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PEEFACE

In 1911 the authors published a pamphlet, Slide-Rule Notes,

now out of print, which is the basis of the present work.

The material has been revised and rewritten, with additions,

and a chapter on the logologarithmic scales has been added.

The work deals almost exclusively with the ordinary 25 cm.

slide-rule, as designed by Colonel Mannheim. Any one

familiar with this instrument will have little difficulty in

learning the use of more elaborate slide-rules.

H. C. D.

C. S. J.
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SLIDE-RULE NOTES

CHAPTER I.

ELEMENTARY EXPLANATION.

1. The following preliminary explanation may help a non-

mathematical student to understand the princij^le of the

Slide-Kule. Make a pair of paper strips and mark a scale,

say of centimetres, on the edge of each. Number the marks
consecutively. If now the strips are placed with their zeros

say 3 cm. apart, as below.

1



2 SLIDE-RULE NOTES

by 2, that is brings us to double the number at our starting

point. This leads to a uniformly divided scale numbered as

shewn below :

/ 2 4- 8 16 32 64
J I \ I I \ L_

With a pair of such scales we can work out certain arith-

metical problems ; in fact we have a rudimentary slide-rule.

Set the strips overlapping, for instance, as below :

16 32 6^ 128 256
-1 1

1 1 1—

6 16 32 64- 128

Notice that any number on the upper strip is 8 times that

just below it, and that therefore we can, from this setting, read
off the answers to certain .sums in arithmetic. For example,

Multiplication.—The fact that 8 times 4 is 32 is shewn
,, 8 32
thus : T . .

1 4

Division.—The fact that 32 divided by 4 is 8 is shewn in

the same way.

Proportion.—The fact that 32 is to 4 as 128 is to 16 is

. ,, 32 128
shewn thus :.-,/,.

4 16

The scales may, of course, be extended to the left if desired.

Other sums may now be tried in a similar way, but with
the strips of paper set to a different overlap. We observe
that in the present case—For any "setting" of the strips the

Ratio of any corresponding pair of numbers is constant.

We note that if we "invert" one of the adding scales we
find the Sum of corresponding numbers constant, and if we
" invert " one of the multiplying scales we find the Product of

corresponding numbers constant.

Note. By " inverting " is meant to turn the scale end for

end, so that its numerals appear upside down.
It is evident that an instrument numbered like these paper

strips is not a practical one, for only a few numbers can be
dealt with.



SCALES FOR MULTIPLICATION

In an instrument which is to he practically useful there

must be graduations for the numbers 3, 5, 6, 7, etc., and in

fact for I'l and similar numbers, as well as for 2, 4, 8. The
position for the numbers 3, 5, 7, etc., on the scales can be
found roughly by a graphical construction as follows.

Draw a line AX on squared paper and set oflt' equal interv'als

numbered 1, 2, 3, 4, etc. (Fig. 1). At the point 2 set up a

perpendicular 1 inch long to represent the step or interval

between the graduations figured 1 and 2 on the slide-rule.

At the point 4 set up a perpendicular to represent the

interval 1-4 on the slide-rule. This will be 2 inches long,

because the distances on the slide-rule 1-2 and 2-4 are equal

(Fig. 1).

Y



4 SLIDE-RULE NOTES

Example. Draw parallels to AX through the points on

the curve corresponding to the numbers 2, 3, 4, 5, 6, 7, 8, 9,

and thus construct the scale AY (Fig. 1). Make an exact

duplicate of it. Try whether by means of it you can find the

product of 2 by 3, 3 by 3, or the quotient of 9 by 5.

Do the results appear to confirm the above assumption ?

The interval from 1 to 10 on the slide-rule represents what
is called in technical language a logarithm of 10, and the

interval from 1 to any mark x represents the corresponding

logarithm of x.

The values of the logarithms of different numbers, log 10

being taken as unity, have been calculated and printed in

tables.

To use the slide-rule to the fullest advantage, a knowledge
of logarithms is needful, but the non-mathematical student is

recommended to skip all reference to logarithms, and merely to

study the actual methods of setting and using the slide-rule

given in the subsequent chapters.

For his benefit a consideijable number of numerical instances

have been added.

All calculations which can be made with logarithms can be

made with a slide-rule. The degree of accuracy, of course,

depends on the size of the slide-rule.

2. For the purpose of reference we recapitulate here the

fundamental principles of logarithms.*.

Let a be any number.
Then a=10iog^'

This is the mathematical definition of the term logarithm.

We have at once, therefore, the following equations :

(i) a = 10i^»^ (v) a^^lOi'^ga^

(ii) b = 10i«g^
^

1

(iii)ab = 10io^ab. (vi)an = 10^"^-^.

P P

(iv) =10^°^ to. (vii) aq = 10i«&a'*.

But taking equations (i) and (ii) and multiplying, we obtain

(viii) ab-^lO^og^x lO^^^s^^ 10^°^^+^°^^

* " Common logarithms" understood, here and throughout.
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Dividing, we obtain

^ b

Further, from equation (i), taking the n*^^ power, w^e obtain

(x) a,^ = {l0^oga.^n=iQn\oga,^

Taking the n*'^ root, we obtain

1 1 1

(xi) a" = (10io&^)" = 10n*'^^.

th

Taking the
(
-

J
power, we obtain

P P ?lo,a
(xii) aq = (10^"g^)^=10ci

Comparing equations

(iii) and (viii), we see that logab = loga + logb

;

(iv) and (ix), „ „ log ("^"j = loga - logb
;

(v) and (x), „ „ log (a^) = n log a.

1

(vi) and (xi), „ „ log ^a^ = - log a.

(vii) and (xii), „ „ log \a.^) = ? log a.

These five equations shew how the operations of multi-

plication, division, raising to a poAver, finding a root, or a
combination of these, can be performed with a table of

logarithms.

Integral Portion of a Logarithm.

3. Since 100= 1, therefore log 1=0,

IQi-lO, „ log 10 = 1,

and loglO^ = n,

log (a X 10^) = log a + log 10"

= log a + n.
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Hence if n is a positive or negative integer, log a and
log (a X 10^) differ by an integer.

We see, therefore, that a number between 1 and 10 has a
logarithm between and 1 ; and that for each 10 that we
multiply this number b}^, we must add unity to the original

logarithm to obtain the logarithm^ of the product; and for

each 10 that we divide by, we must suhfrad unity from the
original logarithm to obtain the logarithm of the quotient.
We can, therefore, write down by inspection the integral

part of the logarithm of a given number. Thus :
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Measure off a length AB to represent log 2. This will be
3"01 inches from the beginning of the scale,

Mark the point B with the number 2.

Proceed to measure off distances, AC representing log 3, AD
representing log 4, etc., from the beginning of the scale, and

mark the points C, D, E, etc., thus obtained, 3, 4, 5, etc.,

respectively.

/ 2 3 ^ 71 10

A B C D N Z

Fio. -2.

Thus, in Fig. 2, noting that the beginning of the scale is

marked 1, because log 1 = 0, we have

AB is log 2 and B is marked 2,

AC „ log 3 „ C „ 3,

AD „ log 4 „ D „ 4,

AN ,, logn ,, N „ n,

AZ ,, log 10 ,, Z ,, 10 or more often 1.

The distances log 2*1, log 22 and so on, might now be

measured from A, and the corresponding points marked 2*1,

2*2 and so on. The scale might thus be decimally sub-divided

and, if the size of the work permitted, the interval between

the points 2*1 and 2*2 (for example) might be again sub-

divided by means of the logarithms of 2'11, 2*12, etc.,

measured as before from A. We have thus constructed a

logarithmic scale from 1 to 10. In like manner we could

construct (as in Fig. 3) scales from O'l to 1, or from 10 ~^ to

1 1
r

io^ 7o^' ) r" 'I I 10 100

Fio. 3.

10-^+1, and inasmuch as log a and log (a x 10^) differ only

by an integer, the complete logarithmic scale would consist

of an indefinite number of repetitions of the scale from

1 to 10.
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ExAMPLK. Compare this scale with the scale which you
made in the way shewn in Fig. 1.

Place the scales as shewn in Fig. 4, with the points marked
1 coinciding, and notice that the lines joining the points

marked 2-2, 3-3, etc., are all parallel.

Fid. 4.

Notice that w^'e could thus effect, graphically, a change of

base, from the scale based on powers of 2 to the scale based

on powers of 10.

Historical Note.

The graphical addition of logarithms was used very soon

after their discovery. If we have a scale of logarithms w^e can



HISTORICAL NOTE 9

take off, say log 2, with a pair of dividers, and add it to any
other logarithm, say log 3, and thus ascertain that

log 2 + log 3 log 6.

Fig.

The great advance of using a pair of logarithmic scales,

which could be slid relatively to one another, seems to have
been made by W. Oughtred * about 1632.

* See Cajori's Hi^^tory of f/ie Slide-Bide, a work which contains a

complete bibliograph}' of writings on the subject down to 1909.



CHAPTER 11.

DIRECT PROPORTION.

5. A slide-rule consists of two or more logarithmic scales. In
its simplest form it consists of two equal logarithmic scales,

one of which slides on the other. One scale may be termed
the "slide" and the other the "ruler."

The reader, who is supposed now to have a slide-rule in his

hand, should satisfy himself that the "top" scales (see p. 19)

on the ruler and slide are a pair of eq^^^d logarithmic scales

;

and it will save him from numerous mistakes if he spends
a little time in making out the exact values of the gradua-

tions. On most of the 10-inch or 25-centimetre slide-rnles

which are sold, the following statements will be found to hold

good with reference to the top scales.

Between 1 and 2 the graduations correspond to immbers
which increase by "02 at each step.

Between 2 and 5 the graduations correspond to numbers
which increase by "05 at each step. PJetween 5 and 10 the

graduations correspond to numbers which increase by "1 at

each step.

For the time being the readings on the ruler and on the

slide will be taken to represent numbers from 1 to 10. It

is clear, however, that to any number whatever, as far

as its significant figures are concerned, there corresponds a

number between 1 and 10 containing the same significant

figures.

Thus the product of 13700 and -00797 contains the same
significant figures as the product 1*37 by 7 •97. Hence, as far

as the significant figures of the result are concerned, any
numbers whatever can be dealt with by the methods to be

explained.
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Multiplication.

6. Place the slide so that 1 on the slide is opposite 2 on the

ruler. We see from Fig. 6 that

A
/ 2a

a,

Fid. (!

AD = AB on the rnler + BD on the slide

= log 2 + log 3 by the principle of the graduation

= log6,

and the reading on the ruler at D over the 3 on the slide gives

6, the product of 2 by 3. More generally, if we place 1 on
the slide opposite a on the ruler, we shall find ac on the ruler

opposite c on the slide, unless the slide is so far out that c is

beyond the end of the ruler, for in Fig. 7

A
/
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AP = AC-CP
= AC -CiDi + DjPj

= log a - log 10 + log c

ac= log
10'

ac
and so ^ can he read off on the ruler opposite c on the slide,

that is, the significant figures in ac can be read off.

Again, we might clearly have interchanged the functions of

"ruler" and "slide," bringing a on the slide opposite 1 on the

ruler and reading ac on the slide opposite c on the ruler.

The following equations sum the matter up :

If

then
c/10

X

X

a

ac,

c

1'

With some imagination, these equations are diagrams of the

slide-rule setting; c is over 1, and x is read over a.

Division.

7. If we place the mark a on the slide opposite c on the

ruler, we have, from Fig. 9 (where c is taken greater than a).

A
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Figs. 10 and 11). To render it always possible, both in multi-

plication and division, to obtain a result whether the slide is

out to the right or to the left, it is customary to put two
segments of the infinite logarithmic scale upon the ruler, and
also upon the slide.
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slide is opposite a on the ruler, then opposite x on the slide is

- on the ruler, unless the slide is so far out that x on the
X
slide is beyond the end of the ruler, for in Fig. 12
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Proportion.

8. The operations of Multiplication and Division have

been explained, but it is preferable to regard Proportion

as the standard method of which multiplication and division

are particular cases.

Let b on the slide be broi\ght under a on the ruler, and
suppose that in this position underneath any number x on

the ruler we iind y on the slide.

The distance between x and a represents log x - log a, say,

equals k(logx - loga). The distance between y and b re-

presents logy -logb, say, equals k(logy - logb).

But these distances are equal. Therefore (Fig. 1 3)

A

1/
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We have obtained the equation - = - hy expressing the

obvious fact that the distance between any two points on
the ruler is equal to the distance between the corresponding
points on the slide. This method is typical of all slide-rule

calculations.

The form of the equation suggests a very important mnemonic,
which is particularly useful when a series of results are required
from one setting of the instrument.

The equation is

X _'
, a

y """
b

'

where we will suppose that a and b are constants, x a variable

of which a series of values are known ; and y a variable of

which a series of values are sought.

The point to be particularly noticed is that the two variables

are brought under one another.

With a little aid from the imagination, the equation may be
supposed to be a picture of the actual readings on the slide-

rule, and, therefore, if the horizontal lines indicating the

fractions are regarded as continuous, then two of the four

quantities involved are of course above the dotted line and
two below it, and the following statement holds good

:

The quantities above the dotted line being on the ruler,

the quantities below the dotted line will be on the

slide.

Thus, the setting for x^ab is indicated by the equation

X b c . . .

- = -, and the setting for x = v is indicated by the equation

X c

An example will render the method clear.

