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PREFACE.

In 1879 the author delivered to the civil engineering
students in Lehigh University some familiar talks on
the size and shape of the earth, as introductory to a
course of study in geodesy. In 1880 they were, after
considerable extensions and improvements, published
in an engineering periodical in the form of lectures.
And now, in 1881, they have been subjected to another
revision, and with many alterations and additions are
here presented to the public.
The aim of the book is to give the history of scientific
investigation and opinion concerning the figure of the
earth, and at the same time to furnish an introduction
to the science of geodesy that will prove interesting,
suggestive, and valuable to engineering students and
engineers. In order to meet the needs of the American
student, the illustrative examples have been generally
based upon the results of geodetic surveys executed in
this country.
M. M.
Bethlehem, Penn.,
April, 1881.
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CHAPTEE I.
THE EAETH AS A SPHERE.
1. When surveying is carried on with such accuracy,
or over so great areas, that it becomes necessary to
take into account the curvature of the earth, it is called
geodesy. The science of geodesy teaches how to con
duct such measurements so that the relative positions
of points, far removed it may be from each other on the
earth's surface, can be accurately determined. For this
purpose the figure of the earth must be known, at least
approximately, and hence first in order in geodetic
studies should be given some account of our present
knowledge concerning its size and shape.
2. Were the surface of the earth a plane, as certain
ancient peoples supposed, the science of geodesy could
never have arisen, since measurements founded on the
elementary geometry of Euclid would be capable of
determining accurately its geographical features. In
fact, however, such measurements become more or less
entangled in discrepancies according to the size of the
country over which they are carried. For instance, let
three points be taken on the earth's surface at consider1*
9
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able distances apart ; the sum of the three angles thus
formed will be found, if measured by an instrument
whose graduated arc is placed level at each station, to
be greater than 18(F. Or let us consider the system
for the division of our public lands, the law concerning
which provides that they shall be laid out into town
ships " six miles square," with sides running duly north
and south or east and west. These two requirements,
perfectly possible were the earth a plane, are in prac
tice impossible, and the areas of the townships are
only laid out " as nearly as may be " to the legally re
quired quantity. From these and many other dis
crepancies we conclude that the earth's surface is not a
plane.
3. Reasons for supposing the figure of the earth to
be globular are given in all the text-books on astron
omy.* They are : the appearance of the top of a
light-house before its base to a ship approaching port,
the dip of the sea horizon, the elevation of the pole star
as we , travel north, its depression as we travel back, and
the new stars that come to view in the south, the an
alogy of the other planets, which, seen through a glass,
seem to be globular, and, lastly, the circular form of
the earth's shadow as observed in a lunar eclipse. To
these must be added the well-known fact that travelers,
going ever eastward, pass entirely round the earth, and
return again to the point of starting. We regard it then
as proved that the earth is globular ; that is to say, like
a globe ; but whether spherical, or spheroidal, or el
lipsoidal, or ovaloidal, there is thus far in our argument
no evidence.
* See Norton's Astronomy (Filth Edition, New York, 1880), p. 2.
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4. To obtain exact information regarding the figure
of the earth, precise measurements on its surface are
necessary. The most natural method of procedure is to
assume the form to be spherical, and to test the hypo
thesis by observations ; then, if this be found not satis
factory, to assume it spheroidal, and to make further
measurements and calculations. This is the plan, in
fact, which has been followed by scientists, and it is
difficult indeed to conceive of one more feasible, since
here, as in all science, each step in advance must be
from the simpler to the more complex, and be suggested
by the knowledge already attained. To assume the
form spheroidal at first would be more or less imprac
ticable too, for exact calculations regarding a spheroidal
triangle, for instance, imply a knowledge of the eccen
tricity of the meridian ellipse, the very thing required
to be found. In this chapter, then, we regard the earth
as a sphere, and proceed to discuss the methods by
which its size may be determined.
5. And first of all we must decide what is the surface
whose form is to be investigated. This can be no other
than that of the waters of the earth. The ocean covers
fully three-fourths of the globe, its surface is regular
compared to that of the land, and although it is agi
tated by winds and raised in tides, the position of its
mean level is capable of being located very accurately.
Moreover, the land is really elevated but little above
the sea when compared with the great radius of the
globe. The mean surface of the ocean is, then, the
spherical surface whose radius is to be determined.
6. An approximate value for the radius of the globe
may be found by observations made at sea upon the

12

THE FIGURE OP THE EAETH.

distance of the visible horizon. It has been noted, for
example, that two points distant about eight miles apart
are just visible one to another when each is elevated ten
feet above the sea level. Let a plane be passed through
these two points and through the earth's center, and
from the center let lines be drawn to the point of tangency and to one of the points of sight, forming a rightangled triangle, from which, with the given data, it is
easy to find
r=about4200 miles
for the radius of the globe. This value, as every one
knows, is in excess by 200 miles or more, yet reflection
upon the rude investigation leads us to two conclusions :
first, that the earth is very large, and, secondly, that
no precise estimation of its size can be deduced by ob
servations of this kind. At an elevation of ten feet
above the sea level vision is limited to a circle whose
radius is about four miles, or whose area is about fifty
square miles, while the whole surface is a million times
as great. The highest mountains rise only about five
miles, or about one eight-hundredth part of the radius.
To conceive this slight elevation of the land imagine the
earth to be reduced in size to a globe sixteen inches in
diameter, then the tallest mountain would be only one
one-hundredth of an inch in height—an amount scarce
ly perceptible to the eye. Since, then, the earth is so
large, slight errors in the determination of the distance
of the sea horizon are multiplied in the results, and
such errors are particularly liable to occur, owing to
the elevation of the visual line by the varying refraction
of the atmosphere. The same objection may be made
to methods founded on the measurement of the dip of
the horizon, or on the vertical angles sometimes taken
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in geodetic surveys for the determination of the relative
heights of stations.
7. Regard now the earth from an astronomical point
of view, as a globe revolving on an axis from west to east
every twenty-four hours, and giving rise to an apparent
rotation of the celestial sphere in the opposite direction.
The invariable stars describe apparent circles around
the celestial pole, and from the measured zenith dis
tances of these stars as they cross the meridian the as
tronomical latitude of any place of observation may be
found, by methods detailed in all the treatises on
astronomy.* Let QPQP in the figure represent a sec
tion cut from the earth's sphere by a plane passing
through the axis, that is the meridian section ; PP rep
resenting the axis, QQ the equator, and C being the
Fig. J..

center of the section regarded as a circle. Let A and B
be two places on this meridian whose latitudes have
been found (the angles ACQ and BCQ are these lati
tudes), then the angle ACB is known. Let also the
* Nobton's Astronomy, p. 72.

14

THE FIGURE OF THE EARTH.

linear distance between A and B be measured. From
these data the lengths of the whole quadrant and of the
radius are easily found. Thus let q> be the angle ACB
in degrees, and m the distance AB, then
— = length of one degree,
90 — = length of quadrant,
57.2958 - = length of radius,
cp
all being in the same unit of measure as the distance m.
To find, then, the size of the earth, measure the dis
tance between two points on the same meridian, and find
their difference of latitude. Such, in its simplest form,
is the conception of the geodetic operation usually
called the measurement of an arc of the meridian, the
successful execution of which demands the most accu
rate instruments, the best observers, and long-continued
labor. The determination of the difference of latitude
is now usually made by zenith telescope observations at
each station, and is perhaps the easiest part of the work.
The length of the curved line of the meridian is more
difficult to obtain, since it is usually impracticable to
find a line of sufficient length running due north and
south, and level enough to be directly measured with
rods or chains. Ordinarily the two points are on differ
ent meridians, and the length of the meridian intercept
ed between their parallels of latitude is found by cal
culations from a triangulation carried on between them,
the triangulation being itself calculated from the length
of a measured base. But as a case where no triangula
tion is employed is the simpler, we choose such a one
for the first illustration.
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8. In the year 1763, the Penn family, proprietor of
Pennsylvania and Delaware, and Lord Baltimore, pro
prietor of Maryland, employed two surveyors or astron
omers, Charles Mason and Jebemiah Dixon, to locate
the boundary lines between their respective colonies.
This work occupied several years, and while engaged
upon it, Mason and Dixon noted that several of the lines,
particularly the one between Maryland and Delaware,
were well adapted to the determination of the length of
a degree, being on low and level land, and deviating
but little from the meridian. Kepresenting this to the
Eoyal Society of London, of which they were members,
they received tools and money to carry on the work.
The- measured lines are shown in the annexed sketch.
AB is the boundary between Delaware and Maryland,
about 82 miles long and making an angle of about four
degrees with the meridian ; BD is a short line running
nearly east and west ; CD and PN are meridians about
five and fifteen miles in length respectively ; CP is an
arc of the parallel, the same in fact as that of the south
ern boundary of Pennsylvania, the real "Mason and
Dixon's line" of ancient American politics. In 1766
Mason and Dixon set up a portable astronomical instru
ment at A, the southwest corner of the present State of
Delaware, and by observing equal altitudes of certain
stars, determined the local time and the meridian, after
which the azimuth of the line AB was measured, and
the latitude of A found by observing the zenith distances
of several stars as they crossed the meridian. At N, a
point in the forks of the river Brandywine, the zenith
distances of the same stars were also measured, from
which it was easy to find the latitude of N, or the differ
ence of latitude between A and N. In 1768 they made
the linear measurements by means of wooden rectangu
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lar frames 20 feet in length. All the lines had in
previous years been run in the operation for establish
ing the boundaries, and along each of them " a vista "
cut, which * " was about eight or nine yards wide, and>
in general, seen about two miles, beautifully terminating
to the eye in a point." Toward this point they sighted
the rectangular frames, brought one nicely into contact
with the other, made them truly level, and noted the
height of the thermometer in order to correct for
changes due to expansion. Through the swamps they
waded with the wooden frames, but across the rivers
they found the distance by a simple triangle. Thus
after many wearisome weeks and months the following
values were deduced and sent home to England :
Latitude of
Latitude of

A = 38° 27' 34"
N = 39 56 19

Diff. latitude
= 1 28 45
AB = 434011.6 English feet.
BD = 1489.9
"
DC = 26608.0
"
PN = 78290.7
"
Azimuth of AB at A = 3° 43' 30" N. W.
Angle CDB
= 93° 27' 30"
CD and NP are true meridians.
CP an arc of parallel about 3 miles long.
Let us now find from these results q> the difference of
latitude in degrees, and m the linear distance between
the two stations A and N. The value of q> iB
cp = 1°.47917
* See London Philosophical Transactions, 1768, page 276. The data
and results here given are taken from the articles oi Mason and Maseelyne in that volume.
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Now to find m, project, as in the sketch below, by arcs
of parallels, each line upon a meridian passing through
A. Then m = AN', and this equals the sum of its parts
NT', P'D', D B', and B A, thus :
NT'
P'D'
DB'
BA'

= NP = 78290.7 feet.
= CD = 26608.0 "
= DG =
89.8 "
=
433078.8 "

m=

538067.3 feet.

