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PREFACE,

~

THs book is an outgrowth of a course of lectures prepared for
instruction at Cornell at a time when there was but little available
in English on the subject of geodesy outside of the Coast Survey
Reports.

Field practice in geodetic, hydrographic, and topographic sur-
veying was introduced as a part of the course, the work advancing
from year to year continuously over the territory as in actual
practice. This furnished data for reduction, computation, and
mapping, so that the course has been thoroughly practical.

The lecture notes have been revised from time to time and
printed by one of the duplicating processes for the use of the stu-
dents, as they have seemed to meet our needs better than the
books which have been published on the subject.

In preparing the notes for publication they have been elaborated
to give them the character of a text-book, and they have been
- thoroughly revised in the effort to bring the work up to the best
standard practice. '

Acknowledgment is due to many friends for data and sugges-
tions, and especially to Mr. Ross M. Riegel, C.E., an instructor in
the college, for intelligent and conscientious aid in carrying through
the revision and proof-reading.

The material for the work has been gradually collected from
various sources, some of which have been referred to in the text.
The principal are: Clarke’s Geodesy, Jordan’s Vermessungskunde,
Chauvenet’s Method of Least Squares, Wright and Hayford’s Ad-
justment of Observations, and the Reports and data furnished from
the office of the Coast Survey. '

For a bibliography of geodesy reference is made to Appendix
No. 16 of the Coast Survey Report for 1887, prepared by Professor
Gore.

ItHACA, N. Y., Nov., 1906

236352
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GEODESY AND LEAST SQUARES.

PART I
GEODESY.

CHAPTER 1.
INTRODUCTION.

1. Geodetic Survey.—Geodesy is the science and art of making
the measurements and reductions required in relatively locating
with accuracy, on the earth’s surface, points which may be widely
separated. It hence supposes a knowledge of the figure of the
earth, a knowledge of the various phenomena which affect physical
measurements, and a knowledge of the construction and use of
instruments, in addition to'the accuracy of sight and touch so
characteristic of the good observer.

A triangulation-net, or chain of triangles, is usually employed
as giving the best results, both in quantity and accuracy, for the
expenditure. Elevated points are chosen for the triangle ver-
tices at distances apart, varying with the character of the survey,
from a few miles up to a hundred; one or more level lines shorter
than the others are selected for base lines, in such positions that
they can be readily connected with the main net; signals are es-
tablished which define the vertices accurately, yet are conspicuous
enough to be seen by the aid of a telescope from the adjacent
stations; the horizontal angles of the triangles, and usually the
vertical also, or the inclinations of the sides, are then accurately
measured with a theodolite, and the base lines with a base appara-
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tus. All the triangle sides and the differences in elevation of the
vertices can then be computed. '

Usually the elevations above sea-level of one or more vertices
are measured, while the latitudes of one or more vertices, and
their longitudes with reference to some standard observatory or
reference station, and the azimuths of one or more sides, are de-
termined by astronomical observations. The actual positions on
the earth’s surface, both horizontally and vertically, can then be
computed.

The objects of a geodetic survey are usually twofold.—

(a) The location or recovery of boundary and division lines or
monuments, and the furnishing of a net with which to connect a
topographic or hydrographic survey, so that the inaccuracies of
the latter cannot accumulate over large areas.

(b) The accurate determination of the figure of the earth.
The distance between the parallels or meridians through any two
stations or vertices can be found from the triangulation, and their
difference in latitude and in longitude fronf the astronomical
observations. Dividing the difference in latitude in linear units
by the angle in degree-measure will give the length of a degree
of the meridian, or by the angle in n-measure will give its radius
of curvature. From these values in different latitudes the semi-
axes a and b, the meridian quadrant @ and the eccentricity e, or
compression ¢,* can be computed, assuming the section an ellipse, or
the actual form can be approximated. Similarly, the parallels,
assumed to be circles, can be computed,—giving an ellipsoid of
revolution,—or their actual shape can be approximated.

2. Historic Outline.—(a) In glancing at the development of
the science of Geodesy we may note as of special interest:—

The first authenticated hypothesis of the spherical form of the
earth by Pythagoras, who is supposed to have been born about
582 B.C.

The first determination of the circumference by Eratosthenes,
230 B.c. He originated the method of deducing the size of the
earth from a measured meridional are, for he found that while the
sun’s rays were vertical at noon during the summer solstice at

a—b

*o=—0.
a
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Syene in southern Egypt, they made an angle 27/50 with the vertical
at Alexandria in northern Egypt, and reasoned from this that the
earth’s circumference must be 50 times the distance between the
points. The distance, according to the statements of travelers,
was 5 000 stadia, giving 250 000 stadia for the circumference by
assuming both points to be on the same meridian (Syene is nearly
3° east of Alexandria). Jordan (Vermessungskunde, Stuttgart,
1890, vol. 3, p. 2) estimates this value to be about 169, in excess
by taking 1 stadium=185m, the exact value of a stadium being
unknown. ,

Omitting the arc of 2 degrees of the meridian, which was directly
measured with wooden rods under the direction of an Arabian
caliph in 827, and the measurement made by Fernel in 1525 by
counting the number of revolutions made by a carriage wheel in
going from Paris to Amiens, and reducing the broken line to the
meridian,—giving, by an unusual compensation of errors, a computed
circumference only 0.19 in excess,—we come to

The arc measured by Snellius of Holland in 1615, it being the
first in which the principle of triangulation was employed. He
used 33 triangles; measured his base line with a chain, his angles
with a sector having sights attached; and found a meridional are
of about 1° 11’. His computed circumference was 3.49, too small.

The introduction of cross hairs in the telescope, and its adapta-
tion to angle instruments, by Picard in 1669. He extended a
triangulation over an arc of about 1° 23’ from a base line nearly
seven miles long, and derived the most accurate degree length
thus far given. His angles were carefully measured with a sector
of 10 feet radius, to which a telescope was attached.

The facts reported by Richer, on his return from an astronomical
expedition in 1672, namely, that his clock, which beat seconds at
Paris before starting, lost about two minutes per day while at the
island of Cayenne, South America, and could only be corrected
by shortening the pendulum 1} Paris lines.

The announcement by Newton in the Principia, 1687, of the
theory of universal gravitation, and of the corollary of the oblate
spheroidal form of the earth. The first was confirmed by Picard’s
more accurate degree length; for, with the diameter of the earth
thus given, the force of gravity at the surface and the force re-
quired to hold the moon in its orbit were to each other inversely
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as the squares of the distances from the earth’s center. The
second was confirmed by the behavior of Richer’s pendulum;

for, since *
l h
t=ﬂJ; (1 +8_D

(where ¢ is the time of oscillation in seconds in vacuo, / the length,
g the acceleration of gravity, and A the versed sine of the semi-arc
of oscillation, supposed small), an increase in ¢, for a given value of
1 in the lower latitude, indicated a decrease in g, or an increase in
distance from the earth’s center in approaching the equator.

The extension of Picard’s triangulation each way from the vi-
cinity of Paris to include a meridional are of 8° 31’ between 1683
and 1716 by J. and D. Cassini, from which the length of a degree
of the meridian was found to be less at the northern end than at
the southern. The earth would thus be a prolate spheroid and
not an oblate, as advocated by Newton, Huygens, and others.

Huygens had published in 1691 the results of experiments
whereby he found that a flexible hoop when rotated about one of
its diameters would become flattened at the poles if unrestrained.
The controversy which arose finally induced the French Academy—
as the French at this time took the lead in Geodesy—to send out
two expeditions, one to Peru under the equator in 1735, the other
to Lapland under the Arctic Circle in 1736, to definitely settle the
question. The degree length in Lapland, when made known in
1737, was found to be greater than at Paris; Cassini’s arc, when
revised in 1744, gave a greater length for a degree of the meridian
at the northern end than at the southern; so that, when the result
from Peru was received about a year later, all agreed in confirm-
ing the oblate hypothesis. The details of the measures of these
arcs are extremely interesting. The first is described by Maupertuis
in La figure de la Terre, Paris, 1738, and by Outhier in Journal
d’un Voyage au Nord en 1736-37, while its remeasure by Svanberg,
1801-3, is described in Ezxposition des Opérations faites en Lapponie,
by J. Svanberg, Stockholm, 1805; the second, by Cassini de
Thury, in La méridienne de ’Observatorie de Parts, verifée, Paris,
1744; and the third in La figure de la Terre, by M. Bouguer, Paris,

* Church’s Mechanics, § 78.




HISTORIC OUTLINE. 5

1749, and Mesure des trois premiers Degrés du Méridien by M. de
la Condamine, Paris, 1751. Clarke, Geodesy, Oxford, 1880, pp.
3-13, gives an excellent résumé of the work in Lapland and Peru.

The triangulation to connect the observatories of Paris and Green-
wich proposed in 1783, and that to determine the earth’s merid-
ian quadrant in 1791 from the measure of an arc of about 9° 40,
extending south from the extreme northern end of France; one
ten-millionth part of this meridian quadrant was to be used as a
standard unit of length to be called a meter.

The French introduced the repeating circle (see § 31) on the first,
and the Borda base apparatus (see § 60) on the second. With the
one, the angle to be measured between two signals is added on the
circle as many times as desired, or, as there are repetitions—as may
be done with an ordinary railroad transit. Then,subtracting the in-
itial reading from the final (with 360° added for each full circumfer-
ence passed) and dividing by the number of repetitions, the value of
the angle is found with the errors of graduation and of reading di-
vided by the number of repetitions, or by as great a number as desired. -
With the other, the change in length of the measuring rod, due to
a change in temperature, is inferred from the actual change with
reference to a companion rod, having a different rate of expansion,
forming a metallic, or Borda, thermometer. While the theoretical
advantages have never been fully realized in either case, the im-
portance of the principles developed may be inferred from the
fact that both have held an important place in geodetic work
from that time to the present. For descriptions of the French
portion of the work see Exposé des Opérations faites en France en
1787 pour la jonction des Observatoires de Paris et Greenwich, by
MM. Cassini, Mechain, and Legendre, and the three volumes
entitled Base du syst¢me métrique déctmale, by Delambre, Paris,
1806-10.

On the part of the triangulation which fell to the Eng-
lish, a Ramsden theodolite was introduced, of such excellent
quality that the repeating circle and the corresponding method
of repeating angles have never crossed the Channel. This instru-
ment has remained in use on primary triangulation in England
and in India to the present time; and Col. Clarke in 1880 (Geodesy,
p. 14) says that, with the exception of some very trifling repairs,
it is as good as when first used. The circle, 36 inches in diameter,
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was graduated with a dividing engine by dots into spaces of 15’;
it is read by three micrometer microscopes to single seconds. The
telescope has a focal length of 36 inches, and is supported by an
axis two feet long. For a description of the work see Account of
the Observations and Calculations of the Principal Triangulation . . . ,
by Capt. A. R. Clarke, R. E., London, 1858.

3. Historic Outline.—(b) The increased accuracy introduced
by the French and English on the survey to connect Paris and
Greenwich, and on the survey to determine the length of the meter,
mark the close of the eighteenth century as the beginning of the
era of modern geodesy.

General interest in the subject became awakened, and geodetic
surveys began to extend over Europe, while the degree of accuracy
attained, in some respects at least, compares not unfavorably with
that of the present time, e.g., large triangles were easily closed
within 3’ with the 36-inch Ramsden theodolite, a maximum limit
which has long been prescribed by the U. S. Coast Survey for
primary triangles, although the average closure is very much less.

In England the Ordnance Survey developed from the triangu-
lation connecting Paris and Greenwich; it has extended over the
entire kingdom, with a triangulation and detailed topography,
under Gen. Roy, Capt. Mudge, Col. Colby, and Gen. James re-
spectively, as directors. See Account of the Trigonometrical Survey
of England and Wales, 1799, also Account of the Observations and
Calculations of the Principal Triangulation . . . , by Capt. A. R.
Clarke, London, 1858.

In India work was commenced in 1802 under Col. Lambton,—
a short arc was measured in 1790 by Burrow (Monatliche Corre-
spondenz, XII, 488);—it has been continued under Col. Everest,
Sir A. Waugh, Lieut.-Gen. Walker, Col. Thuillier, and Col. Gore.
The objects have been mainly topographic, but, in order to prop-
erly check the work over such large areas, chains of primary tri-
angles, with an occasional tie-chain at right angles, have been
carried along meridian lines, at such distances apart that the inter-
vening country can readily be covered by secondary triangles.
A meridional arc of about 23° 49’ has resulted, and an arc of the
parallel of some 30°; the first is of value in degree-determinations,
but the difference in longitude has not been determined with
sufficient accuracy to warrant the use of the second. See An
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Account of the Measurements of an Arc of the Meridian between the
Parallels of 18° 03’ and 24° 07 . . . , by Col. Everest, London, 1830,
also An Account of the Measurement of Two Sections of the Merid-
tonal Arc of India, by Lieut.-Col. Everest, 1847, and Account
of the Great Trigonometric Survey of India, by Lieut.-Gen. Walker,
Col. Thuillier, and Col. Gore respectively, for the different volumes.

On the Continent geodetic work was begun in Prussia in 1802
by von Zach. In Switzerland and Italy work was begun in 1811,
the object being to joir the French triangulation and secure an arc
of the parallel from the Atlantic Ocean to the Adriatic Sea; when
completed in 1832 it was not found very satisfactory and has never
received much credit.

In Russia the first work of value was begun in 1817, under
Tenner and Struve; in 1855 a meridional arc of about 25° 20/,
extending from the Danube to the North Sea, had been completed.
The report of the work in the two volumes, Arc du Méridien, de
25° 20’ entre le Danube et la mer glaciale mesuré depuis 1816, jusqu’en
1855 . . . ouvrage composé sur les différents matériaur et rédigé,
by F. G. W. Struve, St. Petersburg, 1860, is considered the great-
est contribution yet made to the subject of the figure of the earth,
and should be studied by all who are interested in Geodesy.

In Hanover Gauss measured a meridional arc for a degree-
measure, 1821-23, and extended the triangulation over the coun-
try, 1824-44. His work is classic; to it is due the first application
of the method of least squares to the adjustment of a triangulation-
net; the theory of conical coordinates; the general theory of geo-
detic lines on curved surfaces; and the invention and use of the
heliotrope.

In 1831 Bessel and Bayer began a triangulation to connect
the chains of France, Hanover, Denmark, Prussia, and Bavaria,
with that of Russia, and to serve for degree measurements. This
work is also classic; the publication of the report, Gradmessung
in Ostpreussen und thre Verbindung . . . , by F. W. Bessel, Berlin,
1838, is fhought by Col. Clarke to mark an era in the science of
Geodesy, on account of the precision of the book, and of the work
of which it treats, many of the methods which are there for the
first time described being still in use.

The Russian and Austrian chains were connected between
1847 and 1851, and the Swiss and Lombardian chains at about
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the same time. The English and Belgian were joined in
1861.

But little work was done in Italy until the formation of the
Italian Commission, 1865. Work was begun in Spain in 1858,
and excellent results have been obtained under Col. Ibafiez. A
remeasure of the French arc of Delambre and Mechain was begun
in 1870 under the direction of M. Perrier, and this was followed
by an extension of the French and Spanish chain across the Med-
iterranean to Algiers in 1879, giving a meridional arc of 27°, ex-
tending from the Shetland Islands to the desert of Sahara.

The chains of Russia and England have just been connected
through central Prussia, with small discrepancies between the ten
base lines joined. Accurate topographic surveys and lines of
geodetic levels have also been extended over the greater part of
Europe.

The development of least squares has added much to the pre-
cision of geodetic work. The theory was first stated by Legendre
in 1805, and added to by Adrian in 1808; but its full develop-
ment was due to Gauss in 1809, and its first application to the
adjustment of a triangulation was made by him in adjusting the
Hanover arc, as already noted.

The method as now extended and perfected is applied in the
reduction of every important geodetic survey.

4. Geodetic Work in the United States.—The English astron-
omers, Mason and Dixon, in running out the celebrated line bear-
ing their name, found the position of the division line between
Maryland and Delaware, which coincides approximately with the
meridian, to be on low and level ground, and hence well adapted
to direct measurement for a degree determination. Accordingly,
with the aid of the Royal Society of London, they made a direct
measurement with wooden rods, starting at the southwest corner
of Delaware and extending into Pennsylvania, of about 1° 29/,
and determined the azimuths of the different portions of the line
and the latitudes of its extremities. The work, described in Lon-
don Philosophical Transactions, 1768, by Mason and Maskelyne, is
not accepted with much confidence.

The U. S. Coast Survey was authorized by Congress in 1807;
but, owing to lack of funds, work was not commenced until 1817,
and but little was done except in detached surveys along the coast
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until 1832. The triangulation, which was commenced in the
vicinity of New York harbor, has been gradually extended along
the entire Atlantic coast, along the Gulf coast, and along the greater
part of the Pacific coast, not including Alaska. In 1871 the pro-
ject was authorized of connecting the Atlantic and Pacific systems:
and of furnishing trigonometric surveys to such states as should
make the necessary provisions for carrying on the topographic
and geologic portions of the work.

This connection has been made by a chain of triangulation
along the 39th parallel. A chain has also been extended approxi-
mately alang the 98th meridian from latitude 28° to latitude 46°.
Considerable work has been done at the Hawaiian Islands, Porto
Rico, and the Philippines.

The opportunity afforded for state surveys has been improved
by quite a number of states, while the country will eventually be
covered with a triangulation-net which will compare favorably
with any in Europe.

Since the extension to include interior work, the survey has been
known as the Coast and Geodetic Survey. It was under the Treas-
ury Department until 1903, when it was transferred to the De-
partment of Commerce and Labor.

The superintendents, and times of their appointments, have
been: F. R. Hassler, 1807; A. D. Bache, 1843; Benjamin Pierce,
1867; C. P. Patterson, 1874; J. E. Hilgard, 1881; F. M. Thorn,
1886; T. C. Mendenhall, 1889; W. W. Duffield, 1894; H. S. Pritchett,
1897; O. H. Tittmann, 1900. The yearly reports contain much
valuable material, especially in the appendices.

The survey of the Northern and Northwestern Lakes was com-
menced in 1841, under the War Department; better instruments
and methods were introduced in 1851, and the character of the
work was gradually improved to 1870, when the survey passed under
the charge of Gen. C. B. Comstock of the Corps of Engineers. From
that date to the close in 1882 a continuous chain of triangulation,
depending upon eight carefully measured bases, was extended
from St. Ignace Island, on the north shore of Lake Superior, to
Parkersburg in southern Illinois, a distance in latitude of 10°,
and from Duluth, Minn., via Chicago, to the east end of Lake
Ontario, a distance along its axis of 1300 miles, or of 16° in longi-
tude. Some very excellent base line work has been done, and the
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triangulation has been carefully executed. The work was re-
organized in 1892, and resurveys and extensions are now in progress.
See Primary Triangulation U. S. Lake Survey, 1882, by Gen. C. B.
Comstock; or see the yearly reports of the Chief of Engineers.

The Missouri and Mississippi River Commissions, under the
charge of the Corps of Engineers, have extended triangulation a
distance of 2550 miles along the Missouri and 1600 miles along the
Mississippi.

5. Degree Measurements.—At the suggestion of Gen. Baeyer,
the Middle European Association for the measurement of ares
in middle Europe was formed in 1864. At this time only three ares
of the meridian had been measured in Europe. Nineteen states
rave support to the project, but the work was largely of local
importance.

In 1887 the association was merged into the International
Geodetic Association, and its scope enlarged to include the principal
nations. Its reports, at first published yearly but now less fre-
" quently, are of great scientific interest, taking up the investiga-
tions by the different nations of such subjects as the variation of
latitude, the force of gravity, the aberration of light, etc., in con-
nection with degree measurements.

Two sets of values for the semi-axes of the ellipsoid of revolu-
tion which best corresponds with the earth are in use in Geodesy,
one set by Bessel, the other by Col. Clarke.

The first was determined in 1841 from a discussion of 10 merid-
ional ares, total amplitude 50.6°, giving *

a=6 377 397™; b=6356 079™; a—b=21315m; ~=1/299.
The second was determined in 1866 from a discussion of 5 merid-

ional ares, the English, the Indian, the Russian, the Cape, and the
Peruvian, total amplitude 76.6°, giving
a=6378206m; b=6 356 584m; a—b=21622m; c=1/295.

On account of the importance of the meridional ares in Peru
and Lapland, described in § 2, the French government began the
remeasurement of the Peruvian arc in 1899, while Russia and
Sweden began the measurement of a northern arc on the island of
Spitzbergen. Their amplitudes are only 6° and 5° respectively,

* g=semi-major axis; b=semi-minor axis; ¢=compression=(a—b)/a.
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but they are important on account of their positions, one near
the equator, the other near the pole.

A large number of meridional arcs have been measured. The
following have an amplitude of over 20°:—the French-English,
from the north end of the Sahara desert to the Shetland Isles,
28°; the Russian, from the mouth of the Danube to the Arctic
Ocean, 25°; and the East Indian, 24°.

Two important arcs of parallels have been measured:—an arc of
70° from Valentia, Ireland, to the Ural Mts., latitude 52°; and an
arc of 48.8° from Cape May, N. J., to Point Arena, Calif., latitude
39°. Both of these arcs indicate sharper curvature than given by
the Clarke ellipsoid.

The Eastern Oblique Arc of the Coast Survey, extending from
the Bay of Fundy to the Gulf of Mexico, is important as being the
first to utilize on a grand scale a measurement oblique to the merid-
ian. The results were published in 1901. )

Two long meridional arcs are now in progress, one of 65° from
‘the Cape of Good Hope to Egypt, with the possibility of an exten-
sion through Asia Minor to join the Russian work. This would
give an amplitude of 106°. The other of 50° along the 98th merid-
ian from the southern coast of Mexico to the Arctic Ocean. The
portion in the United States is nearly completed, while Canada
and Mexico have both agreed to extend the work across their
territory.

Former Supt. Pritchett states that the completion of this arc
would, with the 39th parallel already completed, furnish data
which could probably never be improved upon for this continent.

The relative location of these ares is shown on Fig. 1.



CHAPTER II.

TRIANGULATION, RECONNOISSANCE, SIGNALS.

6. Primary, Secondary, Tertiary Triangulation. — When a
triangulation is to be extended over a large tract of country, or
between two or more distant points, a system of primary triangles
is employed, which is characterized by the maximum develop-
ment of which the topography will admit. This, in level or slightly
undulating country, will allow of triangle sides of onlv 15 to 25
miles, on account of the height of signal and of observing-stand
required to overcome the earth’s curvature; while, in mountainous
country, sides of from 40 to 60 miles are common, and those of
from 100 to 150 miles are not unknown. Distances are determined
with an accuracy or probable error of about 1/100000, the rang:
being from about 1/60 000 to 1,/200 000.

If points are required nearer together than the primary stations,
secondary ones are established. The triangles connecting them
with the primary ones, or with each other, are called secondary
triangles. Their sides usually vary from 5 to 25 or more miles,
while an accuracy of from 1/20 000 to 1/50 000 is usually attained.

If an aecurate topographic or hydrographic survey is to follow,
points not more than from 1 to 3 miles apart will be required. The
triangles connecting them with the secondary ones are called
tertrary triangles. Their sides do not usually exceed about 5
miles, while an accuracy of from 1/5 000 to 1/20 000, or an average
of 1710000 is usually attained.