A map is drawn to a scale of x2iuo' ^^^ ^^® slide-rule to

read yards for any given number of inches measured on the

map.
In this case 12500 inches on the ground is represented by

1 inch on the map. Hence, if y yards, i.e. 36y inches on the
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ground is represented by x inches on the map, we have

36y_ 12500 y_ 12500

X ~~T~ ""' x" 36
'

which indicates the method of solution, namely, "Bring 36
on the slide under 125 on the ruler; and over x on the slide

read y on the ruler."

Some results are tabulated below :

X
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8. A map is drawn to a scale of . Set the slide-rule^ 25000
so as to give miles on the ground corresponding to centimetres

on the map.

9. Set the slide-rule to read off circumferences of circles

from their diameters.

10. Set the rule to read weight of various lengths of iron

rod weighing 134 kilos per 100 metres.

11. Set the rule to read price in pence per yard or per

pound corresponding to prices in francs per metre or per

kilogram.



CHAPTER III.

SQUARES AND SQUARE ROOTS.

9. The instrument specially referred to in this chapter is

made by J. Davis & Co., Derby, and consists of three parts

:

the K-uler, the Slide, and the Cursor. It is about 10 inches

long. As it is of the ordinary type, most of what follows will

apply to any ordinary slide-rule.

The equations to the various scales on the instrument will

be found in Chapter X.

The following definitions are collected here for purposes of

reference :

The Back of the Ruler is that surface upon which there are

no scales.

The Front of the Ruler is parallel to the back.

The Front of the Slide is that surface of the slide on which
there are two scales.

The Back of the Slide is that surface of the slide on which
there are three scales.

We shall use the terms Left and Right on the supposition

that the instrument is held in such a manner that the scales on
the ruler read from left to right.

On the front of the ruler, and also on the front of the slide,

will be found a scale on which is enoravecl the followino;

numerals

:

123456789123456789 1.

We shall speak of these scales as the Top Scales of the Slide

and Ruler.

On the front of the ruler, and also on the front of the slide,

will be found a scale on which is engraved the following large

numerals

:

,««.,.„„««,123456789 1.
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We shall speak of these scales as the Bottom Scales of the

Slide and Ruler.

On the back of the slide there are three scales. One is

usually marked with an S, and will be termed the S Scale.

Another is usually marked with a T, and will be termed the

T Scale. The third lies between the S and T scales, and will

be termed the Central Scale. The description and particulars

of these scales will be found in Chapters IV, and V.

In whatever position the slide may he, all these scales will preserve

their riamcs.

Particular attention is invited to the preceding remark^
especially as regards the top and bottom scales of the slide.

When the slide is in the ruler, if the top and bottom scales

of the slide are in full view and read from left to riijht, we
shall consider the slide as in its normal position and not draw
special attention to the matter.

Starting with the slide in its normal position, if we take it

out and replace it in the ruler, so that

(1) The top and bottom scales are still in view, but turned
end for end, so that the numerals on them are upside

down as compared with those on the ruler, the slide

is said to be Inverted
;

(2) The S and T scales are in view, with the numerals on
them the same way up as those on the ruler, the slide

is said to be Upset
;

(3) The S and T scales are in view, but turned end for end,

so that the numerals on them are upside down as

compared with those 0!i the ruler, the slide is said to

be Upset and Inverted.

A Scale is said to be read backwards when it is read in the

direction opposite to that in which the numerals on it run.

The top scale of the ruler and the top scale of the slide may
each be considered to contain the logarithmic scale from 1 to 10
duplicated, or to contain any two segments (not always neces-

sarily consecutive) of the infinite logarithmic scale of Fig. la.

The bottom scale of the ruler and the bottom scale of the

slide may each be considered to contain the logarithmic scale

from 1 to 10, or to contain any one segment of the infinite

logarithmic scale, the distance taken to represent log 100 or 2

on the top scales representing log 10 or 1 on the bottom
scales.
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The operations of multiplication, division, and finding pro-

portionals can be performed by means either of the top or of

the bottom scales and in a variety of ways, and for these

purposes the top and bottom scales may be considered as

independent.

It may amuse the reader to find the product of, say, 21 by 31

in as many ways as he can.

It is possible to read this product in 31 ways with 20
difterent settings, though these are not all equally convenient

or accurate.

The bottom scales are to be preferred to the top scales if

absolute, not relative, accuracy is required in a series of readings

or calculations.

That is to say, we can read off a single answer more
accuratel}^ from the bottom scales, but if a series of results are

to be read from the bottom scales we shall very probably find

ourselves obliged to reset the slide, and thereby to introduce

an error which will aftect some of the readings and not

others, and will therefore diminish the relative accuracy of

the series.

Squares and Square Roots.

10. It is clear from what has been said above that if a point

P is marked to read x on the top scale (see Fig. 1 4), then the

distance AP represents logx, and the same distance on the

bottom scale represents J logx or logVx; the point Pg on the

bottom scale is therefore marked to read \/x.

/A
/
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usually read by means of the Cursor, or hair line, which slides

along the ruler and is always perpendicular to its edge. The
cursor is generally made use" of when the scales on which corre-

sponding readings are to be taken are not in contact.

In finding square roots care is requisite not to confuse such

numbers as 20 and 2, 17 and 17, or -7 and -07.

If we look on the bottom scale as running from 1 to 10 it

follows, from the mode of construction of the instrument, that

the top scale must be regarded as running from 1 to 100. Thus
the first or left-hand half of the top scale reads from 1 to 10,

and the second or right-hand half reads from 10 to 100. Con-
sequently 17 is on the right half of the top scale of the ruler,

and 1"7 is on the left, and the square roots of these quantities,

namely 4*123 and 1'304, are found at the corresponding points

on the bottom scale of the ruler. If the square root of a

number not lying between 1 and 100 is required, we may
express it in terms of a number between 1 and 100.

Thus, if we require \/-0017, we write it j^qJH, and if we
require v/1700000 we write it 1000x/l7.

Or, we may proceed thus

:

We have looked upon the top scale of the rtder as representing

numbers from 1 to 100, and the bottom scale of the ruler as

representing numbers from 1 to 10.

But, inasmuch as multiplication of numbers by any integral

power of 10 does not alter the decimal portions of their

logarithms, we see that (n being an integer"^)

* In other words, if a logarithmic scale were constructed of indefinite

extent it would consist, as already stated, of repetitions of the scale

from 1 to 10, the successive portions, from left to right, running

...lO-'i tolO-°+i; ...OlOtol; 'l to 1 ; 1 to 10 ; ...10'^ to lO'^+i... .

Only one or two portions of this indefinitel}' long scale are constructed.
(See Fig. 3.)

We see incidentally that the corresponding scales of the ruler and of

the slide need not represent the same portion of the infinite logarithmic
scale, but that, in every case, if the corresponding readings are :

Ruler 10° x y 10°+i,

Slide lO"" xi yi
10™+i,

w^e have log y - log x = log yi - log Xi

,

log X - log lO'^= log Xi - log 10™.

By these considerations it is clearly possible (but not desirable in

practice) to place the decimal point, thus giving precise values to the
numbers used, at every step in the work.
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if the top scale is looked on

as representing numbers from

1 to 100

100 to 10,000

10000 to 1,000,000

•01 to 1

•0001 to 01

102^ to 102n+2

then the l>ottom scale must be
looked on as representing

numbers from

1 to 10

10 to 100

100 to 1000

•1 to 1

•01 to 1

10^ to lO^+i

and the following procedure will hold good.

Find by inspection, as already explained, the characteristic of

the logarithm of the number whose square root is required.

(i) If the characteristic is even, take the number in the left

half of the top scale ; if it is odd, take the number in the

right half.

(ii) If the characteristic is even, its half is the characteristic

of the logarithm of the square root. If the characteristic is

odd, its half, increased numerically by J, is the characteristic

of the logarithm of the square root.

Thus, for >y^0017, characteristic is 3. Therefore the charac-

teristic for the square root is J or 2, and the square root

has one zero before the significant figures. So that the required

square root is '04124.

In practice mental arithmetic will show by inspection the

first figure of the root.

Another method of finding square roots is to '^invert" the
slide so that the top scale of the slide is in contact with
the bottom scale of the ruler. Now, bringing the end of the

inverted slide opposite the given number on the top scale of

the ruler, find (using the cursor) where the readings on this

scale and on the top scale of the slide are the same. Either
reading is the required square root. Care is required, as in

the other method, to distinguish between v^ and v^lOn. The
same method might be carried out using the bottom scales.

Ex. 1. Set the rule to read (a) area of circles when diameter
is given, (b) radius of circle when area is given.
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Ex. 2. The time of oscillation of a simple pendulum is given
by the formula .-

where t = length of the pendulum in feet,

g == acceleration due to gravity = 32'2 f./s^.

Find the times of oscillation of pendulums 2, 20, and 50 feet

long.

Ex. 3. Find the length of the side of a square whose area is

370 sq. yards.

Ex. 4. Plot on squared paper the curves whose equations are

y = x2 and y = x^,

taking 10 inches to represent unity in each case, and taking x
between and 1.

Ex. 5. The size of a map is 15" x 12".

What will be the sides of a new map of the same extent
of country, but of |ths of the area of the old map 1

Ex. 6. Obtain a series of fractions which are approximately

equal to \/2.

[t2' ff' ii ^^^ some answers.]

A similar problem occasionally arises in deciding on the

number of teeth in a pair of cog wheels which are required to

approximate to a given velocity ratio, e.g. in the case of an
orrery.

Combined Use of Slide and Cursor.

11. If the value of y is required from the equation

abed
y = J

pqr

we may proceed, using the top scale, as in the following

example

:

Given that 1 cubic foot of water contains 6 "25 gallons,

that the cross section of a pipe of uniform bore is 1*7 square

inches, and that the pipe delivers 35 gallons of water per

minute ; find the velocity of flow in feet per second.
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We have at once, if this velocity is denoted by v,

144

%vhence

17 .35
X V X 60 = cubic feet delivered per minute

6-25'

35 X 144 X 1 X 1

1-7 X 60x6-25

The steps in the work are shewn in Figs. 15, 16, and 17

a 35

J^l- 17

a

79

6-25

Fig. 15.

Fig. 16.

Fig. i;

(1) Underneath 35 on the top scale of the ruler set 17 on
the top scale of the slide (Fig. 15).

(2) Without moving the slide, set the cursor to 144 on the

top scale of the slide.
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35 X 144We could now read the value of ——=— on the top scale

of the ruler, but as we do not require this value we do not

trouble to read it, but proceed to divide it by 6. Thus,

(3) Without moving the cursor set the slide (Fig. 16) until

6 on its top scale is underneath the cursor.

(4) Without moving the slide, set the cursor to 1 on the

top scale of the slide.

(5) Without moving the cursor, set the slide (Fig. 17) until

625 on its top scale is underneath the cursor.

(6) Read the result 79 on the top scale of the ruler

opposite 1 on the top scale of the slide.

(7) Place the decimal point by rough cancelling or inspection.

Thus the answer is 7*9 feet per second.

An equation of this form is of very frequent occurrence,

and the following points are worthy of note :

(1) The factors are taken in the order a, p, b, q, c, r, d, ....

(2) It will be found convenient to make the number of

factors in the numerator exceed the number in the

denominator.

Thus, to find y, where
^y^

pqrs

we should write the equation

axbxlxlxl
y = •

p X q X r X s

(3) The position of the decimal point should be left till the

end. In ninety-nine cases out of a hundred it is

seen by inspection. When that fails the roughest
arithmetical cancelling will fix it.

(4) The cursor should be used near the middle of the ruler,

and the slide should not be pulled much more than
half way out.

(5) The first factor of the numerator, and the final answer,

are read on the ruler. All the other factors are

read on the slide. The slide is moved when setting

factors belonging to the denominator. The cursor

is moved when setting factors belonging to the

numerator.
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In many cases, of which the following example is a type, the

top and bottom scales are both employed.

If w = weight of a projectile in pounds,

d = diameter of its base in inches,

v = its initial velocity in feet per second,

I = length of bore in feet,

then p the pressure (average) on the base of the projectile as

it passes down the bore is given in tons per square inch by
the equation

Wv2 Wv^ xlxlxlxl
^""

««,^ 7rd2 / ^^16x2240x7rd2xZ'
2g X 2240 X —— X /

4

The steps are :

(1) Underneath W on the top scale of the ruler set 16 on

the top scale of the slide.

(2) Without moving the slide, set the cursor to v on the

bottom scale of the slide. Under the cursor we

could read -—- on the top scale of the ruler.

(3) Divide by 2240, multiply by 1, divide by tt, multiply

by 1 as before, in the manner already explained.

Taking the factor d^ next,

(4) Without moving the cursor, set the slide until d on

its bottom scale is underneath the cursor.

(5) Without moving the slide, set the cursor to I on the

top scale of the slide.

The process is really more clear when represented symboli-

cally. Thus,

We let the slide give the value of

v^, taking v on the bottom scale.
(l)and(2) ^=^.
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We do not actually read x, y, z, and u, but employ the

cursor to record their values as long as they are needed.

In the problem just worked out, we found squares on the

top scales by setting v and d on the bottom scales. If the

converse case arises, and we have to deal with Vx by working
the problem on the bottom scales and setting x on a top scale,

care is necessary to select the right square root and not \/lOx.

It may be useful to deal with the square root factor last, as

thought may be saved by a knowledge of the approximate

answer.

General advice.—The reader is advised :

(1) To use the instrument constantly.

