square on AB is greater than the square on BC by the square on a
straight line incommensurable with AB,
while there has been applied to A B a parallelogram equal to the fourth part of
the square on BC, that is, to the square on half of it, and deficient by a square
figure, making the rectangle AE, EB,
therefore AE is incommensurable with EB. [x. 18]
And, as AF is to EB, so is the rectangle BA, AE to the rectangle AB, BE,
while the rectangle BA, AE is equal to the square on AF,
and the rectangle AB, BE to the square on BF;
therefore the square on AF is incommensurable with the square on ¥ B;
therefore AF, FB are incommensurable in square.
And, since AB is rational,
therefore the square on A B is also rational;
so that the sum of the squares on AF, FB is also rational.  [1. 47]
And since, again, the rectangle AE, EB is equal to the square on EF,
and, by hypothesis, the rectangle AE, EB is also equal to the square on BD,
therefore FE is equal to BD;
therefore BC is double of FE,
so that the rectangle A B, BC is also commensurable with the rectangle AB, EF.
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But the rectangle AB, BC is medial; fx. 21]
therefore the rectangle AB, EF is also medial. [x. 23, Por.]
But the rectangle AB, EF is equal to the rectangle AF, FB; {Lemma]

therefore the rectangle AF, FB is also medial.
But it was also proved that the sum of the squares on these straight lines is
rational.
Therefore two straight lines AF, FB incommensurable in square have been
found which make the sum of the squares on them rational, but the rectangle
contained by them medial. Q. E. D.

Prorosition 34

To find two straight lines incommensurable 1n square which make the sum of the
squares on them medial but the rectangle contained by them rational.

Let there be set out two medial straight lines 4 B, BC, commensurable in
square only, such that the rectangle which they contain is rational, and the
square on A B is greater than the square on BC by the square on a straight line
incommensurable with AB; [(x. 31, ad fin.]
let the semicircle ADB be described

on AB,
let BC be bisected at E,
let there be applied to A B a parallelo-
gram equal to the square on BE and

A F B 13 ¢ deficient by a square figure, namely
the rectangle AF, I'B; [vi. 28]
therefore AF is incommensurable in length with FB. [x. 18]

Let FD be drawn from F at right angles to 4B,
and let AD, DB be joined.
Since AF is incommensurable in length with FB,
therefore the rectangle BA, AF is also incommensurable with the rectangle
AB, BF. [x. 11]
But the rectangle BA, AF is equal to the square on 4D, and the rectangle
AB, BF to the square on DB;
therefore the square on AD is also incommensurable with the square on DB.
And, since the square on AB is medial,
therefore the sum of the squares on AD, DB is also medial. {111. 31, 1. 47]
And, since BC is double of DF,
therefore the rectangle AB, BC is also double of the rectangle AB, FD.
But the rectangle AB, BC is rational;
therefore the rectangle AB, FD is also rational. [x. 6]
But the rectangle AB, FD is equal to the rectangle AD, DB; [Lemma)]
so that the rectangle AD, DB is also rational.
Therefore two straight lines AD, DB incommensurable in square have been
found which make the sum of the squares on them medial, but the rectangle
contained by them rational. Q. E. D.

ProrosiTIiON 35

To find two straight lines incommensurable in square which make the sum of the
squares on them medial and the rectangle contained by them medial and moreover
incommensurable with the sum of the squares on them.
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Let there be set out two medial straight lines AB, BC commensurable in
square only, containing a medial rectangle, and such that the square on AB is
greater than the square on BC by the square on a straight line incommensur-
able with AB; [x. 32, ad fin.]

let the semicircle ADB be described on AB,
and let the rest of the construction be as above

Then, since AF is incommensur-
able in length with FB, [x. 18]

A D is alsoincommensurable in square
with DB. x. 11] D

And, since the square on AB is
medial, ,
therefore the sum of the squares on A FB E c
AD, DB is also medial. [111. 31, 1. 47]

And, since the rectangle AF, F B is equal to the square on each of the straight
lines BE, DF,

therefore BE is equal to DF;
therefore BC is double of FD,
so that the rectangle AB, BC is also double of the rectangle AB, FD.
But the rectangle AB, BC is medial;
therefore the rectangle AB, FD is also medial. [x. 32, Por.]