(Here D'B' or DG is found from the triangle BDG,
taking it as plane, since its longest side is only 1490
feet long. But in finding AB' from the triangle BAB',
where two of the sides are more than 80 miles long,
AB and AB' are considered as arcs of great circles, and
B'B as an arc of a small circle of the sphere ; to do
this by the rules of spherical trigr
onometry involves a knowledge of
the radius of the sphere, the very
thing required to be found ; but it
is evident that only an approximate
value is needed, and a few trials
will show that the result for B'A
will come out the same within a
small fraction of a foot, whether
the radius of the earth be taken as
3800, 4000, or 4200 miles.) The
length of one degree of the merid
ian now is
- = 363764 feet = 68.894 miles,
9
from which we find the value
r - 3947.4 miles
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as the radius resulting from Mason and Dixon's meas
urements. Since these were made on land elevated but
slightly above the ocean, the result will not be mate
rially lessened for a surface coinciding with the mean
level of the waters of the earth.
9. But, as we know very well, a more accurate way
of determining the distance between two distant points
is by a triangulation. Here a long chain of triangles is
formed, all the angles of which are carefully observed.
One, at least, of the sides is located on a level plain,
where it may be very precisely measured by special
tools, and by finding the elevation above the ocean of
the ends of this base, its length, and hence the whole
triangulation may be reduced to that surface. Astro
nomical observations are made at several of the stations
to determine their latitudes and the azimuth of the
sides with reference to the meridian. The office work
then begins. First, from the known lengths of the
measured base and the known angles, the lengths of all
the sides of the triangles and the positions of the sta
tions are computed. A meridian is then conceived to
be drawn north and south through the triangulation, as
also parallels through each of the stations to meet this
meridian, and the intercepted portions computed. The
sum of these intercepts gives the length of the merid
ian between the northernmost and southernmost sta
tions. Such operations, for instance, were carried on
by French and Spanish scientists in Peru during the
years 1736-40.* From Cotchesqui to Tarqui, a distance
of about 220 miles, they set out stations forming fortythree triangles. Two of the sides of these triangles
* See Histoire de VAcademie, 1746, p. 618.
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were carefully measured several times with wooden
rods, the northern one near Cotchesqui being 5259.2
toises, and the southern one near Tarqui being 5259.95
toises. From these bases and the measured angles the
length of the meridian between the two extreme sta
tions was computed, and found to be
m = 176875 toises,
while from the astronomical observations 'the difference
of latitude was
cp = 3° 7' 3".5 = 3°.11764.
Hence the length of one degree of this arc is
56728 toises = 68.702 miles,
and the corresponding value of the earth's radius is
3936.4 miles.
The toise, we must here say, parenthetically, was an
old French measure, now of classic interest on account
of its use in this expedition and in the surveys made
for deciding on the length of the meter; it is equal
approximately to 1.949 meters, or 6.3946 English feet.
The length of the degree and the radius resulting from
the Peruvian arc, it must be mentioned, are not those
of the ocean surface, since it lies on a high plateau,
and the surveyors neglected to determine the elevation
of their base lines.
10. It is now time that we should consider our sub
ject more from a historical point of view, and attempt
to give some account of the different efforts that have
been made to determine the size of the earth. What
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the Indian or Chinese nations have thought and done
we know not ; mainly from Europe come all the records,
and in early times from Greece alone. Anaxtmander
(year —570) speculated on the shape of the earth, and
called it a cylinder whose height was three times its
diameter, the land and sea being only upon its upper
base, a view shared also by Anaxagoras (—460). Pla
to (—400) thought it a cube. But Aristotle (—340)
gives good reasons for supposing it a sphere, and men
tions, as also does Archimedes (—250), that geometers
had estimated its circumference at 300000 stadia. Eratosthenes (—230) seems, however, to have been the first
to conceive the principles and make the observations
necessary for a logical deduction of the size of the
sphere. He noticed that at Syene, in Southern Egypt,
the sun at the summer solstice cast no shadow of a
vertical object, it being directly in the zenith, while at
Alexandria, in Northern Egypt, the rays of the sun at
the same time of the year made an angle with the ver
tical of one-fiftieth of four right angles. From this he
concluded that the circumference of the earth was fifty
times the distance between these two places, and this
being, according to the statements of travelers, 5000
stadia, he claimed for the whole circumference 250000
stadia. The exact length of the stadia is now unknown,
so that we cannot judge of the accuracy of his result ; it
is probably much too large, since Ptolemy, a learned
astronomical writer, who flourished four hundred years
later, mentions 180000 stadia as the length of the cir
cumference ; yet the name of Eratosthenes will ever be
honored in science as that of the originator of the
method of dediicing the size of the earth from a meas
ured meridian arc. Posidonlvs (—90) made also similar
observations between Alexandria and Rhodes, using a

22
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star, instead of the sun, to find the difference of lati
tude, and deduced 240000 stadia for the circumference.
But this knowledge of the Greeks was all lost as their
civilization declined, and for more than a thousand
years Europe, sunk in intellectual darkness, made no
inquiry concerning the size or shape of the earth. Only
in Arabia were the sciences at all cultivated during this
period. There the Caliph Almamoun summoned to
Bagdad astronomers, and one of their labors was the
measurement, on the plains of Mesopotamia, of an are
of a meridian by wooden rods, from which they deduced
the length of a degree to be 56| Arabian miles—prob
ably about 71 of our miles.
11. In the fifteenth century, when the first gleams of
light broke in upon the darkness of the middle ages,
men began to think again about the shape of the earth.
Navigators began to doubt that its surface was a level
plane, and here and there one, like Columbus, asserted
it to be globular. In the sixteenth century, the learned
accepted again the doctrine of the spherical form of the
earth, and one of the ships of Magellan, after a three
years' voyage, accomplished its circumnavigation. With
the acceptance of this idea arose also the question as to
the size of the globe, and Fernel, in 1525, made a meas
urement of an arc of a meridian by rolling a wheel from
Paris to Amiens to find the distance, and observing the
difference of latitude with large wooden triangles, from
which he deduced about 57050 toises for the length of
one degree. At this time methods of precision in sur
veying were entirely unknown. In 1617 Snellius con
ceived the idea of triangulating from a known base line,
and thus, near Leyden, he measured a meridian arc
which gives 55020 toises for the length of a degree.
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Norwood, in 1633, chained the distance from London to
York, and deduced 57424 toises for a degree. Picard,
who was the first to use spider lines in a telescope, remeasured, in 1669, the arc from Paris to Amiens, using
a base line and triangulation, and found one degree to
be 57060 toises. This was the result that Newton used
when making his famous calculation whicb proved that
the moon gravitated toward the earth. In 1690-1718
Cassini carried on surveys in Prance, more accurate,
probably, than any of the preceding ones, and in 1720
he published the following results :

Arc.

Mean Latitude.

Length of 1°.

1.
2.
3.

49' 56'
49° 22'
47= 57'

50970 toises
570G0 "
57098 "

and from these it appeared that the length of a degree
of latitude increased toward the equator and decreased
toward the poles, or, in other words, that the earth was
not spherical, but spheroidal, and that the spheroid
was prolate or extended at the poles. From the time
men had ceased to believe in the flatness of the earth,
and had begun to regard it as a sphere, their investiga
tions had been directed toward its size alone ; now,
however, the inquiry assumed a new phase, and its
shape came up again for discussion.
12. We must here interrupt the historical narrative
to say a word about spheroids. A prolate spheroid is
generated by an ellipse revolving about its major axis,
and an oblate spheroid by an ellipse revolving about its
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minor axis. The upper diagram in Fig. 4 represents a
meridian section of the earth regarded as a prolate, and
the lower shows it as an oblate spheroid. In each dia
gram PP is the axis, QQ the equator, 0 the center, A a

H

3£
21 /

C

p

r
/

p
Fig. 4.
place of observation, whose horizon is AH, zenith Z,
latitude ABQ, and radius of curvature AE. Now, if the
earth be regarded as a sphere, and its radius be found
from observations made near A, the value AE will re180
suit, it being always — times the length of one degree
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of latitude at A. In the prolate spheroid the radius of
curvature is least at the poles and greatest at the equa
tor, and the reverse in the oblate. Hence if the lengths
of the degrees of latitude decrease from the equator to
the poles, it shows that the earth is prolate ; but if they
increase from the equator toward the poles, it is a proof
that it is oblate in shape.
13. Let us now go back to the year 1687, the date of
the publication of the first edition of Newton's Principia.
In Book III. of that great work are discussed the obser
vations of Richer, who, having been sent to Cayenne,
in equatorial South America, on an astronomical expe
dition, noted that his clock, which kept accurate time
in Paris, there continually lost two seconds daily, and
could only be corrected by shortening the pendulum.
Now, the time of oscillation of a pendulum of constant
length depends upon the intensity of the force of grav
ity, and Newton showed, after making due allowance for
the effect of centrifugal force, that the force of gravity
at Cayenne, compared with that at Paris, was too small
for the hypothesis of a spherical globe ; in short, that
Cayenne was further from the center of the globe than
Paris, or that the earth was an oblate spheroid, flat
tened at the poles. He computed, too, that the amount
of this flattening at both poles was between f-|7 and jf^
of the whole diameter. Now it will be remembered that
Newton's philosophy did not gain ready acceptance in
France; this investigation, in particular, called forth
much argument, and when Cassini's surveys were com
pleted, indicating a prolate spheroid, the discussion be
came a controversy. Then the French Academy resolved
to send out two expeditions to make measurements of
meridian arcs that would definitely settle the matter,
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one to the equator and another as far north as possible ;
for it was evident that observations near the latitude of
France could afford only unsatisfactory information con
cerning the ellipticity of the meridian. Accordingly
two parties sailed in 1735—Maupertitts to Lapland, and
Bouguer and Lacondamine to Peru. Maupebtius meas
ured his base upon the frozen surface of the river Tornea, executed his triangulation and latitude observations,
and returned to France in less than two years. The
Peruvian expedition, whose work we have already de
scribed, was absent about seven years, but upon its re
turn the following results could be written :
Arc.

Mean Lat.

Length of 1° of Latitude.

Lapland
France
Peru

N. 66° 20'
N. 49° 22'
S. 1° 34'

57 438 toises
57 060 "
50 728 "

These figures decided the question ; from that time on,
every one has granted that the earth is an oblate sphe
roid, rather than a sphere or a prolate spheroid.
14. Our consideration of the earth as a sphere is not
yet finished, and it cannot be here completed without
anticipating to a certain extent some of the results of
the following chapters. What has already been said is
sufficient for us to observe that the amount of flattening
at the poles, and the deviation from the spherical form
is not large. In fact, on a globe sixteen inches in equa
torial diameter, and on which the thickness of a coat
of .varnish would represent the elevation of the lands
above the waters, the polar axis would be 15.945 inches,
or, in other words, the difference between the polar and
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equatorial diameters would be but one-eighteenth of an
inch. It is hence evident that for many purposes it is
sufficiently accurate to consider the earth as a sphere.
What value, then, shall we take for its radius, and what
is the mean length of a degree of latitude on its surface ?
15. The mean length of a degree of latitude is the
average of the lengths of all the degrees from the equa
tor to the poles, or one-ninetieth of the elliptical quad
rant. Now the following are some of the values of the
length of the elliptical quadrant, according to the cal
culations of mathematicians, made by methods which
will be explained in the next chapter :
Year.

By whom.*

Quadrant in Meters.

1806
1819
1830
1831
1841
1856
1866
1868
1872
1878
1880

Delambrk
Walbeck
Schmidt
Airy
Bessel
Clarke
Clarke
Fischer
Listing
Jordan
Clarke

10 000 000
10 000 268
10 000 075
10 000 976
10 000 856
10 001 515
10 001 887
10 001 714
10 000 218
10 000 681
10 001 868
•

It will be seen from this table that scientists are by no
means yet able to agree upon the length of the quadrant
to single meters, or tens, or hundreds of meters. Wo
select the value of Bessel, 10 000 856 meters, for two
reasons, first and mainly, because this and the other
* See the next chapter for references to some of the original memoirs
and discussions of these investigators.
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dimensions of the spheroid as deduced by Bessel have
been long in use in geodetic computations, and are now
still very much used, notwithstanding all the later in
vestigations ; and, secondly, because in regarding the
earth as a sphere, it makes little difference in our re
sults whichever value be taken (and, curiously, the aver
age of the above eleven values is 10 000 914 meters, or
nearer to Bessel's value than to any other). The mean
length of one degree is, then,
10 000
121 meters.
go 856 = 11t
111 1ni
From this is deduced the following useful table of mean
length of arcs of latitude :
Length of

In Meters.

In Feet.