(2) To remember the very important mnemonic given in

Sec. 8 (p. 16).

(3) If in doubt to work an easy case, e.g. 2x3; square

of 2 ; square root of 4 or -04
; cube of 2 ; cube root

of 8 or of '125 ; sine or tangent of 30°.

(4) Never to run the slide further out than can be helped.

When there is a choice, to take the readings close

together. To leave the decimal point alone as long

as possible.

(5) Never to allow any portion of the cursor to be off

the rule. Thus, if \/94 is required, use the end of

the slide as a cursor.

EXAMPLES.

1. Find the weight of a cubic foot of copper, steel, and
cast iron, given their specific gravities to be 8 8, 8, and 7 6

respectively.

2. Find the weight of 100 yards of No. 5 B.w.G. copper

wire, sectional area "0353 of a square inch. Find the diameter

of the above wire.

3. Set the instrument so as to read off the weights of

100 yards of copper wire of diameter y^g, J, ^^ in. respectively.

4. The energy of a projectile is

E = foot-tons,
2g X 2240
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where w = weight in pounds,

V = velocity in feet per second,

g = acceleration due to gravity = 32*2 f./s.s.

Find E in the following cases

:

V W Diameter in inches.

2050 215 grains -303

1900 1250 pounds 135
2100 1250 „ 13-5

1800 100 „ 6

1500 45 „ 4-7.

5. Captain Orde Browne's rough rule for penetration x of

wrought-iron armour is

X = -001 vd inches,

where v = strikino: velocity in f.s.,

d = diameter of shot in inches.

Compute X for the cases given in Q. 4.

6. The mean pressure p in tons per square inch on the

base of a projectile during its passage down the bore of the

& wv^ 4E
^ ^ 2g X 2240 X 7rd2 X Z

^^"^ ^ ^t^V
4

Avhere Z= length of bore in feet

nd—— suppose.

Compute p for the last two cases of Question 4, taking n to

be 40.

7. The greatest bending moment on a beam resting on
supports at its extremities and uniformly loaded is

M =— pounds inches,

where W = total load in pounds,

I = length between support in inches.

Calculate M when

/= 10 20 24 feet

W = 970 1320 3700.
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8. The moment of resistance in a beam of rectangular

section IS ^^ ^ i g^jj2 pounds inches,

where b = breadth of beam in inches,

d = depth ,, ,,

S = the greatest intensity of tension in the fibres of the

beam in pounds per square inch.

Calculate Mr when

b-=5, 105, or 13 inches,

d = 5, 10*5, or 13 inches,

S = 3000 lb. per square inch.

9. If the greatest admissible value of S in a timber beam
is 3000, find W, the greatest admissible uniformly distributed

load on a beam of length I supported at the ends, by equating

the bending moment to the moment of resistance in Q, 8.

10. By means of Q. 7 and 8 verify the approximate rule

:

Safe dead load at centre of a rectangular timber beam rest-

bd2
ing on supports at its ends is —j- hundredweights, I being the

length in feet, b and d the breadth and depth in inches.

The maximum bending moment due to a load at the centre

is double that due to the same load uniformly distributed.

11. The rough rule for the breaking load on a wire rope is :

Breaking strain in tons,

S = square of circumference in inches.

Find S for ropes of ^", J", §", and IJ" diameters.

12. If a beam of rectangular section is supported at its ends

and loaded with a weight of W pounds, the deflection D at the

centre is given by

1 W/3
D = -

^^-^3 (load W at centre)

= ~ (load W uniformly distributed),

/, b, d being length, breadth, and depth in inches, and E the

modulus of elasticity.
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Find D for an oak beam 20 feet long, taking

E = 1700000, W = 1500 pounds,

b = 8, 12, 15, d = 10, 12-5, 17.

13. From the formula P = x -^- find the centrifugal
g 3600

pull P lb. of a weight W rotating, at a distance R feet from an

axle, at N revolutions per minute.

Take W = 50 lb., R = -i foot, N - 137.

14. The tractive force exerted by a locomotive engine being

assumed to be 27
p =—^ pounds,

where d = diameter of cylinders in inches,

/ = stroke ,, ,,

p = pressure of steam in pounds per square inch,

D = diameter of driving Avheel in inches.

Compute P when d=10i, Z-18, p-140, D = 36.

15. The indicated horse-power (i.h.p.) of an engine being

given by
^^2

I.H.P.

2 —i— X p X / X n
4

33000 X 12

where d = diameter of the cylinder in inches,

/ = stroke ,, ,,

p = mean pressure in pounds per square inch,

n = number of revolutions per riiinute.

Compute I.H.P. where

(1) (2) (3)

d= 12 15 17

1= 16 18 24

p = 100 150 150

n= 70 90 40
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16. The piston speed v of a locomotive in feet per second

is given by

_ 2ZVx 1760x3 _ .Q04 V

Z

^~
36007rD ~ D^'

where D = diameter of driving wheels in feet or inches,

Z = stroke of cylinders in feet or inches,

V = train speed in miles per hour.

Take D = 6 ft. 2 in.,

Z = 22 inches,

V-55.

17. When the train runs round a curve of radius R feet

with a velocity of v feet per second, then, in order that there

may be little lateral pressure on the rails, the outer rail must
be elevated about x feet above the inner, where

^ 3219R^ '

I being the gauge in feet =4 ft. 8 J in. on British narrow-

gauge railways.

Notice that x varies at dilFerent speeds, so that in practice

the rail is set for an intermediate speed.

Find X in inches when

V = 30 miles an hour,

R = {a) 600 yards, {h) 900 yards, {r) 937 yards,

Z = (l) 4 ft. 84 in., (2) 1 metre.

18. Compute the buoyancy of a cask by Major Collins'

formula, viz.

:

Buoyancy in pounds = bcH - w,

where c = mean circumference in feet,

Z = length measured along a stave in feet,

w = weight of cask in pounds.

Take c = 7 ft. 3 in.,

Z = 4 ft. 9 in.,.

W = 70 pounds.
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19. An electrical current liberates x cubic centimetres of

mixed gases (H and O) per second by decomposition of water.
The current C in amperes is given by

•1733'

the barometer being at 760 mm. and temperature 0° Cent.
If the barometer stands at h mm., and the temperature is

t° Cent., the formula becomes

C =

1733 X
^^^

X ^-?I^±^

Take temperature 7°,

pressure 783 mm.,

gas liberated = 37 c.c. in 4 minutes.

20. A troopship costs £400 a day for provisions, wages,
etc., and at 8 knots the daily consumption of coal is 50 tons,

costing 10s. per ton, and the daily coal consumption varies as

the cube of the speed.

Draw a graph shewing the relation between the cost of a
voyage of given length and the speed for speeds ranging from
8 to 16 knots.

S.-B.



CHAPTER IV.

CUBES AND CUBE ROOTS. INVERSION OF THE SLIDE.

QUADRATIC AND CUBIC EQUATIONS.

Cubes and Cube Roots.

12. To cube and extract cube root we must use the slide

as well as the ruler.

When " 1 " on the bottom scale of the slide is opposite x on

the bottom scale of the ruler, then, as already shown, x^ on the

top scale of the ruler is opposite " 1 " on the top scale of

the slide, and by the principle of multiplication (Fig. 7, p. 11),

opposite X on the top scale of the slide we find x^, say n, on
3

the top scale of the ruler [and x2 at the corresponding point

of the bottom scale of the ruler, provided care is taken to

read the correct square root on the latter scale as already

explained].

If the reader will try to cube 5 in this maimer he will find

that, if the slide is out to the right, the 5 on the top scale

^ A P/ D
/ x^ n
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The operation of finding cube root may l)e performed by
trial by reversing the above process. Thus, if the slide is

moved in and out until the reading, say, x on the top scale of

the slide opposite, say, n on the top scale of the ruler is the

same as the reading on the bottom scale of the ruler opposite

the end of the slide, we have in Fig. 18

Reading at Pg = x,

and therefore Reading at P^ = x^

;

and consequently, the distance PQ being the same whether
measured along the ruler or along the slide, we have

log n - log x^ = log X - log 1,

whence 3 log x = log n,

or X = n3

.

Again, in Fig. 19, we have, equating the two expressions

for the distance PD,

c



36 SLIDE-RULE NOTES

and log X + log z = log 10^ since AP + BjP^ makes up the whole

length of the ruler.

Inverting the slide is convenient when several reciprocals

are wanted, but when the reciprocal of a single number only is

required, it may be less trouble to proceed as in Section 7, p. 13.

/A
/
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difFereiice, and we might, of course, have employed the bottom
scales.

We have only to suppose either x or z to equal unity

to see how multiplication can be performed with the slide

inverted.

We thus obtain Fig. .22, the verification of which may be

left as an exercise for the student.
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If we write the original equation in the form

P ^ r

1/s l/q

we may again consider this equation as a diagram of the slide-

rule setting.

Ex. 1. A gun is situated 121 feet above sea level. Set
the slide-rule to read angles of depression m in minutes for a

series of long ranges in thousands of yards.

Here, if y = angle of depression in minutes and the range
= X yards = 3x feet,

~— = sin y or tan y = circular measure of y nearly

Try y
180 X 60 3440

We write the equation

121 _ 1146 X
1/1146" 1/121 ~l/m

_ ^

To guard against mistakes as to the decimal points, note
that when m = 121, x=1146.
A few results are tabulated below :

X

7,000 yards -

8,000 „ - -

9,000 „

10,000 „
-

Ex. 2. Plot the hyperbola whose equation is xy = 12.

Ex. 3. A merchant has the monopoly of the sale of articles,

each of which costs him three shillings in all. Assuming that the

number sold varies inversely as the square of the selling price,

plot graphs shewing the relation between selling price, number
sold, and total profit if there is an annual sale of 20,000 when
the price is four shillings.

[For the justification of the assumption, see Jevons, Theory of
Political Economy, p. 158.]
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Cube Root by Inversion of the Slide.

14. Invert the slide and pnll it out until the " 1 " at the centre

of the inverted top scale of the slide is below the number on
the top scale of the ruler whose cube root is required.

Then, using the cursor, find the points at which the reading

on the bottom scale of the ruler is the same as that immediately

above it on the inverted top scale of the slide. We might
alternatively find where the reading on the top scale of the

ruler is the same as that immediately below it on the inverted

bottom scale of the slide.

It will be found that for every setting of the instrument

two such coincidences of reading can be found by either

alternative.

Care must be taken to select the proper reading, that is, to

find the cube root of n, the number sought, and not of lOn or

of lOOn.

Figs. 23 and 24 illustrate this.

We will suppose that the final results are to be read on the

lower scale of the ruler.
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while, if the second coincidence occurs at R, we have, in like

manner,
j^^ ^2 - log n = log 10 - log z,

so that z = (10n)3.

That is, if we set the central " 1 " on the inverted top scale

of the slide to a number on the first half of the top scale of

the ruler, we shall find two points Qg, R2 on the bottom scale

of the ruler at which the readings coincide with those imme-
diately above them on the inverted top scale of the slide.

The coincidence to the left gives the cube root of n, and the

coincidence to the right gives the cube root of lOn.

Now, let m= lOn be a number between 10 and 100. Then
in Fig. 24 we have, at the coincidence Rg on the left, a

reading z, and
logm - log z2 = log lOz - log 10,

whence z = (m)3 = (I0n)3
;

R
rh

M

m
Invertpd.

z n
u.

^2

Fig. 24.

while at S, where the second coincidence occurs, we have a

reading u, and

log u^ - log m = log 10 - log u,

so that u = (10m)3 = (100n)3.

Thus, if we follow the plan described of

{a) reading the final results on the bottom scale of the

ruler,

{h) setting the central " 1 " on the inverted top scale of the

slide to the number on the top scale of the ruler whose cube
root is required, the following statements hold good :

L A number, the characteristic for which is a multiple of 3

(such as 3, 0, or 3), may be taken on the left-hand

half of the top scale of the ruler, and its cube root
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will be given hy the coincidence on the left, namely
at Qg in Fig. 23.

II. A number, the characteristic of which is one more than

a multiple of 3 (such as 1 or 2), may be taken on
either half of the top scale of the ruler, and its cube
root will be found at the right-hand coincidence Rg in

Fig. 23, or the left-hand coincidence Rg in Fig. 24.

III. A number, the characteristic for which is huo more than

a multiple of 3 (such as 2 or 1), may be taken on the

right-hand half of the top scale of the ruler, and its

cube root will be found at Sg, the right-hand coin-

cidence in Fig. 24.

It will be observed that if the cube root of n is read on the

bottom scale of the ruler, the reading above it on the top scale
2

of the ruler gives the value of n3.

The reader will find on trial that the cube root of any
number can be found from either half of the top scale of the

ruler, but that adherence to the above directions will avoid

resettings due to the slide having been pulled too far out or

in the wrong direction. In practice the first figure of the

required cube root can always be found by inspection, and it

is therefore at once seen whereabouts on the bottom scale of

the ruler to look for the answer, and consequently which
way to run the slide.

Ex. 1. Plot on squared paper the curves

y = x4,

(a) for values of x between and 1,

(b) for values of x ranging from 1 to 10.

Ex. 2. If a shell of diameter 3 inches weighs 14 pounds, what
will be the weight of a geometrically similar shell of the same
material 3 "3 inches in diameter 1

Ex. 3, The powder charge of a common mine in earth is

given by the formula ^
=— pounds,

where I = line of least resistance in feet.