Ior surveys of less extent, the primary triangulation, and the
secondary also, is sometimes omitted. Greater care and accuracy
will then be required in the tertiary triangulation, as it must check

its own work. In primary work the base lines are usually from
: 13
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4 to 12 miles long, and they are placed from 150 to 600 miles apart,
measured along the triangulation. In secondary work, which
does not start from primary work or check upon it at sufficiently
small intervals, they are about 2 to 3 miles long, and are placed
at distances apart of from 50 to 150 miles. In tertiary work,
which is not sufficiently checked by secondary, they are from
3 to 2 miles long, and are placed at intervals of from 10 to 40 miles.
These distances vary with the character of the work and of the
" country, as well as with the individuality of the person conducting
the survey. )

7. Triangulation Systems.—In connecting two distant points,
or in following a line as a coast or boundary, a principal chain of
triangulation should be laid out, along which distances and azimuths
or directions can be carried with the greatest accuracy and direct-
ness. At the end of the chain, and at as many intermediate points
as may be thought necessary, a check is had by measuring a base
and comparing the measured length with that computed through
the chain.

In covering a large area with a network of triangulation, the
method often employed is to extend around the area a main chain,
which is checked by closing upon itself, and which serves as a
framework with which to connect longitudinal chains. These in
turn serve for transverse chains, which complete the gridiron of
primary triangulation and allow the intervening areas to be reached
by secondary and tertiary triangles. The discrepancies due to
imperfect measurement are adjusted for each series, in order,
and each is then considered perfect in fitting the next lower to it.
The adjustment is thus comparatively simple, while if the whole
area were covered with a series of continuous triangles, all measured
with the same accuracy, the labor would increase so rapidly with
the number of triangles as soon to become prohibitive, except by
subdividing into more or less arbitrary sections.

The above methods should be flexible enough to allow of taking
advantage of routes most favorable for the triangulation, even
though they are some distance from the boundary, or do not give
cross chains at right angles or at uniform distances apart.

The composition of the chain also deserves attention. In order
to make a comparison of strings of practically the same length,
Mr. C. A. Schott (Coast Survey Report, 1876, App. 20) takes a
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string of 10 * equilateral triangles with sides of unity; 3 regular
hexagons with sides of unity, each divided into 6 equilateral tri-
angles by joining a central point with the vertices; and 7 quad-
rilaterals with diagonals of unity (Fig. 2), and finds that:

The actual lengths of the strings will be 5, 5.2, and 4.95
respectively.

The numbers of stations will be 12, 17, and 16.

The numbers of the sides to be sighted will be 21, 34, and 36.

The total lengths of the sides will be 21, 34, and 29.6.

The areas covered will be 5, 9, and 4.04.

F1a. 2.

The number of checks upon the observed angles, due to geometric
conditions, will be 10, 21, and 28. While these regular figures
and separate systems usually are not feasible, the above compari-
son indicates that the single string of triangles is the most
favorable for rapidity and economy, the difference being more
apparent in level or prairie country, as only about two-thirds
as many expensive elevated signals will be required; while, if
the level ground be wooded, the additional saving in clear-
ing only about two-thirds the length of lines will usually compel
its adoption even for the best grade of work. The string of hexa-

* The 9 which Mr. Schott used is here changed to 10, to give the same
actual advance of triangulation rather than that of extreme points. A
quadrilateral in geodesy is a four-pointed polygon having all the vertices
joined.
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gons, or other polygons having their vertices joined to an in-
terior point, commands attention when greater width and accu-
racy are desirable; while the string of quadrilaterals affords
greater accuracy with less stations and less labor, and is the system
usually adopted by the Coast Survey, except for densely wooded
level country.

8. Coast Survey, Character of Figures.—In January, 1905,
definite instructions were furnished the field parties of the Survey
as to the degree of accuracy desired, the methods to be used, and
the field computations required. They are the outcome of a
study to secure greater effectivcness and economy in the triangu-
lation.*

For primary triangulation the chain between base nets or base
figures is made up of completed quadrilaterals and of central point
figures, with all stations occupied. It is not to be allowed to
degenerate, even for a single figure, to simple triangles. There
must be two ways of computing the length through each figure,
but with no overlapping of figures and no excess of observed lines
beyond those necessary to secure the double determination of
every length, except that in a four sided central point figure one
of the diagonals may be observed.

For secondary the same rules apply, except that certain sta-
tions may be left unoccupied, as indicated in § 10. If supple-
mentary stations are necessary in order to fix certain required
positions, these occupied stations should be connected with the
main scheme Ly the simplest figures possible in which there is a
check, preferably by single triangles with all angles measured.

For tertiary the same rules apply as for secondary, including
supplementary stations, while the main scheme is allowed to
drop to simple triangles at any point where it is extremely dif-
ficult to be avoided.

9. Coast Survey, Uncertainty of Length.—In a given figure
the accuracy of a side computed from the base increases with
the number of checks upon the observed angles, and also with
the size of the angles used, the sines varying much more rapidly
for small angles than for large ones.

* Condensed from a mimeograph print kindly loaned by the Superin-
tendent.
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in Part II it is shown that this relation is expressed by the
following :—

gt Nero o ranptom,. )

where p=probable error of the computed log side; d=p.e. of
an observed direction; Ng=number of directions observed; N.=
number of conditions or checks to be satisfied; 04, and dp=Ilog
differences for 1’ for the distance angles A and B of a triangle
(4, opposite computed side, B, opposite given side); 5= the sum-
mation for the triangles used in computing the side in question
from the side supposed to be absolutely known.

In (1) the two terms N"J;jv € and J3(042+ 040 + 052
depend entirely upon the figures chosen, and are independent of
the accuracy with which the angles are measured. Their product
is therefore a measure of the strength of the figure with respect
to length, in so far as the strength depends upon the selection of
stations and of lines to be observed over. The second term de-
pends upon the distance angles. The value for each triangle can
be taken from Table XII, and these values summed as the total
for the figure. .

To compare two alternative figures (e.g., either quadrilaterals
or central point figures) for the strength with which length is
carried, proceed as follows:

1. For each figure take out the distance angles to the nearest
degree, if possible, for the best and second best chains of triangles
through the figure. These chains are to be selected at first by
estimation, the estimate to be checked later by the results of com-
parison.

2. For each triangle in each chain enter Table XII with the
distance angles as the two arguments and take out the tabular
value.

3. For each chain (the best and second best) through each
figure take the sum of the tabular values.

4. Multiply each sum by the factor Na—N.

d
The produet, viz. &]ilv-c.!' (042+040p+05%), will be called

for that figure.

R, and R; for the best and second best chains respectively.
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5. The strength of a figure is dependent mainly upon R;, hence
the smaller R, the greater the strength. R, contributes some-
what to the total strength, and the other weaker and progressively
less independent chains contribute still smaller amounts. In de-
ciding between figures they should be classed according to their
best chains, unless these best chains are very nearly of equal
strength and the second best differ greatly in the two cases.

Ng4, the number of observed directions, is readily found by
inspection of the figure, omitting the direction at each end of the
starting line which is supposed to be completely fixed. For N,,
the number of checks in the figure, see Part II. For simple figures
add the number of independent triangles (those in which the
angles cannot be found by taking sums and differences of those
used in other triangles) to the number of distance checks in the
figure. Thus in a completed quadrilateral there are three observed
directions at each station, a total of twelve; subtracting the one
at each end of the fixed line, leaves ten. There are three inde-
pendent triangles and one distance check.

. Ns—N. 10—4_
v St =g =060,

If a station at one end of the fixed line is unoccupied, two tri-
angle closures and two directions drop out, giving a result =0.75.

If a station not on the fixed line is unoccupied, two triangle
closures and three directions drop out, giving a result =0.71.

10. Coast Survey, Strength of Figure.—In a chain of primary
triangulation between base nets the extreme limits for B, and R,
are 25 and 80 respectively, in units of the sixth place of logs.
These limits are reduced to 15 and 50 respectively, if it does not
increase the estimated total cost over 259.

For secondary between base nets the extreme limits are 50
and 150, and the 259, extra cost limits 25 and 80 respectively.
One station in each figure may be left unoccupied, or, if all are
occupied and considerable time could be saved by so doing, lines
to the limit of three may be left observed in one direction only,
subject to the above limitations for R, and R;. In the latter case
R, and R; are computed as if one outside station of the figure were
omitted. The advantage of keeping R small, and thus avoiding
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the necessity of measuring bases at short intervals, is indicated
in §11. For a triangle connecting a supplementary station with
the main scheme R<50.

For tertiary the same conditions are imposed as for secondary,
except that the extreme limits of 50 and 150 may be exceeded
when it would be extremely difficult to keep within them.

11. Examples of Strength of Figure.—The following are
some of the examples given by the Coast Survey as guides on
reconnoissance in selecting stations which will give small computed
values for R. The heavy lines in each figure are the given and
required sides.

The completed quadrilateral. Fig. 3. If square, R, =5, Ry=5;
R, *=6, Ry’=6. Shortening the length in the directicn of the
chain to one-half the width, forming a rectangle, strengthens the
figure, but reduces the advance for given length sights: thus R, =1,
Ry=1; R,'=2, Ry=2. Increasing the length to double the width
reduces the strength: thus R, =22, R,=22; R,""=27, Ry’ =2T7.
Changing the quadrilateral to a rhombus with angles of 60° and
120° gives R, =5, R;=12; R,”=6, R,”’=15. Lengthening the
required side of the square to double the given side by extending

3 45
45
a (t]
)

B

15
45 45

Fic. 3. ' v " Fie. 4.

the end at A gives a figure of good strength for rapid expansion
or contraction: thus R, =5, R,=22; R,””=6, Ry’=27. If this
extension is made one-half at each end, R;=7, R:=7; R,’=9,
Ry =9.

The triangle with interior poirt. Fig. 4. If equilateral, with
the point in the center, R, =2, R,=12; R,""=3, Ry”=15. The

* R/, any one station not occupied. R", one station on fixed line not
occupied. R'”. one station not on fixed line not occupied. R™, one out-
side station not occupied. RV, center station not occupied.
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effect of moving the interior point towards the unused side until
B=10° is to reduce R; to 2 and R, to 4, while R,”’=3 and R,"'=5.
If moved the same amount towards the given side, R, =2,
R,=71; Ry”=3, Ry’=89; R,/”=3, R,”’=84, thus weakening
the figure for R,.

The quadrilateral with interior point. Fig. 5. If square, with
the interior point in the center, R, =13, R,=13; R,"V=16, R, =16;
R,v=17, R;v=17. Increasing the length to twice the width gives
Rl =40, R2=40, le=47, R2n=47; Rlv=50, R2v=50. Re-
ducing the length to one-half the width gives R, =19, R,=19;
R\™v=22 R,v=22; R,v=24, R,v=24. These figures are all
weaker than the corresponding shapes for ‘the completed quad-
rilateral.

The five-point figure with interior point. Fig. 6. For the
regular polygon, with interior point in the center, R, =10, Ry=15;
Ryv=11, R,v=16; R,v=13, R;¥=19.

-

45 45,
45 45|

F1aG. 5. Fic. 6. Fi6. 7.

The siz-point figure. Fig. 7. For the regular polygon, with
interior point in the center, By =11, Ro=11; R;™=12, Ryv=12;
R,v=14, R;v=14. Changing the required side to A4, R;=8,
R2= 14; le=9, sz-_— 15, R1v= 11, R2v= 18.

Base net. Fig. 8. This gives an expansion of two to one.
R,=5, Ry=35, -————NdiN°=28-16==0.43. R, can be reduced to

d 28
4, while R, would be increased to 7, by moving the base parallel
to itself until the left-hand triangle has angles of 5°, 5°, and 170°.

Fig. 9 shows how to make an advance by a completed quad-

rilateral with one station unoccupied and obtain a small value for
R. R,=1, R,=1.
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Buffalo base-net, U. S. Lake Survey. Fig. 10. This base,
about 4.2 miles long, was measured in 1875. It shows an enlarge-
ment of nearly 3/1 with B,=11 and R,=16.5.

3t 3 h
26 10\ } lllAj \\\
a0\
\l.&
\
82 N2
128 - 1
82 34 3t 82
2 /1511 NI\ 26 61
83
“ . I ﬂ
Fic. 8. Fi1c. 9.

Fig. 11 shows a portion of the primary and secondary triangu-
lation near the Edisto base of the Coast Survey, from Report, 1885,
App. 10. The country is flat and wooded, no elevations of 20

Touawanda

o

Ridgway- Bulralo

Fic. 10.

feet being available. The use for secondary sides of lines cleared
for primary ones may be noted. In the same appendix may be
found a sketch of the secondary triangulation of Boston Bay, an
open country with suitable elevations.
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Ex. 1. In Fig. 3 compare the strength of the figures A and B.

« B r ]
FordA................ 40° 55° 50°  50°
ForB................ 68 20 15 80

Ex. 2. In Fig. 4 compare the strength of the figures A and B.

a B 7 J ¢ e
For A.... 58° 33° 28° 28° 29° 29°
For B.... 08 58 28 28 50 08

12. Coast Survey, Length of Line.—For primary triangula-

tion, outside the base nets no line should be less than six kilometers.
There is little, if any, gain in accuracy by making the lengths much

Edisto Base

Fig. 11.

greater; therefore an effort is made to use the economic lengths
of line, i.e., such lengths for each region as will make the cost of
reconnoissance, building, and triangulation a minimum per mile
of progress, subject to the limitations stated in the instruc-
tions.

For secondary and tertiary the economic lengths should govern
as stated above, with the lower limit considerably below k=, On
very short lines it is difficult to obtain the accuracy necessary to
close the triangles within the required limit. On long lines there
is danger of delays due to non-visibility of signals, while supple-
mentary stations to reach required points are more apt to be
needed.

13. Coast Survey, Frequency of Bases.—For primary tri-
angulation. if the character of the country is such that a base site
can be found near any desired location, R; between bases should
equal about 130. This will give a chain of from 15 to 35 triangles,
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according to the strength of figures secured. Strong figures thus
reduce the cost for base lines. If it is difficult to secure a base
site at the desired location, R, may approach, but not exceed, 200.
When this is done, there will be danger that an intervening base
may be necessary; for, if the discrepancy between adjacent bases
should exceed one part in 25 000, an intervening base must be
measured.

For secondary and tertiary the same limits are used for R,
while the discrepancy between adjacent bases (either measured
ones or lines of primary or secondary triangulation used as bases)
is extended to one part in 10 000 before requiring an intervening
base for secondary, and one part in 5 000 for tertiary. For tertiary
the intervening triangulation may be strengthened instead.

14. Coast Survey, Base Sites and Base Nets.—For primary
triangulation grades of 109, for any 50-meter tape length are
allowed, and ravines not over a tape length wide in the direction
of the line are regarded as no obstacle to measurement. The
length of base is limited between 4 and 12 kilometers.

For the base net as good geometrical conditions as possible
are secured, even if the base is forced upon rough ground. It
should not be longer than two ordinary figures of the main chain
between bases. It may be strengthened by observing over as
many lines of the net as can be obtained without excessive cost
for building or cutting, provided the figure is not made so compll-
cated as to be excessively difficult and costly to adjust.

For secondary, grades up to 209, are allowed if the geometrical
conditions can be improved by so doing. The length is chosen
primarily to give small values for R, and this will usually tend
towards a long base, which in turn will lengthen the distance
between bases. The economic length will be from 2km to 8km as a
rule. The base net will be of the same character as to figures
and strength as the chain between base nets. 1f made up of
two or more figures, they may overlap, but should not be tied
together.

For tertiary, the same conditions are imposed as for secondary,
except that the economic length is not given or called for. A

15. Coast Survey, Intersection Stations.—In selecting these
it should be kept in mind that the geographic value of a triangula-
tion depends upon the number of points determined, the area over
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which they are distributed, and the permanence with which they
are marked, and that for a given area this value is lost when the
points cannot be recovered. The chance of permanency is in-
creased by increasing the number of points as well as by thorough
marking.

These considerations should lead to the determination as inter-
section stations of many artificial objects of a permanent charac-
ter, as lighthouses, church spires, cupolas, towers, and large chim-
neys; should lead occasionally to the determination of specially
marked stations established for this particular purpose; and should
frequently lead to the permanent marking upon the ground of topo-
graphic or hydrographic stations and their determination as inter-
section stations. The practice of permanently marking such
hydrographic points as are in commanding positions, on promon-
tories for example, will frequently obviate the necessity for a new
triangulation when a later hydrographic survey is made. It is
especially desirable to increase the area effectively covered for
geographic purposes by selecting intersection stations which are
outside the area covered by the main scheme.

When feasible without undue expense, the section corners and
other survey marks should be connected with the triangulation,
either by distance and direction from a station or by using them
as intersection stations.

16. Elevation of Signal.—Usualiy the question of intervisi-
bility of stations is best settled by actual observation; but, when the
station points are not intervisible and signals can only be rendered
so by elevation, the required heights may be difficult to deter-
mine by observation, unless there is a tree or other elevated object
near, from the top of which the desired view may be had. In
such cases, if the heights of the stations are known, and that of
the intervening ground which obstructs the view can readily be
determined, as would be the case for level ground or for a line
passing over water, the required heights can be readily computed.
In the vertical section through the two stations C and (’, Fig. 12,
let AA’ be a straight line tangent at D; BDB’ the line of sight
between the two intervisible points B and B’, concave downwards
on account. of refraction. Denote the distances AD, A’D, in
miles, by k, k’; the required heights BC, B’(”, in feet, by &, k’;
the radius, in miles, by R (log R=3.597317); and the coefficient
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of refraction, with mean value 0.07, by m, or the refraction angle
ADB by mXAOD. Then, in the right triangle AOD,

(AC+R)2=k2+ R2, or

2>,

AC="2 hear ==
=5p Dearly. S

‘. ADB=mAOD=2mADC,
and the angles are small,
.. AB=2mAC, and BC, in miles, or

Qﬁ

L:AC—AB=ﬁ(1—9m)'
5280 2R =
k2 -
h=-2?><0.86><5280, o
Fic. 12.
k2=1.743h,. . . . . . . (2

where k is in miles and 4 is in feet;
i.e., the square of the distance in miles 1s about 13 times the re-
quired elevation in feet—a convenient rule easily remembered.
For k in kilometers and h in meters, (2) reduces to

R=14807h. . . . . . . . . 3

The line of sight should not pass nearer the surface than 10 feet
at the tangent point, on account of the lack of transparency and
danger of lateral refraction, due to the disturbed lower air.

Ex. Two stations of the U. 8. Lake Survey, Buchanan, on the north
side of Lake Superior, and Brulé River on the south, are 10 and 19 feet
above lake level respectively, and 16 miles apart. A signal 35 feet high
was used at Brulé. How high should the instrument and observing-stand
be elevated at Buchanan, in order to see the upper 20 feet of the signal at
Brulé?

Solution. 19+35—20=34; 34—10=24, the available height at Brulé.

Placing h=24 in (2), k=+/'1.743X24=6.5 miles, the distance from Brulé
to the tangent point. 16—6.5=9.5 miles, the distance from the tangent
point to Buchanan.

_ (9.5

’
b= 1.743

=52 feet.

52+10=62, the required height above lake level, or 52 feet above the
ground. .

17. Hints in Selecting Stations.—For the main chains choose
the highest elevations, even if at greater first cost on account of
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inaccessibility. The stations will then better command new
ground, if at any time it becomes necessary to extend the work
beyond its original limits; while high lines meet less atmospheric
disturbance.

Avoid low lines and lines passing over cities, furnaces, etc.

In finally locating stations make certain that those intended
to be intervisible really are so, even at the expense of time and
patience in waiting for clearing weather; otherwise the observing
party may suffer vexatious and expensive delays.

Select stations so that permanent station marks can be placed
and protected, or so that accurate references can be had to per-
manent objects.

The base line site should be selected with reference to securing
suitable ground for measurement and a convenient expansion
through the base net. If the base is to be measured with bars,
the line should be free from obstructions and quite smooth for a
width of at least 12 feet; longitudinal slopes up to from 3° to 5°,
depending upon the apparatus used, do not offer serious incon-
venience or affect the accuracy of the measurement. The ends
need not be intervisible from the ground, if they can be made
intervisible by signals and observing-stands of moderate eleva-
tion. The measurements can be made along two straight seg-
ments, not differing widely in direction, if better ground will thus
be secured. Narrow ravines can be crossed by bridges or trestle-
work with complete success, while a wide one, or a bog or similar
obstruction to direct measurement, can be passed by triangula-
tion without very serious decrease of accuracy.

If the measurement is to be made with a tape, as is now fre-
quently done, rougher ground may be used, as indicated in §14.

18. Reconnoissance.—A general reconnoissance should pre-
cede the selection of stations, in order to become sufficiently fa-
miliar with the topography to be able to recognize the most promi-
nent features and elevations, as seen from different points of view,
and in order to determine the general scheme of triangulation and
the general routes best suited to the ground, for aid in conducting
the detailed reconnoissance.

Unless the surface is level and unbroken, points will be found
which from their position or elevation will offer such advantages
that they probably must be used for stations. Starting from these,
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others must lie within prescribed areas, in order to fulfill the re-
quired geometric and other conditions, and to use the economic
lengths for sides.

From each of these probable station points, sights should be
taken to the others, if visible, and also to such points in the pre-
scribed areas as will possibly serve for stations.

Other available points can be occupied, and the process re-
peated, if necessary. Should a point be occupied which has not
been cut from at least two other stations, sights must be taken
upon at least three known points, when its position can be de-
termined by § 19.

Magnetic bearings often aid in orientation on arriving at a new
station, and in identifying objects already located, by giving
approximate directions, while they sometimes aid in plotting, when
insufficient angles have been taken.

A hasty outline profile sketch of the ground in the vicinity of
each object sighted will aid very materially in identification from
surrounding stations, while if the estimated distance in miles
is written on the sketch near the object, and the circle reading
or bearing is written above on a vertical through it (see Fig. 13),

Fig. 13.

very clear and concise notes will result. The obstructed arcs at a
station should be noted, also their cause, and whether they can
be removed by cutting or by signal elevation. Should the loca-
tion of stations be likely to prove difficult, vertical angles should
be taken to aid in deciding upon the intervisibility of signals by
giving differences of elevation.

A plat of this preliminary triangulation should be kept up by
angles, starting from a known or assumed side; or by computed
triangle sides, if greater accuracy is desired. Then, working from
probable station points or from stations already located, the pos-
gible point in a given area is picked out which will best fulfill the
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conditions imposed as to length of line, intervisibility, etc. In
the same manner as many new ones are chosen from the plot as
desired.

On reaching an elevated point it is quite difficult, without ex-
perience, to orient one’s self and be able to identify signals and topo-
graphic features at distances of 40 to 50 miles, even under the
most favorable conditions. When, as is often the case, the fea-
tures are not prominent, and the air is thick with haze and smoke
for days at a time, the skill and patience of the experienced are
fully taxed. With wooded elevations the observations must be
usually taken from the top of a tree, or, if none can be found of
sufficient height, from the top of a ladder formed by splicing several
ladders together and supporting them by guys.

High elevations with the summits free from timber afford the
best station sites. Wooded summits require sight lines to be
cut through. These for pole signals on long lines should be
about 100 feet wide, and they should be extended so far back
of the station that the signal will not be seen against near
woods.