One degree
One minute
One second

Ill 121
1 852
30.9

364 574
6 076
101.3

The mean length of one degree in statute miles is
69.043 or 692V As the probable error of Bessel's value
of the quadrant is about 500 meters, the probable error
of the above mean length of one degree is about 5.5
meters or 18 feet.* Stated in round numbers, easy to
remember, the result is :
1° of latitude = 111.1 kilometers = 69 miles.
16. The mean radius of the earth, considered as a
sphere, can be nothing more than the arithmetical mean
* For definition of probable error, and methods of determining it,
see Meeriman's Elements of the Method of Least Squares (New York,
1877), pp. 19, 58, and 94.
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or average of all the radii of the spheroid. A moment's
reflection will convince us that this mean radius is the
same as the radius of a sphere having a volume equal
to the volume of the spheroid. Let a be the equatorial
and b be the polar radius of the oblate spheroid, equal,
according to Bessel, to 6 377 397 and 6 356 079 meters
respectively ; the volume is $7ia2b. Let r be the radius
of the sphere whose volume is ^^rr3. Place these values
equal, and we have
r = \/a\
which gives
r = 6 370 283 meters,
or in round numbers,
r = 6 370 kilometers,
r = 20 899 thousand feet,
r — 3 958 statute miles
for the mean radius of the waters of the earth.
17. This mean value of r is, however, incongruous
with the above mean length of a degree of latitude, for
the quadrant of a circle corresponding to a radius of
6 370 kilometers is nearly 6 kilometers greater than
Besssl's elliptical quadrant of 10 000 856 meters. In
some kinds of map projections it may be more logical
to use the radius of a circle whose circumference is
equal to the circumference of the meridian ellipse ; this
requires the equation
\nr = 10 000 856 meters,
from which
r = 6 366 743 meters,
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or in round numbers,
r = 6 367 kilometers = 3 956 miles,
which is less by two miles than the mean radius of the
sphere. This discrepancy is unavoidable, since the
properties of a sphere and an ellipsoid are not the
same. At the beginning of our discussion we saw that
the earth's surface could not be plane because of the
discrepancies of surveys with the geometry of the plane,
and here we see that it is also impossible, when preci
sion is demanded, to consider it as spherical. There
fore, whenever in any problem a variation of two or
three miles in the length of the mean radius would
make any practical change in the result of the solution,
it is better to regard the earth as an oblate spheroid,
and this we shall discuss in the next chapter.

CHAPTEE II.
THE EAETH AS A SPHEROID.
18. Since an oblate spheroid is a solid generated by
the revolution of an ellipse about its minor axis, the
equator and all the sections of the spheroid parallel to
the equator are circles ; and all sections made by planes
passing through the axis of revolution are equal ellipses.
Let a and b represent the lengths of the semi-major and
semi-minor axes of this meridian ellipse, which of course
are the same as the semi-equatorial and semi-polar
diameters of the spheroid ; when the values of a and b
have been found all the other dimensions of the ellipse
and the spheroid become known. At first we must ex
press algebraically the properties of the ellipse ; then
combining some of these with the data deduced by
measurements we find, as was done in the last chapter
for the circle, the form and size of the earth's meridian
section.
1&. The eccentricity and ellipticity of an ellipse are
merely two fractions, the first defined by the equation
e- -

,
a

and the second by
.> ~

a— b
a '
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or, in other words, the eccentricity e is the distance from
the center of the ellipse to one of the foci divided by
the semi-major axis, and the ellipticity / ia the amount
of flattening at one of the poles divided by the semimajor axis. The relation between these two fractions is
easy to deduce, namely :

or

e = V2/-/s'

From the definitions of e and / we may express b in
. terms of a as folloAvs :
b — aVl — e2,
or

b = a(l -/).

The two quantities relating to the ellipse that we shall
need most particularly to use are the length of the quad
rant and of the radius of curvature at any point. These
are deduced in many text-books* by means of the calcu
lus ; we here simply note their values and consider them
as proved. The length of the quadrant is
_ arc /

&

3e*

\

or perhaps more conveniently

q~ 2\

-2 + 16

'•')•

* See, for instance, Class's Calculus (Cincinnati, 1875), pp. 190, 342.
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If I be the latitude of any point on the meridian ellipse,
the radius of curvature of the curve at that point is
a (1 - e2)
T ~ VCl-^sin2?)"8'

For the equator, where I = 0°, this has its least value
- ; but for the poles, where I = 90°, it has its greatest
•a?
value . Now in determining the form and size of the
ellipse we may seek a and b, or any two convenient func
tions of a and b. Those usually employed are a and e ;
when these have been found, b and q andf and r are
also known from the above equations.
20. Were the earth a perfect sphere, one arc of a me
ridian measured with precision would be enough to de
duce the value of its radius. As it is, however, plainly
a spheroid, and as a spheroid requires two dimensions
for establishing its size, it would seem that two meas
ured arcs of meridians are at least required. Let
and
mi be the measured lengths of two meridian arcs, <pt and
q>2 their amplitudes, that is, the number of degrees of
latitude between their northern and southern extrem
ities, It and Z2 their middle latitudes, rt and r2 the radii
of curvature of their middle points. Regarding these
arcs as arcs of circles, their radii of curvature are
180
n ' cpS
180 m2
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Considering now the middle points of these arcs as lying
upon the circumference of an ellipse whose semi-major
axis is a, and eccentricity e, these radii are
_

a(l-e*)
V(l-eW7i)8 '
aa

e2)

r2 = —
Fig. S.

By equating the two values of ru and also the two values
of ?*2j we have the following conditions :
180 mt _
a (1 - e2)
* <Pt ~ A/(l-^sin2ys '
180 rn*
7C (f2

a (1 - e2)
V(l-^sin2?2):s »

which contain eight quantities, all known except a and
e. It is evident that a and e will be the more accurately
determined the nearer to the pole one of the arcs be
taken, and the nearer to the equator the other. To
solve these equations, observe that if the first be divided
by the second, we obtain an equation containing e2 alone,
from which
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Then to find a, place the value pf e in either of the
above equations and solve for a.
21. For an example let us take the two arcs measured
about the year 1737, by astronomers in the employ of
the French Academy, one in Lapland, and the other in
Peru. The data are as follows :
Lapland Arc :
Length = 92 778 toises = 180 827.7 meters.
Lat. of N. end = + 67° 8' 49 '.83.
Lat. of S. end = + 65° 31' 30".26.
Peruvian Arc :
Length = 176 875.5 toises = 344 735.9 meters.
Lat. of N. end = + 0° 2' 31 ".39.
Lat. of S. end = - 3° 4' 32".07.
Calling the Lapland Arc No. 1, and the Peruvian No. 2,
we find It and l2 by taking the mean of the two latitudes
in each case, and <pt and <p2 by taking their difference.
Then
TOi = 180 828.7 meters,
tpt = 1°.6221,
\ = + 66° 20' 10 ".05, .
= 344 735.9 meters,
<p% = 3°.1176,
\ = - 1° 31' 0".34.
Substituting these values in the above expression for
we find
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or

^ = 0.00643506;
e =0.08022.

Inserting this value of e2 in either of the original equa
tions, and solving for a, we find
o = 6 376 568 meters.
From the value of e2 we find also

and then

/ = 0.0032228,
6 = 6 356 020 meters,
q = 10 000 150 meters,

and these values fully determine the oblate spheroid
corresponding to the two meridian arcs. It is often
customary to state the value of the ellipticity as a vulgar
fraction whose numerator is unity, since thus a clearer
idea is presented of the flattening at the poles. In this
case the decimal fraction 0.003223 gives
J

310.3'

that is, the amount of the flattening at one of the poles
is about'7|Tth of the equatorial radius. In the same
way the eccentricity may be written
_ 1
e~12.55
or the distance of the focus of the ellipse from the center
is about TTr.-jth of the equatorial radius. These frac
tions are both somewhat too small for the actual sphe
roid, as will be shown in future paragraphs.
22. Let us now go back to the year 1745, or there
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abouts, when, it will be remembered, the results of the
surveys instituted by the French Academy became
known. These results have been stated in the previous
chapter in toises ; we note them here again in meters :
Arc.

Mean Latitude.

Length of 1" of Latitude.

Lapland
Prance
Peru

+ 66° 20'
+ 49° 22'
- 1°34'

Meters.
Ill 949
111 212
110 505

By the method above explained, or by other similar
methods, these data may be combined in three different
ways to deduce the shape and size of the earth, assum
ing it to be a spheroid of revolution. These combina
tions gave for the ellipticity values about as follows :
from Lapland and French Arcs, rJT,
from Lapland and Peruvian Arcs, -g^,
from French and Peruvian Arcs,
Fow if the earth be a spheroid of revolution, and if the
measurements be well and truly made, then these values
of the ellipticity should be the same. As, however,
they disagree, the conclusion is easy to make that either
the assumption of a spheroidal surface is incorrect, or
the surveys are inaccurate. To settle this question
there were measured in the following fifty years a num
ber of meridian arcs in different parts of the world, one
in South Africa by Lacaille, one in Italy by Boscovich,
one in America by Mason and Dixon, one in Hungary
by Liesganig, and one in Lapland by Svanberg, while in
France, England, and India, geodetic surveys furnished
also the materials for the deduction of other arcs. Most
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important of all was the investigation undertaken by the
French for the derivation of the length of the meter, the
surveys for which, with the accompanying office-work
lasted from 1792 to 1807. This work was under the charge
of the celebrated astronomers Delambre and Mechain,
and the meridian arc extended from the latitude of Dun
kirk on the north, to that of Barcelona on the south,
embracing an amplitude of nearly ten degrees. In this
survey the methods for the measurement of bases and
angles were greatly improved, and, in fact, here ap
proached for the first time to modern precision. The
results, as finally published in 1810, were,
length of arc = 551 584.7 toises,
amplitude = 9° 40' 23".89,
and these were combined with the corresponding values
in the Peruvian arc to find the ellipticity. The com
bination gave
J

334'

and then the length of the quadrant was found to be
q = 5 130 740 toises.
Now it had been established by law that the meter
should be one ten-millionth part of the quadrant. Hence
and, of course,

1 meter = 0.513074 toises,
q = 10 000 000 meters.

23. During the present century the measurement of
meridian arcs has generally been carried on only in
connection with the triangulations which form the basis
of extensive topographical surveys. Central Europe is
now covered with a net of triangles, and the same is true
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of portions of Eussia, India, and the United States. To
obtain a general idea of the processes involved in such
work, let us consider for a few moments a portion of
the triangulation executed by the United States Coast
Survey in New England, and which has furnished a
meridian arc of about 3° 23' in amplitude, or about 233
miles in length. Figure 6 shows the triangulation
around the southern half oE this meridian arc* Near
the north-eastern corner of the State of Rhode Island
you see a line called the Massachusetts base, which was
measured along the track of the Boston and Providence
Railroad in 1844, with a base apparatus consisting of
four bars placed in contact with each other in a wooden
box, and provided with micrometer microscopes by
which wires could be brought into optical contact with
the ends of the bars and with eight thermometers to
ascertain the temperature.t The length of the base line
is nearly 10J miles, and its measurement occupied about
three months, the exact result corrected for tempera
ture, inclination, and elevation above mean ocean level
being 17 326.376 meters, with a probable error of 0.036
meter. About 295 miles north-easterly is the Epping
base, and 230 south-westerly is the Fire Island base,
which have also been measured with the same careful
attention. From the comparison of the measured lengths
of these base lines with their lengths as computed
through the triangulation, we extract the following
values of the Massachusetts base : X