Find c when Z= 12, 15, 18 feet.
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Ex. 4. A spherical leaden bullet which will just enter the bore
of a " 20 " bore gun weighs J^th of a pound. Taking the
s.G. of lead as 11-4, find the diameter of a 4, 12, 16, 20, and 28
bore gun.

Solution of Quadratic Equations* (with Real Roots).

15. The principle upon which the solution depends will be
readily understood by considering a simple example.

Suppose we have to solve the equation

x2 + 4x = 7,

or, as we may write it, x(x + 4) = 7.

We see at once (Fig. 25), using the bottom scales, that if 1 on
the slide is over the correct value of x on the ruler, then the

X+4-
X

Fig. 25.

value of X + 4 will be found on the slide over the 7 on the
ruler ; consequently the problem is reduced to that of getting
the slide into this position. This is effected by trial by observing
that the values of x and of x + 4 differ by 4. Therefore, we
must move the slide until the readings on the ruler below the

end of the slide and on the slide over 7 on the ruler differ

by 4. We thus readily find 1-315 as one value of x.

Algebraic Theory of the Method.

16 Taking x^ + px + q = as the standard quadratic equation,

the ordinary process of solution gives for the lOOts

(i) x = p + \/p2 - 4q
or

p - x/p2 - 4q ;

* A considerable number of slide-riile solutions which liave been
suggested for the quadratic and cubic equations are referred to in the
Encyclopddie der Mathe^natischen Wisseu-Hchafteii, vol. i. p. 1057.
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calling these cc and /5, we have at once, on adding,

OL + /3= -p,

and on multiplying together,

or, taking [rx] [^] [p] [q] as the positive numerical values of

a, 13, P, q, we have
^^^^ ^^^ ^ ^^^

(i) [a] + [/3\ = [p] if q is positive,

(ii) [oc] ~ [ff]
= [p] if q is negative.

Now, using the bottom scales, bring the slide by trial into

such a ))osition that the reading on the ruler under the end
of the slide and the reading on the slide over q on the ruler,

amount to p in case (i),

diffe7' by p in case (ii).

These readings give the two roots. Their signs must be
obtained by noticing that in case (i) both roots have the same
sign, the opposite to that of p, and in case (ii) the roots have
opposite signs, the numerically smaller root having the same
sign as p.

From the fact that oc/3 = q we see that the second root of

the equation x2 + 4x = 7 is the value of the other factor on
the slide rule, namely 5 "31 5, and that its sign is negative.

An alternative process, handy when familiarity with the

use of the inverted slide has been obtained, is to invert the

slide, and, using the l^ottom scales, bring the end of the slide

opposite q on the ruler, and, using the cursor, find where the

readings under the cui'sor on ruler and slide,

amount to p in case (i),

differ by p in case (ii).

In both methods, care is requisite to solve the equation

given, and not, for instance, the equation

x2 + px^ 10q = 0.

It will be found that using the top scales sometimes renders

a mistake of this kind less likely. (See Fig. 2G.)

The slide may be out either to the right or to the left, and
the position of the decimal point is most easily obtained by a
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knowledge of the theory of quadratics, which enables the

approximate value of the roots to be seen by inspection.

The value of q may always be supposed to lie between
1 and 100, for the roots of the quadratic in question may be

multiplied or divided by 10 until this is effected.

[E
P
tx

B

9
Inverted

(/

Fig. 26.

Thus, the roots of

x2-19x + 3100-0
are respectively ten times the roots of

x2-l-9x + 31 = 0.

As an example, Fig. 27 shows the solution of the equation

x2-8x+13 = 0,

using the bottom scales. The roots are 5'73 and 2'27.

It is generally quite easy to see the approximate value of a

root. Thus x^ - 7x - 24 is negative when x = 9, and positive

when x = 10. Therefore the equation x2-7x-24 = has a

root between 9 and 10. As an alternative, the formula (i)

might be used to give a rough value of a root.

IZZInverted

13 S73

Examples.

Fig. 27.

x2 - 5x 4- 6 = 0,

x2- llx+ 30 = 0,

x2-155x + 750 = 0,

x2+ 65x + 750 = 0,

[2 and 3]

[5 and 6]
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x2- 65x + 300 = 0,

x2- 35x + 300 = 0,

x2 - 5x + 2 = 0,

x2 - 5x - 2 = 0,

x2 + 500x+ 90 = 0,

x2- 50x+ 2 = 0,

x2- 50x+ 20 = 0,

x2- 5x-200 = 0.

Solution of a Cubic Equation.

17. The principle upon which the solution depends is

analogous to that adopted in the case of the quadratic.

Thus, taking as an example the equation

x3 + 2x - 5 = 0,

which we may write x(x2 + 2) = 5,

we see that if the slide is in such a position that its end
is over the correct value of x on the bottom scale of the ruler,,

then over 5 on the bottom scale of the ruler must be the value

of the other factor x2 + 2 on the bottom scale of the slide.

x2^2
X

Fig. 28

The reading on the top scale of the ruler over x on the bottom
scale is, of course, x2. Hence we effect the solution by getting

the slide, by trial, into a position such that the reading on the

bottom scale of the slide over 5 on the bottom scale of the

ruler is 2 more than the reading on the top scale of the ruler

over the end of the slide. The root proves to be 1*345.

Example. Give an analogous method of dealing with the

equation
x3 + x2 = 12,13,. or U...
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Algebraic Theory of the Method.

18. Taking x^ - 3bx2 + 3cx4-d =

as the general form of a culjic, if we replace x by z - b it is

easily seen that the coefficient of z^ disappears, and, as x is of

course known as soon as z is known, we may take z^ + pz + q =
as a form to which any cubic equation may be reduced. This
equation may have one real root or three.

Let (X be the single real root, or the numerically largest of

the three real roots, as the case may l)e. Then if ^ and y are

the other roots, z - oc, z - /3, and z - y are factors of z^ + pz + q ;

and multiplying these factors together and comparing the

result with z^ + qz -f q, we see that

oc + /3 + y = 0, (1)

oc/3 + /3y + yrx. = p, (2)

«./3y= -q (3)

Hence, putting /3y = X, we have

rxX= -q,

X - a^ = p.

We notice that X is essentially a positive quantity ; for, if ^
and y are real, they have like signs, and if /5 and y are

imaginary, their product is positive.

We notice also the sign of ol is the opposite to that of q,

and that ex? is greater or less than X, according as p is negative

or positive. To solve the equation, ascertain first a rough
approximation to the value of oc.

It is generally quite easy to find the consecutive integers

between which the numerically greatest root lies; for, as already
stated, the sign of oc is opposite to that of q.

Thus x^ - 17x4-12 is negative when x= -5, and positive

when X = - 4 ; consequently it changes sign, by passing through
the value zero, for a value of x between - 4 and - 5 ; or, in

other words, the equation

x3- 17x4-12 =

has a root between - 4 and - 5, and this is the numerically

greatest root ; for, since the sum of the roots is zero, and the.
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numerically greatest root certainly negative, there can be no
other negative root.

To solve the equation, adjust the slide by trial until the

readings on the top scale of the ruler over the end of the

slide, and on the bottom scale of the slide over q on the bottom
scale of the ruler differ by p.

An alternative method, which avoids the necessity of con-

tinuall}^ shifting the slide during the process of adjustment, is

to invert the slide and bring its end opposite q on the bottom
scale of the ruler (Figs. 29 and 30). Find where the readings

rx^

Inverted A

a

Fig. 29,

(L

\A

A In verted

OL

Fig. 30.

on the top scale of the ruler and on the bottom scale of the
slide differ by p, and then by means of the cursor read a. at the
corresponding point of the bottom scale of the ruler, using
the approximate value as a check. The other two roots, if

real, may be found without altering the setting by noticing
that a./5 is essentially negative, and thus we have from equa-
tion (2) above, putting ol^= - ju,

y^ + M= -p-

Hence, if we find where the sirm of the readings on the top
scale of the ruler and on the bottom scale of the slide amounts
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to p, we read by means of the cursor /5 and y at the corre-

sponding points on the bottom scale of the ruler.

The solution of the equation

x3-7x + 7-0

by this method is exhibited in Fig. 31.

When the reading on the top scale of the ruler is 9 '3, the

reading on the bottom scale of the slide is 2 '3.

(L 1832-9 93
—4—

Tnverted 119 If £Z

135 h
1

3048

Fig. 31.

These differ by 7 ; consequently the numerical value of the

largest root is 3 '048, and, since q is positive, the root is nega-

tive, namely, -3 •048.

Where the sum of the readings amounts to 7, we read 1'7

and 1"35, or more accurately, 1"692 and 1"356, as the corre-

sponding roots.

EXAMPLES.

1. Solve the equations :

x3 - 19x - 30 = 0, [Roots 5-2-3]

x3 - 28x - 48 = 0,

x3-2x-5 = 0, [Root 2-094]

x3 - 91x - 330 - 0, [Roots 11-5-6]

x3 - 2x - 500 = 0,

x3 - 20x - 5 = 0,

x3 - 200x -5 = 0,

x3 - 20x - 50 = 0,

x3 - 7x -f- 2 = 0,

x3 + 7x + 2 = 0,

x3 -h 7x -f 20 = 0,

x3 - 3x2 4- 7 = 0.

2. A loan of £100 is to be repaid by three equal instal-

ments of £36, at intervals of 6, 12, and 18 months. Find
the true rate of compound interest charged.
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3. The volume of a sphere is f 7rr^, and the volume of a
spherical cap of thickness h, cut from a sphere of radius r, is

Find the thickness of a cap whose volume is J, ^, |, ^,
i

of that of the sphere.

4. A body of specific gravity s which floats in water has s

of its volume below the water line. What is the depth of

immersion of a sphere of specific gravity '3, "5, 7, and radius

2feet^

S.-R.



CHAPTER V.

THE TRIGONOMETRICAL SCALES.

19. AVhen a quantity y is given in terms of a quantity x by
an equation, y is said, in mathematical language, to be a function
of X.

Thus y = sin X, y = cos x,

y = tan x, y = cot x,

as well as y = x^,

y - e^,

y = log X,

are all instances in which y is a function of x.

Let us use the symbol f(x) to denote any of these functions

of X.

We may construct a logarithmic scale for the function f(x)

in the following manner.
Let f(a) = l. Then, taking a starting point and marking

it a, because
log f(a) = log 1 = 0,

set off a distance log f(x), and mark the extremity x.

fraM

'A
/
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expressions for the distance AP, that logf(x) = logn, and there-

fore that f(x) = n and f(a) = l. That is, we can read off the

numerical value of f(x) for any given value of x within the

limits of the scale.

Again, in Fig. 33, shewing the same scales in any relative

position, we have, equating the two expressions for the

distance PQ on either scale.

log f(y) - log f(x) = log n - log m.

whence
m n

f(x) f(y)

P Q
^loon-log.m ^

X y
^log.ffy)-logf(Xh

Fio. 33.

We note once more that, by a little stretch of the imagina-
tion, the equation in this form may be thought of as shewing
how the two scales are set in order to solve it.

The trigonometrical functions of x dealt with by means of

the ordinary slide-rule are sin x (and hence cos x, cosec x, and
sec x), tan x (and hence cot x), and these we proceed to

consider.

The Sine Scale.

20. On the back of the slide are three scales. Dealing
first with that which is marked S, and which we shall term
the S scale; if the slide is "upset" and run home, then
immediately below each graduation on the top scale of the
ruler, regarded as running from '01 to 1 (see § 10), is marked
on the S scale the angle which has that number for its sine, so

that in Fig. 3-1

AP = logx-log(-01)

whence

= log sin a - log sin 34',

X = sin a.



52 SLIDE-RULE NOTES

The graduations on the S scale run from 34' to 90°

(sin 34' = "01). The gradations by which the graduations pro-

ceed vary slightly in different types of instrument. The
student must familiarise himself with the instrument he

intends to use (see p. 10).

/A
/
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The reader will note that beyond 70° the graduations on

the S scale are veiy close together. For a reason explained

subsequently (§ 3(S), this is of little importance for many cal-

culations. In any special case, we may often avoid the use of

this part of the scale by a knowledge of elementary trigo-

nometry ; thus, if we require sin 86\ we may say (see Fig. 35)

244

573

Fit;. 35.

sin 86° = cos 4° = 1 - 2 sin2 2° = 1 - 2
27r\2

180

= l-2x
57-3

nearly = 1 - 00244

-= "99756, which is correct to five places.

The Tangent^ Scale.

f(x) = tan X.

22. -The scale marked T (termed the T scale) is constructed

in an analogous way ; that is, the slide being upset and run

home, above each graduation on the bottom scale of the ruler,

regarded as running from ^^ to 1 (§ 10), is marked on the T
scale the angle which has that number for its tangent, so that

in Fig. 34

whence

A2Q3 = logz-log(-l)
= log tan Q ~ log tan (5° 43'),

z = tan S.

The graduations on the T scale run from 5° 43' to 45°.

If the numbers on the bottom scale of the ruler are regarded

as running from 10^ to 10^+^, we have, as in § 10 note, p. 22,

* In some makes of slide-rule, the T scale is made tor use in con-

junction with the top scales. It then runs from 45° (tan 45° = 1) to about
35' (tan 35'= 'Ol). In these instruments the settings for the T scale will

correspond exactly to the settings for the S scale.
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if V and z on the ruler are opposite cj) and 6 on the T scale of

log V - log z = log tan ^ - log tan Q,

1 tan d) tan Q
vvhence J- = ,

V z

and as particular cases (n being an integer)

log 10^+1 - log z = log tan 45° - log tan d,

log z - log 10^ = log tan Q - log tan 5° 43',

and ——p| = tan from either equation.