As the summits broaden or the timber becomes valuable,
elevated signals and observing-stands should be considered before
clearing the lines, although they generally should not be adopted
unless a considerable saving will. result.

Parallel wooded ridges may present much difficulty if so near
together that the triangle sides must reach over an intermediate
ridge, instead of spanning an intermediate valley. The direction
across the ridge to an invisible station can be found from the plat
or from § 21 when the required signal elevation can be found from
vertical angles or from carefully taken aneroid barometer read-
ings; but, if two or more ridges intervene, actual tests from ladder-
tops, or an examination of the entire line, will be necessary.

In level country an elevation of 70 feet for signal and observ-
ing-stand will allow of 20-mile sides. If wooded, these had best
be used in a chain of nearly equilateral triangles having all the
lines cut through; but if clear, as on prairie, quadrilaterals with
diagonals of 21 miles and sides of about 15 will add only one more
station in 30 miles of progress, which will be more than compen-
sated for by the increased precision attained.

If the level ground be cultivated and contain patches of valuable
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timber, the difficulties will be so much increased, even if the ground
be rolling, that the greatest care and skill will be required to avoid
insuperable obstacles. Sometimes chains of secondary triangles
along the watercourses have proved effective.

Full notes and sketches should be taken of the points most
important for the subsequent work. Among these are the means
of access, the timber which can be found at the site for the signal,
the roads which have to be opened by the angle party in occupy-
ing the station, the places nearby where board can be had, ete.

The efficiency and economy of the survey will depend very
materially upon the skill, good judgment, and experience of the
person who conducts the reconnoissance.

If a topographic or hydrographic survey is to follow, the inter-
section stations should include as many prominent objects, usually
from 1 to 3 miles apart, as may be needed by the topographer in
tying up his work or by the hydrographer in taking angles to
locate soundings, etc., such as church spires, cupolas, chimneys,
flags in prominent trees, large white crosses or triangles painted
upon rocky cliffs, ete. Well shaped triangles are not so important
as the securing of a sufficient number of convenient points for the
topographer, since the errors introduced do not accumulate over
large areas. )

19. N-point Problem.—To determine the position of a point
when only angles at the point have been observed between known
stations:

Lay off the angles on tracing cloth in order around a point,
place the cloth on the plat and move it until each line passes through
the station to which it belongs, when the vertex can be pricked
through. Two angles will locate a point, giving the 3-point prob-
lem, except when the point lies on or near a circle passing through
the three stations on which the sights are taken; 3 or more angles
are better, forming a check. A 3-armed protractor is often used
in place of the tracing cloth; also a sheet of paper, by cutting out
a narrow strip along each line near the portion to be used.

When a more accurate solution is desired than can be had
from a careful plat on a large scale, a numerical one is used. In
Fig. 14 let S be the required point at which the angles P, P’, P”, . . .
have been observed upon the known stations, F, G, H,... Bis
slso known, it being an angle between known stations.
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In the triangles, SF@, SGH, by formula 18} *

,_asinA _bsinC @
" snP smP’

. asinAsin P—bsinCsin P=0.. . . . (b)
In the polygon SFGH, P+P’ +A +B + C=360°,
whence C=Q—A, where Q =360°—(P+P'+B). . . . (4

Fic. 14.

Substituting in (b), with the expansion of sin (@-A) from formula 3],
a sin A sin P’—b sin P (sin Q cos A —cos Q sin A)=0, or
asin P'—bsin PsinQ cot A+bsin Pcos Q=0
a sin P’
b sin Psin Q'
a sin P’
COtA—COtQ(].'i‘b—si—m). e e .. (5)
Having A, all the angles of the triangles become known, whence

asin (P+A4) ,, bsin(P'+0)
n= - y = g ’
sin P sin P’

cot A=cot Q+ or

ete. . . (6)

Ex. At Sheldrake Point, Cayuga Lake, N. Y., the following angles were
observed upon three known stations, Willets, King’s Ferry, and Kidders.
Required the position of Sheldrake.

Observed. Given.
Wil.-Shel.-King’s =P =118° 15.2 [ Wil.-King’s =a =7150.2 ft.
King’s-Shel.-Kid. =P’= 58 31.2| King’s-Kid. =b =3050.7

Kid.-King’s-Wil. =B=101° 08".0

* Formulas marked thus, ...]. are to be found in Table I at back of
book.
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Solution.
By (4) Q=82°05'6. : r
“(5) a=7150.2,1log........... ...l 3.85432
P'=58°31.2,8in ........00000vuuunn. 9.93086
3.78518
b=23050.7, log... .. 3.48440
P=118° 15'.2, sin.. 9.94490
Q=82° 05.6,cos. 9.13849 .......... 2.56779
+16.497. .. . e 1.21739
1.
17.497. .. e 1.24297
Q=82°05.6,cCot. .......coviiiiiiiiii., 9.14264
A=22 22 1,c0t.. .....iiiii i 0.38561
C=59°43.5=Q—A by ).
By (6) a=7150.2........ 3.85432 | By (a) b=3050.7........ 3.48440
P+ A=140° 37°.3, sin. . !9.80239 C=59°43".5, sin. .. 9.93632
3.65671 3.42072
P=118°15.2,sin, . 9.94491 P’=58° 31’.2,sin... 9.93086
n=5149.91ft...... 3.71180 n’=3089.3ft...... 3.48986

Computing n’ by the first equation of (a) the same value is found as above.

20. Two-point Problem.—If two unknown stations, C and D,
Fig. 15, see each other, and also two known stations, A and B,
their positions can be determined by
measuring the angles ACB, BCD,
CDA, ADB, as follows: S

Draw the line C’D’ of convenient ”
length on tracing-cloth and at C’
and D’ lay off the measured angles; Ve
the intersection of the two lines e
which pass through 4 will determine
its position on the cloth, and simi- ¢ D
larly for B; join A’ and B’; place Fig. 15.
the cloth on the plat so that A’ will coincide with station A and
B’ will fall on the line AB of the map, produced if necessary; prick
through the points B’, C’, and D’. Then through B draw parallels
to B'C’ and B’D’; their intersections with AC’ and AD’ produced
will determine C and D on the map.

If more accuracy is desired, assume CD as unity and compute

A B

.
\
N
—y @,

\
N\,




32 GEODESY . (§ 21, Fig 16,

AC and AD in the triangle ACD, and BC and BD in the triangle
BCD. Having two sides and the included angle in ACB, AB
can be found, formula 20]. The ratio of the true value to the
computed one will be the ratio which the other sides bear to their
computed values.*

Ex. The following angles were observed at Giles and Elm of the C. U.
Skaneateles Lake Survey in 1892 upon the known stations Haight and

Olmstead.
Haight-Giles-Elm = 50° 02’ 17"

Olm.-Giles-Elm =35° 05’ 03"

Giles-Elm-Olm. =88° 01’ 27"

Giles-Elm-Haight = 50° 04’ 29"/

Haight-Olmstead = 12,944 feet.
Required the positions of Giles and Elm.

Haight Olmstead

Giles

Fig. 16.

21. Direction of Invisible Stations.—If enough angles have
been taken so that the stations can be platted by methods already
given, the direction of the line joining any two can be taken directly
from the plat with a protractor. Or, starting from some known
side, the sides of the preliminary triangles can be computed from
the observed angles when, by assuming a meridian, the distance
in latitude and longitude of each point from an initial one can
be computed as in an ordinary land survey. The tangent of the
azimuth of the line joining any two points can then be found by
dividing the difference in longitude by that in latitude. The
line can then be cleared from either end if obstructed by timber,
or the height of signal for intervisibility can be determined if the
obstruction is an intervening ridge.

* For fuller treatment of the N- and two-point problems see Zeitschri/t
fur Vermessungswesen, 1888, p. 140.
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For an example in difficult country in northern Alabama see
Coast Survey Report, 1885, App. 10.

If two stations, C and D, each see two points, A and B, Fig. 15,
the direction to trim from one to the other can then be found as
follows: At A measure BAD and DAC, and at B, DB(C and CBA.
Compute AD in the triangle ABD and AC in the triangle 4BC,
calling AB unity; then in ACD two sides and the included angle
are known, from which the angles at C and D can be found by
formula 20]. Or the directions can be found by platting.

22, Outfit for Reconnoissance.—When accurate angles are
required, a light transit with good telescope is most convenient.
The needle will give bearings, while, by adding a level to the tele-
scope tube and a gradienter screw or good vertical circle, elevation
angles can be measured with sufficient accuracy for determining
intervisibility. An aneroid barometer is also convenient for de-
termining differences of elevation. For distances over 25 miles
a reconnoitering glass with stand will be found desirable on account
of the larger telescope. If care is taken in setting up to place the
tripod head level, the small horizontal circle will give angles quite
accurately.

In a wooded country where angles have to be measured from
tree tops, a sextant will be necessary; also a telescope or field-
glass for identifying the stations, and a set of spurs or creepers for
climbing. An azimuth or pocket compass is convenient; also the
best available map of the region.

To these should be added some 100 feet of about #-inch manila
rope, a ball of twine, an ax, and material for different colored
flags to be spread out upon trees or other objects for temporary
signals. An assistant who is quick and handy at all kinds of work
and who is used to climbing, and a horse and covered wagon, will
complete the outfit. Much of the traveling will necessarily be on
foot, or possibly on horseback if the country is hilly or wooded.

If away from all supplies, a.cook and the usual camp outfit
will be necessary; while for primary triangulation, in rough coun-
try with good railroad facilities, like much of New England, it may
be more convenient to travel the long distances between stations
by rail, hiring a horse when use can be made of one.

23. Signals.—After the exact station points have been located,
the signals which are to be erected over them to give definite
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points for sighting in measuring the angles should fulfill the follow-
ing conditions:—

They should be conspicuous, so as to be readily seen and dis-
tinguished from surrounding objects; they should have a well-
defined central line or point upon which to fix the cross-hairs;
they should have little or no phase, i.e., this line or point should
not change in apparent position with the direction of the illumina-
tion by direct sunlight; they should be firm in position, unless of
the class which require an attendant; they should be cheap, or
light and portable; while often it is convenient if, when in place,
they will allow an instrument to be set up over the station point.

With these general requirements in mind, the relative advan-
tages offered by the different signals to be described will be more
readily appreciated.

24. Pole Signals.—When height is not required for intervisi-
bility, one of the most common forms of signal consists of a vertical
pole set in or on the ground and supported by braces or wire
guys, or of a pyramid or tripod surmounted by
a pole. On sharp mountain peaks, where only
small, stunted timber can be found, the rect-
angular pyramid, Fig. 17, is convenient. A
signal with height of apex of from 12 to 18 feet,
and legs from 3 to 5 inches in diameter at the
top, can be erected, and a center pole 8 to 12
feet long inserted by 3 men, without tackle. By
inclosing the top with boards, cloth, or slats made
from small poles, visibility can be given, while
- - the apex and pole remain for accurate bisec-

Fic. 17. tion. The pole can be increased to any desired
diameter by nailing on slats or poles after erection, while the
signal can be anchored to the rock by wiring the legs to anchor-
bolts, or by wire guys extending from the top of the pole.

On flatter peaks more height must be given for visibility, render-
ing the tripod signal, Fig. 19, more convenient. By bolting all four
pieces together on the ground, with a 1- to 1}-inch bolt, as shown
in Fig. 18, or, better, with the head raised 6 feet on a bent or stag-
ing, 5 men can raise a 25 to 35 foot signal of round timber, each
piece being 5 or 6 inches in diameter at the top, with no special
outfit except about 30 feet of rope. Pits are dug, or stones piled
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up to prevent two of the feet from slipping; the head is then
lifted and pushed to position by the third leg, when the pole is made
vertical by pulling down the large end with a rope; it is secured
by spiking braces to the tripod legs.
If the angles at the station are to be measured with the signal
in place, the legs should be so placed as not to obstruct the lines
_of sight to the other stations. They should extend a couple of
feet into the ground; or, if on rock, be securely tied to anchor bolts
by wire rope, or notched and horizontal cross-pieces attached and

Fia. 18. F1a. 19.

loaded with stones. Wire guys from the top of the pole may also
be desirable.

A tin cone or barrel of larger diameter than the pole is often
placed at the top, especially when the tripod head will not be seen
against the sky.

The pole should not be more than 6 to 8 inches at the tripod
head, even for a large signal, on account of the weight in erection.
It can afterwards be increased, or the pole straightened, by nail-
ing on light slats; or, when lumber is available, a square box
of 2-inch plank in place of the pole will give diameter without
increased weight. One or more slats along the center of each side
will make it more nearly cylindrical.

A very convenient and portable signal for tertiary work can
be made by supporting a pole on a tripod having a light, cast iron
head and about 10-foot legs. By holding the pole in position with
wire guys, a signal 15 to 20 feet high can be made very stable,
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while there is room enough underneath to set up an instrument.
Any portion of the pole can be enlarged to any desired diameter
by light slats.

25. Diameter and Height.—The diameter of pole for short
lines may be large enough to subtend an angle, as seen by the ob-
server, of 4 or 5 seconds; but, as the distance and the power of the
telescope increases, the angle should diminish, according to Coast
Survey practice, down to one second for about 15 miles, and not
fall below this value for greater distances (see also § 26).

Diameter to subtend one second at

1 mile =0.307 inch 40 miles=12.3 inches
10 miles=3.100 inches 60 “ =184 ¢
20 “ =6.100 “ 80 “ =246 ¢

Increased diameter beyond that necessary for visibility gives
increased range to the cross-hairs in bisection, and introduces the
uncertain element of phase with cylindrical signals which do not
show against the sky.

The height of signal in feet should be about one-half the dis-
tance in miles, plus 10. Less height may answer for long lines,
or for signals on sharp peaks with a sky background, but height
adds to visibility without diminishing accuracy, and with only
the increased cost of construction.

A signal to be seen against the sky should be painted black or
wound with black cloth, one to be seen against the ground should
be painted white or wound with white cloth; unless two colors
are needed on the same signal for ready identification from sur-
rounding objects, when the pole, or pole and tripod, can be painted
in alternate rings of black and white or red and white, each ring
being several feet wide.

26. Signals without Phase.—Various signals have been de-
vised to avoid phase, or the effect produced by the unequal illu-
mination by direct sunlight of the portion of the signal facing the
observer, whereby the apparent and real centers do not coincide.
One devised by Bessel for the Prussian triangulation in 1831,
and used on the U. S. Lake Survey, consists of a board in place,
or in front of, the pole, with its face perpendicular to the line of
sight. On the latter survey a width was given of about 4 seconds,
as seen by the observer, yet good results were obtained. The
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station must be visited and the board changed each time the ob-
serving party moves to a new station.

Another, designed in 1881, and used on the Mississippi River
Survey for distances of from 5 to 12 miles, gave excellent results.
It consists of a horizontal board 6 inches in diameter, to the cir-
cumference of which are attached 4 stiff vertical wires, 90° apart,
each 5 feet long. These wires are held in position by a wire ring
at the top, and another one-third the distance from the top, each
joint being well soldered. Two opposite wires are connected
for the upper and lower thirds by a white cloth, and the other
two for the central third by a black cloth; 4 guy wires are attached
at the central ring, and the board rests on a tripod or other support.

27. Elevated Signals and Observing-stands.—When the sig-
nal and the instrument at the station require elevating, and no

. o existing structure can be utilized,
b _ a suitable one must be erected.*
In order that the instrument may
" PLAN not be disturbed by the move-
ments of the observer, its sup-
port must be independent of the
observer’s. The standard tripod
for the instrument and scaffold
for the observer, adopted by the
Coast Survey for heights from
32 to 96 feet, are described in the
Report for 1882, App. 10. See
also App. 9, p. 1568, and Pri. Tre.
U. S. Lake Sur., p. 318.

The more recent standard used

on the 98th meridian work is
| loo | |- described in App. 4, Report for
L tripop L5 L gcarroLp Lns 1903. Fig. 20 shows the dimen-
ELEVATIONS sions for a 60-foot tripod and a

Fic. 20. 66-foot scaffold. The tripod legs

are in three lengths, scarf spliced with a 30-inch lap, and spiked, viz.

N,

* An ingenious adaptation of existing natural features to the purposes
of a signal isgiven in Transcontinental Triang’'n, .900,p.601. The observer’s
platform was supported by small scaffolds upon the top of a tree trunk,
and the instrument stand was built around the trunk, but not touching it.
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6" by 6” by 24’ at bottom, 5 by 5" by 22/, 5" by 5” by 24’ at
top. The bottom horizontal and diagonal braces are 3" by 4",
the others 2 by 4”. The scaffold legs are scarf spliced as
above. The pieces are 6’ by 6" by 24’ at bottom, 5 by 5" by
26’, 5 by 5” by 26’ at top. The two bottom horizontal and
diagonal braces are 3" by 4”/, all the others 2”7 by 4”.

The tripod legs are brought together at the top, while the
scaffold legs are about 7 feet apart 3 feet from the top. The floor
for the observer is 10 feet below the top of the scaffold, and the
top of the tripod is cut off so as to support the instrument at the
exact height required by the observer. A top floor is placed
3 feet from the top for the light tender, and a 3’ by 3’ table at the
top in the center, for supporting the lamps and heliotropes. Two
trap-doors are placed in the lower floor, one where the ladder comes
up and the other in another corner, for hoisting the instrument.

In putting on the bracing, the legs for both structures are sprung
out somewhat between the ends, for increased stiffness. Holes
are dug for the legs and foot planks inserted. Instead of placing
these all on the same level, the legs can be cut to fit.

For erection, two legs of the tripod are placed on the ground
in relative position, and the bracing spiked on. A bottom piece
of a scaffold leg is used as a gin-pole, and the tripod legs brought
to position and guyed; the third leg is then drawn to place and
the bracing spiked on the other two sides. Two opposite sides
of the scaffold are then put together and raised, using the tripod
in place of the gin-pole. The bracing for the other two sides is
then attached.

The cost for these signals for the season of 1902, with lumber
at about $25 per 1000 feet at the yard, was about $3.20 per vertical
foot, measured to the light table.

These slender signals are cheaper than the broader ones of the
old type, yet the experience of the season of 1902 indicates that
there is less twist due to sun and less vibration due to wind, even
without the protecting cotton sheet frequently used on the sunny
or windward side of the scaffold.

For different heights the upper 10 feet of the signal remains
the same, while the lower horizontal tie changes length as follows,
the scaffold leg in each case being 6 feet longer than the tripod
leg:—
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Length of tripod leg in feet.. 10 15 25 45 60 75
“ “ bottom tripod tie. . 6 7.5 10 14 18 19
“ “ “ scaffold tie. 10 11.5 13.5 17 22 23

For heights greater than 75 feet the bottom sections should
be heavier than those given for 60 feet. Up to 90 feet they may
be framed and erected without bolts, as described. If over 90
feet high, the top must be framed with bolts and then raised to
position and erected on top of the lower part.

In exposed situations g-inch wire rope guys with turn buckles
may be used, although but few of the signals have been collapsed
by storms.

The method of erection on the U. 8. Lake Survey for heights
up to 140 feet was to put together one side of the observing tower onx
the ground, attach radiating ropes at different points, all leading
to the rope through the block; erect a derrick boom, and haul the
side to position with teams. The side was then held by guys and
the block shifted to it, and one side of the inner tripod hauled
up and held in the same way. Then the third leg of the tripod was
hauled up and the braces attached to the side already in position,
and the opposite side of the tower was raised and the braces
attached. Sills some 3 feet underground were used for the tower,
but not for the tripod. The station mark was placed after the
signal was up. The work was let by the vertical foot. The con-
tractor, with 15 men and 2 teams, would frame, erect, and com-
plete a signal in 2 days.

Recently the Lake Survey has adopted an elevated signal and
observing-stand, made of gas pipe, which has proved very satisfac-
tory, and more economical than timber, on account of its portability.

The method of erection is shown in Fig. 21. The upper portion
of the instrument pyramid is put together on the ground and then
erected. The upper part of the observing stand is then put to-
gether around the pyramid. Tackles are attached at the four
corners as shown, and this upper portion of the stand is drawn
up so that the next section can be attached underneath.

Afterwards either structure can be drawn up, if the other is
high enough for attaching the blocks, and an additional section
attached, the workmen remaining on or near the ground. Guys
are used for steadying during erection.
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Fig. 2la shows a completed signal 108 feet high erected on
Great Duck Island, Lake Huron.

A portable tripod and scaffold, having a floor about 12 feet
high, is shown in Fig. 22. The tripod legs are 6 by 8 inches, 18

-~

Fia. 22.

feet long. They are held by an inch bolt 16 inches long, and by
three horizontal braces. The scaffold posts are 5 by 5 inches, 164
feet long; the horizontal braces are 7 feet long, and the diagonal
ones 10 feet. The posts are interchangeable, and the braces are

F1a. 23.

held by wood-screws. The posts all extend about 2 feet into the
ground, and the floor is placed from 2 to 3 feet below the top.
Only a few hours are required for erection after everything is in
readiness.
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In crossing the plains of India, hollow masonry towers, 50 feet
or more in heighs, were extensively used for the support of the
instrument; while in the early French surveys, church spires, large
towers, etc., were often used with inaccurate results, due to phase.

28. Heliotropes.—One of the most common forms in use is
called the gas pipe heliotrope, Fig. 23. A piece of 2-inch iron pipe

Fi1c. 23q.

serves as a telescope tube, while it carries 2 rings or diaphragms,
each with about an inch opening, and a 2}-inch plate glass mirror
having motion about a horizontal and a vertical axis. The whole
instrument is supported by a wood-screw, which can be screwed
into a tripod head or other block. It is set up directly over the
station mark, or on line and a few feet in front of it, and the cross-
hairs of the telescope brought on the distant observing party.
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The mirror is then turned so that the reflected sunlight will pass
through the first or near diaphragm and give a concentric ring
of light around the second, which is a little smaller. This ring is
maintained by gently tapping the mirror at intervals of from % to
2 minutes.

" The adjustment of the instrument should be tested by bring-
ing the cross-hairs on an object within a few hundred feet, throw-
ing the light as above, and noting if it falls as far above the object
as the rings are above the cross-hairs.

Fia. 24.

A more recent form, used on the Coast Survey, is shown in Fig.
23a. The mirror is rotated by tangent screws and the telescope
can be more accurately pointed.

The Steinheil heliotrope differs from that already described
in having only one mirror and no rings, making it very simple
and convenient for reconnoissance work.

The axis of the frame is hollow, and it contains a small lens,
L, Fig. 24, and a white reflecting surface, C, usually chalk, at the
focus of the lens.

By turning this axis towards the sun a hole through the silver-
ing of the mirror allows a beam of sunlight to reach the lens and
be concentrated upon the white surface. It is reflected from the
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surface back to the lens and emerges in parallel rays which reach
the back of the mirror in a direction just opposite to that of the
incident rays. Enough of these rays will be reflected from the
back to give an image of the bright spot, C, and in a direction, 40,
directly opposite to the reflection of sunlight from the face of the
mirror. Hence, if the eye be placed at O so as to see the observ-
ing party through the opening A in the direction AT, and the
mirror be turned until the bright spot C is seen (the axis pointing
towards the sun), the sunlight will be reflected in the direction
OAT to the observing party.