* Pig. G is a copy of a portion of Sketch No. 3 in the U. S. Coast
Survey Report for 1875.
t For a complete description, see Transactions Amer. Phil. Soc,
1825, p. 273.
% U. S. Coast Survey Report for 1805, p. 192.
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Measured length
17 326.376 meters.
Calculated from Epping base
17 326.528
"
Calculated from Fire Island base ... .17 326.445
"
This shows the great accuracy of the -work, since the
differences of these results exhibit the accumulated
errors of all the angle work between the bases as well
as those of the linear measurements. The map also
shows how from the base line the position of Beaconpole Hill is determined, then that of Great Meadow
Hill, and how from these two the triangulation is ex
tended to Blue Hill, and thence onward in all directions.
To select proper stations a careful reconnoissance is
first made, the tripods and signals are erected, and
then there is placed over each station in succession a
large and accurate theodolite with which a skilled ob
server measures all the horizontal angles, each being
taken many times on different parts of the arc and in
different positions of the telescope, so as to eliminate
the instrumental errors. At some of the stations too,
astronomical theodolites are placed to determine, by
observations on circumpolar stars, the meridian and
thence the azimuths of the sides of the triangles ; and to
find the latitudes a portable zenith telescope is used
to measure the difference of the zenith distances of
many carefully selected pairs of stars. Longitudes of
some of the points are found by comparing with the
electric telegraph the local times with that of some
established observatory. From these stations of the
larger or primary triangles there are formed smaller or
secondary triangles, from which the plane table surveys
and other topographical work extend out all along the
coast line. But before the charts can be published, a
great deal of computation is necessary. The observed
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angles must be adjusted by the method of least squares,
so as to balance in the most advantageous way the small
irregular errors of observation. From the bases the
lengths of all the sides of the triangles are found, the
spherical excesses computed, the adjustments made,
and, finally, the latitudes and longitudes of all the sta
tions determined. If now a chain of triangles runs ap
proximately north and south for some distance, these
calculations can be readily extended so as to deduce a
meridian arc. In Fig. 6 you will notice two parallel lines
drawn through the station at Shootflying Hill. This
is a part of the meridian arc of 3" 23' mentioned above.
Its southern extremity is in the latitude of Nantucket,
and its northern in that of Farmington, Maine. You
can see in the map the broken lines drawn perpendicu
lar to the meridian from the several stations ; the por
tions intercepted between these perpendiculars are the
meridian distances corresponding to the differences of
latitude. The following are the numerical results :
Stations.
Farmington,
Sebattis,
Mt. Independence,
Agamenticus,
Thompson,
Manomet,
Nantucket,

Observed Astronomical Distances between
parallels.
Latitudes.
Meters.
44° 40' 12".06
58 5G7.41
' 44 8 37 . 00
42 718.32
43 45 34 .43
59 535.58
43 13 24 .98
67 971.93
42 36 38 . 28
76 002.37
41 55 35 .33
70 429.77
41 17 32 .86

The total length of the arc is 375 225.38 meters, with a
probable error of 1.3 meters. The probable error of
an observed astronomical latitude does not exceed 0.1
second. From the whole arc the length of one minute
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is found to be 1851.6 meters, with a probable error of
0.6 meter, and the length of one degree in the middle
latitude of the arc is 111 096 meters, with an uncertain
ty of 36 meters.*
24. It is impossible to regard attentively these accu
rate measures, without a feeling of wonder at the mar
velous growth of geodetic science during the present
century, not only in instrumental precision, but in the
oretical methods of computation. A hundred years ago,
for instance, the measurement of the angles of geodetic
triangles was so rude that the spherical excess remained
undetected, and the processes of adjustment by the
method of least squares were entirely unknown. The
zenith telescope for latitude observations, the electric
telegraph for longitude determination, the self-compen
sating base apparatus, the method of repetitions in angle
measurement, the comparison of the precision of obser
vations by their probable errors, and their adjustment
by minimum squares, the theory of spheroidal geodesy
—all these and many other improvements have been in
troduced and perfected in the present century, almost
within the memory of men now living.
25. We have explained above a method by which the
size of the earth, regarded as an oblate spheroid, may
be found by the combination of two measured parts of
meridian arcs, and we have also said that at the year
1760, or thereabouts, such combinations of several arcs,
taken two by two, gave discordant values for the ellipticity and the length of the quadrant, and that hence it
* For a full exposition of the methods of calculation, see Schott's val
uable report on this arc in U. S. Coast Survey Report for 1808, p. 147.
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became evident, that either the earth's meridian section
was not an ellipse, or that the measurements had not
been accurately made. Toward the end of the last
century, many attempts were made at rational combi
nations of the accumulating data, the most important,
perhaps, being one by Boscovich in 17G0, and two by
Laplace published in 1793 and 1799 respectively. In
order to obtain a clear idea of the problem, let us state
the very data used by Laplace in his first discussion.

No.

1
2
3
4
5
6
7
8
9

Locality of arc.

Lapland,
Holland,
Prance,
Austria,
France,
Italy,
Pennsylvania,
Peru,
Cape of Good Hope,

Middle
latitude.

6652
49
48
45
43
39
0
33

20'
4
23
43
43
1
12
0
18

Length of
one degree.
Toises.
57 405
57145
57 074J
57 080
57 034
56 979
56 888
56 753
57 037

The numbers in the last column are found by dividing
the linear length of each arc in toises by its amplitude
in degrees. Now if we consider these short lengths as
arcs of a circle, they are directly proportional to the
lengths of the radii at their middle points, or if d be
the length of any degree and—r the radius of curva
ture of its middle point, evidently
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Place in this the value of r from paragraph 19, and it
becomes

By developing the last factor of this according to the
binomial rule, it may be written
d = ~(l -» e2) (1 + ieWZ + Ye4 sin4Z + ...).
It thus appears that the length of a degree can be ex
pressed by an equation of. the form
d = M + N sin2Z + P sin4Z +
in which
m_

180

N = |e2M,
P = ¥e4M, . . . etc.,
and Laplace, in discussing the above data, considered
that it was unnecessary to include powers of e higher
than the square, and hence that
d = M + N sin%
expressed the length of one degree of the meridian el
lipse. Now the problem is this : to deduce from the
above seven meridian arcs the values of M and N, so as
. to obtain an expression for d, the length of one degree
of latitude at the latitude I, and then from these values
of M and N to find a and e, and all the other elements
of the spheroid. And the first step must be to insert
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in the formula, the values of d and I for each of the
arcs. Thus for arc No. 1,
d
BinZ
sin2Z
57 405

57405 toises,
66° 20',
0.93565,
0.83887,
M + 0.83887N.

In this manner we form the nine following equations :
57405 = M
57 145 = M
57 074^M
57 086 = M
57 034 =" M
56 979 = M
56 888 = M
56 753 = M
57 037 = M

+
+
+
+
+
+
+
+
+

0.83887N
0.62209N
0.57621N
0.56469N
0.51251N
0.46541N
0.39946N
0.00000N
0.30143N

and from them the values of M and N are to be deter
mined. Now two equations are sufficient to find two
unknown quantities, and hence it seems that no values
of M and N can be given that will exactly satisfy all of
the nine equations. The best that can be done is to
find such values as will satisfy them in the most reason
able manner, or with the least discrepancies. To make
this idea more definite, suppose that the second mem
bers of these equations be transposed to the first, giving
equations of the form
<Z-M -Nsin2Z=0,
then since M and N cannot exactly reduce them to zero,
we may write
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57 405 - M - 0.83887N = cc,
57145 - M - 0.62209N =
57 074^- M - 0.57621N =
etc.,
etc.,
etc.,

in which Xu x%, x%, etc., are small errors or residuals.
Now Laplace, following the idea of Boscovich, conceived
that the most reasonable values of M and N were those
which would render the algebraic sum of the errors, xu
X}, X3, etc., equal to zero, and also make the sum of the
same errors, all taken with the plus sign, a minimum.
By introducing these two conditions, he was able to
reduce the nine equations to two, from which he found
M = 56 753 toises,
N = 613.1 toises.
His value of the length, in toises, of one degree of the
meridian at the latitude I, was hence
d = 56 753 + 613.1 sin2Z.
From the values of M and N, it was now easy to find the
ellipticity/. Thus, from the above definitions of M and
N, we have
N_3
M 2
from which
2 x 613.1
= 0.007202,
3 x 56 753
and then

From the expression for either M or N it is also easy to
find a the semi-major axis, whence b, the semi-minor
axis, and q, the quadrant of the ellipse, become known.
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The last step in Laplace's investigation is the compari
son of the observed values of the lengths of some of the
degrees with those found from his formula for d. For
the Lapland arc, for instance, observation gives
d = 57 405 toises,
while computation gives
d = 56 753 + 613.1 sin3 66° 20' = 57 267.3,
the difference, or error, being
137.7 toises,
a distance equal to about 268 meters, or nearly 9 secqnds
of latitude. These errors, says Laplace, are too great
to be admitted, and it must be concluded that the earth
deviates materially from an elliptical figure.*
26. At the beginning of the present century it was the
prevailing opinion among scientists, founded on investi
gations similar to that of Laplace, that the contradic
tions in the data derived from meridian arcs, when
combined on the hypothesis of an oblate spheroidal
surface, could not be attributed to the inaccuracies of
surveys, but must be due in part, at least, to deviations
of the earth's figure from the assumed form. This con
clusion, although founded on data furnished by surveys
that would nowadays be considered rude, has been
confirmed by all later investigations, so that it can be
laid down as a demonstrated fact that this earth is not
an oblate spheroid. And yet it must never be forgotten
that the actual deviations from that form are very small
when compared with the great size of the globe itself.
* See Hist. Acad. Paris for 1789, pp. 18-43.
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In fully half the practical problems into which the
shape of the earth enters, it is sufficient to consider it a
sphere ; in others its variation from a spherical form
must be noticed, and there we regard it as spheroidal ;
cases where it would be requisite to regard its deviation
from the spheroidal form will, perhaps, rarely occur in +
any engineering question ; yet for the sake of science we
feel curious to determine the laws governing it, and
these may at some future time be determined. Now, in
the early part of the present century it was agreed by
all, notwithstanding the discrepancies of measurements,
that for the practical purposes of mathematical geog
raphy and geodesy it was highly desirable to deter
mine the elements of an ellipse agreeing as closely as
possible with the actual meridian section of the earth.
Hence various methods of combination were tried, and
as new data accumulated, they were quickly added to
the store already on hand, crowding out, gradually to
be sure, the older data of less accurate surveys. The
most important one of these methods of combination,
which is the one now exclusively used for the discussion
. of precise measurements, was the method of least squares
—and a few words must be said concerning its history
and explanatory of its processes.
27. In the year 1805 Legendre announced a process
for the adjustment of observations, founded upon the
principle that the sum of the squares of the residual
errors should be made a minimum, and which he named
" method of least squares." He gave no proof of the
advantage of the principle, but stated it merely as one
which seemed to him to be the simplest and the most
general, and to secure the most plausible balancing of
errors of observation. He deduced some practical rules
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for its use and applied it to a numerical example which,
it is interesting to observe, was a discussion of the
earth's elliptic meridian as resulting from five portions
of the long French arc. But in 1809 Gauss published
a theoretical investigation in which he showed from the
theory of probability that this method gave the most
probable results of the quantities sought to be deter
mined, provided that the observations were subject
only to accidental errors—that is, to errors governed
by no laws but those of chance. This proof caused the
method to be immediately accepted by mathematicians
as the only rational process for the adjustment of meas
urements, and in the following quarter of a century it
was fully developed by the labors of Gauss, Bessel and
others. And here it should not be forgotten that in our
own country and in the year 1808, one year in advance
of Gauss, Adrian published a proof of the same prin
ciple, which unfortunately remained unknown to mathe
maticians for more than sixty years.* To Bessel is due
the first idea of the comparison of the accuracy of ob
servations by their probable errors, and also many valu
able applications of the method to geodetic measure
ments. It has been truly said that the method of least
squares is " the most valuable arithmetical process that
has been invoked to aid the progress of the exact sci
ences ; " for the values deduced by it are those which
have the greatest probability. With the aid of the
theory of probable error the precision of the observa
tions is readily inferred, and uniformity is secured in
processes of adjustment and comparison.
♦See a paper by Abbe in Amer. Jour. Sci., 1871, vol. i, p. 411. Also
List of writings relating to the method of least squares, in Transactions
Conn. Acad., 1877, vol. iv, pp. 151-232. Also Analyst, 1877, vol. iv,
p. 140.
3
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28. To explain the operation of the method, or rather
one of its most commonly used operations, let us take a
numerical example, and let it be a problem relating to
the determination of the earth's ellipticity by pendulum
experiments. The following are the data-—thirteen
values of the length of a seconds pendulum in various
parts of the earth as observed by Sabine in the years
1822-24 :
Place.