Ex. 1. Plot the curve of sines, taking 1 inch horizontal to

represent 50° and 10 inches vertical to represent unity.

Ex. 2. Plot graphs representing the curves

y = sin X, y = x, y = tan x,

X denoting the circular measure of an angle. Take 1 inch

horizontal to represent 10° and 10 inches vertical as unity.

Note that the graph of y = x, using these scales, will not be
inclined at 45° to the horizontal.

Ex. It may be shewn by the aid of the calculus that

(i) ^ = sinx + ^sin 3x + -sin 5x ... (0<x<7r).
4 tj

(ii) sinx + ^sin2x + -sin 3x = ^ (o<x<^j

= g<x<^

(iii) sinx- -sin 3x +— sin5x... =x fo<x<^j

fir= X-X (
-- <X< TT

Plot the first four terms of each of these series, shewing how
the compound curve obtained in each case indicates an approach
towards the limiting form.

Hint. Begin by plotting the first term. Obtain the result

of the first and second terms hy plotting the ordinates of the
second on to the first, and so on. (Byerley, Fourier Series.)
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The Indices at the Back of the Ruler.

23. Instead of "upsetting" the slide, we may sometimes

proceed as follows

:

At the back of the ruler there is a small mark exactly

corresponding to the right-hand end (B in Fig. 36) of the

scales of the ruler. Consequently, if the slide is drawn out

P

7 / a

J

Back en

Fig. 3G.

to the right until a. on the S scale is opposite this mark,

tlien in Fig. 36 the slide projects as much on the right as it is

drawn in on the left. Hence,

AP = log sin 90" - log sin a = log cosec oc, and AP =logx,

so that the graduation on tlie top scale of the ruler opposite
"1" on the top scale of the slide reads x where x = cosec oc

(the graduations on the top scale of the ruler being supposed

to run from 1 to 100). Further, the point on the top scale of

the slide opposite the extreme right-hand " 1 " on the ruler

reads z where z = sin oc (the graduations on the top scale of the

slide being supposed to run from 01 to 1).

Tangents may be read in a similar manner, using the small

mark at the back of the left-hand end of the ruler (Fig. 37).

If the slide is drawn out on the left until a. on the T scale is
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opposite this mark, we read x where x = tan oc on the bottom

scale of the slide opposite " 1 " on the bottom scale of the ruler

(the graduations of the bottom scale of the slide running from
"1 to 1), and we read z where z = cot oc on the bottom scale of

the ruler opposite "1" on the bottom scale of the slide (the

graduations on the bottom scale of the ruler running from

1 to 10).

X

«
TT

Back

Fk;. 37.

If the slide is inverted we can use the T scale in conjunction

with the right-hand mark at the back of the ruler. Pulling

out the inA^erted slide to the right until oc on the T scale is

opposite the right-hand mark at the back of the ruler, we read

tan a on the bottom scale of the ruler opposite the end of the

slide and tan^oc (or on adding unity to the reading tan^oc-f- 1,

which is sec^oc) on the top scale of the ruler above the same
end of the slide.

Some Important Applications.

24. To find from the equation

a

c'
sin

First Method (see Figs. 38 and 39).—"Upset" the slide

and pull it out until an end of the S scale is opposite c on the
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top scale of the ruler. Then, the slide l^eing out to the left,

we have in Fig. 38

log sin 90^ - log sin Q = log c - log a,

or, in mnemonic form, a c '

sin ^ sin 90°'

whence opposite a on the top scale of the ruler is S° on the

S scale.
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Notice that the trigonometrical equations are

c/100 a c
o>

sin 34' sin sin 90

and one pair will always give a reading.

It should be observed that this method enables us, for a

given value of c, to read off a series of corresponding values

of a and 0.

In other words, this method gives a convenient solution of

the equation x
x = csin0 or sinO = -,

c

where c is a constant and x. and are variables.

"

In practice, if we remember that

sin 90°= 1,

sin 30° =5,
sin 5° 45' = *!,

sin 34' -01,

as suggested by Major Von Donop, R.A., there will generally

be no difficulty in avoiding mistakes.

Ex. 1. Find from

• -^ ^'"^ (^=rii'),

(e=ir 53'),

(0 = 2° 47'),

(0 = 29° 1').

Ex. 2. Set the slide-rule to read "group differences" for a

"group" G situated at a distance of 72*3 yards from a range-

finding instrument at R.

We have, if the zero line of the rangefinder is at right

angles to RG, and if the angle read on its bottom plate is y,

" Group difference " = x = 72*3 sin y ;

. X 72-3

sin y sin 90°'

SSLll
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which gives

X and 723 on the top scale of the ruler

y and 90° on the S scale of the slide upset'

Some results are tabulated below :

X
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25. Second Method of dealing with the equation

• a ^
sni t7 = -•

c

Without "upsetting" the slide, pull it out to the right until

a on the slide is opposite c on the ruler ; then opposite the

right-hand mark on the back of the ruler read on the S
scale as already explained (§23). (Cf. Fig. 36.) This method
may fail to give a reading if Q is less than 5° 44', but is

sometimes convenient when only one angle has to be dealt

with. Notice that it ojives also the solution of

cosec 6 =
a

Ex. Find from the equations :

sin = ^.

sin = 11.

sin0 = JoV

26. Third Method (see Figs. 40 and 41).—"Upset" and
"Invert" the slide and pull it out until an end of the S scale

is opposite a on the top scale of the ruler. Then, if the slide

is out to the rigJd^ we have in Fig. 40

log sin 90'

a

loo; sin = loo; c - loo; a,

or sin =

whence opposite c on the top scale of the ruler is Q on the

S scale.

/
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the slide, but we have a reading 100a opposite the right-hand

end, and hence

log sin - log sin 34' = log 100a - log c,

a
whence sin =

Cb
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Solution of Plane Triangles.

27. (i) Given the base a and the base angles B, C. This has

been ah^eady dealt with (Ex. 4, page 59).

(ii) To solve a triangle, given two sides a, b and the included

angle C.

First Method.—Take the exterior angle Cj, say.

In practical applications this is as readily measured as the

angle C, and so no subtraction sum is required.

Get the slide by trial into the position indicated by the

following diagram :

a b and c on the top scale of the ruler

A and B making Cj on the S scale of the upset slide

The method is facilitated by having two cursors, setting one

at a and the other at b and moving the slide until the sum of

the readings on the S scale, under the cursors, make up Cj.

It may be necessary to read the S scale backwards, if the

angle B happens to be obtuse.

If the angle A is less than 34', we may solve the triangle

whose sides are 10a and b and included angle C.

This will give us, very approximately, the value of IDA,

whence A is known and then B deduced.

An alternative method consists in breaking the triangle up
into two right-angled triangles.

Taking a numerical example, let (Fig. 42)

BC = a = 2150 yards,

AB = c-375 yards,

ABC = B = 55°.
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Letting fall AM perpendicular to BC, we first find AM and
BM.

Upsetting the slide and bringing 90" on the S scale opposite

375 on the top scale of the ruler, we read off opposite 55° on

tne o scale, ^.— • ..^o ^^^n' AM = 375 sm 55 =307,

and opposite 35° or 90" - 55°,

BM = 375 cos 55° = 375 sin 35° = 215
;

consequently, in the triangle AMC, we have

AM = 307 yards,

CM = 2150 - 215 = 1935 yards

;

307
and consequently tan C =

1935"

So that bringing the end of the T scale above 1935 of the

bottom scale of the ruler, we find above 307 on the bottom
scale of the ruler C = 9° 1' on the T scale.

Fig. 43.

The exterior angle at A is then

55° + 9° l' = 64° 1',

and, since AC cos 9° l' = 1935, to find AC we set 81° on the

S scale, immediately below 1935 on the top scale of the ruler,

and above 90° on the S scale we read AC = 1965 yards.

If the given angle at B is obtuse, it is at once clear on
drawing a figure (Fig. 43) that we work with 180° - B, and
that BM must be added to BC to give CM.
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Ex. 1. If a = 257 yards,

b = 2350 yards,

Ci = 4° 11', 52°, 111°, 170°, find c.

Ex. 2. Shew that if Cj is under 20° or oAcr 160°, then the

third side c = b + a cos Cj nearl}^

Ex. 3. Shew how to solve a plane triangle in which a. A,

and b are given.

Consider a = 240,

b = 355 A = 37°.

Cosines.

28. To find cos we utilise the fact that

cos = sin 90° - Qi

and find the sine of 90° - S by one of the preceding methods.
In practice, instead of performing the operation of sub-

tracting from 90° by mental arithmetic or on paper, we let

the slide-rule do the work for us by counting the degrees

backwards from 90° on the S scale,

counting 0° at 90°,

20° at the point marked 70,

30° „ „ 60,

and so on.

Ex. 1. Plot the curve defined by the equations

x = 10 cos 0,

y = 5 sin + 5 sin 20,

for values of between 0° and 180°.

Ex. 2. Plot the curve

2 cos y -f cos X = 0.

Solution of Spherical Triangles.—A section of a sphere by
a plane passing through the centre of the sphere is a great

circle.

A figure bounded by three arcs of great circles, each arc

being less than a semicircle, is a spherical triangle.

The angles between the planes of the great circle are the

angles of the spherical triangle. The angles which the sides of

the triangle subtend at the centre of the sphere are termed, by
an ellipsis, the sides of the triangle.
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If A, B, C are the angles and a, b, c the sides of a spherical

triangle, then
cosa = cosbcosc + sin b sin c cos A, (1)

with similar formulae for cos b and cos c, while

sin a sin b sin c
(2)

Sin A sni B sm C

Ex. 3. Suppose b^41°7',

= 74° 39',

A = 84' 15'.

Required a. The formula is

cos a = cos b cos c + sin b sin c cos A.

We CA^aluate the terms cos b cos c and sin b sin c cos A

separately.

The steps in the work are :

( 1 ) Upset the slide and run it home.

(2) Count 41" 7' back from the right-hand end of the S scale.

Bring the cursor to the point reached. We could

now read the value of cos 41° 7', viz. "753 on the

top scale. But we do not require this.

(3) Bring the end of the S scale under the cursor and count
74° 39' from the right-hand end of the S scale.

Bring the cursor to the point reached Read the

value of cos 41° 7' cos 74° 39', viz. •1985, under the

cursor on the top scale.

(4) Now, in like manner work out

sin 41° r sin 74° 39' cos 84° 15'.

This proves to be "0632.

(5) Hence cos a = 1985 -f- '0632 = 2617.

(6) Bring the cursor to "2617 on the top scale, run the

slide home, and count backwards from the right-

hand end of the S scale to the point under the

cursor. The result is a. AVe find

a= 74° 50'; more accurately, 74° 46'.

S.-R. E
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Notice that if one of the given parts of the triangle is

obtuse, then one of the terms in the formula will become
negative.

The slide-rule will not disclose the sign of the terms.

Ex.4. b=10ri7',

c= 73° 40',

A= 17°.

Find a.

We know that sin 101° 17' = sin 78° 43',

cos 101° 17'= -cos 78° 43'.

We find cos 78° 43' cos 73° 40' = -0551,

sin 78° 43' sin 73° 40' cos 17° = 895,

whence cosa= - -0551 + -899

= -844, whence a = 32° 25'.

Notice also that, if a is a small angle, this formula is not
w^ell suited to give an accurate result, as the small error in

the numerical value of the cosine will involve a large error in

the angle.

The fundamental formula may be modified in various

ways, e.g.

1 - cos a = 1 - cos b cos c - sin b sin c cos A,

a
i.e. 2 sin^ ^ = 1 - cos b cos c - sin b sin c + sin b sin c (1 - cos A)

A
= 1 - cos (b - c) + 2 sin b sin c sin^ -,

or sin2 - = sin^ —-

—

\- sin b sin c sin^ -,

which, with a little more laboui-, will give a very accurate

result when a is a small angle.

Ex. 5. b = 42° 45',

c = 47°15',

A = 11° 12'.



CRANK ANGLE

The above formula gives

sin2 ~ = sin2(2' 15') + sin 42° 45' sin 47° 15' sin2 5° 36'

= 00154+00473

= -00627, whence sin | = -079,

67

a
= 4' 31',

2

a = 9° 2'.

Ex. 6. Make a table of values of (p and (p' from the refraction

formula
sin 0= 1*5 sm (p .

Ex. 7. Make a table of values of <p for various crank-

angles from the equation

n sin = sin (n = 2, 3, 10).

Fig. 44.

Ex. 8. Use Ex. 2 to make a diagram of turning moment
from the formula

M = Pa sin + (p

cos (p

(Pa = 100).

Complete the columns in order. (See p. 81.)

e+<p M
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Summary.
29. Denoting the angle whose sine is "01 by oc, the equation

X = r sin

may be written in slide-rule form thus,

r/100_ X _ r

sin oc
^ sin ~^ sin 90

(convenient if r is constant), and either the first pair or the last

pair will certainly give a reading.

The equations may also be written

lOOx _ r X

l/sino, 1/sin^ l/sin90

(convenient if x is constant), and either the first pair or the last

pair Avill certainly give a reading.

Tangents.

30. To find ol from the equation

tana.= — (^ being a proper fraction
J.