The distance from the reflecting surface to the lens is adjust-
able for focus.

When the alignment has been once secured, if there is no natural -
landmark in range, a pole should be set up at a distance of 100
to 200 feet, so that its sharp top will be on or a little below the line.
The light can then be shown, and will often be seen by the
observing party, on days when haze and smoke will prevent the
heliotroper from seeing even the outline of the hill or mountain at
the observing station.

A second mirror is usually supplied, which can be screwed up
and light reflected from it to the first, if at any time the first falls
in shadow or its angle of incidence becomes so great that the re-
flected beam will not fill the diaphragm.

Extreme accuracy in pointing is not essential, the range being
about the diameter of the sun, or 32 minutes.

About a 2-inch mirror is used for lines from about 20 to 60
miles, and usually in connection with pole or other signals. For
shorter lines a pasteboard or other screen with a smaller opening
should be attached to the second ring. For longer lines larger
mirrors are used. Thus, on the U. 8. Lake Survey, for the longest
lines a common mirror, 9 by 12 inches, was set up, and light thrown
through a circular hole in a wooden screen some 20 feet distant
in the direction of the observing station, this having a diameter
of from 8 to 10 inches on sides of 90 to 100 miles. On the longest
line ever observed, Mt. Shasta-Mt. Lola in northern California,
192 miles, a helio 12 inches square was used.

Wilson, Topographic Surveying, gives

X=.046d . . « « v v . . (7
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for the length of the side of the mirror in inches, where the dis-
tance d is in miles and d > 10.

Too much light gives, by irradiation, a diameter too large for
accurate bisection, and increases the unsteadiness. An opening
suited to the distance, or one which will subtend from one-fourth
to one-fifth of a second, will give in quiet air a small, bright disk
easy to bisect. v

An intelligent and very faithful person should be picked out
for the heliotroper; otherwise delay and vexation will result. If
he is to occupy the station a long time, he can usually be picked
up with economy in the locality; if for only a short time, it may
be more economical to have one who is familiar enough with the
work and with instruments to go to new stations and establish
himself without assistance, when directed by the observing party.

29. Night Signals.—Lamps with 10-inch reflectors for short
lines and the Drummond light for long ones were used on the
English Ordnance Survey in the last century, while night signals
have been extensively used in the recent prolongations of the
Nouvelle méridienne de France by ‘M. Perrier, and Argand lamps
and heliotropes are exclusively used in India.

The electric light, in the focus of a reflector 20 inches in di-
ameter and 24 inches focal length, proved very successful recently
on a line of 168 miles across the Mediterranean, where, on account
of fog and mist, a 12-inch heliotrope had failed to once show dur-
ing a three months’ trial.

On the Coast Survey experiments were made in 1879 with
night signals (Report, 1880, App. 8), and the conclusion reached
that night observations were a little more accurate than day ob-
servations; that the average time of observing in clear weather
could be more than doubled; and that reflector lamps, or optical
collimators, burning coal-oil could be used to advantage up to
some 40 miles, while the magnesium light would be better and
cheaper for longer lines.

The optical collimators used were M. Perrier’s French lamps,
Fig. 25. The large lens has a focal length of 24 inches, and a di-
ameter of 8 inches. The emergent rays subtend an angle of about
1°. The intensity of light, as compared with the magnesium, was
about as 2 to 5. It made a very pretty mark to point upon on
clear nights, but, at a distance of 43 miles, it would often be scarcely
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visible in the telescope, and would not allow of illuminating the
cross-hairs, when the magnesium light was clearly visible.

The magnesium lamp was made up of a small lamp, an 8-inch
reflector, a clockwork, and a reel of magnesium tape, which was
fed into the lamp by the clockwork and burned intermittently
in the focus of the reflector. For accurate bisection a pasteboard
screen was used to reduce the diameter on all but hazy nights on
a line of 60 miles. The apparatus weighed but 5 pounds, but the
tape was expensive.

FiG. 25.

The acetylene lamp is now used on the Survey (Report, 1903,
App. 4). It is made from an ordinary bicycle lamp by substitut-
ing for the lens a cylindrical tube containing two 5-inch lenses.
It is mounted upon a metallic stand which is provided with ad-
justing-screws for pointing. The weight when packed with 5
pounds of carbide is but 22 pounds. It has been used on lines
from 3 to 31 miles long with satisfactory results, the light under
unfavorable conditions sometimes becoming a small, bright point,
finally growing too faint to be observed, rather than a faint blur,
as in the case of the oil lamp.

Collimators and reflectors, with kerosene lamps, were both
successfully used on the N. Y. State Survey for distances up to
about 50 miles. The field however was left dark, and the cross-
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hairs illuminated from behind, giving light lines in the dark
field.

30. Station Reference.—In referencing a station, the object
should be to render the recovery of the locality and of the exact
station point as easy and certain as possible, at any time, and by
any one unfamiliar with the country but familiar with the kind
of work. The station point is usually marked by an underground
and by a surface mark. The underground mark should be placed
below frost and plow, or some3 to 4 feet below the surface. It
may consist of any material which is durable, foreign to the locality,
and capable of receiving and retaining an exact center mark.

Jugs and bottles, cut stone blocks, and hollow cones of stone-
ware are among the most common. The stone block, holding a
copper bolt and surrounded by masonry, is much used at the ends
of base lines, where a very accurate mark is essential, on account
of working up from so short a side.

The surface mark should not be in contact with the under-
ground mark, while it should project enough above the surface to
be readily found. A stone post, with the top dressed some 4 to
6 inches square and the center marked by a cross or hole, is much
used; often the number of the station or the initials of the survey
are cut near the top.

Should the station be on firm rock, a hole is drilled some 12 to
15 inches deep and filled with lead or sulphur, or a copper bolt
is inserted with a wedge at the bottom which tightens as the bolt
is driven down. Along coasts and rivers, where stations are forced
out within reach of the action of the water, and on soft, yielding,
and shifting soil, much difficulty may be met in securing proper
station marks without undue expense. Screw-piles protected by
masonry or riprap, etc., are among the expedients resorted to when
reference cannot be had to near, permanent objects, or to reference
marks set for the purpose. A stake driven down in soft, wet soil,
a hole made with a bar and filled with quicklime or charcoal in
impervious soil, mounds, references to trees, etc., are among the
marks often used for the less important stations.

A topographic sketch of the station and its surroundings should
be given, on which are shown the features likely to aid in identi-
fication, and especially those objects which can be used for refer-
ence points. This should be accompanied by the distances to
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these points, taken with steel tape if near enough, or by includ-
ing them in a sweep of angles which includes one or more distant
objects and a magnetic bearing. If to these are added the kind
of a signal, with the heights above the station mark of the points
most convenient for sighting in measuring vertical angles, as tripod
head, top of pole, etc.; the name of the landowner or person who
has been requested to look after the station, or of those who would
know most of its position; the name of the nearest railroad station,
and the best method of approach, the description will be reasonably
-complete. .

The various tertiary points sighted upon should be described,
to aid the topographer in identifying stattons with ease and cer-
tainty, and to aid in securing the stations for use in future topo-
graphic and hydrographic work.

A station should be named from the popular name of the hill
-or locality, from some well known peculiarity of the ground, from
the owner of the land, or in such a way as to best call attention
to the special locality. Numbers are sometimes used in the com-
‘putations and records, as being more concise.

On the Coast Survey at least one reference mark of a perma-
nent character is called for, not nearer than 10 meters for each
station of the main scheme, to be accurately connected by dis-
tance and direction. These reference marks are preferably on
fence or property lines, and should be always in a locality chosen
to avoid disturbance by cultivation, erosion, and building. Such
reference marks are desired at all marked stations.

Descriptions are required for all marked stations. For each
station which is in itself a mark, as a cupola, sharp peak, etc.,
a description is required, or the angle records must show the exact
point used. Each land section corner connected with the triangu-
lation must be fully described. Nothing is to be put into the
description which does not aid in recovery or identification. A
sketch should not be used as a substitute for words, but all essen-
tial facts which can be stated in words should be so stated, even
if shown on the accompanying sketch.



CHAPTER IIL

INSTRUMENTS AND OBSERVING.

31. Development of Angle Instruments.—When Snellius of
Holland introduced the principle of triangulation in 1615, angles
were measured with quadrants, rectangles, or semicircles gradu-
ated on their peripheries, and having alidades with sights attached.
Defects in graduation were early detected, and efforts made to
remedy them by using large radii; 6 to 7 feet was the smallest
radius for a sector, while those cf 180 feet were not uncommon
with the Arabian astronomers.

A means of measuring parts of a division was devised by Nufiez
in 1542; the present form of the vernier was first used by Vernierus
in 1631; the entire circle was first used by Roemer in 1672; and
the first micrometer and cross-hairs in the telescope were used by
Picard, although constructed by Auzout in 1666.

The great advance in instrument construction dates from 1783,
when the survey to connect the observatories of Paris and Green-
wich was begun.

The French brought out the repeating circle constructed upon
the principle pointed out by Tobias Mayer in 1752. Fig. 26
shows the general construction. The horizontal circle just above
the leveling screws is an auxiliary not essential in the measure-
ment of angles. The long vertical axis is forked at the upper
end to carry the short horizontal axis which supports the repeat-
ing circle on one side and a counterweight on the other. The
plane of the circle will thus rotate with the horizontal axis,
while the circle itself can be rotated in its plane which is parallel
with the axis.

The horizontal and vertical axes allow of placing the circle in
any plane from horizontal to vertical, while its motion in that

48
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plane about an axis perpendicular to the horizontal axis allows
of measuring angles on any part of the circle.

The circle carries two telescopes, one above, the other below,
both eccentric, each capable of rotation about the axis, with inde-
pendent clamps and tangent screws; the lines of collimation are
parallel to the circle, and the position of the upper telescope can
be read by means of verniers.

To measure an angle the following steps are necessary: Bring
the plane of the circle into the plane of the objects; clamp the
upper telescope at zero; rotate
the circle until the upper tele-
scope bisects the right hand ob-
ject and clamp the circle-(the old
French circles were graduated
counter - clockwise); bring the
lower telescope to the left hand
object and clamp; unclamp circle
and rotate until lower telescope
bisects right hand object and
clamp; loosen upper telescope,
and bring onto left hand object.
The reading will now be twice
the angle, for in rotating the
circle so that the lower telescope
changes from the left hand to
the right hand object, the zero
rotates through the same angle
to the right of the right hand
object, and the upper telescope
must be brought back over the
angle to reach the right hand
object and once again from the
right to the left, giving a read-
ing of twice the angle. The above
steps are continued until a suf-
ficient number of repetitions have been taken, when the last read-
ing (increased by the proper number of 360°’s) is divided by the
number of repetitions for the value of the angle. It should be
noted that this angle may be in an oblique plane. In such a
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case the vertical angles upon the two points must be measured
before the horizontal angle between them can be determined.

In measuring vertical angles a level on the side of the lower
telescope comes up in position, not shown in Fig. 26, to serve
for the reference horizon when the circle is vertical.

At the same time (in 1783) the English brought forward the
celebrated Ramsden theodolite, partially described in § 2, which
in its essential principles is the same as the modern theodolite
and does not need separate description.

The different parts of an instrument will be taken up in detail,
beginning with the telescope.

32. Normal Vision.—The eye is an optical instrument, consist-
ing essentially of a series of transparent tefracting media bounded
by curved surfaces, forming a lens, and a delicate network of
nerve fibers, spreading out from the optic nerve, forming the
retina. A pencil of light entering the eye is refracted by the
lens and brought to a focus upon the retina, and the impression
is carried to the brain along the optic nerve.

The normal eye at rest is supposed to be adjusted for parallel
rays; the curvature of the lens and its distance from the retina
will increase with the nearness of the object up to the limit of
distinct vision, which is some 8 to 10 inches; the pupil or aperture
for the admission of light is also adjustable. The distance from
the center of the lens to the retina is about 0.6 inch.

With this ratio of distances of retina and object from lens
(0.6 and 8) the image will be only 0.6/8=.075 times as large as
the projected object.

For the projected object at the distance of 8 inches from the
eye,

0.000 039 4
8 sin 1"

where p=the millionth part of

N@ a meter, =0.000 039 4 inches.
- The minimum angle be-

) . tween two bright points or
I i "1 lines upon a dark ground, or
Fia. 27. the reverse, which the eye can

distinguish without running them together is found to be about

Angular magnitude for 1#= =17,
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60”. This would give for the distance on the retina between the
images
60X .075=4.5x.

The surface is made up of minute papille or nerve elements
called rods and cones from 2# to 6~ in diameter, with an average
of 4.5#; the retina thus shows no power to distinguish impres-
sions on parts of a papilla.

A single dark line upon a bright ground can be distinguished, it
is said, when the visual angle is only one-fiftieth as large as the
above (image 0.09+).

According to Prof. Forster’s investigations as given in Jordan’s
Handbuch der Vermess., Vol. II, p. 147, the minimum distance b,
between a hair and a scratch, which can be distinguished in
bisecting a division mark upon a bright scale, as with the &
cross-hairs of a micrometer microscope, Fig. 28, is 2.5«
measured upon the retina. With this width of line the
probable error of the bisection, with a magnifying power of
25, was found to be 0.25 measured upon the retina. This
width 2.5+, referred to the object and unaided vision, would
correspond to b=2.5/.075=33#, or a visual angle of 33"; ,l," b
while the probable error of bisection would be one-tenth as Fr;;.
great. A power of 33 would thus give a probable error of 2s.
0.1# in bisecting a division, and b would=1=.

It is found that if b be increased 16-fold, or so as to cover 8
papille or nerve elements, a power of 85 is necessary for a probable
error of 0.1# in bisection; and if widened to cover 1, a power of
150 is necessary. '

33. The Astronomical Telescope.—This in its simplest form
consists of two biconvex lenses fixed in a tube: the eyepiece and
the object glass. Its advantages over the unaided eye in accurately
sighting an instrument upon a point are: (a) increased light;
(b) magnifying power; and (c) the use of cross-hairs.

The following are from Geometric Optics:

A lens is a portion of a refracting medium bounded by two sur-
faces of revolution having a common axis; this axis is called the
azis of the lens. The surfaces of revolution are usually spherical or
plane; if they do not intersect, the lens is supposed to be bounded
by a cylinder in addition having the same axis. The thickness is

Division
un'lr
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the distance between the bounding surfaces measured on the axis.
The optical center is a point of the axis, usually within the lens;
if any ray of light pass through this point, its direction after pass-
ing through the lens will be parallel’ to its direction before, a

slight offset taking place for oblique rays
\A—\ on account of the refraction towards t,he

normal on entering the lens.
For spherical surfaces this point is
FiG. 29. found by drawing any two parallel radii,

joining the points where each cuts its own surface, and noting
the intersection of this line with the axis. The ratio of the dis-
tances of the centers of curvature from the optical center equals
the ratio of the radii. When one surface is plane, the optical
center is found at the other surface. The principal focal length
of the lens, f, is found from

-%=(n-l)<%+;l7>, R

where r and ’ are the radii of the surfaces, and n the index of

refraction.
The fundamental equation connecting conjugate foci is

where f is the distance of the object and f’ that of the image
(negative if the image is virtual*).

34. Magnifying Power.—In Fig. 30, let O be the object glass
and O’ the eyepiece. The rays of light from the arrow head, A4,
will be brought to a focus at A’ where the ray through the optical
center O meets the focal plane, and those from C at C’, these two
central rays preserving their direction beyond the lens, but suffer-
ing a slight offset as indicated in § 33. - Join A’ and C” with the
optical center of the eyepiece. All the rays of light coming from
A and C which pass through the telescope will emerge in pencils

* For further discussion of lenses. telescopes, etc., see W. Watson’s
Physics, Book 1V, Chap. III.
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parallel with, or slightly diverging from, these two directions
A’0', C'0, if adjusted for distinct vision for a normal eye. The
lines A’0’, C’0Y, give directions only for the rays passing through
A’ and C".

’ l 14 :
R R rT AS U (S |
1 | 1
| | |
] 1
|

B
)
¥--

2
Fic. 30.

Without the telescope, the angular magnitude of the object
with the eye at O would be 8. With the telescope, the angular
magnitude is a.

To find the magnifying power draw FH=/, the focal length
of the objective; erect the perpendicular HJ=3A4'C’; take
FK={,, the focal length of the eyepiece; erect the perpendicular
KL=HJ, join J and L with F, giving HFJ=18, and HFL=}a.

Extending FL to M to refer both images to the same distance,
th> ratio of the apparent magnitudes or the magnifying power will
cqual the ratio of HM to HJ.

But HM:HJ=HM:KL=FH:FK={"f,

’

or, magnifying power, G=ff_1’ B ¢ (1))

i.e., the magnifying power equals the focal length of the object glass
divided by the focal length of the eyepiece.
Also,

HM:HJ=tan }a : tan 18,

or, G=tan 3 : tan 3 3, =%, nearly, . . . . (11)
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i.e., the magnifying power equals the angular magnilude as seen
through the telescope divided by the angular magnitude as seen with
the naked eye, nearly.

Since, by (9), f’ increases with the nearness of the object, G
will be greater for a near than for a distant object; f for parallel
rays is taken as the standard.

For normal eyes the eyepiece would be focused for a virtual
image at the distance of most distinct vision, or from about 8
inches to infinity; myopic (near-sighted) eyes, unless corrected
by glasses, would require that the eyepiece be pushed in, and
hypermetropic (far-sighted) eyes that it be pulled out, thus
changing f, and G.

In Fig. 31 it may be noted that the extreme rays from a point
A striking the object glass at the distance apart D will intersect
at @’ in the focal plane and may be focused to emerge in parallel
lines (=0, §=0) at the distance apart d’.

e /\é’ A

-fl-J(-—__f’_.-
Fie. 31.

From similar triangles, neglecting the thickness of the lenses,

b_r
a f’

or from (10) G=§, T ¢ 03

i.e., the magnifying power equals the diameter of the clear aperture
of the object glass divided by that of the emergent cylinder of rays
from a point. -

For the magnifying glass, or simple microscope, with the eye
placed close to the lens as with the eyepiece, take FH=8 inches,
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the distance for normal vision; FK=f;; HJ=3AC. Then,
from (10),

8
G=po o oL (13)

If an objective is added, A
. . [ N
making a compound micro- | S
|

scope,* it will magnify the N
image AC in the ratio ///f" —
(AC being now regarded as
replacing A’C’ of Fig. 30). ¢ "~ Cornea
T
8 i’ //:"" I
Hence G=l—,: %, . (14) /_//::»" e -f2

Ex. 1. Find the power of a
magnifying glass having a focal
length of 1”7 and placed so that
the virtual image will appear 8"
from the eye.

Ex. 2. Show that the change :
in focal length of an object glass K
with distance, has the effect of Fic. 32.
placing the initial point for stadia work at the focal length in front of
the object glass. :

Ex. 3. Find the range in motion of the object glass slide to focus at
Cistances from 10 feet to infinity, for f=9", G=25.

=

|
|
!
!
|
!
I
1
1
|
|
F

35. Measurement of Magnifying Power.—(a) Set up the tele-
scope where two prominent well defined objects can be seen sym-
metrically with reference to the center of the field, on looking
through the object end, and focus for parallel rays. Set up a
transit back of the telescope, and measure the angle A subtended
by the objects as seen through the telescope. Remove the tele-
scope; set the center of the transit in the position occupied by
the eyepiece and measure the angle A’ between the same objects
as seen directly.

* With the magnifying glass or compound microscope the eye caanot
replace the lens or objective and focus on the object as with the telescope,
the distance being less than 8 inches.
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Then, by (11),

_tan}d’_ A’
G_t:m—r}A__A (nearly). . . . . . (15)

(b) Focus the telescope for parallel rays; point it towards the
sun, or a bright sky, and measure the diameter d’ of the emergent
cylinder at the eyepiece as thrown upon a paper screen; measure
the clear diameter D of the objective by pushing a pencil in from
the edge until it will just cast a shadow on the screen, and noting
the reduction from the apparent diameter. Square pieces of
paper of different sizes, moistened and placed around the cir-
cumference, will show the clear diameter more accurately than
the pencil point.

By (12), §=G (approx.).

(c) Sight to a speaking rod, a clapboarded house, or other
object which will answer for a scale of equal parts. While look-
ing through the telescope at a scale unit with one eye count the
number of units which it covers as seen by the other or free eye;
this number will be the power @ for the given distance.

To find G, the power for parallel rays: Measure the distance f"”/
from the center of the objective to the back of the cross-hair dia-
phragm when focused for the above scale reading, and the dis-
tance // when focused on a distant object. From (10),

T
G=gmG. - ... (6)

The method (a) is the most accurate; (b) will give fair results
except for high powers for which it is difficult to measure d’ with
sufficient accuracy; (c) is the most convenient for low powers.

Ex. The angle subtended by two objects when seen looking into the
object end of the telescope focused for parallel rays was A=2’117,
The angle subtended, as seen directly, was A’=1° 18’ 06””. Required G.
Solution.
B}' (15), approx. G= W—- l'_dl-— 36.
tan 39’ 03”

By (15), G=Tan v 0537

=36.
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36. Intensity and Brightness.—Let D=diameter of the object
glass; d=that of the eyepiece; d’=that of the emergent cylinder
of rays; d;=that of the pupil of the eye, assumed=0.2 inch by
Chauvenet for astronomical work, and 2.24 mm. or 0.09 in. by
Jordan for geodetic work, the actual size varying with the indi-
vidual and with the brightness over a greater range than indi-
cated by the above values; m=percentage of light striking the
object glass, from a given point in the optical axis, which passes
through the lenses, =859, for the best telescopes, and often fall-
ing to 609,.*

With the unaided eye, the cone of rays which can enter it
from a given object has a diameter d;. With the telescope, the
diameter of the cone which may be condensed to enter it is .D.
The quantities of light, for the same distance from the object,
will vary as the squares of these diameters. Hence, allowing for
the loss due to absorption and reflection, the intensity or ratio of
the light received by the eye through the telescope, to that re-
ceived by the unaided eye, is

D2
I=m7z .

For all this light to enter the eye, d;Sd’, or, substituting the

value of d’ from (12),

-D
dl)@-

If dlzg, as may be the case with telescopes designed for

special purposes, the effective diameter of the object glass will
be reduced to d;G. This value substituted in the value of I will
give mG2. Collecting results,

2
I= m2 when d;3
di?

’

UQU

|
| ¢ 0
I=mG? when di3 JI

* It is stated by Nolan in The Telescope that about 79, is lost by each
lens, one-half of this being reflected back from the outer surface and the
other half from the inner surface as it passes through.

Experiments at the University give m about 609, for the older tele-
scopes with terrestrial eyepieces.
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Owing to the magnifying power, this light appears to come
from an area G2 times as large as without the telescope.

Hence the brightness, or light per unit area as compared
with the naked eye,

I

D2 _D
B=¢=mm2 when d1>@,
| (18)

B=m when d, ;1~G).

Tabulating (18) for different values of D and G, we have the
following
TABLE FOR BRIGHTNESS.