Latitude.

Spitzbergen,
Greenland,
Hammerfest,
Drontheim,
London,
New York,
Jamaica,
Trinidad,
Sierre Leone,
St. Thomas,
Maranham,
Ascension,
Bahia,

+ 79° 49' 58"
74 32 19
70 40 5
63 25 54
51 31 8
40 42 43
17 56 7
10 38 56
8 29 38
0 24 41
-2 31 43
7 55 48
12 59 21

Length of seconds
pendulum.
English inches.
39.21469
39.20335
39.19519
39.17456
39.13929
39.10168
39.03510
39.01884
39.01997
39.02074
39.01214
39.02410
39.02425

The ellipticity of the earth may be derived from these
observations by means of a remarkable theorem pub
lished by Clairaut in 1743, namely,
|=l + (p-/)sin%
in which G is the force of gravity at the equator, g that
at the latitude I, k the ratio of the centrifugal force at
the equator to gravity, and / the ellipticity of the earth
. regarded as an oblate spheroid. This theorem is lim
ited only by the conditions that the form of the earth is

THE EAETH AS A SPHEEOBO.

51

a spheroid of equilibrium assumed in the rotation on its
axis, and that its material is homogeneous in each sphe
roidal stratum. Now, the length of a pendulum beating
seconds is proportional to the force of gravity, hence if
S represent the length of such a pendulum at the equa
tor, and s the length at the latitude I, the theorem may
be also written
| = 1 + (p -/J™*.
We see then that
s = S + Tsin%
in which
T = S(|t-/),
is a general expression for the length of a second's pen
dulum. When T and S have been found, their ratio
gives the value of fk —f, and then / the ellipticity be
comes known, since k is easily determined with an error
of less than half a unit in its third significant figure ;
(see text-books on mechanics* or astronomy for a proof
that k =
For each one of the above observations
we next write an observation equation, by substituting
for s and I their values in the formula
s = 8 + Tsin£
Thus, for the first
s=
I=
sinZ =
smH =
39.21469 =

39.21469
79° 49' 58"
0.9842G65
0.9688402
S + 0.9688402T

* Wood's Elementary Mechanics (New York, 1878), p. 228.
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In this manner we find the following thirteen observa
tion equations :
39.21469 =
39.20335 =
39.19519 =
39.17456 =
39.13929 =
39.10168 =
39.03510 =
39.01884 =
39.01997 =
39.02074 =
39.01214 =
39.02410 =
39.02425 =

S
S
S
S
S
S
S
S
S
S
S
S
S

+
+
+
+
+
+
+
+
+
+
+
+
+

0.9688402T
0.9289304T
0.8904120T
0.7999544T
0.6127966T
0.4254385T
0.0948286T
0.0341473T
0.0218023T
0.0000515T
0.0019464T
0.0190338T
0.0505201T

Now, since the left-hand members of these equations
are affected by errors of observations it will not be pos
sible to find values for S and T that will exactly satisfy
all the equations ; the best that we can do is to find
their most probable values, and this is done by the fol
lowing rule, which may be found proved in all books on
the method of least squares :* Deduce a normal equation
for S by multiplying each observation equation by the
coefficient of S in that equation, and adding the results ;
deduce also a normal equation for T by multiplying each
observation equation by the coefficient of T in that
equation and adding the results ; thus we shall have two
normal equations each containing two unknown quanti
ties, and the solution of these equations will give us the
most probable values of S and T. In this case the co* See Merriman's Elements of the Method of Least Squares (NewYork, 1877), p. 155.
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efficient of S in each of the equations is unity, multiply
ing each equation by unity leaves it unchanged, and we
have simply to take their sum to get the first normal
equation,
508.18390 = 13S + 4.8487021T.
To find the second normal equation we multiply the
first observation equation by 0.9688402, the second by
0.9289304, and so on, and by addition of these results we
have
189.944469 = 48487021S + 3.7043941T.
The solution of these two normal equations gives
S = 39.01568 inches,
T= 0.20213
as the most probable values that can be deduced from
the thirteen observations. Hence the length of the
seconds pendulum at any latitude I may be written
s = 39.01568 + 0.20213 sin2Z.
Lastly, we find the ellipticity of the earth by the formula

whence
/= 0,0086505 - 0.0051807,
or
J

288.2

Before leaving the subject of the pendulum, which we
have been obliged to treat very briefly, we will mention
that numerous observations of this kind have been made
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in various parts of the earth, and that the mean value
of the ellipticity deduced from them is tsVt'*
29. During the present century there have been pub
lished many investigations and combinations by the
method of least squares of the data furnished by the
measurement of meridian arcs. The principal results
of the most important of these made on the hypothesis
of a spheroidal figure are given in the following table : t
Tear.

By whom.

Ellipticity.

1819
1830
1830
1841
1856
1863
1866
1868
1872
1878
1880

Walbeck
Schmidt
Airy
Bessel
Clarke
Pratt
Clarke
Fischer
Listing
Jordan
Clarke

1:302.8
1:297.5
1:299.3
1:299.2
1:298.1
1:295.3
1:295
1:288.5
1:289
1:286.5
1:293.5

Quadrant in Meters.
10
10
10
10
10
10
10
10
10
10
10

000
000
000
000
001
001
001
001
000
000
001

268
075
976
856
515
924
887
714
218
681
869

Let us now endeavor to state briefly how such calcula
tions are made. The principle of the method of least
squares, it will be remembered, requires that the sum
of the squares of the errors of observation shall be ren
dered a minimum. The first inquiry then is, Where are
the errors of observation in a meridian arc—are they in
the linear distance, or in the angular amplitude ? As
long ago as a hundred years, it was suspected that the
* SeeEneyclopcediaBritannica(Vo\. vii., 1878), Article Earth, p. 608.
f For which I am indebted to Jordan ; see his Handbuch der Vermessungshunde (1878), Vol. ii., p. 14. The last value of the quadrant
has been computed from the data given by Clarke in his Geodesy
(London, 1880), p. 319.
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discrepancies in such surveys were due to deflections of
the plumb lines from a.vertical, caused by the attraction
of mountains, whereby observers were deceived in the
position of the zenith and the true level of a station,
and hence deduced only apparent or false values of its
latitude. It needs indeed not an extensive knowledge
of the modern accurate methods of geodesy to become
' convinced that the errors in the linear distances are
very small ; on the U. S. Coast Survey, for instance,
the probable error in the computed length of any side
©f the primary triangulation is its ^TsVmrth part, which
amounts to less than a quarter of an inch in a mile, or
two feet in a hundred miles.* The probable error of
observation in the latitude of a station is also small, yet
it is easy to see that it may be affected with a constant
error, due to the deviation of the vertical from the nor

mal to the spheroid. To illustrate, let the annexed
sketch represent a portion of a meridian section of the
earth. O is the ocean, M a mountain, and A a latitude
station between them ; eee is a part of the meridian
ellipse coinciding with the ocean surface ; AC repre
sents the normal to the ellipse, and AH, perpendicular
* U. S. Coast Survey Report for 1865, p. 195.
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to AC, the true level for the station A. Now owing to
the attraction of the mountain M, the plumb line is
drawn southward from the normal to the position Ac,
and the apparent level is depressed to Ah. If AP be
parallel to the earth's axis, and hence pointing toward
the pole, the angle PAH is the latitude of A for the
spheroid eee ; but as the instrument at A can only be
set for the level Ah, the observed latitude is PA7t, which
is greater than the true by the angle HAA. These dif
ferences or errors are usually not large—rarely exceed
ing ten seconds —yet, since a single second of latitude
corresponds to about 31 meters or 101 feet, it is evident
that the error in the linear distance of a meridian arc* is
very small, in comparison with that due to a few seconds
of error in the difference of latitude. In treating such
measurements by the method of least squares we hence
regard the distances as without error, and state obser
vation equations which are to be solved by making the
sum of the squares of the errors in the latitudes a min
imum. Such equations may be stated by writing an
expression for the arc of an ellipse in terms of the
observed latitudes /t and ^, and measured length of a
meridian arc, then in this placing \ + xt and 12 + x.2, in
stead of \ and Z2, the letters x1 and x2 denoting the errors
in latitude at the stations 1 and 2. The expression will
take the form
xi — x1 — m + nB+ pT,
in which m, n, and p are known functions of the observed
quantities, and S and T are known functions of the ele
ments of the ellipse whose values are sought. If there
are several latitude stations in a single arc, as is gen
erally the case, one of them should be taken as a refer
ence station, and each error written in terms of the
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05,
35l
Xt
xt
XK Xt
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there be four latitude stations, we

+ to + nS + pT
+ to' + n'S + p'T
+ to" + »"S + p"T.

In like manner there will be a similar series for each
arc, each series containing as many equations as there
are latitude stations. The first members of these are
the latitude errors in regular order, and the sum of the
squares of these are to be made a minimum to find the
most probable values of S and T ; this is done by de
riving normal equations for the left-hand members by
the usual rule. These normal equations will contain as
unknown quantities S and T, and as many errors, xu xs,
etc., as there are meridian arcs. When these equations
have been solved, it is easy to deduce from S and T the
values of the elements of the ellipse. Such, in brief, is
the method ; but to explain all the details of calculation
with the devices for saving labor and insuring accuracy,
is not possible here—it would indeed be matter enough
for an entire volume.
30. The most important, perhaps, of these discussions
is that of Bessel,* published in 1837, and revised in 1841,
because in the meantime an error had been detected in
the French survey. We call it the most important, not
merely on account of the careful scrutiny given to all
the data, and the precise processes of computation em
ployed, but also because its results have been since
widely adopted and used in scientific books and geodetic
surveys. The material employed by Bessel consisted
*Astronomische NachricMen, 1841, Vol. xix., p. 97.
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of ten meridian arcs—one in Lapland, one each in Russia, Prussia, Denmark, Hanover, England, and France,
two in India, and lastly, the one in Peru. The sum of
the amplitudes of these arcs is about 50.5°, and they
include 38 latitude stations. In the manner briefly de
scribed above, there were written 38 observation equa
tions, from which 12 normal equations containing 12
unknown quantities were deduced. The solution of
these gave the elements of the meridian ellipse, and
also the relative errors in the latitudes due to the de
flections of the plumb lines. The greatest of these
errors was 6.' 45, and the mean value 2. "64 The sphe
roid resulting from this investigation is often called the
Bessel spheroid, and the elements of the generating
ellipse, Bessel's elements ; the values of these will be
given below.
31. In 1866 Clarke, of the British Ordnance Survey,
published a valuable discussion, which included a mi
nute comparison of all the standards of measure that
had been used in the various countries.* The data were
derived from six arcs, situated in Russia, Great Britain,
France, India, Peru, and South Africa, including 40 lat
itude stations, and in total embracing an amplitude of
over 76°. This investigation is generally regarded as
the most important one of the last quarter of a century,
and the values derived by it as more precise than those
of Bessel. The Clarke spheroid, as it is often called,
has been used in some of the geodetic calculations of
the United States Coast Survey Office,t and references
to it are becoming more frequent in scientific literature
every year. It is hence necessary for the student of
* Comparison of Standards of Length (London, 1866).
t See U. S. Coast Survey Report, 1875, pp. 366-368.
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geodesy to be acquainted with the differences between
the two spheroids.
32. The following table gives the complete elements
of the two spheroids :

"

"

'

feet

"

feet

Ellipticity /

Bessel's Ele
ments. 1841.

Clarke's Ele
ments. 1866.