"VVe notice that if n is less than m the angle oc must be

greater than 45°.

First Method (see Figs, 38 and 39).—Upset the slide and
pull it out until an end of the T scale is immediately above n
on the bottom scale of the ruler.

Then, if the slide is out to the left, we have, in Fig. 38,

, ^ ._o 1 ^ 1 1 tana tan 45°
log tan 45 - log tan a = log n - log m or =—

;

. , tan oc = — ;,

n

and if the slide is out to the right we have the same equation
;

but as n is off the scale, we must use instead the equation

tan 5° 43' _ tan CL

^n/lO ~ m
Thus, in Fig. 39,

log tan a. - log tan 5° 43' = logm - log
10'

tan a. = —

.

n
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We notice that for a given value of n this setting enables

us to read off a series of corresponding values of m and oc; or,

in other words, to solve the equations

X = n tan rx or tan oc = - or x cot a, = n
n

for a series of values of oc or x.

Second Method.—The mode of using the left-hand mark
on the back of the ruler in conjunction with the T scale has

been already explained. This method may fail to give a

reading.

Third Method (see Figs. 40 and 41).—"Upset" and
" invert " the slide and pull it out until an end of the slide

is opposite m on the bottom scale of the ruler.

Then, if the slide is out to the right, we have, in Fig. 40,

log tan 45° - log tan oc = log n - log m,

1 1/tan 45° 1/tan oc
whence -^ = -^

,

m n

m
tan oc = —

,

n

whence above n on the bottom scale of the ruler is oc on

the T scale.

If the slide is out to the left (Fig. 41) we have the same
equation ; but as it fails to give a reading, because m is now
off the scale, we must use instead the equation

log tan oc - log tan 5° 43' = log 10m - log n,

whence tan a = —

•

n

This method enables us for a given value of m to read off a

series of corresponding values of n and oc, or, in other words,

to solve the equation

m m
X = = m cot oc or tan oc = —

tan oc X

for a series of values of oc or x.
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Another way of stating the matter.—The trigonometrical

m
equation tan ol = -- may be written in either of the following

n
slide-rule forms

:

tan 5° 43' tan ol

n/10 m
tan 45'

n
(convenient if n constant)

or
1/tan 5° 43' 1/tan a 1/tan 45° / • j. -r i. ^\-^ = -^ = — (convenient it m constant).

10m ^ ^ \ /n m

To find the Cotangent of an Angle less than 45°.

31, If the slide is inverted and upset and run home, we
have, in Fig. 45, considering the bottom scale of the ruler as

reading from 1 to 10,

/



If
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Find the value of x= 11-5 tan 17° 30', namely 3'63, using

one of the preceding methods.

For instance, upset the slide and bring the left-hand end of

the T scale above 115 on the bottom scale of the ruler, and
beneath 17° 30' on the T scale we read 3*63 on the bottom
scale of the ruler. At the point A erect a perpendicular

AB 3 '63 inches long and join BO. AOB is the required angle.

As a check measure BO. It should be

OA
cos (17° 30')

This can be worked on the slide-rule, as already described,

by setting 90° - 17° 30' on S scale upset under 115 on the top

scale of the ruler and reading 12 "05 on the top scale of the

ruler above the 90° mark on the S scale.

2. Use the slide rule to complete the following columns
from a Traverse, drawing a rough sketch first.

Distance
in feet.
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4. In a map of the north polar regions on an equal-area

projection, the parallel of latitude 90" - K is represented by
XT

a circle of radius 2 sin—. Draw the "graticule" or series of
it

circles for latitudes 70°... 90°.

To find the Sine or Tangent of a Small Angle.

32. The sine or tangent of an angle of 1 minute is

3il7
"'' '^y 3^0-

The sine or tangent of an angle of 1 second is

1 1
or sav

206265 ' 206000*

The sines and tangents of small angles are proportional to

the angles themselves. Consequently, if m is the number of

minutes in a small angle ^, we have

«i"^ =3^ = tana

and if n is the number of seconds in the same angle, then

sin = r.r.r.r.r.r. = t^U Q.
206000

Hence problems relating to the sines and tangents of small

angles can be worked on the front scales. A mark (') is placed

on the S scale corresponding when the slide is run home to

3440 on the top scale of the ruler, and in like manner a second
mark (") corresponding to 20600. This is supposed to save

trouble if we are dealing with a series of small angles, some
over 34' and some under. For an alternative method see

page 38.



CHAPTER VI.

THE LOGOLOGARITHMIC SCALES.

33. The logologarithmic scale was inA^ented by Dr. Peter
Roget, and fully descril^ed by him in the Phil. Transactions

for 1815.

On the line OA, starting from O, measure off a distance

representing log log x on a suitable scale, and mark the

corresponding point x.

O A

10 X 100 1000

O will be marked 10, because

log log 10 = log 1=0.

If 10 inches represents unity, the reading 100 will be 3'01

inches to the right of O, because

log log 100 = log 2 --301.

Similarly the reading 1000 will be 4"77 inches to the right

of O, because , , ^««« i « .„«'

log log 1000 = log 3 = -477.

A number n between 1 and 10 will lie to the left of O,

because in this case log log n is negative.

A number lying between O and 1 has a negative logarithm

;

and as a negative quantity has no real logarithm, the log log x
scale cannot go below 1. In fact the reading 1 is infinitely

distant from the reading 10.

We may, however, construct a log ( - log x) scale for

numbers lying between and 1.

The starting point O will be marked '1, because

log( - log -1) = log 1 = 0.
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This extension of the scale appears to have been first

suggested by M. Blanc (Dyck's Catalog Mathematischer 3IoclelJe,

If an ordinary logarithmic scale on a slide is applied to this

log log ruler (the length representing unity being the same
on both), so that 1 on the slide is opposite 2 on the log log

scale or "ruler," then in Fig. 46, where x on the slide is

opposite b on the rule, we have
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or (B) by means of a special clip it may be fixed to the

ruler, and be used in conjunction with the bottom
scale of the ordinary slide, considered as running
from 1 to 10.

The mathematical principle of the instrument is exhibited
in Figs. 48 and 49.

Notice first that the upper portion of the E scale is the
continuation of the lower portion.

Save for reasons of portability, the two parts would be in

one straight line, as in Fig. 50.

The foregoing statement, and what follows, applies to the
- E as well as to the E scale.

The distance from any point P on the lower portion to the

point Q directly above it on the upper portion is exactly

equal to the length of the bottom scale of the rule.

^^
-> -^ »-

lO t lO lOO

s. Q

P
Fig. 50.

Consequently, if Q is marked x, the graduation z at P is

determined by the equation

log log X - log log z = log 10,

logx = 10logz,

z = xTo or X = 2^°.

EXAMPLES.

1. Read ofi" powers of 2, 3, 1*1, '5 ^n the E and - E scales

respectively.

2. Draw a graph of y^-e^ for values '^f x from 1 to 4.

3. Find (1-5)17.
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4. Make a table of values of p and v from the formula

pvi 065^479,

v = volume in cubic feet of 1 lb. of steam,

p = pressure in Ib./in^.

5. Compound Interest.—Find how long a sum of money
will take to double itself at r per cent, compound interest.

A being amount and P principal,

A=P(l+r)n

and in this question A = 2P,

so that (l+r)^ = 2.

Thus, at 5%, 1 = 1-05

and (1-05)^ = 2.

log log 2 - log log (1 -05) = log n.

The setting is shown in Fig. 51.

/

I4--2
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7. Plot a graph of

y = e-m (0<x<10).

8. Young's Velocity Ratio Problem.—A given velocity ratio

is to be obtained by the use of several pairs of cog wheels,

only two sizes of wheels being used, and the total number of

teeth being a minimum.
If X is the ratio of the diameters of the wheels and n the

number of pairs of wheels, x^ is equal to given velocity ratio

and (x + l)ii is to be a minimum.
This leads to the equation

1 + x"^^^^^'

or, writing y for

1 +y= -logey or

Thus, y is found by trial thus,

l\i+y
= y.

-E
/e ^

y+1

Fio. 53.

the j)oint being noted where the reading on the bottom scale

exceeds the reading on " - E " scale by unity.

9. Draw a graph of Vallier's equation for j^owder-pressure

curve in a gun. y = xe^"^.

The most General Form of Slide-Rule.

35. Slide-rules containing several slides have been proposed,

and also slide-rules containing several scales side by side on
the same part of the rule or slide. Both are somewhat
troublesome to use.
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If a pair of scales for logf(x) are provided in conjunc-
tion with a pair of scales for logn, the general equation

(/oy. ri)
Oy

(^log. 7h) b
( log. f(x))p

{lo^.f(x))

Fig. o4.

corresponding to the setting shewn Avill be

log a - log f(q) = log (b) - log f(p),

a f(p)

b f(q)

A spare slide clipped to the ordinary rule furnishes a
practical method of using such scales for the functions

f(x) = sin X,

f(x) = tan X,

f(x) = log X.

S.-K.
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THE CENTRAL SCALE.

36. The central scale on the back of the slide is simply
a uniformly divided scale, that length which on the bottom
scale of the ruler represents unit}^ or log 10 being divided

into equal parts numbered from right to left, and reading

from to 1.

Consequently, when the slide is upset, inverted, and run
home, if the cursor is set to read a given number on the

bottom scale of the ruler, it will read on the central scale of

the slide, the decimal part considered always as positive of

the logarithm of that number.
The integral part or characteristic must be found by in-

spection as explained in Section 3, For example, we find that

in most of the formulae which have been suggested for the

flow of water in pipes the fifth root of a number is required,

say of 170.

The characteristic of log 170 is 2.

The decimal part is found, as just described, to be '23.

1 223
Hence log (170)5 or ilog(170) = -=- =

-446.

We now require the number whose logarithm is "446, and
reversing the process just described, we find that the significant

figures of this number are 279, and hy p. 6 Ave know that

the number must be 2 '79, whence

v^l70 = 2-79.

The following contrivance enables the logarithm of a number
to be read without upsetting or inverting the slide (see Fig. 55).

The slide is pulled out to the right until its end is opposite

the given number n on the bottom scale of the ruler. The
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instrument being turned over, the decimal part of logn is

read on the central scale opposite one of the right-hand marks
on the ba(ik of the ruler.

loq. 71

BcLCh

Fio. 55.

n

B

<: >

m o

Q B

To find log tan Q we ma}' upset the slide and run it home,
and, using the cursor, find the reading a on the central scale

opposite on the T scale. AVe then have, in Fig. 56,
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unity on the central scale represents 2 on the S scale, we
have, in Fie^. 57, , . -.>.o i • ^ ^' ° log sni 90 - log SHI = 2c;

.'. log sin 0= -2c,

and, as above, L sin = 10 - 2c.
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PLOTTING CURVES FROM EQUATIONS.

The Parabola.

37. y2 = ax. If it is desired to plot the curve for values of

X which increase uniformly, as for example when using

squared paper, we may proceed thus

:

Pull out the slide (right or left) until its end is below a
on the top scale of the ruler.

Kead the values of x on the top scale of the slide, and the

corresponding values of y (using the cursor) on the bottom
scale of the ruler.

The Circle y = a

and

,2'

The Ellipse. y = \)JI-~^.

Pull out the slide until a on its bottom scale is over an end
of the ruler, and opposite x on the bottom scale of the slide

X X
is - on the bottom scale of the ruler, and —^ on the top scale

a a^
^

of the ruler, so that reading the top scale of the ruler back-

wards ( which is equivalent to subtracting —^ from unit}^ ) we
X

write down the series of values of 1—a-
a^

Now pull out the slide until b on its bottom scale is over an
end of the ruler.

Setting the cursor to the successive values on the top scale

X2
of the ruler, of 1—„ ^^ j^^^^ written down, read the set of

a
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corresponding values of b a/ 1—2 ^^^ ^^^ l)ottom scale of the

slide. ^ ^

The work may be conveniently arranged in a tabular form
thus, taking

'

^^2, b = V2,
we find

First
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Alternatively we see that

X = a cos oc,

y = b sin cl

are the coordinates of a point on the ellipse, and by computing

X and y for a series of values of a., using the S scale in the

manner already explained, the curve might be plotted.

The Hyperbola.
(1) xy = c2,

(2)
^-^-'^1

The equation (1) represents a rectangular hyperbola with

the asymptotes as coordinate axes.

Inverting the slide and setting an end of the slide opposite

c on the bottom scale of the ruler, the corresponding values

of y on the top scale of the slide may be read off by means of

the cursor below the values of x on the top scale of the ruler

(see p. 36).

Equation (2) represents an hyperbola referred to its axes.

The equation may be written

y = h

Pull out the slide (normal position) until a on its bottom scale

is opposite an end of the ruler and opposite x on the bottom

X x^
scale of the slide is on the bottom scale of the ruler and -^

2 a ,
a^

(read as -g - 1, by subtracting 1 mentally
j
on the top scale of

the ruler.

The series of values of -s - 1 is written down.

Now pull out the slide until b on its bottom scale is

opposite an end of the ruler. Setting the cursor to the suc-

x2
cessive values (on the top scale of the ruler) of ^ - 1, I'ead

a
/x2

the corresponding values of bw-g- 1 on the bottom scale of

the slide. Here also the work may conveniently be arranged

in the tabular form already explained.
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Barlow Curves.

xy2 = constant = c, suppose.

Invert the slide, and pull it out until an end of the slide is

opposite c on the top scale of the ruler. Below x on the top
scale of the slide read y on the bottom scale of the ruler.