4 D, or Aperture in Inches.
G m inch
1 1% 2 23 3 3% 4
10 |o0.85 {0.09 0.850.85|0.8 | 0.8 | 0.8 (0.8 | 0.85
: 0.20 [ 0.21 | 0.48 | 0.85 | 0.85]| 0.85 | 0.85 | 0.85
2 |0.85 0.09 (0.26 | 0.59 | 0.85|0.85| 0.85 | 0.85| 0.85
: 0.20 {0.05]|0.12 | 0.21 | 0.33 | 0.48 | 0.65 | 0.85
30 |0.85 0.09 | 0.12]0.26 ,0.47 | 0.73 | 0.85 ( 0.85 | 0.85
0.20 | 0.02{0.05|0.09{0.15)|0.21{0.29 | 0.38
40 0.85 0.09 0.0710.15|0.26 | 0.41 [ 0.59 { 0.80 | 0.85
: 0.20 {0.01 {0.03 |0.05|0.080.12|0.18|0.21
60 | 0.85 0.09 | 0.03 | 0.07 | 0.12 | 0.18 | 0.26 | 0.36 | 0.47
: 0.20 0.01 | 0.02 | 0.04 |0.05}0.07|0.09

A glance at the table will show that with the powers in com-
mon use, viz., about 20 for a l-inch aperture, 25 for a 1%, 30 to
40 for a 13, 60 for a 2-inch, the brightness is from 109, to 259,
for Jordan’s value of d;, which is full large for sunny weather;
while it is only from 29, to 59, for Chauvenet’s value, which is
none too large for work in thick woods near nightfall or on dark
November days. This serious loss of brightness at times when
most needed, due to the failure of the aperture of the tele-
scope to respond, like that of the eye, to variations in illumination,
can be met by using an eyepiece of lower power in dull weather.

It should be noted that the ratio of the brightness of the sky
and all other objects seen in the telescope remains constant what~-
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ever the loss. For this reason the loss is not very noticeable
until quite large.

In looking at a fixed star, the more perfect the telescope, the
more nearly will the image appear as a bright point, regardless
of the power; the brightness will therefore increase directly with
the intensity, there being no magnification. The brightness of
the field will however reduce as G2, as the area from which the
light appears to come is increased in that ratio. This is why

fixed stars can be seen in the daytime with telescopes of small
apertures and large powers when they are invisible to the naked
eye, the darkened field allowing them to show through as at night;
also why faint stars can be seen at night which would be invisible
with the same telescope and a lower power. On the other hand,
faint nebulez, tails of comets, etc., which have nearly the same
degree of brightness as the sky, become invisible under high powers,
because, although the ratio remains constant, the difference in
brightness soon becomes too small to be distinguished by the eye,

Ex. 1. Find the intensity and brightness of a stadia rod at 1000 feet
with a telescope having a power of 30 and a 1}-inch object glass, as com-
pared with the naked eye at 100 feet.

Solution.

(1.25)*
1 m 085(009), '164.

B= I/Gz 189, as compared with the eye at 1000 ft.

The light radiating from any point of the rod in cones, its intensity
would diminish as the square of the distance, so that moving the telescope
from 100 feet to 1000 feet from the rod would reduce the intensity (100/1000)?
fold. The linear magnification, @, would be reduced 100,/1000 fold.

. ’ I 72 30 =
Ex. 2. An engineer’s level telescope has a power of 35 and a 13-inch
object glass. Find the intensity and brightness.
Ex. 3. Find the distance to which a leveling rod can be removed from
the level of Ex. 2 for the divisions to be of the same size on the retina as
when the rod is seen at a distance of 10 feet with the naked eye.

37. Field of View.—It is customary to limit the focal plane
by a circular diaphragm to about 0.5f, on account of the diffi-
culty of securing good images with an eyepiece of larger field.

From Fig. 33, since the image of each object is on the line
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joining the object with the optical center, we have, by (10),

0.5/, 0.5
o__ o__ YN __T-Y
tan y°=prtanl 7 G
But tan 1°=0.017,
30
S T=g (approx.). . . . . . . (19
E.g., Mag. power, G=10 20 30 40 60

Angular field of view, y=3° 1° 30" 1° 00" 0° 45’ 0° 30’

As the field becomes small, the eyepiece is often made movable
in order to include a greater range in one direction, either alti-
tude or azimuth, by moving it with a tangent screw, the simul-

FiG. 33.

taneous field being as above. In order to find A, the angle of
the bright field, or field from which all the light which passes
through the object glass from a given point will reach the
eyepiece, draw the diagonal lines AC and EF, and join their inter-
sections with the focal plane, a and b, with the optical center O.
All the rays coming through the object glass from any point on aO
will pass through the focus a, and reach the eyepiece, those from C
passing just to the limit at A. Similarly for 50. Hence aOb, = 4,
is the angle of the bright field, or field for total light.

From this field out the intensity and brightness both diminish,
and they would reach zero at cOd were the field not restricted to y
by the diaphragm. Since 7 is about equal {not much larger than )
objects should retain their brightness nearly or quite to the edge
of the field.

In order to take in the whole extent of this field the eye
must be placed at the point in which the axes of the extreme
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pencils, diverging from the center of the object glass, meet the
axis of the telescope after emergence. The position of the eye is
therefore at the focus of the eyepiece which is conjugate to the
center of the object glass. The telescope tube is prolonged to
this point and furnished with an eye stop. '
38. Spherical and Chromatic Aberration.—The simple tele-
scope described above would be satisfactory only for very low
powers. For, with spherical surfaces, the only ones which can
be conveniently ground, the rays from near the border of the
lens are brought to a focus nearer than those passing through
the central portion; the distance along the axis between these
foci is an indication of the spherical aberration. Spherical aber-
ration is reduced for a given diameter by increasing the focal
length of the lens, as a less portion of the sphere is used. Again,
the different colors have different indices of refraction as seen
from the spectrum, the violet coming to a focus nearest the lens,
and the red the farthest; the distance along the axis between
these foci indicates the chromatic aberration. To obviate these
difficulties, the object glass is usually composed of two simple
lenses (see Fig. 34), an outer double convex one of crown glass
having a low dispersive or spectrum-forming power, and an inner
double concave one of flint glass having a high dispersive power
but with flatter curvature. The dispersive powers can thus be
made equal for any two colors of the spectrum by a proper rela-
tion between the focal lengths, rendering the combination nearly
achromatic, while the sharper curvature of the convex lens leaves
a residual of converging refractive power. The combination can
be rendered nearly aplanatic, or free from spherical aberration,
by giving proper radii of curvature to the four surfaces. The
two adjoining surfaces usually have the same curvature; they
are sometimes united by Canada balsam to prevent the loss
of light by reflection from the inner surfaces, sometimes cemented
around the outside to prevent the entrance of moisture, and some-
times they are held in place by the cell simply. :
The grinding of the lenses and the first polishings are extremely
simple. The finishing of a fine object glass requires great skill
and patience on the part of the optician, as the effect of every
flaw in the glass and defect in the grinding must be counteracted
by polishing here and there each of the four surfaces, with the
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finger alone or using a little of the finest rouge and water, until
after repeated tests the desired degree of perfection is attained.

With two lenses thus adjusted to each other, it is evident that
their relative positions in the cell cannot be disturbed without
injury.

39. Eyepieces.—The correction for the eyepiece is usually
made by using two separate lenses of the same kind of glass placed
at such a distance apart that the colored rays produced by the
first lens shall fall at different angles of incidence upon the second
and become recombined. The two lenses may be treated like a
single one with the equivalent focal length, as found from opties.

N
h=prgir—a - @0)

where f,/, f,/, are the focal lengths of the separate lenses, and a
is the distance between them.

The Huygenian, or negative eyepiece, is one of the best when
cross-hairs are not required. It consists of two plano-convex
lenses, Fig. 34, with the plane sides towards the eye, the focal
length of the farther or field glass being three times that of the

:; ( 1

;

/J frl/l
\ | fl

Fig. 34.

nearer or eye glass. They are placed about half the sum of the
focal lengths apart. The field glass receives the converging rays
from the object glass before they have reached the focus, and
brings them to a focus between the lenses. Cross-hairs are often
placed at the focus to define certain portions of the field, as in
the sextant telescope, but not for accurate measurements, since
the cross-hairs will be distorted, seen through the eye glass only,
while the object will not be, seen through the corrected combination.

Airy replaces the plano-convex field glass by a concavo-convex,
increasing the flatness of the field.
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The Ramsden, Fig. 35, is the form most commonly used when
accurate measurements with cross-hairs or micrometer are required.
It is a positive eyepiece, i.e.,

it receives the diverging rays from _If'a"’éfll'"

the object glass after they have . Al .

passed the focus. The two plano- S ey ol
SN =Th

convex lenses have their convex
sides turned towards each other;
they have the same focal length, and are placed two-thirds the
focal length apart, giving by (20) an equivalent focus of three-
fourths that of one of the lenses.

The Kellner and the Steinheil are modifications of the Ramsden
which are coming into favor on account of the greater flatness of

N N
_ @' , 0. 0l
) ) L\ Y
Kellner Eyepiece. Steinheil Eyepiece.
Fia. 36.
the field or freedom from spherical aberration. In the former the
eye glass is an achromatic combination, and in the latter both are
achromatic (Fig. 36). The former has the larger field. None of
these eyepieces invert the image, and as the object glass inverts,
the objects all appear inverted.
The terrestrial eyeptiece consists of four lenses, the object being
to invert the image so that objects seen through the telescope
will appear erect. Quite an appreciable loss of light results from

Nap Ly T ]
AV Y LY

Fra. 35.

A'ry Eyepiece. Fraunhofer Eyepiece.
. Fia. 37.

the two extra lenses (149, on the basis of Mr. Nolan’s estimate

of 7%, per lens), and a serious shortening of .the focal length of

the object glass for a given length of telescope, which increases

the difficulty of securing a flat field. Two combinations are shown,

the Airy and the Fraunhofer.
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Diagonal eyepieces.—For convenience in looking at very high
objects, a mirror of polished speculum metal is placed between
the two lenses of the eyepiece, at an angle of 45°, so that the light
emerges perpendicular to the telescope tube. This erects the
object (reverses the image) in altitude but not in azimuth. For
objects near the zenith, the perpendicular portion of the tube
must frequently be lengthened for accessibility. This is secured
by placing the mirror between the central lenses of the terres-
trial eyepiece, which then inverts the object in altitude and leaves
it erect in azimuth.

Instead of the speculum mirror, a glass isosceles right-angled
triangular prism can be used with less loss of light.

40. Cross-hairs.—Since with the telescope the image of any
point is at the intersection of the focal plane with a line through
the point and optical center of the object glass, this optical center
may be taken as a fixed point for -all lines of sight. The inter-
section of a horizontal and a vertical hair placed in the focal plane
(it should be in the optical axis) will give a second fixed point.
The line joining them, called the line of collimation, is taken for
the direction of the telescope; its greater precision is due to the
magnifying power and increased light of the instrument.

In pointing; the eyepiece is first focused upon the cross-hairs
and then the object glass upon the object; the focal plane of the
object glass is thus brought to coincide with that of the cross-
hairs, so that the latter will remain fixed upon the object as the
eye is moved from side to side behind the eyepiece. The first
is for the eye of the observer, and this focus does not need to be
disturbed when once properly made; the second is for the dis-
tance to the object, which requires change with each new dis-
tance.

Spider lines are usually used for cross-hairs. Some prefer to
have them spun directly by a spider as needed, others to take
them from cocoons. They should be opaque, cylindrical, free from
dust, and as small as is compatible with distinct visibility. Platinum
wires are used by some instrument makers as being more opaque
and less liable to stretch with age. The requisite fineness is obtained
by coating with silver, drawing down the wire, and afterwards
removing the silver by nitric acid.

A glass diaphragm with etched lines is sometimes used in place
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of cross-hairs, with perhaps some advantage as to permanence of
position but with the disadvantage of loss of light, and the mag-
nification of all dust on the glass unless thick and the cross-hair
side inclosed in a sealed cell.

The reticule of wires consists of one horizontal and one ver-
tical for the ordinary surveying instruments. Sometimes stadia
wires are added. For triangulation work the vertical wire should
be replaced by an X for pole signals, while on the Coast Survey
two vertical wires some 15" apart and two horizontal wires much
farther apart are used for heliotropes and night signals. The
horizontal wires limit the portion of the vertical wires to be used
for bisection. For astronomical work several horizontal and
vertical hairs are used, either equidistant or arranged in groups
symmetrically with reference to the center. The linear distance
required between the wires can be computed and laid off with a
micrometer from the focal length of the object glass as measured
on the outside of the tube to the cross-hair diaphragm. Or, better
and more accurately, by using a micrometer microscope as an
eyepiece and measuring the distance subtended by the divisions
of a rod at a measured distance; from this distance the required
distance between wires is readily computed and laid off by the
micrometer. Allowance must of course be made for the change
in focal length for parallel rays. The angular distance can be
determined from astronomical observation, or directly from circle
readings. '

41. Tests of Telescope.—To test for spherical aberration, reduce
the effective area of the object glass about one-half by a ring of black -
paper and focus upon a well defined point. Then remove the
ring of paper and cover the other half of the object glass; the dis-
tance the latter must be moved in or out for distinet vision,
which should be small if any, is an index of the spherical aberration.

To test for definidion, focus upon small clear print at a dis-
tance of 20 to 100 feet, depending upon the magnifying power,
and note if the print is as sharp and well defined as when viewed
with the naked eye at a distance of 8 to 10 inches. Poor defi-
nition may be due to spherical aberration, or to inaccurate cur-
vature, or to variable density or non-centering of the lenses.

To test for centering, or for the coincidence of the optical axes
of the different lenses, fix a white paper disk, about one-eighth
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inch in diameter with sharp outline, in the center of a black sur-
face, and look at it when placed in a good light at a distance of
30 to 40 feet. If the image of the disk, when a little out of focus,
is surrounded on all sides by a uniform haze, the centering is ,
good.

Astronomical objects are sometimes preferred for testing as
follows: The correction for spherical aberration is well made when
the image of a star under favprable atmospheric conditions appears
as a small well defined point or round disk. Having this in the
best focus, the slightest motion of the object glass out or in should
enlarge the image, it remaining circular if the lens is symmetrical
throughout; while in the most perfect telescopes the image will
enlarge to several concentric circular rings of light before dis-
appearing. An imperfect, unsymmetrical lens will give distorted
rings, or only a confused mass of irregularly colored light. If the
glass is not homogeneous, bright stars will show ‘wings ”’ which
it is impossible to remove by perfection of figure or adjustment.
The defective portion can be found by covering up different por-
tions of the object glass and testing.

The correction for chromatic aberration is well made when,
after focusing on a bright object as the moon or Jupiter, pushing
in the eyepiece slowly will give a ring of purple and pulling it
out one of pale green; thus showing that the extreme colors of
the specirum, red and violet, have been corrected.

The flatness of the field depends mainly upon the correction
for the spherical aberration of the eyepiece. It can be tested
by drawing a square some 6 to 8 inches on a side, with heavy
black lines upon white paper, and looking at it when flat and at
such a distance as to nearly fill the field of view. If the lines
appear perfectly straight, the field is flat. A telescope may dis-
tort the image appreciably without introducing any error in
ordinary work, but it is objectionable for stadia work and inad-
missible when measurements are to be taken in the field with a
micrometer eyepiece. -

The object glass should be mounted so that its optical axis
~nincides with the axis of the telescope tube. The object glass

lide should be parallel to this same line, and the vertical plane
of collimation should contain it, when adjusted perpendicular to
the telescope axis.
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The rear end of the object glass slide is sometimes supported
by an adjustable collar for ease in meeting the aboveé require-
ments, but with first-class workmanship it is usually considered
unnecessary, while it adds an element of instability. The accu-
racy of workmanship can be appreciated by remembering that
10 seconds of arc will subtend only 0.000049 of an inch for a focal
length of 10 inches. .

The object glass slide is tested by placing the vertical wire in
adjustment for distant objects (slide drawn in) and then testing
tha adjustment for near ones (object glass slide pushed out'.
This test is of more importance for ordinary instruments than
for geodetic or astronomical ones, for which the precaution is
taken not to disturb the slide or focus of the object glass between
sights which are combined on the supposition of a fixed line of
collimation. This is possible for sights over 1} miles, no mat-
ter what the inequality, while it is not for short sights unless
they are nearly equal.

The horizontal line of collimation is not restricted so closely
as the vertical; so that if it is adjusted parallel to the object glass
slide, the deviation from the optical axis of the object glass, or
from the axis of the telescope, will have but little effect,
This adjustment is effected by the three peg method of adjusting
a level.

42. Level Tubes.—These for accurate work are carefully ground
with emery on a revolving arbor which has been turned so as to
give the desired curvature. The tube is slowly rotated about its
axis so as to distribute the grinding uniformly around the ecir-
cumference. The surface is then polished, the tube filled and
tested on a level tester for uniform curvature by noting if equal
angular changes will give a uniform motion of the bubble. For
delicate levels the defects found after this rough grinding must
be corrected, requiring repeated trials and much skill and patience.

The upper inner surface, when completed, must be highly
polished to render the friction of the bubble as small and uni-
form as possible.

The tube should be of uniform bore and thickness and of hard
glass.

The liquid used for filling is usually alcohol for the more com-
mon levels, alcohol with a little ether added for fluidity for more
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sensitive ones, and sulphuric ether, with possibly a little chloro-
form for the most sensitive ones.

For delicate levels a chamber is added at one end so that the
bubble can always be used at about its normal length for greater
convenience and accuracy; a change of length with the tem-
perature changes the zero, if the curvature or size at one end
differs from that at the other, while a short bubble is more slug-
gish and its position of rest more affected by friction and by local
defects of the tube than a long one. The best results will be
obtained with the length used by the maker in testing the tube.
The tube should not be directly held in rigid metallic supports
on account of the danger of distortion from pressure due to
changes of temperature. The support should be at two points

only and with rings of cork or other yielding material which will

give sufficient stability.

A very sensitive level should be inclosed in a glass box or
tube so as to form a closed air space, to diminish local distortion
from sudden changes of temperature.

The value of a division should be determined for different por-
tions of the tube to test uniformity, and at different temperatures
to determine the temperature coefficient if any. An appreciable
coeflicient will usually denote a cramping of the tube by the sup-
ports.

43. Graduated Circles.—The process of graduating a circle
can be readily understood from the description of the Saegmuller
dividing engine given in Zewt. fiir Instrumentenkunde, 1894, p. 84.
(See Fig. 38.) The engine is built entirely of cast iron and steel
with the wearing parts hardened. These metals have nearly the
same coefficient of expansion so that slow temperature changes
have no appreciable effect upon the working of the parts. For
dividing large circles a glass case is provided, and the machine
kept automatically at a constant temperature by a thermostat.
The weight of the large one-meter horizontal circle and its
axis (over 500 pounds) is almost wholly relieved from the bear-
ings. The circle is rotated by means of two diametrically opposed
worm gears driven by pinions at the left, as shown in the figure
These pinions are driven through ratchet wheels by a long rack
working back and forth on the bed plate. The teeth on each
end of the rack are cut to match the corresponding teeth on the
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pinions so that it is claimed the worm gears move absolutely
alike in driving the large circle.

One turn of the worm gear rotates the circle through five
minutes of arc, so that there is always a whole number of turns

Fia. 38.

between division lines; this number is regulated by the motion
of the rack between adjustable stops. The rack is driven for-
ward by the belt wheel through the flexible pitman and adjustable
crank pin, and pulled backwards by a weight, the ratchet pawls
releasing promptly so that the worm screws are not disturbed.
The belt wheel also drives the cutting tool at the top of the maehine,
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acting through two cams, it being connected by bevel gearing
in such a way as to allow of setting the cutting tool for any sized
_circle as shown. The cutting mechanism can be set to cut radi-
ally, vertically, or in an inclined direction.

The circle to be graduated is fastened to the upper plate and
centered by the abutting screws shown, until a contact level
attached to the cross-bar (pivoted at one end, with a stiff vertical
leg pressed against the side of the hole for the axis of the circle
by the unbalanced weight of the level) remains horizontal during
rotation. The cutting tool, having a fine steel or diamond point,
cuts during the return stroke of the rack; an elliptic gear giving
a slow cutting and a quick return stroke.

The large circle has five-minute division lines, and it is assumed
that the worm gear was adjusted to correspond with these as
nearly as may be. It was found, however, that there were severa)
irregularities in the division lines. To eliminate these errors the
worm gears were fastened to a plate resting on the bed plate and
capable of a slight rotation about the axis of the circle. A ring
carrying 360 radial adjusting screws was attached to the under
side of the circle and a horizontal lever attached to the bed plate
so that the short arm engaged with the worm screw plate and
the long arm rested against one or more of the screw heads. . With
these screw heads -adjusted in the circumference of a circle con-
centric with the axis, no motion of the worm screw plate would
take place on rotating the circle. With these adjusted for the
errors in the gear, motion is given to the worm gears independent
of their rotation so that the new circle is accurately divided.

For small circles the dividing is done automatically. For
large ones, a micrometer microscope (see § 44) is attached to the
frame and the main divisions copied from the engine circle, allow-
ing for its graduation errors by moving the hair of the microscope
for each scratch. The automatic principle is then applied to
the short arcs between these lines, and checking on them.

The method of graduating the engine circle is well brought
out in a description of the reconstruction of the Coast Survey
dividing engine in App. 12, Report 1879. The process of con-
tinual bisection was employed until the circle was divided into
256 parts. The equality of the arcs after each set of bisections
was _tested by setting two micrometer microscopes the proper
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distance apart and measuring the discrepancies with the microme-
ter screw. After finding the corrections for these divisions the
worm screw was used in changing to the degree system of gradu-
ation, applying the corrections step by step.

With a 10-inch circle, an error of 0.0001 of an inch in a division
0.0001
5sin 17
the extreme accuracy necessary in centering and in graduatmg a
circle -which is to be read to tenths of seconds.

Five-minute spaces are usually the finest cut upon large circles,
and 10-, 20-, or 30-minute spaces are the smallest upon smaller
circles. Intermediate readings are taken with verniers or microme-
ter microscopes. The vernier is too well known to need a descrip-
tion here.

44. Micrometer Microscopes.—These are usually used in place
of verniers when readings closer than about 5’ are required. Cross-
hairs are attached to a frame which is moved through a box per-
pendicular to the microscope tube by an accurate micrometer
screw working against spiral springs, as shown in Fig. 39.

or in centering will give an error of =4.1 seconds; showing

| ISt IIIIIIIIII[!I I}

Fia. 39.

If the microscope has a flat field and the screw a uniform pitch
the apparent motion of the cross-hairs across the limb will be
proportional to the turns of the screw, giving an accurate means
of subdividing the spaces on the circle. A common division of
the limb is into 5-minute spaces, the objective being placed at
such a distance that 5 turns of the screw will move the wires over
one space; each turn will then give a minute, marked by a tooth
on the comb in the edge of the field, as shown, while seconds can
be read from the head of the screw by dividing it into 60 equal parts.

Two parallel hairs are usually used, placed far enough apart
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-so that when brought over a division a bright line will show on
_cach side between the hair and scratch; the equality in width
-of these light lines being judged more accurately than the bisec-
tion of a scratch by a single hair.

To take a reading, the micrometer screw is turned with the
increasing numbers on the head, moving the hairs from the zero
of the comb back to the first division of the limb to the right
(apparent left), the number of teeth passed and the reading of
the head giving the minutes and seconds from the division to the
zero. Usually the motion of the screw is reversed, turning against
the graduation on the head, until the hairs bisect the division to
the left of the zero. Only the reading on the head is noted, and
- this should differ but slightly from the first if the microscope is
adjusted so that 5 complete turns cover an average space.