6 377 397
20 923 597
6 356 079
20 853 654
10 000 856
0.081 697
0.006 674
1
299.15

6 378 206
20 926 063
6 356 584
20 855 121
10 001 887
0.082 271
0.006 768
1
294.98

From these it is easy to compute the radius of curva
ture of the ellipses for any latitude, and then to find the
lengths of the degrees of latitude and longitude, which
are required in the construction of map projections.
We give a few of these values in order to exhibit more
clearly the differences between the two spheroids :
1 Degree of Latitude on the Spheroid of
Difference.

Latitude.

90°
50
45
40
35
30
• 25'
0

Bessel.

Clarke.

Meters.
Ill 680
111 216
111 119
111 023
110 929
110 841
110 762
110 564

Meters.
Ill 699
111 229
111 131
111 033
110 937
110 848
110 768
110 567

Meters.
19
13
12
10
8
7
6
3

60

THE FIGUEE OF THE EAKTH.

For the lengths of the degrees of longitude, there is
likewise a difference of about twelve meters in the re
sults deduced from the elements of the two spheroids.
For instance, at 50° and at 40° on the Bessel spheroid
we have 71687 and 85384 meters as the lengths of one
degree of the parallel, while the corresponding values
for the Claeke spheroid are 71698 and 85396 meters.
On a scale of 16 166, twelve meters would be 1.2 milli
meters ; but a sheet of paper exhibiting a whole degree
must be several meters in width and length, and hence
it would seem that for the practical purposes of map
projection the differences between the two spheroids
are too small to be generally regarded. The following
general values for any latitude I on the Clarke spheroid
may be sometimes useful in computations : The length
of one degree of the meridian is
364609.87 - 1857.14 cos 21 + 3.94 cos 41,
and the length of one degree of longitude is
365538.48 cos I - 310.17 cos 3Z + 0.39 cos 51.
The radius of curvature of the meridian is
20890606.6 - 106411.5 cos 21 + 225.8 cos4Z.
All these are in feet ; to reduce them to meters divide
by the number of feet in a meter, namely, 3.28086933,
as determined by Clarke's exact comparisons.
33. Since 1866 the most important contributions to
our knowledge of the figure of the earth have been with
reference to its ellipsoidal and geoidal forms, rather
than to its size considered as a spheroid. In the year
just past, however, Clarke has published a rediscussion
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of the data* and deduces the elements of an oblate
spheroid that will best satisfy them. The data include
the meridian arc of 22° 10' deduced from the triangulation extending over Great Britain and France, the Rus
sian arc of 25° 20', one at the Cape of Good Hope of 4° 27',
the Indian arc of 23° 49', and the Peruvian arc of 3° 6',
making a total of nearly eighty degrees in amplitude.
In all these are 56 latitude stations, and the same num
ber of observation equations whose solution by the
method of least squares gives
a = 20926202 feet,
6 = 20854895 "
and for the ellipticity
J

293.465

The probable error of a single latitude is found to be
1".645, and the probable error of the number 293.465
about 1.0. From these it is easy to compute
q = 10 001 869 meters.
For the length of a degree of latitude at any latitude I
he finds
364609.12 - 1866.72 cos 21 + 3.98 cos 41,
and for the length of the degree of longitude
365542.52 cos I - 311.80 cos 31 + 0.40 cos 51,
both being expressed in feet.
* Clabke's Geodesy (Oxford, 1880), pp. 303-322.
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34 The form of the earth may also be deduced from
measured arcs of parallels between points whose longi
tudes are known, but as yet geodetic surveys have not
furnished sufficient material to effect satisfactory dis
cussions. It is evident that such arcs" will have a spe
cial value in determining whether or not the equator
and the parallels are really circles. Regarding the
form as spheroidal, the elements may likewise be found
from the length of a geodetic line whose end latitudes
and azimuths have been observed. Such a bine, extend
ing through the Atlantic States from Maine to Georgia,
has been deduced from the primary triangulation of the
United States Coast Survey, but its data and the results
found therefrom have not yet been published. It is
stated, however, that its influence upon our knowledge
of the figure of the earth is to but slightly increase the
dimensions of Clarke's spheroid of 1866, without appre
ciably changing his value of the ellipticity.
35. By regarding the figure of the earth as one of
equilibrium assumed under the action of forces due to
its gravity and rotation when in a homogeneous fluid
state, the value of the ellipticity may be computed from
purely theoretical considerations. Newton deduced in
this way the value f = ^fa, and an investigation by
Laplace proves that the ellipticity of a homogeneous
fluid spheroid revolving about an axis, and whose form
does not differ materially from that of a sphere, is equal
to five-fourths of the ratio of the centrifugal force at the
equator to the gravitative force. As this ratio is known
to be vif, the theorem gives ^tt f°r *ne ellipticity. But
as this value is much too great, the conclusion must be
that the earth is not homogeneous.*
* For an exhaustive exposition of this branch of the subject see
Todhtotbe's History of Theories of Attraction, London, 1873.
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36. Lastly, the shape of the earth may be found from
astronomical observations and calculations. Irregulari
ties in the motion of the moon were at first explained
by the deviation of the earth from a spherical form, and
then by precise measurement of the extent of the irreg
ularities, the ellipticity was computed, the value de
termined by Airy being s^t- As the precession of the
equinoxes is due to the attraction of the sun and moon
on the excess of matter around the earth's equator, it
would seem as if the figure of the globe might be found
from that phenomenon also.
37. Looking back now over the historical facts, as
here so briefly presented, we may observe that the
values of the ellipticity / and of the length of the quad
rant q, as deduced from geodetic surveys, have both
exhibited a tendency to increase as the data derived
from such surveys have become more precise and nu
merous. About the year 1805 their values, as adopted
in the celebrated work for the establishment of the
meter, were
/ = sh

q = 10 000 000 meters.

In 1841 the investigation of Bessel gave
/ = -zfa

q = 10 000 856 meters,

in 1866 Clarke found
f=rfa

? = 10 001 887 meters,

and in 1880 he found again
f=th

? = 10 001 868 meters.

In addition to this we should bear in mind that the
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combination of numerous pendulum observations gives,
with considerable certainty,
/= rb>
and this value, it seems not improbable to suppose, will
be yet still nearer approached when geodetic measures
become more widely extended over the surface of the
earth. For very many problems it will be found con
venient to keep in mind the following round numbers :
Ellipticity = A. = _l_.

Eccentricity = ~ .
Quadrant = 10001 kilometers.
The following mnemonic rule may perhaps be of some
use in remembering the values of the semi-equatorial
and semi-polar diameters a and b : keep in mind the
number 6400 kilometers (which is a perfect square),
then a is 22 kilometers and b is 44 kilometers less than
this. In the form of an equation
a = (6400 - 22) kilometers,
b = (6400 - 44) kilometers ;
and the difference a — b equals 22 kilometers. In Eng
lish measures there is also the following easily remem
bered approximate value of the polar axis, namely,
26 = 500 500 000 inches.
38. Three hundred and fifty years ago, when men
began first to think about the shape of the earth on
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which it was their privilege to live, they called it a
sphere, and they made rude little measurements on its
great surface to ascertain its size. These measurements,
as we know, at length after nearly two centuries, reached
an extent and precision sufficient to prove that its sur
face was not spherical. Then the earth was assumed
to be a spheroid of revolution, and with the lapse of
time the discrepancies in the data, when compared on
that hypothesis, proved also that the assumption was
incorrect. Granting that the earth is a sphere, there
has been found the radius of one representing it more
closely than any other sphere; granting that it is a
spheroid, there has been also found, from the best exist
ing data combined in the best manner, the dimensions
of one that represent it more closely than any other
spheroid. But as further and more accurate data accu
mulate, alterations in these elements are sure to follow.
In the last chapter we saw that the radius of the mean
sphere could only be found by first knowing the ellip
tical dimensions, and here it might, perhaps, be also
thought that the best determination of the most prob
able spheroid would be facilitated by some knowledge
of the theory of the size and shape of the earth con
sidered under forms and laws more complex than those
thus far discussed. In the following chapters, then, we
shall endeavor to give some account of the present state
of scientific knowledge and opinion concerning the earth
as an ellipsoid with three unequal axes, the earth as an
ovaloid, and lastly, the earth as a geoid.
5

CHAPTER HI.
THE EABTH AS AN ELLIPSOID.
39. Just as the sphere is a particular case of the
spheroid of revolution, so the spheroid of revolution
is a particular case of the ellipsoid. The sphere is
determined by one dimension, its radius ; the spheroid
by two, its polar and equatorial diameters ; while in the
ellipsoid there are three unequal principal axes at right
angles to each other, which establish its form and size.
Like the spheroid, the ellipsoid has all its meridian
sections ellipses ; but the equator, instead of being a
circle, is an ellipse of slight eccentricity, and its two
axes, together with the polar axis of rotation, consti
tute the three principal diameters. Let aY and
de
note the greatest and the least semi-diameters of the
equator of the ellipsoid, and b the semi-polar diameter.
The ellipticity of the greatest meridian ellipse is then
Ot — b
fi =
and that of the least is
On — b

while the ellipticities of all the other meridian ellipses
have values intermediate between ft and f%. For the
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"When the values of

Ot, (h, and b are known, the dimensions and proportions
of the meridian ellipses and of all other sections of the
ellipsoid can be easily found. In such a figure, how
ever, the curves of latitude, with the exception of the
equator, are not plane curves, and hence cannot be
called true parallels ; this results from the definition of
latitude, and may be seen from the following diagram :
PP is the polar axis, PQPQ the greatest meridian sec
tion of the ellipsoid, and A a place of observation upon
it, whose horizon is AH and latitude ABQ, AB being
the direction of the plumb line at A, which of course
is perpendicular to the tangent horizon line AH. Let
now the least meridian ellipse, projected in the line
PP, be conceived to revolve around PP until it coincides
Fig. 8

cZ5^
fi

—
By

By]

—
\

\

f

j

with the plane PQPQ, and becomes seen as PQ'PQ'.
To find upon it a point A' that shall have the same
latitude as A, it is only necessary to draw a tangent
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AH parallel to AH touching the ellipse at A', then
A'B' perpendicular to A'H' makes the same angle with
the plane of the equator QQ as does AB. If the least
meridian section be now revolved back to its true posi
tion, A' becomes projected at D'. We thus see, that,
while a section through A parallel to the equator is an
ellipse ADA, the curve joining the points having the
same latitude as A is not a plane curve, but a tortuous
line, ADA.
40. The process for determining from meridian arcs
an ellipsoid to represent the figure of the earth, does
not differ in its fundamental idea from that explained
in the last chapter for the spheroid. The normal to
the ellipsoid at any point will usually differ slightly
from the actual vertical as indicated by the plumb
line, and these deviations are taken as the residual
errors to be equalized by the method of least squares.
An expression for the difference of these deviations at
two stations on the same meridian arc is first deduced
in terms of four unknown quantities, three being the
semi-axes at, <z2, and b, or suitable functions of them,
and the fourth the longitude of the greatest meridian
ellipse, referred to a standard meridian such as that of
Greenwich ; and in terms of four known quantities, the
observed linear distance between the two stations, their
latitudes and the longitude of the arc itself. Selecting
now one station in each meridian arc as a point of
reference, we write for that arc as many equations as
there are latitude stations, inserting the numerical val
ues of the observed quantities. These equations will
contain four more unknown letters than there are me
ridian arcs, and from them by the method of least
squares as many n'ormal equations are to be deduced as
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there are unknown quantities, and the solution of these
will furnish the most probable values of the semi-axes
ah cii, and b, with the longitude of the extremity of c^,
and also the probable plumb-line deviations at the
standard reference stations. The process is long and
tedious, but it is easy to arrange a system and sched
ule, so that, starting with the data, most of the labor
may be done by computers, who have no idea at all
of the whys and wherefores involved, and who work
for pay and not for science.
41. The first deduction of an ellipsoid to represent
the figure of the earth was made in Eussia, by Schu
bert, about the year 1859. His data consisted of eight
meridian arcs, the Eussian, English, Prussian, French,
Pennsylvanian, Indian, Peruvian, and South African,
embracing in total an amplitude of about 72°. These
were combined in a manner different and less satisfac
tory than that above described, the results, according
to Listing,* being,
at = 6 378 556 meters.
02= 6 377 837 II
b = 6 356 719
II