We might equally well read y on the bottom scale of. the

slide immediately below x on the top scale of the ruler.

Lemniscate. r = av cos 20.

Apart from a purely geometrical construction, this seems
most easily plotted by polar coordinates.

Using the S scale, upset the slide and bring an end of it

opposite a. Reading the scale backwards, so that

90' reads 0,

70 „ 20°,

and so on, we write down a set of values of r corresponding

to assumed values of 20. The angle can be set off in the

manner shewn in Ex. 2, page 72, and the corresponding values

of r can then be plotted.

Other examples of curves will be found in Chapter X.



. CHAPTER IX.

EFFECT ON RESULTS OF ERRORS IN WORKING.

38. Let z be the true final unswer of a problem worked on
the instrument, and suppose that, owing to an aggregate

error, due to the various settings and readings, the answer is

found 'to be z + h, so that h is the error of the final answer,

and suppose that the point read to give this answer is at a

distance d inches from its true position. Let this distance d
represent log(l + 11), so that n remains constant if d does so.

Then we have, in Fis^. 58,
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the result, but the 2)ercentage error of the result is unchanged,

and this result is obvious, because, taking any setting - =—

,

an error in m produces the same proportionate error in ma.
Hence, if two similar problems involve the same number of

operations, we may expect the same percentage error in each,

irrespective of the magnitude of the results. This principle

applies to every case where the answer is read on the ruler,

even when the trigonometric scales on the slide have been
employed. But when the result is read on the S or T scale

different considerations apply. The effect of a given error

can, however, be worked out in a similar manner. Thus, if

an angle is to be found from its sine, we have, Q being the

angle read, + h the true angle,- and d the error on the scale,

as before.

log sin (0 + h) - log sin 6 = 6. = log (1 + n)

;

. sin(e + h)
^

sni t^

.*. l+hcotO=l+n,
since h is small,

whence h = n tan ^,

shewing that the effect of the error d on the result is very
large when Q is nearly 90°.

Again, in finding an angle from its tangent, we have, using

the same notation and remembering that h is small,

log tan (0 + h) - log tan d = log (1 + n)

;

. , tan(0 + h)

tan fj

h + tan e 1

1 - h tan tan

= (l+hcota)(l+htan0)

=1+ ^
sm ^ ^, whence h = nsin 0cos = - sin 20.

t^cost^ 2

This shews that the effect of the error is greatest when Q is

nearly 45°.
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It is difficult to lay down any precise rule as to the value
of d or n, as this clearly varies to some extent with each
different kind of problem. However, the following statement
seems fairly well borne out by practice.

Let e = the probable error (estimated in length) of a setting

of the slide or cursor or of a reaclino- •

m = the number of settings or readings
;

p = the probable error of the answer (estimated in

length).

Then p = es^m+l.

e is independent of the length of the instrument and of the
scales used.

For the average man, e is about 0*1 millimetre.

By means of the equations of the various scales given in

Chap. X., p, which is an error in length, may he evaluated in

the same terms as the answer.

To keep p small, it is clear that m must be kept as small as

possible, and hence great importance has been attached in the
foregoing explanations to obtaining each answer with the
fewest possible settings. It may be remarked that the utmost
possible accuracy can only be got by sacrificing rapidity in use.



CHAPTER X.

MISCELLANEOUS NOTES.

Equations to the Various Scales.

39. The following is the mathenicatical description of the

various scales on the instrument. The names previously given
to the various scales are altered in this chapter. The object

of the alteration is to assist in deciding which scales to employ
in the solution of a given problem with the slide-rule.

Let d denote the distance l^etween the extreme right-hand

graduation of the particular scale in question (the slide not
being inverted) and the graduation, the reading at which on
the same scale is s. When the slide is run home all these

extreme right-hand graduations coincide.

Let c be a constant common to all the scales and n any
integer, not necessarily the same in each equation.

Taking the ruler first, we have :

(1) On its bevelled edge a scale of centimetres.

(2) The "log" scale of the ruler; previously termed the

Top Scale (page 19).

Equation d + en = clogs (s running from 10^ to 10^"^)

(3) Li the bed of the recess cut for the slide there is a
scale of inches.

(4) The " 2 log " scale of the ruler
;
previously termed the

Bottom Scale.

Equation d + 2cn = 2c log s (s running from 10" to 10" " i).

(5) On the lower edge of the ruler a scale of inches.

Secondly, on the front of the slide we have

:

(6) The "log" scale of the slide; previously termed th&
Top Scale.

Equation d -f en = clogs (s running from 10" to lO""*).
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(7) The "2 log" scale of the slide; previously termed the

Bottom Scale.

Equation d + 2cn = 2c log s (s running from IG^ to 10^"*).

Thirdly, on the back of the slide :

(8) The " log sin " scale of the slide
;

previously termed
the S Scale.

Equation d = clogsins (s running from 90^ to 34').

(9) The "2 log tan" scale of the slide; previously termed
the T Scale.

Equation d = 2c log tan s (s running from 45° to 5° 43').

(10) The " - 2 ' scale of the slide
;
previously termed the

Central Scale.

Equation d= - 2cs (s running from to 1).

In constructing the scales we may give any arbitrary integral

value to n.

In working with the instrument no notice is usually taken

of the position of the decimal point, either in the data or in

the result. Thus, when we bring 3 on the slide under 4 on

the ruler, we do not pause to consider whether the 3 stands

for 3 or 30, or what is the value of n in 3 x 10^.

However, when dealing with exponentials or Avhen using

the scales on the ruler in conjunction with the trigonometrical

scales, we must either attend to the value of n, that is, to the

position of the decimal point, or rely on our knowledge of

arithmetic or trigonometry to prevent obtaining an erroneous

result.

The Mnemonic.

40. The mnemonic referred to on page 16 is useful in

practice, and, when a series of results are required from a

slide-rule, it is handy to work with equations of the form

(i)
y_a

(ii) 5:^^,
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where the two variables are vertically below each other. The

instrument can then be kept set to - or -, and, for a series of
^

b 1

b
given values of either y or x, the required values of x or y
can be read oflP, When using equations of the forms above,

readings are not in general taken from the indices at the back
of the ruler.

The formal proof of the mnemonic is as follows : Taking
the "log" scales, for example, suppose the slide pulled out at

random and that two numbers x and b (lying between 10^ and
10^~2^ on the slide are opposite the numbers y and a (lying

between 10^ and 10^"^) on the ruler,

A¥e shall refer to these positions as setting (i) if the slide is

in its normal position and setting (ii) if the slide is inverted.

Since the distance between any two points on the ruler is

equal to the distance between the corresponding points on the

slide, we have, from setting (i),

V Si

log y - log a = log x - log b or - = - (slide normal)

;

and from setting (ii),

V a
log y - log a = log b - log x or -y- = ——- (slide inverted)

;

consequently, each of these settings determines the value of y
from the corresponding equation when a, b, and x are given

but restricted as just stated.

If now we have to determine y from the equations (i) or

(ii), where a, b, and x are any numbers whatever without
restriction, we notice that if we change the values of a, b, or x,

preserving their significant figures unaltered, we may or may
not change the value of y, but we always preserve its significant

figures unaltered.

There are then certain definite numbers, lying between 10^

and 10^"2^ which possess the significant figures of a, b, x, and y,

and for which the above settings are possil)le.

Hence, without troubling as to what these definite numbers
are, we can find the significant figures of y, the required result,

from the above settings, by using the significant figures of the

data in setting the instrument.

In the diagrams of settings given in this chapter we have in
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general employed symbols such as a to represent " the sig-

nificant figures of the definite number a."

By the mnemonic already referred to, equation (i) is "set"
upon the slide-rule as shewn in this diagram, numbers being

set and read by their significant figures only as just exj)lained.

.•X y a on the "log" scale of the ruler

X b on the " log " scale of the slide'

while (ii) becomes

y a on the " log " scale of the ruler

X b on the "log" scale of the slide inverted

We may look upon these two cases as typical. If we
recollect them and also the equations to each of the scales

on the ruler and slide, we should have little difficulty in

deciding on a convenient manner for tackling a series of

calculations. As already stated, the position of the decimal

point in the result must in general be obtained apart from
the instrument. Hence, in the case of a problem involving

unfamiliar data, it may be advisable to have recourse at once

to logarithms, if oiih^ a single answer is required. But, as

will appear subsequently, if a series of results are wanted for

varying data, the slide-rule may be useful.

The next dozen cases are merely variations of the two cases

just given. The expressions on the right, being constant,

might occur in various forms. If, in practice, they should

a**

assume a form differing from that given, as, for instance, -

a
instead of :: , no difficultv will arise, for the manner of dealing

b " °

with anv such A^ariations will be similar to that employed in

treating the variations on the left of the equations.

Variations of EcLuation (i).

V a .

(i)a — = -, which, according to the mnemonic, gives

y on the "2 log" a on the "log" scale of the ruler

X and b on the "log" scale of the slide'
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{i)I) ^"^i:' ^^'hich gives

y on the "2 log" a on the "log" scale of the ruler

X on the " 2 log " b on the " log " scale of the slide'

(i)c -=, which skives
^ ^ X b'

^

y and 90° on the " log sin " scale of the upset slide

X and k on the " log " scale of the ruler

k being found from k = -•

oil

r\ 7 siny sin a -, •
^

{i)(i ~ = , which gives
X b

y and a on the "log sin" scale of the upset slide

X and b on the "log" scale of the ruler

/.. tany cot (90 -y) a i- i •

(i)e or ^ ^ = -, which gives
X X b

y and 45° on the "2 log tan" scale of the slide upset

X and k on the " 2 log " scale of the ruler

k being found from k = -.
a

. w- tan y tan a i • i •

(i)/ ^ = ——-, which gives

y and a on the "2 log tan" scale of the slide upset

X and b on the "2 log;" scale of the ruler

Variations of Equation (ii).

v^ a
(ii)a ^ = -, which gives

X b

y on the " 2 log " a on the " log " scale of the ruler

X and b on the " log " scale of the slide inverted
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(ii) h T ^ "' ^^^if^^ gives

X2 b

y on the '' 2 log " a on the " log " scale of the ruler

X on the "2 log " b on the " log " scale of the slide inverted"

/••\ siny a 1 . 1 .

(11) c =: -, -which gives

X b

y and 90° on the "log sin" scale of the slide upset and inverted

X and k on the " log " scale of the ruler
'

k being found from k = ab.

/••XT siny sin a , •
,(n)« —— = -_—, which gives

X b

y and a on the "log sin" scale of the slide upset and inverted

X and b
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which gives

J Ton the "2 log; tan" scale of the slide upset^
y and a -^ a ^ a f

{ and inverted j

X and b on the " 2 log " scale of the ruler

Some examples, numbered to correspond with the above
equations, will now be given.

Ex. (i)a. The uncorrected heights of several objects y miles

off, the angles to which have been observed with a theodolite,

have to be corrected for curvature and refraction. Set the

slide-rule for determining x, the corrections in feet.

Here ^ =— , which g-ives
X 7

^

y on the "2 log" 13 on the "log" scale of the slide

X and 7 on the "log" scale of the ruler'

A few results are tabulated below :

2-13 miles. 2-44 feet.

7-62 31-25

8-37 37-5

Ex. {i)b. Two shells weigh respectively 45 and 50 lbs.

;

set the slide-rule so as to determine at what relative velocities

y and x, their striking energies will be equal.

Here ^ =— , which ffives
x2 45

yon the " 2 log " 5 on the " log " scale of the ruler

X on the "2 log" 45 on the "log" scale of the slide'

A few results are tabulated below :
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Ex. (i)e. From the station S and the zero line SZ the

angles 7° 27', 12° 28', 33° 16', 43° 9' have to be plotted. A
point P on the line SZ is taken, such that an arc of 45° dra^vn

with centre S will fall within the paper. From P a perpen-

dicular PH is erected. Set the slide-rule so that lines drawn
from S to points to be determined in PH shall give the

required angles. Let the distance along the line PH = x, and
let PS = 7-93 inches. Then

tany==^;
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For readings between 45° and 90°, we have

X and k on the "2 log" scale of the ruler

IT 1 -, J Ar° fon the "2 losr tan" scale of theVy read backwards and 45 -^ i-i °
t • . , y

l slide upset and inverted j

" y read backwards " gives 90 - y. This operation is done
by eye on the scale, and not by subtraction on paper or by
mental arithmetic For tan 45° we may of course substitute

10 tan 5° 43' in the equations, and we may then use 5° 43'

instead of 45° on the instrument.

Ex. (ii)a. Given that in a hollow cylinder of 3" inside and
8*3 outside radius, the inside radial pressure is 20 tons, and
the inside circumferential tension is 26 tons, find the tension t

and pressure p at radii y = 4", 5", 6", and 7" from the formulae

(1) (26 + 20)32 = (p + t)y2, (2) t-p = 6;

. y2 32
• • —

1

Y'
(p + t) 46

which gives

y and 3 on the " 2 log " scale of the slide inverted

p + t and 46 on the " log " scale of the ruler

The work is tabulated below :

y
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load, if the span is 20' ? The load varies as the cube of the

diameter, and inversely as the length, so

y3_63
20~15*

The original equation (ii)a is — = -.

X b

20
Putting x = y, b = 63, a

we have

15'

y2 20 1-333

1 15 1 '

y 63 216
which gives

y on the "2 log" 1333 on the " log " scale of the ruler

y and 216 on the "log" scale of the slide inverted'

whence y = 6*6".