And it is equal to the rectangle AD, DB; [Lemma after x.-32]

therefore the rectangle AD, DB is also medial.

And, since A B is incommensurable in length with BC,

while CB is commensurable with BE,
therefore 4 B is also incommensurable in length with BE, [x. 13]
so that the square on A B is also incommensurable with the rectangle AB, BE.
[x.11]

But the squares on AD, DB are equal to the square on AB, [1.47]
and the rectangle AB, FD, that is, the rectangle AD, DB, is equal to the rec-
tangle AB, BE;
therefore the sum of the squares on AD, DB is incommensurable with the rec-
tangle AD, DB.

Therefore two straight lines AD, DB incommensurable in square have been
found which make the sum of the squares on them medial and the rectangle
contained by them medial and moreover incommensurable with the sum of the
squares on them. Q. E. D.

ProrosiTioN 36

If two rational straight lines commensurable in square only be added together, the
whole s trrational; and let 1t be called binomial.
For let two rational straight lines AB, BC commensurable in square only be
added together;
I say that the whole AC is irrational.
For, since AB is incommensurable in length with 4 B C
BC—for they are commensurable in square only—
and, as AB is to BC, so is the rectangle AB, BC to the square on BC,
therefore therectangle A B, BCisincommensurable with the square
on BC. [x.11]
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But twice the rectangle AB, BC is commensurable with the rectangle A B,
BC [x. 6], and the squares on AB, BC are commensurable with the squarc on
BC—for AB, BC are rational straight lines commensurable in square only—

[x. 15]
therefore twice the rectangle A B, BC is incommensurable with the squares on
AB, BC. : [x.13]

And, componendo, twice the rectangle AB, BC together with the squares on
AB, BC, that is, the square on AC [11. 4], is incommensurable with the sum of
the squares on AB, BC. [x. 16]

But the sum of the squares on AB, BC is rational;

therefore the square on AC is irrational,
so that AC is also irrational. [(x. Def. 4]
And let it be called binomial. Q. E. D.

ProrosiTioN 37

If two medial straight lines commensurable in square only and containing a ra-
tional rectangle be added together, the whole ¢s irrational; and let 1t be called a first
bimedial straight line.
For let two medial straight lines 4 B, BC commensurable in square only and
containing a rational rectangle be added together;
I say that the whole AC is irrational. .

A B C For, since AB is incommensurable in
length with BC,

therefore the squares on A B, BC are also incommensurable with twice the rec-

tangle AB, BC; [ef. x. 36, 1l. 9-20]

and, componendo, the squares on AB, BC together with twice the rectangle
AB, BC, that is, the square on AC [11. 4], is incommensurable with the rec-
tangle AB, BC. ' [x. 16]
But the rectangle A B, BC is rational, for, by hypothesis, 4 B, BC are straight
lines containing a rational rectangle;
therefore the square on AC is irrational;
therefore 4C is irrational. [X. Def. 4]
And let it be called a first bimedial straight line. Q. E. D.

ProrosiTioN 38

If two medial straight lines commensurable in square only and containing a medial
rectangle be added logether, the whole s irrational; and let it be called a second
bimedial straight line.

For let two medial straight lines AB, BC commensurable in square only and

containing a medial rectangle be added to-
A B ¢ gether;
D H G I say that AC is irrational.

For let a rational straight line DE be set
out, and let the parallelogram DF equal to
the square on AC be applied to DE, produc-
ing DG as breadth. [1. 44]
E Then, since the square on AC is equal to
the squares on AB, BC and twice the rectangle A B, BC, [11. 4]

let H, equal to the squares on AB, BC, be applied to DE;
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therefore the remainder HF is equal to twice the rectangle AB, BC.
And, since each of the straight lines AB, BC is medial,
therefore the squares on AB, BC are also medial.
But, by hypothesis, twice the rectangle AB, BC is also medial.
And EH is equal to the squares on AB, BC,
while FH is equal to twice the rectangle AB, BC;
therefore each of the rectangles EH, HF is medial.
And they are applied to the rational straight line DE;
therefore each of the straight lines DH, HG is rational and incommensurable
in length with DE. (x.22]
Since then AB is incommensurable in length with BC,
and, as AB is to BC, so is the square on AB to the rectangle AB, BC,
therefore the square on A B is incommensurable with the rectangle AB, BC.