f1
Jl
~ 292.1

II

f- 302.0
1
j2

ft = 10 002 263
q% = 10 001 707

II

F = -L8881
Longitude of ft = 40° 37' E. of Greenwich.
Q = 10 018 849

* Listing, Vhsere jetzige Kermtniss der Cfestalt und Ordsse der Erde
(Gottingen, 1873); p. 35.
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Here qt and qt are the quadrants of the greatest and
least meridian ellipses, Q the quadrant of the equator,
and fu fi, and F the corresponding ellipticities ; a1 and
a.2 are the equatorial semi-axes, and b the polar semiaxis. By referring to a map of the earth we see that
the maximum meridian ellipse passes through Rus
sia and Arabia in the eastern continent, and through
Alaska and the Sandwich Islands in the western, while
the minimum ellipse cuts Japan, Australia, Greenland,
and South America.
42. It is, however, Clarke, of the British Ordnance
Survey, to whom we owe almost all our knowledge of
the dimensions of the earth as an ellipsoid. His first
investigation was made in 1860, and embraced the data
from the Russian, English, French, Indian, Peruvian,
and South African arcs, in all more than five-sixths of
a quadrant, and containing 40 latitude stations. This
calculation was revised in 1866, on account of slight
changes in the data due to a careful comparison of the
different standards of measure, and gave the following
results as the most probable elements of the spheroid :

oj = 6 378 294 meters = 20 926 350 feet.
a%= 6 376 350 u
= 20 919 972 "'
= 20 853 429 "
b = 6 356 068 II
II
f1
71
~ 287.0
qt = 10 001 553
II
q2 = 10 000 024

f% ~ 3144
II

F- 1
* ~ 3281
Longitude of qt = 15° 34' East.

Q - 10 017 475
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The equator is here more elliptical than in Schubert's
ellipsoid, while the greatest meridian lies 25° farther
west, passing through Scandinavia, Germany, Italy,
Africa, the Pacific Ocean, and Behring's Straits. The
least meridian coincides nearly with that of New York.
The data entering these elements are the same as
for the Clarke spheroid of 1866 ; in fact, by a slight
change in the equations, equivalent to making at = ag =
a, the ellipsoid may be rendered a spheroid, and the
elements of the latter also deduced.
43. In 1878, Clarke published * the results of a third
discussion, in which the above-described data were aug
mented by a new meridian arc of 20° in India and by
several arcs of longitude. The solution of 51 equations
gave the following :
«! = 6 378 209 meters = 20 926 629 feet.
u
= 20 925 105 "
<h = 6 376 202
u
= 20 854 477 "
b = 6 356 076
«
f - 290
1
Jt
?i = 10 001 867
?* = 10 001 507

u
u

f1
/2
_ 296.3

1
13706
Longitude of qt = 8° 15' "West.

Q = 10 018 770

V-

The equator is here less elliptical. The greatest me
ridian passes through Ireland, extreme western Africa,
through New Zealand and the north-east corner of
Asia, while the least meridian passes through Central
* Philosophical Magazine, August, 1878.
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Asia and Central North America. These meridians are
remarkably situated with reference to the physical
features of the globe.
44. At the present time it seems to be the prevailing
opinion that satisfactory elements of an ellipsoid to rep
resent the earth cannot be obtained until geodetic sur
veys shall have furnished more and better data than
are now available, and particularly data from arcs of
longitude. The ellipticities of the meridians differ so
slightly that measurements in their direction alone
will, probably, be insufficient to determine, with much
precision, the form of the equator and parallels. In
Europe, several longitude arcs will soon be available,
and, perhaps, fifty years hence the primary triangulation of our Coast and Geodetic Survey may extend from
the Atlantic to the Pacific. If it then be thought desir
able to represent the earth by an ellipsoid with three
unequal axes rather than by a spheroid, its elements can
be determined with some satisfaction. At present the
ellipsoids represent the figure of the earth as a whole
very little better than do the spheroids, although, for
certain small portions, they may have a closer accord
ance. For instance, the average probable error of a
plumb-line deviation from the normals to the Clarke
ellipsoid of 1866 is 1 ".35, while for the spheroid derived
from the same data it is 1".42. Further, the marked
differences in the ellipticities of the equator of the two
Clarke ellipsoids, due to comparatively slight differ
ences in data, are not pleasant to observe. And, lastly,
the ellipsoid is a more inconvenient figure to use in cal
culations than the spheroid. For these reasons the
earth has not yet been regarded as an ellipsoid in prac
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tical geodetic computations, and it is not probable that
it will be for a long time to come.*
* In his work on Geodesy published in 1880, Clarke says, referring
to his ellipsoidal investigation of 1878: "Although the Indian longi
tudes are much better represented than by a surface of revolution, it is
necessary to guard against an impression that the figure of the equator
is thus definitely fixed, for the available data are far too slender to war
rant such a conclusion."

CHAPTEE IV.
THE EARTH AS AN OVALOID.
45. In a spherical, spheroidal, or ellipsoidal earth the
northern and southern hemispheres are symmetrical
and equal ; that is to say, a plane parallel to the equa
tor, at any south latitude, cuts from the earth a figure
exactly equal and similar to that made by such a plane
at the same north latitude. The reasons for assuming
this symmetry seem to have been three : first, a convic
tion that a homogeneous fluid globe, and hence perhaps
the surface of the waters of the earth, must assume
such a form under the action of centrifugal and cen
tripetal forces ; secondly, ignorance and doubt of any
causes that would tend to make the hemispheres un
equal ; and thirdly, an inclination to adopt the simplest
figure, so that the labor of investigation and calculation
might be rendered as easy as possible. The first of
these is perhaps an excellent reason, considered by
itself alone ; but when we begin to speculate about the
probability of any regular law in the density of the
earth, and further, when we find plumb-line deviations
only to be reconciled on supposition of non-homo
geneity, it seems to assume more the nature of a rough
analogy. The last is a perfectly proper reason when
viewed from an engineering point of view, for where
practical calculations are to be made they should be so
conducted that the desired results may be obtained at
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a minimum cost ; and this argument will always, more
or less, affect even the most abstruse scientists in whose
investigations there is perhaps no thought of practical
utility. The second reason is not so valid to-day as it
was a century ago, for gradually there have come into
men's minds a great many thoughts which now lead us
to suppose that there are several causes that tend to
make the southern hemisphere greater than the north
ern. These thoughts embrace a vast field of inquiry
and speculation in astronomy, physics, and geology ;
but we can here only briefly hint at two or three of the
principal facts and conclusions.
46. The earth moves each year in an ellipse, the sun
being in one of the foci, and revolves each day about
an axis, inclined some 66|° to the plane of that orbit.
"When this axis is perpendicular to a line drawn from
the center of the sun to that of the earth occur the
vernal and autumnal equinoxes, and at points equally
removed from these are the summer and winter sol
stices. For many centuries the earth's orbit has been
so situated in the ecliptic plane that the perihelion, or
nearest point to the sun, has nearly coincided with the
winter solstice of the northern hemisphere and the
summer solstice of the southern hemisphere. The con
sequences are : first, that the half of the year corre
sponding to the winter, is about seven days longer in
the southern hemisphere than in the northern; sec
ondly, that during the year the south pole has about
170 more hours of night than of day, while the north
has about 170 more hours of day than of night ; and,
thirdly, that winter in the northern hemisphere oc
curs when the sun is at his least distance from the
earth, and in the southern when he is at his great
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est. From these three reasons it would seem that the
amounts of heat at present annually received by the
two hemispheres should be unequal, the northern having
the most and the southern the least. Now, when we
glance at the geography and meteorology of the globe,
these two facts are seen : first, that fully three-fourths .»
of the land is in the northern hemisphere clustered
about the north pole, while the waters are collected in
the southern ; and secondly, that the south pole is en
veloped and surrounded by ice to a far greater extent
than the northern. There is then a considerable degree
of probability that some connection exists between
these astronomical and terrestrial phenomena, that the
former, indeed, may be the cause of the latter. The
mean annual temperature of the earth's southern hemi
sphere during so many centuries may have been
enough lower than the northern to have caused an ac
cumulation of ice and snow whose attraction is suf
ficient to drag the waters toward it, thus leaving dry
the northern lands and drowning the southern with
great oceans. It appears then somewhat probable that
there are causes tending to render the earth ovaloidal
or egg-like in shape, the large end being at the south
and the small at the north.
47. The process of finding the dimensions of an
ovaloid of revolution to represent the form of the earth
would be essentially the same as that already described
for the spheroid and ellipsoid. First, the equation of
an oval should be stated and, preferably, one that by
the vanishing of a certain constant reduces to an ellipse.
From this equation an expression for the length of an
arc of north and south latitude can be deduced, and
this be finally expressed in terms of the small deviations
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between the plumb lines and the normals to the ovaloidal meridian section at the latitude stations. The
solution of these equations by the method of least
squares will give the most probable values of the con
stants, determining the size and shape of the oval due
to the data employed. Such computations have not
yet been undertaken, on account of the lack of sufficient
data from geodetic surveys in the southern hemisphere.
Since such surveys can only be executed on the con
tinents and largest islands, it is clear that the data
will always be few in number compared with those from
the northern hemisphere. Pendulum observations, dis
cussed on the hypothesis of a spheroidal globe, by
Clairaut's theorem, are able, however, to give some
information concerning it ; but, unfortunately, the num
ber of these thus far made south of the equator is not
sufficiently large to render them of much value in the
investigation. It is probable that in years to come
pendulum observations, or other methods for measuring
the intensity of gravity, will be more employed than
they are at present ; and since they can be made on
small islands as well as on the main lands, it is possible
thereby to obtain knowledge concerning the separate
ellipticities of the two hemispheres.
48. An important idea to be noted in this branch of
our subject is, that the surface of the waters of the earth
is, probably, not fixed but variable. About the year
1250, the perihelion and the northern winter solstice
coincided, and the excess in annual heat imparted to
the northern hemisphere was near its maximum. Since
that date they have been slowly separating, and are
now nearly eleven degrees apart. This separation in
creases annually by about 61". 75, so that a motion of
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180° will require about 10450 years, and when that is
accomplished the perihelion will coincide with the
southern winter solstice. Then the condition of things
will be exactly reversed ; the northern hemisphere will
receive less heat than the southern, and if to such a
degree as some have conjectured, then the ice will
accumulate around the north pole, the waters will flow
back from the south to the north, the lands in the
northern hemisphere become submerged while those in
the southern are left dry. The change may be so slow
that for many centuries it might remain undetected,
and yet ultimately be sufficient to perceptibly alter the
relative shapes and sizes of the two hemispheres.* The
period of a complete cycle is about 20900 years, so that
in the year 22150, of the Gregorian calendar, conditions
will exist similar to those in 1250. Long before that
time it is not improbable that civilization will disappear
and a cloud of intellectual darkness settle over mankind.
Possibly enough, too, is it that in that remote age, as
in the two centuries following the year 1250, men may
waken out of their mental stupor and begin to make
feeble inquiries about the size and shape of the earth
on which it is their destiny to dwell.
* For a historical review of opinions concerning these changes see
Gunthbr's brochure, Die chronische Versetzuiig dea Erdschwerpunktes
durch Wassermassen, Halle, 1878.