The bisection is usually made with the positive motion of
the screw to avoid lost motion. If the lost motion is appreciable,

-however, it indicates a poor condition of the micrometer which
should receive attention.

The probable error of a single bisection should be about 0”.2.

Ex. 1. Given a micrometer screw having 100 threads per inch, and an
objective having a principal focal length of 1 inch. Find the distance to
place the objective from a 10-inch circle so that one turn of the screw shall
equal one minute, and find the focal length of the eyepiece for a magnify-
ing power of 25. .

Ex. 2. If, in Ex. 1, 5 spaces on the circle read 5’ 04’ on the screw, find
the distance to move the microscope towards the circle to put it in adjust-
ment. ’

45. The Run of the Micrometer.—The micrometer is adjusted,
as stated in § 44, so that the nominal number of turns, usually 5,
will move the hairs over a 5-minute space. This can be only
approximately realized owing to the imperfections of the microm-
eter and graduated circle, the inaccuracies of bisection and read-
ing, and the disturbances due to changes in temperature.

The correction for run is made in several different ways by
different observers, while many equally good observers regard it as
an unnecessary refinement if the microscopes are kept in proper
adjustment.

The method given in App. 9, Coast Survey Report, 1882, by
Asst. R. D. Cutts, appears to be one of the most reasonable. In
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the angle record book (see § 57) the first and second readings
are entered in separate columns and the means, for the two or
three micrometer microscopes of the circle, set underneath for each
reading of the circle. The mean of these two means is put in a
third column and the difference, or the error of run, in a fourth.
These errors of run are averaged for the station (or for as great
a portion of the work at the station as they remain constant) for
the error of runs. The error of runs as thus determined is freed
from the inaccuracies of bisection and graduation of the lines
on the circle and is due to non-adjustment of the microscope.
The correction due to it is applied as a correction to the pitch
of the screw, proportional to the length, while the inaccuracies
"of pointing and reading for the two scratches are averaged in
the mean.
To find this correction, let a be the first reading; b, the second
reading; r, the average run of the micrometer, positive when the
first readings average greater than the second.

Correction to a= W

Correction to b—300,,(300” b).
The mean, m—g—;_—b
, 7 [300—(a+b)]
Correction to m=g557 3
Correction to m=%—m3%. e 21)
_2(a-b)
==

This correction has the same sign as r for m<2’ 30”, and the
opposite sign for m>2’ 30"”. Its value can be found from Table X

with » and m or a as arguments. |
See also the Run of the Micrometer, by George Davidson, Coast

Survey Report, 1834, App. 8.
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46. Errors of Graduated Circles.—These may be due to an
eccentricity of the upper motion or inner axis with reference to
the center of the graduation, or they may be due to errors in
the division lines themselves. The error due to the plane of the
circle not being horizontal when the axis of the upper motion
is vertical, as indicated by the levels remaining in the center during
rotation, is so small in an instrument in which the limb will remain
flush with the vernier, or the micrometer microscopes in focus
during rotation, that it can be neglected.

The error due to eccentricity is of more importance with instru-
ments for ordinary surveying work than with those for geodetic
or astronomical work, for with the latter all the microscopes or
verniers are used in making a reading, and it can be readily shown
that the mean of any number of equidistant verniers is free from
eccentricity.

Let G be the center of the graduated circle; G’, the center
of the axis for the upper motion; GG’, the eccentricity; EE’ =2R,
the line joining the centers; a’, the angle AGE, made up of the in-
dex reading a and the micrometer readings A’, B’, C’; and e in
degree measure

: -
“Rsn1”

For two micrometers 180° apart:

From the 1st. a’=a+A’—esina’.
“ “ 2d. a'=a+B' —esin (180°+a’)
=a+B'+esina’.
.. Mean, a”’=a+4(A’+ B’), which is free from eccentricity.

For three micrometers 120° apart:

From the Ist. a’'=a+A"'—esina’.
¢ “2d. a’=a+ B’ —esin (120°+a’).
“ ¢ 3d. a’=a+C’—esin (240°+a’).

By form. 8], sin (120°+a’) +sin (240°+a’) =2sin (180°+a’) cos60°
=-—2sina/X}
= —sina’.
.. Mean, a’=a+%( A’+ B’+C’), which is free from eccentricity.
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Similarly it can be shown that the mean of any number of
equidistant micrometers will be free from eccentricity.
Some instrument makers put in radial abutting capstan-head

TN
2000

Fia. 40. Fic. 41.

screws between the circle and hollow axis which supports the
upper motion, so that the eccentricity can be adjusted out before
the plate is screwed fast to the flange of the axis.

The graduation errors proper are divided into accidental and
periodic. The former follow the law of errors of observation
given in Least Squares, hence their effect is diminished as the
square root of the number of lines used.

The latter occur at regular intervals according to some law,
and may therefore be expressed as functions of the reading itself.
The sum of all the corrections for periodic error, including those
for eccentricity, must have the general form

d(a)=F'sin (@ +7y")+5"sin Qa+y")+p" sin (Ba+ ") +ete., (22)

where ¢(a) denotes the correction to the angle «, and g/, y/,
B, ', ete., are constants. The shorter the period of any error,
the higher is the multiple of « in the term representing it.
Chauvenet, Astronomy, Vol. 1I, p. 52, shows what terms are
eliminated by taking the mean of a number of equidistant micro-
scopes and how to determine the constants for a given circle by
taking equidistant readings around the circumference. R. S.Wood-
ward, Report, Chief of Engrs. U. 8. A., 1879, Part III, App. M.M.,
p. 1974, takes up the terms not eliminated by means of a num-
ber of equidistant microscopes and finds their effects upon a
measured angle. He shows that if the distance between verniers
is divided by the number of repetitions, and the circle is moved
forward by this quotient each time, so that the initial readings
are evenly distributed over the space between two microscopes,

W)
:////////////77////%

\
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nearly all the terms will be eliminated from the mean. Also
that the remaining terms tend to add up zero or eliminate as the
number of observations increases, so that the effect may be neg-
lected with a large number of observations.

In applying the formulas to some of the Lake Survey instru-
ments (Pri. Tri. U. S. L. Survey, 1882) he finds periodic errors
ranging from 1”.7 to 2”.

In Saegmuller’s Catalogue, 1903, p. 7, comparisons of 10’ spaces
10° apart around the circle are given for six 8-inch circles made for
the Geol. Survey. The greatest discrepancy for one instrument
was found to be 1’7.58, and for another 0”7.55; those for the other
four being between these limits. The discrepancies for these
small arcs would indicate values for the accidental errors of gradu-
ation rather than for the periodic ones. On the basis of these
Mr. Saegmuller makes the claim that his engine will graduate
automatically to within 2”7 to 3", while if corrections are applied
for the main divisions, and the automatic principle is used only
for small arcs, each line will be correct within 1”.

47. Repeating and Direction Instruments.—The component
parts have been quite fully described in the preceding para-
graphs, and the French repeating circle in § 31. For repeating
instruments, the circle is from 8 to 12 inches for primary trian-
gulation, and from 5 to 9 inches for secondary and tertiary. The
power of the telescope varies from about 60 to 20 with a diam-
eter of object glass from about 24 to 1} inches. Two verniers or
microscopes are common, and the upper and lower motions are the
same as with the ordinary transit.

An 8-inch altazimuth, made by C. L. Berger & Sons, with
repeating horizontal and non-repeating vertical circle, reading
to 10” and 20" respectively, by verniers, is shown in Fig. 42.

To repeat an angle, the upper motion is set at the desired ini-
tial reading and the telescope pointed on the left hand object by
the lower motion; it is then pointed on the right hand object
by the upper motion, back to the left hand by the lower and to
the right hand by the upper, etec., until the desired number of
repetitions has been reached.

A 12-inch Coast Survey direction instrument is shown in Fig. 43,
and a 50-centimeter one in Fig. 44, the former as made by the
Bausch, Lomb, Saegmuller Co. Both have micrometer eyepieces.
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The only essential difference between this and the repeating
instrument is in the removal of the tangent screw for the lower
motion, which prevents the use of the ordinary method of repeat-
ing angles; the object being to add to the stability of the circle
Sometimes the lower motion is wholly removed, so that the circle

Fig. 42.

can only be rotated by motion below the leveling serews, but
this arrangement is less convenient.

Rather larger circles are used than for repeating instruments
for the same class of work, 15- to 18-inch circles being common,
with about 8 inches as a minimum. Micrometer microscopes are
used in place of verniers, 3 for the larger and 2 for the smaller
circles.
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The telescope can be made to transit, as shown in Fig. 42,
in which case a vertical circle is added large enough to measure
vertical angles, forming an altazimuth. Many observers, how-
ever, prefer short standards for greater stability, which requires
that the telescope be taken out of the wyes for reversal, and
often that vertical angles be measured with another instrument.

Fic. 43.—12-inch Coast Survey Theodolite.

48. Adjustments.—Plate levels perpendicular to vertical axis.
These are adjusted by reversals as usual.

Line of collimation perpendicular to horizontal axis when the
telescope is focused for parallel rays. Sight to a well defined
distant point and clamp the horizontal motions. Reverse the
telescope by carefully lifting it from the wyes and changing the



Eq. 22.) ADJUSTMENTS. 79

ends of the axis. Adjust until the point is covered by the cross-
hair, in both positions of the telescope.

Fic. 44.—50-centimeter Coast Survey Theodolite.

Horizontality of Telescope Axis—This can be adjusted by
means of the striding level more accurately than by the method
used for smaller instruments.
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Index Error of Vertical Circle—Take a reading with telescope
direct and another with telescope reversed upon a well-defined
point with bubble of reference level in the center, or the read-
ings may be corrected for the observed inclination. Half the
sum of the readings will give the true vertical angle, and half
the difference the index error.

Accuracy of adjustment is of less importance than with the
smaller instruments used in ordinary surveying, because the
observations are arranged to eliminate errors of adjustment.

Thus, if the line of collimation is not perpendicular to the
axis, it will describe a cone as the telescope rotates; so that
in plunging up or down through a distant signal the line of colli-
mation will not follow the vertical through the signal, but will
cut the plane through the vertical and perpendicular to the great
circle through the points in an hyperbola having its vertex at
the height of the instrument and its axis horizontal. The hori-
zontal angle measured is then from a point at the height of the
instrument at a distance z to the left of the vertical through the
signal (see Fig. 45). Upon reversal the measurement will be
taken from a point z’ to the right of the vertical. But if the

vod collimation error has remained constant

~—  and the axis is horizontal, z will equal z’

and the error of collimation will be elimi-
nated by taking the mean.

If the telescope axis is not horizontal
when the plate levels are in the center,
the plane of collimation through the dis-
tant signal will not be vertical but in-
clined, referring the horizontal angle to a
point at a distance z to the left, as in
Fig. 45. Upon reversal, the plate levels
remaining in the center, the error will be the same but in the op-
posite direction. The mean will eliminate the error as before.

49. Determination of Instrumental Constants.—Value of 1¢ of
Level.—Set up the instrument on a firm support where it will be
protected from sudden changes of temperature, and place the
level on the telescope with its axis in the vertical plane of the
telescope. If the tube is chambered, take a bubble of about
normal length. Move it by means of the vertical tangent screw

Fic. 45.
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from one end of the tube to the other back and forth, setting at
regular intervals in seconds and reading both ends of the bubble.

If the circle cannot be read closely enough, rod readings at a
distance of 103.1 feet will give 2" of arc per 0.001 foot on the rod.

If a level trier is available, it will be more convenient than
either of the methods given above. Fig. 46 shows one with a.
21-inch base having a micrometer screw graduated to 2", as
made by Berger & Sons. The wyes and grooves allow of support--
ing an unmounted level tube as shown, or a Y-level telescope
or a transit without unmounting the level.

Fi1g. 46.

Value of 19 of Micrometer Eyepiece.—If the screw is horizontal
(which can be tested by noting that motion of the screw does
not change the altitude of the horizontal hair), set the microm-
eter at a given reading and sight to a well defined point by the
upper motion and read the circle; turn the micrometer, say 5 turns,
and bring the hairs upon the same point by the upper motion,
then read the circle; continue the process until the desired accu-
racy has been secured. The differencein the circle readings divided
by the number of turns will give the value of one turn for the
different parts of the screw. If the screw is vertical, the same
method may be employed with the vertical circle if it is suitable.

A more accurate method involving more labor is by means
of following a circumpolar star near upper culmination for the
horizontal screw, or near elongation for the vertical screw with
the circle clamped, depending upon the observed time intervals
for the angles as described in Campbell’s Astronomy, § 61.

Wire Intervals.—These may be determined by the methods
given for 14 of the micrometer.

The circle can be investigated by the methods referred to in

§ 46, while the methods for the telescope have already been
given.
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s0. The Method of Direction Observations.—With the direction
instrument it is customary to consider directions swung from a
reference line, just as, with the compass, bearings are considered
as swung from the meridian. Angles between the lines are not
primarily considered in either case, although often used in the
later computations. The method of direction observations is
the one in most common use in this country. A reference line
is taken, which may be the signal most easily seen under varying
atmospheric conditions, or a mark set for the purpose at a suffi-
cient distance to avoid changing focus (not less than 11 miles).

The signals are sighted in order around the horizon in the direc-
tion of the graduation, beginning with the reference line, and the
micrometers read for each; the telescope is then reversed, not
changing the ends of the axis in the wyes if it has to be taken
out for reversal, and the signals are sighted in the reverse order
around the horizon, ending with the mark. This forms a set, and
as many sets are taken as required.

The first signal each time should be approached with the tecle-
scope from the same direction as for the others in the half-set,
so that the tendency of the circle to be dragged around by the
friction of the upper motion will be taken up before the first read-
ing. For each set the circle is shifted so that the readings for
each signal are uniformly divided over the circle. In order to
eliminate periodic error, as pointed out in § 46, the circle should
360°
mn
of sets, and m the number of equidistant microscopes. Atten-
tion is called to the difference between two and three microm-
eter microscopes in reversing for a direction instrument. With
two only two points of the circle are read, while with three
six points are read, the reverse positions coming midway between
the direct instead of coinciding with them. On this account it is

. . 360° . 360°
better to shift the circle —— for three microscopes rather than ——.
2mn mn

be shifted each time approximately , where n is the number

If the instrument has no lower motion, it is inconvenient to shift
the circle after each set. The Coast Survey practice in such
cases used to be to choose either 5 or 7 positions, equidistant
360°/5 or 360°/7, and to take an equal number of sets in each
position, such that the total would give the required accuracy.-
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In setting upon the reference line, the zero of the micrometer
should be advanced 1/n of the smallest division of the limb each
time, in order to distribute the micrometer readings uniformly
over the space. This will give a uniform division of the read-
ings upon each of the other objects sighted, so that the average of
the micrometer readings upon each object will be nearly the same,
and the correction for error of runs for each angle will dis-
appear. N

The objections to this method of observing are thus stated in
the N. Y. S. Sur. Report for 1887 by Mr. Wilson: ‘“An objection
to the method of directions is that it is very difficult, practically
impossible indeed, to secure full sets upon primary points where
the highest degree of precision is desirable and where broken
sets are decidedly objectionable. In addition to this drawback
to the method, another and very serious one arises from the length
of time consumed in taking readings and bisections to several
distant primary stations.

“ When the theodolite is supported upon a high tower, as is
frequently the case, the entire instrument is continually twisting
in azimuth as the tower is subjected to the heat of the sun’s rays.
It is therefore of great importance that the intervals between
sights should be as short as possible and that the two series in
each set should be taken in about the same space of time. Fre-
quently, however, one-half of a set may be taken in five minutes,
while the other may require ten or fifteen.” The broken sets are
afterwards filled up by new sets, including the missing stations
and the reference line.

51.. The Method of Simple Angle Measurement.—In this the
number of points in each series is reduced to the smallest pos-
sible number, or two. The angle between each signal and the
reference line, or the angles between adjacent signals, can be
measured independently. Or, the measurements can be so arranged
that between n, stations 3n,(n,—1) angles will be measured. Thus
starting with the first station as a reference line and swinging
to the right to each of the others will give n,—1 angles (Fig. 47);
then from the second to each of the others to the right (not includ-
ing the first) n,—2 angles; then from the third, etc., to the n,—1,
from which only one angle is measured.

The sum of the series=first term plus last term, multiplied by
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one-half the number of terms, =3}[(n,—1)+1](n,—1)=4n,(n,—1),
as stated above. This gives the same number
of pointings, (n,—1), upon each signal. Each
angle is repeated the same number of times,
and this number is taken large enough to give
the required accuracy. To eliminate periodic

error, the initial reading for each repetition
{e]

of an angle is increased by 3;22 , as in § 50,
Fie. 47. m being the number of microscopes and n

the number of repetitions of the angle. To reduce the effect
of accidental circle errors, Schreiber, Zewt. fiur Vermess., 1878,
pp. 209-240, divides the arc between initial readings for the

(o)

(r)z ) by the number of angles,

different repetitions of an angle (36

n,— 1, to be measured from the first reference station, and increases
the initial reading for each new angle by this amount, starting
from zero.

The initial readings for the angles measured from the other
stations as initial lines are taken from the first set, using one
each time which has not already been used with either of the
lines forming the angle. An example of the settings at a sta-
tion where six signals were sighted may be seen in N. Y. S. Sur.
Report, 1887, p. 145.

This method requires the same number of pointings and read-
ings as the preceding for two stations, 4 as many for three stations, ¢
as many for four stations, etc., provided the visibility of the
signals will allow of always taking full sets by the firstemethod.
Fer long lines, as in primary triangulation, these ratios will be
less owing to imperfect sets by the first method, while if the
delays in waiting for signals to show in order to complete sets are
taken into account, the advantages will often be with this method.

Another advantage of this method is that angles can be meas-
ured whenever two signals are visible, provided atmospheric
conditions are favorable, allowing more time to be utilized while
in the field, and each signal to be sighted when under the most
favorable conditions as to illumination and steadiness.

52. The Method of Repetitions.—The impression is quite gen-
eral that this method will not give as good results as those with
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a direction instrument, described above, but the method has
been a favorite one with many most excellent observers, and
the results obtained have fully justified their preference. When
the upper motion is always rotated in the same direction, errors
due to twist of observing stand, drag of circle by friction of upper
motion, travel of clamps, etc., are not eliminated by reversing
the telescope, and the resulting angles will usually be too small,
although sometimes too large. This is obviated by taking one-
half the repetitions upon the angle, and the other half upon its
explement, always swinging from left to right with the upper
motion. Errors which tend to make the angle too small will
thus also tend to make the explement too small, or the angle derived
from it too large.

On the N. Y. S. Survey the practice was to take three repe-
titions of the same angle with telescope direct, reading the circle
at beginning and end; then three repetitions of the explement
with telescope reversed, still swinging the upper motion with the
graduation, which is equivalent to ‘““unwinding ”’ the circle, i.e.,
the third repetition will bring the reading back nearly to the
initial one. The explement thus only enters in the direction of
the swing for the upper motion, and not in the figures recorded.
They took six sets of six repetitions each for an angle, and the
results with only an 8-inch circle were as satisfactory on primary
work as with a direction instrument.

The angle from a reference line around to each signal can be
measured; the angles between adjacent signals can be measured,
closing the horizon and giving a sum of 360°; or the angles may
be measured as shown in Fig. 47. In the first method (used on
the N. Y. State Survey) the angles at a station are considered
independent, in the second there is one check, while in the third
a more complicated station adjustment is required. The initial

o
readings for the different sets of an angle should differ by ?%%
as usual, while if the angles are measured as in Fig. 47 the addi-
tional precaution can be taken of having no two readings alike
upon the same signal.

53. Conditions Favorable for Observing.— To support the
instrument tripod, or stand, three solid posts are set in the ground
vertically some two feet with tops level, one for each tripod leg,
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and well tied together and braced by nailing on boards. The
dirt is then tamped around the posts and the center often filled
with stone. When an elevated observing stand is used (see § 27)
the tripod or inner tower supports the instrument directly
without its tripod, and the outer tower the observer. In all
cases the height of the instrument should be such that the
observer can look through the telescope when standing erect
comfortably.

Some observers use a more or less portable observatory for
the protection of the instrument from sun and air currents while
observing, but the more common practice is to use a tent for primary
and secondary work, and an umbrella or other simple shelter
for tertiary. The tents used on the N. Y. S. Survey were octagonal
for ground stations and square for elevated observing stands,
both 8 feet in diameter, with walls 6 feet high, and made of 8-oz.
duck. They were supported by 8 poles, one being in the center
of each side for the square tent. The wall was in one piece, sup-
ported at the top by small pockets which slip over ihe tops of
the poles, with a flap one foot wide at the bottom to tack to the
floor to shut out the wind and dust, and a triangular-shaped
door large enough to admit instrument boxes as well as the observers.
The top was in - one piece, held up in the center a foot above the
eaves by a rope attached to a small thimble sewed on the out-
side, with flaps about a foot wide at the eaves which- were strapped
to the walls. Guy ropes extended from near the tops of the
poles, to pegs if on the ground, or to the railings or other parts
of the observing stand if elevated. Floor space is better econo-
mized by placing the tent eccentric over the station on account
of storing instrument boxes, etc. Care should be taken not to
obstruct lines of sight by tent poles.

The walls can be lowered a foot for observing, or a window
one foot wide can be cut around the tent at the height of the eye
or telescope and covered by a flap on each side when not in use.

Sheets of 8-0z. duck are sometimes used on two sides of
an elevated observing tower to protect the inner or instrument
stand from the wind to prevent vibration, or from the sun to
prevent station twist, the exposed stand having a tendency to
rotate in azimuth with the sun during a bright sunny day and
to return at night.
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The best time for observing is on a day when the sky is over-
cast; next to this is a calm, pleasant, late afternoon; evenings
from about an hour after sunset until about midnight are also
favorable.

The hours for observing on the Cogst Survey in the summer
season used to be from sunrise until 8 a.M. and from 4 p.M. until
sundown. Vertical angles were measured from 12 M. to 1 p.M.,
and in the afternoon until within an hour of sundown. On the
98th meridian triangulation the observing hours were from 3 to
11.30 p.M., sighting on heliotropes and acetylene lamps for hori-
zontal measurements, and from 11.30 a.m. to 4.30 p.Mm. for ver-
tical measurements. No attempt apparently was made to dis-
tribute the observations over different days.

Lines of sight passing close to the surface are most disturbed
by heat waves and other atmospheric disturbances, producing
the appearance in the telescope often described as  boiling.”
Lines over furnaces and cities are objectionable, while those over
bodies of water ‘are not usually so clear as those over land; high
lines are least affected by atmospheric disturbances.

For the best results, and especially with pole signals, the read-
ings for an angle should be distributed over different days or
divided between forenoon and afternoon, to equalize the effects
of lateral refraction, side illumination of signals, etc. No read-
ings should be taken under any improper conditions of the atmos-
phere, as shown chiefly by the appearance of the signals. The
instrument should be handled with a light touch and with a cer-
tain degree of rapidity, yet in completing a pointing it should
be done carefully and deliberately, without worry or bias as to
the result, watching the signal long enough to be certain that it
is really in the line of collimation and not temporarily there due
to parallax or a sudden change of refraction either lateral or ver-
tical. -
54. Coast Survey, Instruments, and Observing.*—For primary
work direction instruments are in general to be used. Repeating
instruments are used when the station would be difficult of occu-
pation with a direction instrument, or when the movements of
the observer might disturb the instrument in azimuth, as on
light-houses or buildings.