[x.11}

But the sum of the squares on A B, BC is commensurable with the square on
AB, [x. 15]
and twice the rectangle A B, BC is commensurable with the rectangle AB, BC.
{x. 6]

Therefore the sum of the squares on AB, BC is incommensurable with twice
the rectangle A B, BC. {x.13]

But EH is equal to the squares on AB, BC,
and HF is equal to twice the rectangle AB, BC.
Therefore EH is incommensurable with HF,
so that DH is also incommensurable in length with HG. [v1. 1, x. 11]
Therefore DH, HG are rational straight lines commensurable in square only;
so that DG is irrational. [x. 36]
But DE is rational;
and the rectangle contained by an irrational and a rational straight line is ir-
rational; [ef. x. 20]
therefore the area DF is irrational,
and the side of the square equal to it is irrational.  [X. Def. 4]
But AC is the side of the square equal to DF;
therefore AC is irrational.
And let it be called a second bimedial straight line. Q. E.D.

ProrosiTIoN 39

If two straight lines incommensurable in square which make the sum of the squares
on them rational, but the rectangle contained by them medial, be added together, the
whole straight line is irrational: and let it be called major.
For let two straight lines AB, BC incommensurable in square, and fulfilling
the given conditions [x. 33], be added together; ‘
I say that AC is irrational. A B ¢
For, since the rectangle AB, BC is medial,
twice the rectangle AB, BC is also medial. [x. 6 and 23, Por.]
But the sum of the squares on AB, BC is rational;
therefore twice the rectangle AB, BC is incommensurable with the sum of the
squares on AB, BC,
so that the squares on A B, BC together with twice the rectangle AB, BC, that
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is, the square on AC, is also incommensurable with the sum of the squares on

AB, BC; [x. 16]
therefore the square on AC is irrational,
so that AC is also irrational. [x. Def. 4]
And let it be called major. Q. E. D,

ProrosiTioN 40

If two straight lines incommensurable in square which make the sum of the squares
on them medial, but the rectangle contained by them rational, be added together, the
whole straight line is irrational; and let it be called the side of a rational plus a
medial area.

For let two straight lines A B, BC incommensurable in square, and fulfilling
A B ¢ the given conditions [x. 34], be added together;

t I say that AC is irrational.

For, since the sum of the squares on AB, BC is medial, while twice the rec-
tangle AB, BC is rational,
therefore the sum of the squares on A B, BC is incommensurable with twice the
rectangle AB, BC;
so that the square on AC is also incommensurable with twice the rectangle AB,
BC. [x. 16]

But twice the rectangle AB, BC is rational;

therefore the square on AC is irrational.
Therefore AC is irrational. [X. Def. 4]
And let it be called the side of a rational plus a medial area. Q. E. D.

ProrosiTioN 41

If two straight lines incommensurable in square which make the sum of the squares
on them medial, and the rectangle contained by them medial and also incommen-
surable with the sum of the squares on them, be added together, the whole straight
line <s irrational; and let it be called the side of the sum of two medial areas.

For let two straight lines A B, BC incommensurable in square and satisfying
the given conditions (x. 35] be added together;

I say that AC is irrational.

Let a rational straight line DE be set out, and let there
be applied to DE the rectangle DF equal to the squares on
AB, BC, and the rectangle GH equal to twice the rec-
tangle AB, BC,;

G F therefore the whole DH is equal to the square on AC. [11. 4]

Now, since the sum of the squares on AB, BC is medial,

and is equal to DF,
therefore DF is also medial.

And it is applied to the rational straight line DE;
therefore DG is rational and incommensurable in length

K H

D E with DE. [x.22]
- For the same reason GK is also rational and incommen-
A B C surablein length with GF, that is, DE.

And, since the squares on A B, BC are incommensurable with twice the rec-
tangle AB, BC,
DF is incommensurable with GH;
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so that D@ is also incommensurable with GK.  [VI. 1, X. 11]
And they are rational;
therefore DG, GK are rational straight lines commensurable in square only;
therefore DK is irrational and what is called binomial. [x. 36]
But DE is rational;
therefore DH is irrational, and the side of the square which is equal t