CHAPTEE V.
THE EABTH AS A GEOID.
49. The word Geoid is used to designate the actual
figure of the surface of the waters of the earth. The
sphere, the spheroid, the ellipsoid, the ovaloid, and
many other geometrical figures may be, to a less or
greater degree, sufficient practical approximations to
the geoidal or earthlike shape, yet no such assumed
form can be found to represent it with precision. The
geoid, then, is an irregular figure peculiar to our planet ;
so irregular, indeed, that some have irreverently likened
it unto a potato ; and yet a figure whose form may be
said to be subject to fixed physical laws, if only the fun
damental ideas implied in the name be first clearly and
mathematically defined.
50. The first definition is, that the surface of the
geoid at any point is perpendicular to the direction of
the force of gravity, as indicated by the plumb line at
that point ; from the laws of hydrostatics it is evident
that the free surface of all waters in equilibrium must
be parallel to that of the geoid. And the second defini
tion determines that our geoidal surface to be investi
gated is that coinciding with the surface of the great
oceans, leaving out of consideration the effects of ebb
and flood, currents and climate, wind and weather.
Under the continents and islands this surface may be
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conceived to be produced so that it shall be at every
point perpendicular to the plumb-line directions. If a
tunnel be driven exactly on this surface from ocean to
ocean it is evident that the water flowing from each
would attain equilibrium therein, and its level finally
show the form of the geoid along that section of the earth.
51. To obtain a clearer idea of the properties of the
geoid, let us consider again the meridian arc measured
by the United States Coast Survey in New England, and
particularly the following values of the latitudes at the
latitude stations : *
Stations.

Farmington.
Sebattis.
Independence.
Agamenticus.
Thompson.
Manomet.
Nantucket.

Astronomical
Latitudes.
o /
it
44 40 12.06
44 8 37.60
43 45 34.43
43 13 24.98
42 36 38.28
41 55 35.33
41 17 32.86

Geodetic
Latitudes.
O /
It
44 40 14.31
44 8 36.68
43 45 32.47
43 13 23.16
42 36 40.24
41 55 36.77
41 17 33.66

Difference.
n
+ 2.25
-0.92
- 1.96
- 1.82
+ 1.96
+ 1.44
+ 0.80

The column headed astronomical latitudes contains the
values observed—that is, the angles included between
the plane of the earth's equator and the plumb-line
directions at each point ; while the other column con
tains the geodetic latitudes—that is, the angles in
cluded between the plane of the earth's equator and
the normals to a Bessel spheroid, as computed by the
use of the triangulation. The vertical directions as
given by the geodetic latitudes are hence normal to the
* U. S. Coast Survey Report, 1868, p. 150.
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Fig.9
—OFarmington

spheroid, while those as shown by the observed astro
nomical latitudes are normal to the geoid. The differ
ences of these two, as noted in the last column, are the
4*
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same as the angles between the two normals, and indi
cate the relative plumb-line deflections at the stations.
The above figure shows on a small scale the general
trend of the coast, the position of the latitude stations
and the meridian arc. It might, perhaps, be expected
in advance that the actual directions of the plumb lines
at these points would deviate northwestwardly from the
normals to a spheroid for two reasons ; first, because of
the heavier continent lying north and west, and second
ly, because of the lighter waters lying south and east.
To judge concerning this, let us imagine a section of the
earth and the spheroid and the geoid along the meridian
arc. Let F be a point on this meridian having the same
latitude as Farmington, S a point having the same lati
tude as Sebattis, and similarly for the other stations,
and let us consider that the plumb-line directions at
these points are the same as at the latitude stations
themselves, as far at least as north and south deviations
are concerned. Draw, as in the following figure 10, an
arc of an ellipse FSIA.TMN to represent a section of
the spheroid along the meridian arc, and let the dis
tances FS, SI, etc., be laid off to scale equal to the dis
tances as found from the base line and triangulation.
(See paragraph 23.) Draw at these points normals to
the ellipse ; these will make with the earth's equator
(to which QQ in the figure is drawn parallel) angles
equal to the above geodetic latitudes. At F draw a line
FZ making with QQ an angle equal to the observed as
tronomical latitude, so that SFX represents 2".25, the
plumb-line deviation at F. Draw at each of the other
points similar broken lines, each of which must indicate
the direction of the true zenith Z of its respective sta
tion. Now, the surface of the Atlantic Ocean coincides
with that of the geoid ; let there, then, be drawn in the
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plane of the section a broken curved line perpendicular*
to the true plumb-line directions to represent this sur
face, and let it be produced under the continent accord
ing to the same law. The figure now exhibits roughly
the probable approximate relative positions of the sphe
roid and the geoid along this meridian arc, and a care
ful study of it will be advantageous in enabling us to
clearly perceive some of the principal properties of the
geoidal surface. We observe that under the continents
it tends to arise higher, while on the seas it tends to

sink lower than the surface of a spheroid of equal vol
ume. (But probably never is it convex toward the earth's
center as indicated in the exaggerated drawing.) The
reason of this is easy to see when we regard the geoid
as a figure formed under the action of the attractive
force of the matter of the globe. The attraction of the
heavier and higher continents lifts, so to speak, the
geoidal surface upward, while the lower and lighter
ocean basins allow it to sink downward toward the
earth's center. But the figure also shows that this rule
has its exceptions ; the true vertical or plumb-line direc-
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'tion at Farmington, for instance, inclines to the north
ward of the zenith of the normal to the spheroid instead
of southward, as we perhaps might expect it to do.
Such anomalies are, in fact, very frequent, and from
them we conclude that the earth's crust is of quite vari
able density, and that this causes the apparent irregu
larities in the directions of the force of gravity in neigh
boring localities.
52. We may also see that what we have called plumbline deflections are really something artificial, depend
ing upon the use of a particular spheroid The geoid
is an actual existing thing, the spheroid is not, but is
largely an assumption introduced for practical and ap
proximate purposes. At the station F, in the above
figure 10, the direction FZ is the only one that can be
observed, and the angle made by it with QQ has been
measured with a probable error of less than one-tenth
of a second of arc. The angle ZFX, or the so-called
plumb-line deflection at F, will hence vary with the
elements of the particular spheroid employed, and with
the correct orientation of geoid and spheroid. A geo
detic latitude (or spheroidal latitude as it should per
haps be more properly called) is something that can
not be directly measured, and therefore it seems that
the plumb-line deviations for even a particular spheroid
cannot be absolutely found until observations have been
made over an extent of country wide enough to enable
us to judge of the laws governing the geoid itself. A
very slight change in the position of the above elliptical
arc may add or subtract a constant quantity from each
of the angles between the true verticals and the nor
mals. The differences of the plumb-line deflections at
neighboring stations will, however, always remain the
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same. For instance, at T and M the excesses of geo
detic over astronomical latitudes are 1".96 and V.4A,
whose difference is 0".52 ; but the spheroid may also be
drawn giving 1".66 and 1".14 for these deviations, and
their difference is likewise 0".52. Strictly speaking,
then, it is not the plumb line which deflects, but it is
the normal to an artificial spheroid or ellipsoid which
deviates from the constant plumb-line direction.
53. Compared with a spheroid of equal volume, our
geoid has a very irregular surface, now rising above that
of the spheroid, now falling below it, and ever changing
the law of its curvature, so as to conform to the varying
intensity and direction of the forces of gravity. Where
the earth's crust is of most density and thickness there
it rises, where the crust is of least density and thickness
there it sinks. From a scientific point of view it will
be valuable to know the laws governing its form and
size ; from a practical point of view it appears that
until these are known the earth's figure can never be
accurately represented by a sphere or spheroid or ellip
soid, or other geometrical form. For instance, if it be
desired to represent the earth by an oblate spheroid,
the best and most satisfactory one must be that having
an equal volume with the geoid, and whose surface
everywhere approaches as nearly as possible to the
geoidal surface. Such a spheroid cannot, of course, be
found until more and better data concerning the geoid
have accumulated, yet what has already been said is
sufficient to indicate that the dimensions at present
used are probably somewhat too large. Granting that
in general the geoid rises above this spheroid under the
continents and falls below it on the seas it seems evi
dent, since the area of the oceans is nearly three times

86

THE FIGURE OP THE EAETH.

that of the lands, that the intersection of the two sur
faces will always be some distance seaward from the
coast line (as seen at b in Fig. 10). Now geodetic sur
veys can only be executed on the continents, and even
if they be reduced to the sea level at the coast (a in Fig.
10), the elements of a spheroid deduced from them will
be too large to satisfy the above condition of equality
of volumes (for the ellipse through a is evidently larger
than that through b). At present it would be almost a
guess to state what quantity should be subtracted from
the semi-axes of the Clarke spheroid on account of
these considerations ; but there are reasons for think
ing that 500 meters would be too much.
54. We have now to briefly consider the important
question, how can the shape and size of our geoid, and
its position with reference to the earth's axis of rota
tion, be determined? From what has already been
said, it is not difficult to conclude that a fair mental
picture of its surface may be acquired for a locality
where precise geodetic surveys have been executed.
At places along the coast let the sea level be determined
as due to the earth's attraction alone, the effect of tides,
currents, and storms being eliminated. These are points
on the geoidal surface, and it may be imagined to be
produced inland, so that everywhere it shall be per
pendicular to the direction of the force of gravity. To
obtain numerical data regarding its form and position,
it may be referred to the surface of a spheroid, the
direction and amount of the plumb-line deflections in
dicating always its change of curvature and its relative
elevation or depression as compared with the spheroid.
But on the oceans, where geodetic operations cannot be
executed, it will, probably, ever be impossible to obtain
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such numerical results. At the present time there is
very little known regarding the actual figure of the geoid
even on the continents. The word Geoid, in fact, with
all the fruitful ideas therein implied, is not yet ten
years old,* and in all relating to it theory is in advanco
of practice. Bkuns, for instance, has demonstrated that
the mathematical figure of the earth may be determined
independently of any hypothetical assumption concern
ing the law of its formation, provided that there have
been observed at and between numerous stations five
classes of data, namely, astronomical determinations of
latitude, longitude, and azimuth, base line and triangulation measurements, vertical angles between stations,
spirit leveling between stations, and determinations of
the intensity of the forces of gravity.t These five classes
are sufficient for the solution of the problem, but also
necessary; that is, if one of them does not exist, a
hypothesis must be made concerning the shape of the
earth's figure. These complete data have, however,
never yet been observed for even an extent of country
so small as England, a land probably more thoroughly
surveyed than any other. To render geodetic results of
the greatest scientific value, it is hence necessary that
either the pendulum, or some instrument like Siemens'
bathometer, should be employed to determine the rela
tive intensity of the forces of gravity at the principal
triangulation stations, and that trigonometric leveling,
by vertical angles, should be brought to greater perfec
tion. But years and centuries must roll away before
sufficient data shall have accumulated to render a theo
retical discussion satisfactory in its results.
* It was first used by Listing in 1872.
f Bruns, Die Figur der Erde, Berlin, 1878.
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55. In conclusion, it will be well to note that our
geoid is not a fixed and constant figure. Upon the
earth men build towns and cause ships and trains to
move ; simultaneously with these displacements of mat
ter, wrinkles "and waves appear in the geoidal surface.
But the changes that man can effect are infinitesimal in
comparison with those produced by nature. The atmos
pheric elements are continually at work to tear down
the continents and fill up the ocean basins ; ever con
forming to such alterations the geoid tends to nearer
and nearer uniformity of curvature. Internal fires cause
parts of the earth's crust to slowly rise or fall, and im
mediately the geoidal surface undergoes a like altera
tion. If the center of gravity of the earth oscillates
north and south during the long apsidial cycle of 20900
years, the position and shape of the geoid will vary
slowly with it. Perhaps also the axis of rotation of the
earth may not be invariable with respect to its mass,
but subject to slight oscillations. The changes pro
duced by these causes are not all so minute as to escape
detection, for already small but measurable variations
have been discovered in the latitudes of several of the
oldest observatories, and we may expect that in future
centuries other alterations still will be noticed and
observed and discussed. When the laws governing all
these changes shall have become understood, it will be
possible to reason more accurately than now concerning
the past history and future destiny of our earth.
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