* From Instructions for Triangulation; see § 8.

v
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The method of direction observations is used in observing
with sixteen sets, the initial readings increasing by 15° 00’ 10" in
groups of three and by 18° 56’ 20”” between the groups, starting
with about 0° 00’ 40", and ending with about 237° 04’ 20"/, except
that the interval is incrgased 10" whenever necessary to avoid
whole minutes in a setting.

Broken sets are filled out by observing the missing signals in
connection with the original reference line, or with a line to some
other one station, and only one, of those already used in that
set. Little time is spent in waiting for a doubtful signal to show,
full sets being of less importance than economy of observing.

In observing at or upon supplementary stations, only four sets
of readings are taken, using the first four positions of the circle.
For intersection stations, one set is required and a second taken
if it can be done under favorable conditions without much delay
to observations in the main scheme. Each set on intersection
stations is to contain one and only one of the main scheme or sup-
plementary stations. It is considered important to have at least
three lines to each intersection station for a check, but a station
is not to be neglected simply because only two lines to it can be
secured.

For a repeating instrument, six repetitions make a set; they
are taken with telescopc direct and followed by six repetitions of
the explement with telescope reversed. Ten sets are used, five on
the angle and five on the explement, for stations of the main scheme,
measuring the single angles between adjacent lines of the primary
scheme and closing the horizon."

For supplementary stations, four sets of six repetitions each are
made, with no check angles except that required in closing the
horizon. :

For intersection stations, two sets of three repetitions each,
one on the angle and one on the explement, are used, swinging
from some line of the main scheme or from a supplementary
station.

For secondary work an 8-inch direction instrument, used on
its own tripod and protected from sun and wind by an umbrella
is recommended. Five positions of the circle are used, the initial
readings starting with 0° 01’ and increasing by 72° 02’. The min-
imum number of measurements is five, one in each position, and
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the maximum number ten, two in each position, unless in special
cases more are necessary for the desired degree of accuracy. Only
the additive readings of the micrometers (turning with the increas-
ing numbers on the head) are taken for each microscope. At
least once a month special readings are taken to determine the
run of the micrometer, and an adjustment made if over 2. Broken
sets are filled out the same as for primary.

If a repeating instrument is to be used, a 10-inch Gambey is
recommended, on its own tripod and with an umbrella. The
minimum number of observations is two sets of six repetitions each,
and the maximum number four sets, unless in special cases a larger
number is necessary to secure the required accuracy. The single
angles are measured and the horizon closed the same as for primary
work. If the failure of signals to show, prevents the carrying out
of this scheme, as near an approach as possible is made and the
remaining signals are then observed in a second series with one
only of those observed in the first series, measuring the single
angles between adjacent signals and the angle necessary to close
the horizon.

For intersection stations one set is to be used for a direction
instrument and two sets of three repetitions each for a repeating
instrument, including one station of the main scheme in the set
for the first case, and swinging from a main station for each inter-
section station in the second case.

For indefinite and temporary objects for topographic or hydro-
graphic signals, the telescope is set on a signal of the main scheme
with the circle reading about zero, the objects are then sighted
in order of azimuth and the series closed with a reading on the
first station. A reading with telescope reversed may be taken
as a check when thought necessary, although it is not required.

For tertiary work two sets are required for an 8-inch direc-
tion instrument and from two to four sets of six repetitions each for
a 7-inch Berger repeating instrument. The horizon is closed as
usual. For intersection stations the telescope is set on a main
station with the circle at or near zero and the signals are observed
in order of azimuth, closing with the starting line; the telescope is
then reversed and the signals read in the reverse order, starting
and closing with the reference line. For indefinite or temporary
objects the method is the same as used in secondary work.
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55. Coast Survey, Vertical Measurements.—For primary work
vertical measurements are made for all lines of the main scheme, and
the readings are taken on as many days as possible during the occu-
pation of the station, but the occupation is not prolonged in order
to secure such measurements. Two measurements per day, each
with telescope direct and with telescope reversed, are all that are re-
quired. These may be made between 11.30 A.M. and 4.30 p.M., but
on account of the diurnal variation in refraction it is desired to have
them measured at the same hour each day, as, e.g., between 3
and 4 p.M. If made by the micrometric method (by measuring
differences of inclination to the different signals with the screw
of the micrometer eyepiece, the telescope remaining fixed), double
zenith distances are measured on at least two of the lines radiating
from the station.

For supplementary and intersection stations, two measurements
(each with telescope direct and reversed) over every line of which
the horizontal direction is measured are all that are required,
except when the observations upon such stations are for the pur-
pose of connecting with precise level or tidal bench marks. In
this case the rules for the main scheme are applied, and readings
are taken at both ends of every line more than 5 km. long, even
though horizontal measurements are necessary in one direction
only.

For secondary and tertiary work, if the triangulation is inland
or along a coast where prominent hills are determined by inter-
sections and the elevations are desired, a continuous series of
vertical angle measurements is carried through the main scheme
and connected with accurately determined elevations as frequently
as possible. For the main scheme, two measurements, each with tele-
scope direct and reversed, on each day of occupation are all that
are required. For intersection stations and indefinite objects, one
measurement, telescope direct and reversed, is all that is necessary
if taken from each station from which the horizontal measure-
ment is taken.

56. Accuracy of Results.—The limit adopted by the Coast
Survey in closing triangles is about 3’ for primary, 8 for secondary,
and 15" for tertiary, the average closures being a little over 1”7,
from 2” to 3”, and from 4” to 5”, respectively. For primary
work these values apply to the main scheme, while for secondary
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and tertiary they apply to the supplementary triangles as well.
In selecting the conditions under which to observe, and the methods,
instruments, and signals, speed and economy are to be considered
rather than greater accuracy than the above. For the main
scheme in secondary work observations are to be taken at any
time of day when a moderately definite object to point upon
can be seen. For the intersection stations and for tertiary work
no delay is to be incurred to secure good seeing.

These standards of accuracy used in connection with the
strength of figures and frequency of bases of § 10 and § 13 will
in general insure a probable error of a base line as computed from
an adjacent base of about 1/88 000 for primary, 1/35 000 for sec-
ondary, and 1/20 000 for tertiary triangulation; with actual dis-
crepancies between bases less than 1/25 000, 1/10 000, and 1/5 000,
respectively.

On the N. Y. S. Survey the observing party took the precau-
tion to adjust the observations at a station while still in the field,
in order that extra sets could be taken, or defective ones repeated,
in case some of the directions did not show sufficient accuracy.
The limit for the mean square error of a direction was placed at
0.5 for primary work and 1”.0 for secondary and tertiary.

57. Forms for Record.—These for both repeating and direc-
tion instruments, as used on the Coast Survey, are given on p. 92.

With the repeating instrument, if the angles are measured
from a reference-line, the pointing and reading in closing the set
for the zero initial reading for the first angle can be used as the
zero initial reading for the second angle, etc. If the angles be-
tween adjacent lines are measured, the reading can be saved by
using the lower motion for the initial pointing for the next angle.

The form given for the direction instrument is for a limited
number of positions, rather than for a change in the position of
the circle after each set.
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58. Phase.—In bisecting a bright, reflecting cylindrical signal,
seen against a dark ground in-sunlight, the apparent center will
usually be on one side of the true one, owing to phase.

Let r=radius of the cylinder; a=the angle between sun and
signal (measured at the observing station at the time of the obser-
vations); D=the distance to the station, §=the correction to
the angle in seconds.

(a) Pointing made upon the bright reflecting line.

_r sin (90°—ia)

sin 3 D
__rcos ja
or ‘8— m T (23)

B being so small that sin 3=3 sin 1"

L]

Lane of Sight

s

FiG. 48a.

le”]
-
Q
>
Qo

(b) Pointing made by bisecting the illuminated portion.
Bisect the angle 28, subtending the illuminated portion as seen
by the distant observer for the line of sight.

Then  sin (S+8)=(S+f) sin 1=,
sin (§—B)=(S—p) sin 1~=r_sin<gﬂ
—TrCcos &
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Subtracting,
2
28 sin 1"=(1+"1")s @ _2r “ b by form. 113,
r cos? r cos® ja
- 8= Dsin1”" 24

59. Eccentricity.—The signals during the measurement of
angles should be carefully watched, and if at any time found
out of center the amount and direction with reference to one
of the sides should be measured and the date noted. By plotting
this data to a large scale and laying off the lines to the other sta-
tions with a protractor, any perpendicular can be scaled with
sufficient accuracy.

If e=perpendicular distance from the signal to the line join-
ing the stations,

Correction for eccentricity in seconds,

[

T=D sin1” ° (25)

which will apply to each line whether the eccentricity be that
of signal or instrument. A sufficiently accurate value of D can
be found by solving the triangles with the approximate angles.

If a numerical solution is preferred for e, let d=distance of
signal or instrument from the station; a=angle between the
lines d and D.

’ e=d sina.
_dsina
TS R

Ex. At Pt. Figuras Lighthouse the instrument was set up 2.112
meters from the center of the station and the following readings taken to
find the correction for eccentricity for each of the lines:

Substituting in (25), (26)

Pt. Figuras L. H. d=2m.112. Log( 1nd1”) 5.6391.

Stations. a. log sin a. log D. logﬁ—;)—a. log r. 7.
Center. .. ... 0°00'.0 ‘
Curazon. ....[ 142 05 .3 | 9.7885 | 3.7976| 5.9909 |[1.6300 |+42".66
Lebron...... 235 23 .6 | 9.9154, | 4.0383| 5.8771, |1.51624 | —32 .83
Mala Pasqua | 252 12 .6 | 9.9787, | 4.1600| 5.8187, |1.4578, |—28 .69




CHAPTER IV.
BASE-LINE MEASUREMENT.

60. Early Forms of Apparatus.*—The Lapland base in 1735
was measured with wooden rods laid directly upon the ice on
the river Torneo. Four rods were used with end contacts, giving
less danger of disturbance in moving a rod forward and placing
it than with only two. Later, in measuring the Hounslow base
of the English Ordnance Survey it was found that although the
pine rods were thoroughly seasoned and soaked in boiling linseed
oil there was an appreciable change of length with change of
moisture and their use was abandoned. The base was then meas-
ured with a chain supported its entire length and stretched by a
weight over a pulley, and with glass rods. Glass has a small
coefficient of expansion, but its volume change lags behind the
temperature change so that it is not suitable for base bars.

Borda apparatus (French), Fig. 49. This apparatus, referred-

Fig. 49.

to in § 2, was designed to do away with the difficulty of finding
the temperature and change in length of a metallic bar from mer-
curial thermometers during rapid changes by measuring the

* For more complete descriptions, see Clarke’s Geodesy and Francoeur's
Géodéste.
95
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actual difference in expansion of two metallic bars. The com-
ponents were platinum and copper, the platinum with a small
coefficient of expansion for the measuring bar and the copper
with a large coefficient placed above for temperature or differ-
ential expansion. They were fastened together at the rear end
as at A and the difference in expansion measured at the front
end by a graduated scale on the copper and a vernier on the plat-
inum as shown at B. Contact was made by the slide C. The
scales were read by microscopes. There were four base bars, each
two toises (=3.m898) long. In use they were sheltered by a flat
board cover just above the metal bars and were supported by blocks
at about the quarter points. These blocks had sharp pins below
to hold in the ground and screws above to adjust for elevation.

Struve apparatus (Russian). In this an effort was made to
obtain the temperature of the bar with mercurial thermometers

by placing the bulbs in contact with the metal
and slowing down the rapidity of the temperature
changes. This was accomplished by wrapping the
simple iron bar in cloth and raw cotton and let-
ting the thermometer bulbs, one near each end,
into the body of the bar. No correction is re-
quired for ‘“contact ’’ as with the Borda apparatus,
and a constant pressure between the surfaces is
@&l 2 secured without danger of disturbance of the rear

bar, the spring yielding as the contact end of the

F1e. 50.  contact lever presses against the other bar until the
long arm reaches the zero of the scale shown in Fig. 50.

Offsets to the ground are made with a transit set up at right
angles to the line and 25 feet distant, the position being held
over night by a cube moving in a slide on the top of an iron
pin driven 2 feet into the ground. The cube has a fine line cut
on it for bisection. )

Bessel apparatus (German), Fig. 51. In this apparatus a zine
bar Z and an iron one E are fastened together at the rear end
of the measuring unit as in the Borda system. The contact is
made and the differential expansion is measured by the inser-
tion of glass wedges between the steel knife edges St. These
wedges are graduated in ordinates increasing by intervals of
0.01 Paris line=0.0(089 inch.
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Colby apparatus (English), Fig. 52. The components, brass
and iron, are used to compensate for temperature, and not to

Fig. 51,

measure expansion as with the Borda and Bessel apparatus. The
bars are placed side by side and fastened at the center as shown.

Brass

IT TIT il
Ua fron Uar

Fig. 52.

The microscopic dots, a, a’ on the compensating levers remain
fixed for equal changes of temperature in the two rods. These
dots are on the side of the case so that the microscopes of Fig. 53

can be placed over them, one over its dot directly, the other over
the dot of the other bar by pushing the bar back for ‘“contact.”
The common axis serves as a telescope tube for transfers to the
ground, its verticality being indicated by the attached level.
The telescope shown at A serves to align the microscope case.
The upper plate connecting the microscopes is brass, the lower



98 GEODESY. (§ 61, Fig. 54,

iron, compensating the distance between the focal points. The
bar is 10 feet long and the microscopes 6 inches apart.

Ex. 1. Find the units of the Borda scale, Fig. 49, such that an increase
of one in differential expansion shall indicate an expansion of 1* per meter
for the measuring component. Length for differential expansion assumed =
3.8m.  For coefficients of expansion see Table I.

Ex. 2. Find the error in the computed length of the Bessel (2 toise)
base apparatus due to a difference of 1° in the temperature of the two com-
ponents.

Ex. 3. Find the length of the compensating levers of Fig. 52 for a dis-
tance of 3 inches between the two components.

Ex. 4. Find the angle for the Bessel wedge of Fig. 51 for divisions 0.05
inch apart.

61. Bache-Wiirdemann Apparatus.—(Coast Survey Rep., 1873,
App. 12.) Fig. 54. Length 6m. This, like the Colby, is a
compensating apparatus. The two component bars, brass and

Fic. 54.

iron, are rigidly attached at the rear end to the block A and
supported throughout their length by rollers, while the front
ends are cennected by a compensating lever B. The bars and
rollers are inclosed in a trussed case.

The contact rod C projects through the end of the case, while
the Borda scale D can be read through a window in the side. The
contact rod E at the rear end is held in position by the parallel
levers F, F, pivoted at the bottom of the brass bar. Its inner
end knife edge rests against the cylindrical surface G. By bring-
ing the base bar back through the case with a tangent screw (after
the bubble of the level sector has been brought to the center), the
contact rod, E, resting against the rear bar, the surface @ is forced
forward, bringing the bubble of the contact level H to the center
for contact. When in this position the axis of the cylinder G
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is the axis of the level sector I, so that inclining the bar for slopes
does not disturb the contact distances or level so long as the level
sector tube remains horizontal.

The cross sections of the brass and iron components are so
arranged that, while the two have equal absorbing surfaces, their
masses are inversely as their specific heats, allowance being made
for their different conducting powers. Both surfaces are var-
nished to give equal absorbing power, and the whole is protected
by a double spar shaped tin case painted white to prevent rapid
changes of temperature.

The heads of the supporting metallic tripods are adjustable
vertically, laterally, and longitudinally, the motions for the
rear one being controlled by rods running to the contact man
at the rear of the bar. Each' tripod leg is adjustable by rack
and pinion and by foot screw. These foot screws rest in grooves
in a cast-iron bearing plate placed on the ground.

The end of a bar is transferred by a transit at right angles.

Ex. If the 2-second divisions of the contact level of Fig. 54 are 0.1 inch
apart, and the inclination can be read to 0.1 div., find the sensitiveness of
contact for a 3-inch arm for the contact level and a 0.9 ratio for the lever G.

62. Porro Apparatus (French).—(Fig. 55.) In this a return
is made to the method of measurement with chain and pins, the

|

F1c. 55.

base bar taking the place of the chain, and four microscopes with
very firm supports that of the pins. As originally designed, the
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rod was made of fir, varnished and incased in a copper tube;
but as soon modified, the fir was replaced by two metals, forming
a Borda thermometer.

The microscope (Fig. 55) has two objectives, one for plumbing
over a point on the ground and the other for sighting at the bar,
a cap with a central opening shutting off the light which does not
pass through both when looking at the bar.

The telescope of the rear stand is used for alignment by sight-
ing along the line at an offset target and then aligning the front
stand, a scale taking the place of the front telescope axis.

63. Repsold Apparatus.—(Pri. Tri. U. S. L. Survey, p. 133.)
This is of the Porro type. The components, steel and zinc, are
placed side by side in a 4-inch iron tube; they are fastened at
the center and are free to expand each way upon rollers; their
ends are cut away to the neutral axes and graduated platinum
plates are attached. In measuring, the micrometer microscope
is set upon the zero of the steel bar for contact and a reading
taken upon the nearest division of the zinc bar for expansion.

The tube stands or tripods are placed at the ends of the bar
or tube, so that the front one for the first position becomes with-
out disturbance the rear one for the second position, etc. The
legs end in foot plates which rest on iron pins driven into the
ground. The heads are adjustable vertically, laterally, and longi-
tudinally. The tube is lengthened by a bracket at each end,
the rear bracket resting on a knob in the center of the tube stand
head, while the front bracket carries two rollers, one V-shaped,
which rest on tracks on the tube stand head. The microscope
stand is placed opposite the tube stand, a long bracket support-
ing the microscope over the end of the bar. A plank supported
at the ends is used by the observer in reading the microscope, so
as not to disturb the ground near the legs.

The bar is aligned by a telescope on the tube and its inclina-
tion measured with a level sector.

To set a microscope over the starting point, the tube stand
head is removed and a telescopic tube called a cut-off tube placed
over the rock crystal knob marking the end of the base. The tube
is made vertical by an attached level and the microscope set on
the zero of a horizontal scale at the top, a direct and reverse
reading eliminating any index error of the scale. The tube is
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then removed and the end of the base bar brought under the
microscope. At the end of a day’s work the cut-off tube is used
to transfer to a cast-iron knob, held by centering screws to a large
cast plate supported by stakes.

64. Ibafiez Apparatus.—(Spanish. Engrg. News, March, 1884,
p. 133.) Fig. 56. Thisis an outgrowth of experience in Europe
with the complicated forms due to the use of the Borda thermometer
fcr temperature or compensation. The bar is a 4-meter 110-pound

Fi1c. 56.

iron |_bar without case or cover. Marks are engraved on small plati-
num disks at points 0m.5 apart, while four mercurial thermometers
with bulbs encased in iron filings are attached.

Underground monuments are set in advance, dividing the base
line into daily stints, and no transfers to the ground are allowed
at other points. Dependence is placed upon rapid continuous
work (160m per hour, Aarberger Base) between these points,
and the use of a shelter tent for freedom from errors due to insta-
bility and to temperature changes.

In starting, the telescope F is replaced by one having.its axis
near the object end so that it can be made vertical and set over
the monument at N; F is returned and sighted to a target on
the line at A; the next microscope stand is set up 4™ ahead and
a target at M, taking the place of the telescope axis, is brought
into line by sighting through F; its aligning telescope is replaced
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and sighted to the target ahead; the bar E is then brought under
the microscope V, the dot b at the rear end being accurately bisected,
while the front microscope is moved longitudinally on the slide S
to bisect the dot at the front end; the third stand is set up like
the second and the bar moved forward. When a monument is
reached, a stand is set over it as in starting, the bar put in position
and a 0™.5 scale used to measure the distance from the microscope
to a dot on the bar.

65. Coast Survey Secondary Apparatus.—(Rep., 1880, App.
17.) Fig.57. The construction is clearly shown in Fig. 57 from
Saegmuller’s Catalogue. The measuring rod is steel 4@ or 5™ long.
The outside tubes are zine, one fastened to the steel at the rear
with its Borda scale at the front, the other at the front with scale
at the rear. Each scale is read by a magnifying glass at the top
of the case. Contact is made by drawing the front rod back
through the case by the tangent screw B, the spiral spring tenc-
ing to push off the contact slide D, which yields to the pressure
of the rear bar until the scratch on the slide coincides with that
on the index attached to the bar. The tangent screw B works
against the springs C at the front end of the bar. The mercurial
thermometer E is attached to the case and its bulb is not in con-
tact with the bar. The case is a pine joist about 3”7X8"”. The
tripods are mainly of wood; the cross-bars can be clamped to
the standards at any height.

The alignment telescope is at F.

With the College bars the Borda readings have been abandoned
as unsatisfactory; the case has been covered- with hair felt and
canvas, and the thermometer has been replaced by two near
the quarter points with their bulbs in close contact with the steel
bar and surrounded by iron filings.

Borda Scale
Zine
—
! I—,iﬁ— \ \\ v
|
] \ Steel — j
14- ------------------ B e -’;

66. Coast Survey Gridiron Compensating Apparatus.—(Rep.,
1882, App. 7.) Fig. 58. For compensation the expansion of the
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steel must balance that of the zinc for equal temperature changes
of the two components. The details of the secondary apparatus,
§ 65, are elaborated for the case, contacts, and tripods.

Ex. 1. Find the lengths of the components of Fig. 58 for a base bar 5=
long.

ngEx. 2. Sketch the construction and find the lengths for a brass and

steel combination 6™ long.

67. Coast Survey Duplex Apparatus.—(Rep., 1897, App. 11.)
Fig. 59. This apparatus is made up of two separate bars with
contact slides, a steel tube and a brass one; the bars are placed

Inner Reversible Tube -

1 .5 g Outer Truss Tube Sc;nla §
= 7 7 &
z-—!ﬂ;—_!m:m . m!,- +
& - T i i’ A - +-{ @
5 g & 7 y A

s 3 4 / 2

5 g Sted]l Componens Vernier

Brass Component
Fia. 59.

13" apart in the brass tube, which can be rotated 180° about
its axis in the outside supporting steel tubc. In use, double con-
tacts are made, steel to steel and brass to brass, the accumulated
differential expansion showing itself by the movement of one
rod upon the other as noted by reading the vernier and scale at
each end at the beginning and end of the measurement of a
section.

About two reversals, or rotations of the tube, are required per
day, arranged symmetrically as to rising and falling temperature
and so as to have the same number of bars placed in each position.

The outer tube is covered with felt and canvas, and the bars
are used under a portable tent drawn by a team as the work pro-
ceeds. In the later work (Rep., 1901, App., 3) no shelter is used,
a speed of fifty 5-meter bars per hour is claimed to be easily
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maintained with a well trained force, and a record of one hun-
dred bars per hour has been made with this apparatus.

68. Coast Survey Iced Bar.—(Rep., 1892.) Fig. 60. This
apparatus was designed to avoid the temperature difficulty by
surrounding the bar with melting ice when in use and thus securing
a fixed temperature. The bar is of steel, 5.02™ long, with a section
8mm by 32mm or & by 1} inches. The upper half is cut away
at the ends and platinum-iridium graduation plugs inserted
with their upper surfaces in the neutral surface of the bar. One
line transverse to the length of the bar and two longitudinal lines

CROSS-SECTION

:
Y-TROUGH ~ I
Scale X :

g END OF BAR

i
ool
"

I
@' '

Fig. 60.

are ruled on each plug. These transverse lines establish the ends
of the measure. Eleven German-silver plugs, projecting slightly,
are inserted in the upper surface for alignment vertically by means
of a striding level and horizontally by stretching a fine wire along

the top.
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The bar is supported on saddles 0.5 apart. The lateral
adjusting screws at the ends are opposite and at the height of
the lower one shown in the figure. The vertical ones project
through the trough, the holes around them serving for drainage.
The alignment of the bar is made when the trough is loaded with
ice. The ends of the trough are closed with wooden blocks ard
the whole is covered by a close fitting jacket of heavy white cot-
ton felt. The weight is 82k& (180 pounds) exclusive of the bar
and ice. An ice crusher is considered an essential part of the
outfit; the one used is a modification of the Creasy made in Phila-
delphia, Pa. The trough is mounted on two cars, with an adjust-
ment laterally, longitudinally, and vertically for each for center-
ing and focusing the ends of the bar under the microscopes. The
cars have three wheels each and run on a portable track of 0.3m
gage. Three sections of track are provided, each 5™ long. Each
track section is carried forward as the measurement proceeds
instead of carrying the base bar.

The micrometer microscopes and the cut-off tube of tke Rep-
sold apparatus of § 63 were used for the Holton base where the
iced bar was first used. The microscope stands had been destroyed
by fire, so that wooden posts with cast-iron caps were used in-
stead for the 100™ comparator and the standard kilometer which
were measured with the apparatus. For the comparator meas-
urements the apparatus was sheltered by a shed, and for the kilo-
meter the microscopes were sheltered by umbrellas.

69. Standards of Length.—All measurements of the Coast
Survey have been referred to one of the twelve original iron meter
" bars standardized in 1799 by the French Committee in terms of
the toise which had served as a standard unit in measuring the
meridional arcs of France and Peru. In November 1899 the
Government received three platinum-iridium bars of the Proto-
type meter standardized by the International Bureau at Paris,
and from early in 1900 these have referred the Coast Survey
standard to the International. .

The length of the iron bar is now taken

=1m40.2240.64,
as the result of recent comparisons, instead of

=1m—0.4#, as given in 1799.
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In App. 6 of the Report. for 1893 it is stated that no legal standard

of weight or length was adopted by Congress until July 1866

(a Troughton 82-inch scale had been used by the Treasury Depart-

ment as a standard in collecting duties, etc.), when the metric

system was legalized and the weights and measures in common
use were defined in terms of the metric units, giving

3600

1 yard =—— meters; 1 pound=

3937 ke. . . @7

1

As a result, the Survey now uses 1m=3.2808% feet, instead of
1m=3.280869 feet, as formerly.

Standards are divided into end measures and line measures;
with the former the length is between the end surfaces, and end
contacts are used; with the latter, the length is between lines
or points near the ends and micrometer microscopes are usually
used.

7o. Comparators.—For end measures the contact level com-
parator is used by both the Coast Survey and Lake Survey (Pri.
Tri. U. S. L. Sur., p. 56). A diagrammatic sketch is shown in
Fig. 61. The ends are in duplicate, each bed plate being fastened

Fic. 61.

to a solid masonry pier for the best results, although an I beam
or even a stick of timber is sometimes used to hold them in rela-
tive position.

The micrometer screw A moves the slide B on the horizontal
bed plate. This slide carries the contact level and the grooved
rollers for the piece C. The unbalanced weight of the outer end
of the level forces the vertical arm against the piece C and insures
a slight pressure against the end of the bar when in place.

To compare a bar with the standard of the same nominal
length, the two bars are mounted side by side and placed first
one then the other between the contact ends of the pieces C, each
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micrometer screw is turned until the bubble comes to, or very
near, the center, when the screw and bubble are each read. The
sum of the micrometer readings one at each end, each corrected
for level, gives an expression for length of bar; the difference
for the bar and standard gives the difference in length sought,
and this difference applied to the length of the standard will give
the length of the bar. Usually the bars would be compared in
air after they had remained in place at a constant air tempera-
ture long enough to have reached that temperature. Thermom-
eters in contact with one or both bars are used.

For the Wiirdemann comparator of the Lake Survey, 14 of
the level=about 0i2.00001 and 149 of the micrometer =about
0i0,0001. The College has a field comparator constructed from
Brown and Sharpe micrometer calipers reading to 0i2.0001. The
stud against which the screw abuts is removed from the yoke
and a cylindrical piece corresponding to C of Fig. 61 is inserted.
This is pushed against the end of the bar by the micrometer screw
and returned by a spiral spring. To insure contact with uniform
pressure the contact slide of the Coast Survey secondary bars
(Fig. 57) is placed on the piece C in place of the contact level.
This slide can be read to about 0i2.0002. The two ends are mounted
on a timber base and used for comparing the 4™ iced bar standard
with the secondary base bars under field conditions.

The Coast Survey base bars are 4, 5, or 6 meters long, all end
measures except the iced bar, and their old standard unit (§ 69)
a 1m French end measure. The Lake Survey Bache-Wiirdemann
base bars are 15-foot end measures and their standard unit an
English yard end measure. The method of finding the length
of the base bar in each case has been to construct as many one-
unit bars as there were units in the base bar; compare each with
the standard; then place them end to end (holding the surfaces
in contact by light springs) and compare the compound bar with
a new bar of the length of the base bar. This new bar then becomes
the standard for determining the length of the base bar, both
in the office and in the field.

For line measures, micrometer microscopes are mounted on
piers, or on a rigid frame if changes in distance are frequently
required, and the difference in length obtained in terms of the
micrometer screws. ’
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In comparing commensurate units (e.g., finding the length
of a 4-meter bar from a standard meter), the shorter is laid off
on the longer, dividing it into equal parts, and microscopic lines
are drawn; each length is then compared with the shorter unit
and the results added as with end measures.

Fig. 62 shows a 1™ comparator used by the International
Bureau of Standards of Paris. The two tanks are for determining
coefficients of expansion, one bar being heated by circulating

Fic. 62.

warm water through the pipes, while the other remains at a con-
stant temperature. The microscopes shown on the tank are
for reading the thermometers near or in contact with the bars.
The transverse tracks allow of bringing first one bar, then the other,
under the microscopes and nearly in focus by turning the crank
shown at the right. The exact focusing, after comparisons have
been begun, must, ¢f course, be done by raising or lowering the
ends of the bars by tangent screws so as not to disturb the posi-
tions of the microscopes.

71. Mercurial Thermometers.—Thermometers are divided into
standard and auxiliary; the scales of the former include both
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the boiling and the freezing point of water, which allows of their
being studied and standardized, each one independently; the
scales of the latter do not contain both of these fixed points, and
they can only be standardized by comparison with some other
thermometer.

With glass, as with tempered steel, zinc and its alloys, and
some other substances, the volume change lags behind the tem-
perature change, giving rise to residual expansion. This is espe-
cially apparent with thermometers in the variations of the zero
point, the volume of the bulb at the temperature of melting ice
depending for some time upon the previous temperature of the
thermometer. When the bulb remains expanded by exposure
to a temperature above 0°, it is said that the zero is depressed;
when exposed to 0° the zero of the thermometer rises, and when
it has reached a stable position it is said to have recovered. The
depression of the zero for a temperature ¢ is the difference between
its position after the thermometer has been exposed to ¢° and
thé position which it will reach when the thermometer remains
a long time at 0°. These variations of the zero were for a long
time an obstacle to the accurate determination of temperature,
but systematic study has shown how to use thermometers so
as to become almost wholly free from these anomalies. How-
ever, the errors which remain are reduced in proportion as the
residual expansion of the glass is reduced. The verre dur glass
of the French and some numbers of the Jena glass of the Ger-
mans have very little residual expansion, and it disappears more
rapidly than with the easily fusible crystal glass so commonly
used.

The most important property of the movement of the zero
is that at a given temperature the depressions are produced more
rapidly than the recoveries; and further, that the rapidity of
the two movements increases with the temperature. Thus when
a thermometer of verre dur glass is heated from ordinary tem-
perature to 100°, the stable condition is reached in a few minutes;
when cooled, more than one-half of the residual expansion remains
after twenty-four hours, and the stable condition is reached only
after several weeks. With crystal glass, the stable condition
at 100° is reached in about an hour, while months are required
after cooling.
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To utilize this property in the determination of temperature:
the thermometer having been exposed for some time to the tem-
perature to be measured, a reading is taken; it is then plunged
into melting ice and read; the difference will give the tempera-
ture ahove 0° referred to the fundamental interval, 0° to 100°,
the 100° point having been found by referring to 0° in the same
way.

Small bulbs are often blown in the tubes of standard ther-
mometers to allow of the 0° and 100° points on the scale without
too long a tube. :

The scales of the best thermometers are scales of equal parts
etched on the stem. This requires tubes of very uniform bore
to prevent large scale corrections.

The tube is calibrated by breaking off columns of mercury
of different lengths and noting the length in scale divisions as

_they are moved from end to end of the tube (a small bulb at the
top is necessary for this work).

The 100° point is computed from the observed temperature in
steam under a given barometric pressure, and the 0° point by
melting ice immediately after. This gives the fundamental inter-
val which is to be divided into 100 equal parts for the centigrade
scale. The calibration corrections refer these equal volume parts
to the scale divisions, so that the scale divisions can be expressed
in degrees. A perfect tube and scale within the errors of obser-
vation are thus secured, and residual expansion can be eliminated
in use as indicated above. These corrected temperatures (includ-
ing a correction for pressure on the bulb) are called mercurial
thermometer temperatures, and they are usually accepted as
standard, assuming the expansion of mercury in glass to be pro-
portional to the temperature.

The International Bureau has adopted the hydrogen scale as
standard, and by comparing the mercurial thermometer readings
with the corresponding pressures of a constant volume of hydrogen,
by Mariotte’s law, they have derived correction tables for different
kinds of glass. The Coast Survey has also adopted the hydrogen
soale.

See Thermométrie de Précision, by Guillaume, Paris, 1889, for
corrections for various kinds of glass.
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The corrections tor verre dur glass are as follows: *

t Cor. t Cor. t Cor.‘ t Cor. t Cor. I t Cor.

—25° +0.233 0° 0.000|+25° —0.095 +45° —0.106 [+65° —0.082 + 85° —0 038
20 0.172(+ 5 -—-0.02°| 30 0.102| 50 0.103 70  0.072 90  0.026
15 0.119] 10 0.052) 35 0.106 | 55 0.097 75 0.062 95 0013
10 0.073] 15 0.070| 40 0.107| 60 0.090| 80 0.050 100  0.000

5 0.034] 20 0.085 i

72. Length of Apparatus.—From what has been given in
§§ 69-71 the method of finding the length of a base bar is evi-
dent. All the comparisons except field comparisons are made
in a room so protected that the daily range of temperature is
small; thermometers are placed in contact with the bars and
a few readings at a time are taken quickly before the heat of the
body causes a local disturbance of the temperature of the bars,
the latter being protected by a case or cover. With bars of the
same material the actual temperature need not be known very
closely, but the exact difference is essential.

Sinee the probable error in bisecting a line with a micrometer
microscope of a power of 25 under favorable conditions is given
0.25
7 0.075X25
and 0°.01€ changes the length of a steel bar 0.12# per meter, care
should be taken to secure good temperature conditions, and to
avoid the accumulation of constant errors. This will require
changing the order of the readings, the positions of the bars,

ete., for the different sets.

The determination of the coefficient of expansion requires
great care, on account of the difficulty of getting all parts of the
warm bar at a constant temperature and keeping them so long
enough to read the thermometers and micrometer microscopes or
other contact apparatus. The bar is usually immersed in water
or glycerine, while its companion is surrounded by melting ice.
In Fig. 62 the water is heated by a gas jet at a distance and cir-
culated through the pipes shown; circulation in the tank is secured
by turning the wheels at the ends. Readings are taken through
the water.

in § 32 as 0.25= upon the retina =0.13# upon the scale,

* Tonnelot and Boudin of Paris are among the best foreign makers of
precise thermometers. H. J. Green of Brooklyn is a maker in this country.
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For a comparison of the European standards of lengths as a
basis of study of the different triangulations for degree measure-
ments, see Comparisons of Standards of Length, by Capt. A. R.
Clarke, London, 1866. These standards were incommensurate,
and some were line measures and some end measures. The
purchase of the Repsold 4™ apparatus of §63 by the Lake
Survey involved a comparison of their end measure standard
yard with the new Repsold standard line measure meter. (Pri.
Tri. U. 8. L. Survey, beginning p. 142.)

An end measure is converted into a line measure by bisecting
the angle between the direct and reflected images of a spider
thread stretched across the plane end surface; or by adding end
pieces with micrometer lines close to the contact surfaces for
comparison with the other bar and then determining the distance
between the micrometer lines in terms of the micrometer micro-
scope screw when the end measure is removed and the end pieces
brought in contact. A comparison of incommensurate units
involves a comparison of the subdivisions of the longer standard
by the method of aliquot parts down to where either the length
of the shorter or the difference in length can be directly com-
pared within the range of the micrometer screw.

Ex. To find the length of secondary bar No. 1, the following com-
parisons with standard No. 2 and data are given (C. S. Rept., 1868):

Length of standard bar No. 2at 32°F......... 5m . 999 982 33
One division of the scale of pyrometer.......... 0 .000 001 74
Coef. of expansion for F.scale................. 0 .000 006 41

Thermometer attached to standard, too high, correction = —0°.7
o correction= 0 .0

Standard No. 2 Rod No. 1
Thermo. Div. Thermo. Div.
77°.3 21 - 76°.0 -10
78 .0 15 76 .4 +41
78 .5 18 77 .0 + 55
77 .93 18 76 .47 28.67
—0 .70 77 .23 18.00
77 .23 + .76 10.67
Computation.
0.76X0.000 006 41X6............. = +0m.000 029 23
10.67X0.000001 74................ =+0 .000 018 57
At 77°.23 No. 1 longer than standard.... 0 .000 047 80
At 77 .23 standard No. 2............... 6 .001 721 88
At77 23rodNo. 1................... 6 .001 769 68

At 75 L U 6 .001 683 91
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The pyrometer is a form of end measure comparator in which the measure-
ment is indicated by the reflection of a graduated scale from a mirror in
the same way as is done with some galvanometers.

73. Defects and Difficulties.—It is very difficult to find the
temperature of a bar and its consequent length under field con-
ditions. -The Colby apparatus (§ 60), after being used in Eng-
land, was taken to India and a large number of bases measured,
but the compensation could not be relied upon and mercurial
thermometers were substituted. The Bache-Wiirdemann 15-foot
bar No. 1 made for the U. S. L. Survey gave a length at 10 p.M.
Aug. 5, 1873, (in.00470 shorter than at 9 A.M., as stated on p. 86
of the Report,* it having been exposed to direct sunlight during
the day. This would correspond to a difference of 1°.3 F. between
the two components. In 1875, at the Buffalo base, its mean
length for the eleven days of comparison was 0in.00230 greater
at 1 p.mM. than at 8 A.M., the comparisons being made in a tent.

From numerous comparisons made with the bars under field
conditions and the brass standard in melting ice, it was found
that the mean increase in length of the bars, between 8 a.M. and
5 p.M., over that when the components were at the same tem-
perature, was proportional to the increase in temperature between
8 A.M. and 12 M. A correction was thus found and applied for
the bars placed each day, thus eliminating a source of constant
error which would escape detection by the usual method of remeas-~
urement. The Repsold steel-zinc apparatus was studied in the
same manner, and corrections found to apply for the different
times of day. The bar was protected by an awning as used on
the base. The maximum correction was for the interval from 2 to
5 p.M., reaching + 12# per bar length.

The iced bar of § 68 was designed for experimental work with
different forms of apparatus on the Holton base of the 39th parallel
triangulation. Two methods of finding its length in terms of
the standard meter, with the bars in melting ice, were tried with
the office comparator: one by placing six micrometer microscopes
1m apart and measuring the distance between the extreme ones
with both the 1™ and the 5™ bars; the other by comparing the
1™ spaces of a 5™ bar with the 1™ standard and then comparing

* Pri. Tri. U. 8. Lake Survey.
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the two 5m bars. The results were not satisfactory, owing to
instability of microscopes. These were carried by brackets from
a 6m.5 I-beam supported at its ends, all wrapped with cotton
batting, rather than by independent piers, and they appeared to
have been disturbed by vibrations due to street traffic. A new
comparator was then built in a vacant lot adjacent ta the office
and covered by a shed. Six brick piers were built for the micro-
scopes on a heavy continuous concrete bed. Free air circulation
was allowed, and the inside of the shed was whitewashed, giving
light without artificial illumination. The distance between
extreme microscopes was measured with the standard meter bar
and with the two 5™ bars, all in melting ice.

For the 100m comparator of the Holton base, § 68, the ends
were marked by brass hemispherical-headed bolts set in stone monu-
ments, the heads fitting the cut-off tube. This was used as a
standard for the 5™ secondary base bars and for the 100™ tapes.
On a test in August the bars showed (by their length) a lag of
the thermometers of (°.3 C. for both rising and falling tempera-
tures. The thermometers, one at 1™ from each end, were in
contact with the steel measuring rod and the wooden case was
wrapped with cotton and canvas, while the comparator was
covered with a shed. A later test in bright sunshine on a por-
tion of the standard kilometer showed the lag to be insensible.

The final conclusions reached were that the absolute lag of
the thermometers can be safely assumed between 0° and 0°.5 C.
on the average in a day’s measurement; that a correction for
lag of 0°.25, plus for rising, minus for falling, applied to the mean
temperature for the day will keep the error in length within
1/340 000; and that, if the day’s measures are equally divided
between rising and falling temperatures, or if they are made dur-
ing hot weather in bright sunshine and with rising temperatures,
no correction will be necessary. It is pointed out that where
day measurement only is intended the bars should be protected
as much as possible from change of temperature at night.

Ex. 1. With the Bessel apparatus, § 60, find the difference in tempera-
ture between the two components required to introduce an error of one
millionth of the length of the iron bar in its computed length.

Ex. 2. Find the error in the observed temperature of the iron bar for the
game error in length.
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Ex. 3. With the Colby apparatus, § 60, find the effect upon the distance
between the end dots due to a difference of 1° between the two components.

Ex. 4. Compare zinc-steel and brass-steel Borda thermometers with
mercurial in the effect upon the length of the measuring bar of a difference
of 1° between the two components or the component and the mercurial
thermometer.

74. Field Work.—The following is condensed from the instruc-
tions issued to the chief of party for the measurement of nine bases
along the 98th meridian in 1900 (App. 3, Report, for 1901): Two
100™ steel tapes, two 50™ tapes, and the duplex base bars are
to be used in the measurement of the bases. A portion of each
base, about 1km in length, is to be measured with all five sets of
apparatus, and of the remainder, a portion is to be measured
with the tapes and a portion with the bars.

Very little increase in the average accuracy of the triangle sides
will result from increasing the accuracy of the base measure-
ment beyond that represented by a probable error of 1/500 000.
The following limits of accuracy on each operation are selected
with this in view. You will strive to keep as far within these
limits as possible by the use of good judgment and skill, but you
will restrict the time and money expended upon each operation
substantially to that required to keep barely within these limits.

You will standardize each tape and the duplex bars at the
beginning of the field season upon a 100™ comparator, which you
will establish near Shelton base, by measuring the length of the
comparator at least four times with each apparatus. The measure-
ments by each apparatus must not all be made on a single day
or night. If four measures do not suffice to reduce the p. e. of the
mean for any apparatus below 1/300 000, additional measures
will be made until the p.e. is reduced below that limit. The
length of the comparator is to be found by measuring it with
the iced bar at such times that the longest interval between any
such measurement and any measure with a base apparatus shall
not exceed thirty-six hours. In computing the length of the
bars and tapes, the length of the comparator shall not be assumed
constant, but will be assumed to be that given by the nearest
measurement with the iced bar, or by the mean of the last pre-
ceding and first following measurements. The bars and tapes
are to be restandardized in the same manner at or near the end
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of the field season. The conditions under which each form of
apparatus is standardized should approximate as nearly as is
feasible those under which it is used in the actual measurements
of the base. One kilometer of each base, called the test kilo-
meter, is to be measured with the duplex bars and with each of
the tapes. If any one of these five measurements shows a resid-
ual from the mean of more than 17mm an additional measure-
ment shall be made with that apparatus. Residuals of more than
17=m on the test kilometer, which persist even after a remeas-
urement, shall be considered to indicate the desirability of re-
standardization, but in no case shall the apparatus be standardized
without special authorization, except at the beginning and ending
of the season as indicated above.

Of the remainder of each base not less than one-tenth nor more
than one-third is to be measured twice with the duplex bars; not
less than one-fifth nor more than two-thirds is to be measured
once with each 50™ tape; and not less than one-fifth nor more than
two-thirds is to be measured once with each 100m tape. Addi-
tional measurements shall be made if the discrepancy between
the two measurements on any section exceeds 20mmK (K=Ilength
in kilometers) until two measures are obtained which agree within
that limit. About one-fifth of the total length of all the bases
after the test kilometers are deducted should be measured with
the duplex bars, and about two-fifths each with the 50 tapes
and the 100™ tapes.

Such precaution should be taken to secure accurate hori-
zontal and vertical alignment as is necessary to ensure that errors
from this source on any section of the base shall be less than
1/1 000000. It is not desirable, however, to use any more time
than that necessary to keep well within this limit. This principle
should also be applied to the determination of the tension on
the tape while in use.

The party is made up of a chief, an assistant, two aids, arecorder,
and five laborers.

In measuring the 100™ comparator with the iced bar, the first
microscope is set over the starting point by means of the cut-
off tube, reading its scale and level when both are parallel with
the bar, both direct and reversed. The rear end of the bar is
brought under the rear microscope, and the front end under the
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front one, moving either bar or microscope; the rear observer
then moves the bar longitudinally by means of a lever until the
graduation is accurately bisected by the micrometer wire with-
out turning the micrometer screw. He then gives the signal
“Read ”” to the front observer, who brings the micrometer wire
-to bisect the front graduation. The recorder then records the
readings given, the rear observer turns the micrometer screw
slightly and the observers change places. The rear observer
brings the front graduation under the wire without disturbing
the screw, and the front observer bisects the rear graduation
with the screw. The recorder then records the readings. This
eliminates the personal equation of the observers and checks
mistakes, each observer making two bisections. The p. e. of a
bisection is less than 1*

. While the bar is in position the third observer measures the
distance of the front end from the reference line * and adjusts
and reads the level sector. The rear microscopes and track sec-
tions are carried forward and reset as rapidly as relieved. The
observers stand on platforms which rest on the ground about
3 feet from the microscope post. The ice is stirred up and fresh
ice supplied at intervals of twenty to forty minutes, the amount
required being from 7 to 11 pounds.

CUT-OFF MEASURES, Aug. 7, 1891.

AT WEST (LEFT-HAND) END OF 