Ex. (ii) b. The original equation (ii) J is — = -.

X2 b

Put Y = OL, - = c[^, X = X, and we have

b

a? on the "log,"

(X on the "2 log" q on the " 2 log " scale of the ruler

X and 1 on the "2 log" scale of the slide inverted'

which is what is required for the solution of a cubic equation.

(See Fig. 30.)

Ex. (ii)c. To support a weight a by means of a force x
inclined to the horizontal at an angle y, the vertical component
of the force must equal a, and consequently

X sin y = a or a cosec y = x,

1 X a a/100
whence — = = '

sin y sin 90° sin 34'
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which gives

X and a on the "log" scale of the ruler

y and 90° on the "log sin " scale of the slide upset and inverted'

Ex. {u)d. With reference to Ex. (i), p. 38, this method
might be used when y was over 34'.

121
In that example we had = sin y,

whence

X

X 12100

sin y sin 34'

which gives

X and 121 on the "log" scale of the ruler

y and 34' on the "log sin " scale of the slide upset and inverted'

Ex. (ii)e. Referring to Ex. (ii)c, the horizontal force Xg

necessary to balance the horizontal component of x is

Xq = a cot y

;

1 1

. tan y tan 45°
^ tan y tan 45°

'1 1 Xq a

Xq a
which gives

1 . r Ton the " 2 loo; tan " scale of the slide inverted!
y and 45 ^

i .
>^

y and upset J

Xq and a on the " 2 log " scale of the ruler

Ex. (ii)/. Required in inches the distances between the

contours on a map drawn to a scale of for angles of

slope of 6°, 8°, 10°, and 12°, the contours on the ground being

spaced at 20-feet vertical intervals.

Calling the required distances x and the angles y, we have

6-67 X 36
tany

whence

X X 10560'

tany 667x36 1 10 tan 5° 43'

1 ~ 10560 ~ 1 ~ 1

X 02273 02273
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which gives

1 ro An' (on the " 2 lotj-taii " scale of the slide upset)
y and 5 43 -

i
• 4. i

1^
and inverted j

X and 2273 on the "2 log" scale of the ruler

The results are tabulated below

:

y
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The reader will find no difficulty in applying this method
to examples involving tangents, cotangents, secants, and
cosines, but the use of the indices at the back of the ruler

is apt to lead to re-settings, and so to waste time.

Example illustrating Reading backwards.

42. If y is to be found from the equation

for slide-rule use it would not be convenient to write the above

/»2 ajl)

y = 2— ^or a series of readings.

We can obtain y directly from one setting by reading the

top scale of the ruler backwards ; that is, we write the equation

l-y^b2
a c^'

which gives

fread backwards! , . i .. « i » i c ^i. i

^
I th "

1 o-
"

I
-^

scale 01 the ruler

a on the "log" c on the "2 log" scale of the slide

Another Example of Reading backwards.

If we have x = k sec^ 0,

we transform it into

\/k c
s/x = ^ = ^, suppose,

cos d COS 6

whence s/:X c

sin (90° - 0) sin 90°

which gives

v/x and c on the " log " scale of the ruler

f) and Q0° f^'^^^ backwards on the "log sin" scale of the\'

t slide upset and inverted j

X can subsequently be read by means of a separate operation

with the cursor.
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Other Examples of Transposing an Equation.

43. As already remarked, whenever a long series of calcula-

tions of the same nature has to be performed, it is advisable

to consider the most convenient form in which to express the

equation for slide-rule use.

Some of the equations in this chapter present a singular

appearance to a mathematician. But there is a reason for the

forms adopted, namely, to compel the equations to disclose by
their appearance a convenient mode of dealing with them on
the instrument.

A. If we have = sec~i w-, and require for a series

of given values of x, we may proceed as follows :

x^ksec^O;

.*. —.— =tan2^;
k

. x-k k
tan^^ tan2 45°

which gives, if is less than 45°,

x-k and k on the " log " scale of the ruler

and 45° on the "log tan " scale of the slide

If is greater than 45°, we have

x-k k

tan2{90-e) tan245°

which gives

x-k and k on the " log " scale of the ruler

ri J 1 1 J J >ie° foil the "2 loo; tan" scale of 1

*

6 read backwards and 45 - ., ,-
-,

^. -, • , -,
-

l^tne slide upset and invertedj

If k is an integer, this is clearly a convenient form to use.

B. Again, if x = k\/siny,

x^ k^
we have -.— = . ~-^,

sin y sin 90
which gives

X and k on the " 2 log " scale of the ruler

y and 90° on the " log sin " scale of the slide upset'



106 SLIDE-RULE NOTES

C. If an equation assumes the form

k'

we have — =—

,

k y
which gives

X and y on the " 2 log " scale of the ruler

k and y on the " log " scale of the slide inverted"

D. To support a weight w by means of two ropes of

diameter x, inclined to the horizontal at an angle y, we must

have, if t is the tension on each rope per square inch of

cross section,

4

or d^ = a cosec y (a being a constant),

d2 a
"1 T"'
sin y sin 90°

so that we have

d on the "2 log" a on the "log" scale of the ruler

, TTo Jon the "log sin " scale of the slide\
y and 90 | ^p^^^ ^^^^ inverted j

V /w
E. Given (i) P = 6oMVd-"*

and (ii) P =
693000000d'

find p, the penetration in inches with wrought iron, by

formula (ii), for values of v, 2000 f.-s., 1900 f.-s., 1800 f.-s.,

1700 f.-s., 1600 f.-s. ; and, by formula (i), for values of v in

lOO's below 1600 f.-s., given w = 380 and d = 9'2. Formula (ii)

may be written, disregarding decimal points,

p2_ VW _ V

v^"" 693d ~ 1675'
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whence

p on the "2 log" v on the " log " scale of the ruler

V on the "2 log" 1675 on the "log" scale of the slide'

V
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If we haA^e to find y from

then log y = log a + bx log d.

Suppose the decimal portion of bx log d to be + m, m being

essentially a positive quantity. Omitting the characteristics

or integral portions of the logarithms, we have either

log y = log a + m
or log y = log a - m,

and we employ the central or " - 2 " scale to effect the addition

or subtraction of m.

If bx log d is positive, we therefore have

y
or

^

y = alO^

2 q2

l/10(-2)m 1/1'

whence we have, by the mnemonic,

y and a on the " 2 log " scale of the ruler

1 , r. (on the " - 2 " scale of the slide upset and l

'

m and 1 or -
.^ i

(^
inverted J

or, again, we may write the equation

y2 a^

1 ~10(-2)m'

whence, by the mnemonic,

y and a on the " 2 log " scale of the ruler

1 or and m on the " - 2 " scale of the slide upset'

Similarly, if bx log d is negative, we have

y2 a^

10-2(in) i'

whence, by the mnemonic,

y and a on the " 2 log " scale of the ruler

m and 1 or on the " - 2 " scale of the slide upset'
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or we may write the equation

Tr2

whence
1/1 l/10(-2)m

and a on the " 2 log " scale of the ruler

, - 1 on the - 2 scale of the slide upset andl
1 or and m 4- a i

y inverted j

If the problem is reversed, and being given y we require to

find X, we can determine the value of m by one of the above

settings, and thus the decimal portion of bx log d is known.
The characteristic or integral portion, i, may then be

obtained by inspection or by the roughest approximation.

Then x may be found by the ordinary use of the slide-rule

trom bx log d = i + m.

1. A wet rope is coiled round a cylindrical post, the

coefficient of friction being "SI. Neglecting the stiffness of

the rope, find the weights which could be held by a force

of 25 lbs., the rope making 1, 2, 3, 4, 5, or 6 complete turns.

;3lx

The formula is T^ = TqcH-x =25x10 23

,

and, arranging the work in a tabular form, we have
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results are in geometric progression, and set the instrument in

the ordinary way, so as to read off the series thus :

165 1090 7210 ,= = eto
1090 7210 47600'

2. The " logarithmic decrement " X is found by the equation

^ = e{n-i)\
Cn

where Ci and Cn are the amplitudes of the first, and nth, semi-

vibrations (see Glazebrook and Shaw, Practical Physics).

If we suppose n = 10; Ci=-210; Cn = 94;

210
we have = e9^ = 103 -91^.

94

From the slide-rule we get

210 and 94 on the "2 log " scale of the ruler

349 and 1 on the " - 2 " scale of the slide upset and inverted'

Hence the integral portion of 3*91X being evidently zero,

^^'^'^^^ 3-91\=-349,

which gives X = '0893.

3. A uniform flexible chain is suspended from two points

in the same horizontal line and at a distance 2a apart. The
lowest point of the chain is at a distance d below the points of

suspension.

The equation of the curve is

/ X _x

J . y u , X
Let - = - and - = v.

c 2 c

Then u = ev-He-v (1)

an equation common to all curves of this kind.

Now when x = 0, y = c,

and by the data when x = a, y = c -I- d,

and __ = ^; ^ = Vo, suppose (2)
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To plot the curve (1), we have

111

V
2-3

Writing m for the decimal portion of ^^ and putting

we have

10m = zi and 10-»i = Z2,

1 10(-2)m z^2

^^ 1 ~T'
whence Zj may be found by the setting

Zj on the "2 log" scale and
on the central back)

index of the ruler /

1 T\. uo 1 ^ 1 1 fon the "-2" scale\'
1 on the -2 log scale and m | ^f the slide /

while the same setting gives, without shifting the slide,

-, xu ££ n 1 )5 1 J 1 fon the back index)
1 on the 2 log scale and 1 | ^^ ^^^ ^^j^^. |

Z2 on the "2 log" scale and m {°" of^L'sHde"'"'}

An index may be marked on the left-hand back of the ruler,

so that the slide can be read when out to the left.

There are, of course, many other settings that will give the

same results. Some of them will lead to the central scale

being read backwards, some to the cursor being required near

one end of the ruler. The position of the decimal point in z

and 7.2 is fixed as already explained.

A few readings are given below

:

V



112 SLIDE-RULE NOTES

We are now in a position to plot the curve whose equation is

u = e^ + e~^.

Next we find Up, Vq graphically using the plotted curve, and
the equation obtained from (2) by eliminating c, namely

:

^_1

From the value of Vq we have c from the equation (2), and
the catenary can be drawn.

In like manner we may draw the two catenaries which
have the same directrix and points of suspension ; a problem
which arises in considering the stability of liquid films.

(Minchin, Statics, vol. 2, p. 187.)

If the whole length of the chain is required, we have

S = cVe°-e ')=cW'-10 '"'V = 2v/d2 + 2cd,

and putting 2v for the decimal portion of ^r;^, and taking
A OC

Zi = cl02vand Z2-cl0-2^,

z^ 1 c

C 10-2V Zg'
we have

whence we have

fon the central back index of
z

,1 ;n » 1 11 Ton the central backmdexoi)
1 on the "log scale and 1 \

th 1
•

I

c on the "log" scale and v on the " - 2 " scale of the slide'

and, without shifting the slide,

,, ££i '5 1 1 -, fon the central back index of

)

c on the "log scale and 1 -^ th •

1 f

Zg on the "log" scale and v on the " - 2 " scale of the slide'

4. We have approximately

/ ^,\^
q=|l-(-75)Vj

,

where q is the chance of hitting a target, affording a zone z, Zq
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the " 50 ?/ zone " when all causes of error are taken into

account.

From the above

'0
(|?3log(-75)) -1248;

and by the mnemonic, putting the decimal portion of

z2
•1248-2 ^m,

^0

(l-q2)2 1
we nave ^—;r—„-^ -=- ^ ,10-2m 1'

whence

q2 read backwards and 1 on the " 2 log " scale of the ruler

m and 1 on the "- 2" scale of the slide upset*

Having found q^, we obtain q, by taking the square root in

the ordinary manner.

Whenever the chance q is under "3 in the formula, q= -538

is to be preferred.
z

z
If -1248 -- is greater than unity, the decimal value of

z

q2 will commence with as many " 9's " as there are integers in

z2
the expression '1248—s.

5. If y = e~^^sinax

= 10-^^i°sesin ax,

and it is required to find y when x is given, we have

log y = log sin ax - bx log e.

Putting for that angle between 0° and 90° which has its sine

numerically equal to sin ax and 2m for the decimal portion of

bxloge, m being essentially positive, we have (omitting the

characteristics or integral portions of the logarithms)

log y = log sin - 2m.

We may write this equation

y ^ 1

sine io-(-2ni)'
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whence we have

1 and y on the "log" scale of the ruler

on the " - 2 " scale| -, ^ fon the "log sin" scale of\'

read backwards J

^"
[ the slide upset J

or, as an alternative, we may write the equation

y ^ i__

1/10- (-2)^ l/sin0'

which gives

y and 1 on the "log" scale of the ruler

jon the " - 2 "scale\ , ^ fon the "log sin "scale of the \'

I read backwards J
^"'^

\ slide upset and inverted J

The sign of y in the final result is the same as that of

sin ax.

If y-e-"S^sin(153x)°

= 10^"^''sin(153x)°,

we have logy = log sin (153x)° - •2175x,

and we may arrange the work in a tabular form. A few

results are given :

m

m

x
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Some Trigonometrical Equations.

45. To sulve the equcitioii

cot X = a - X.

Taking as an example a = 3, we can obtain a rough approxi-

mation by drajving the graphs of y = cotx and of y = 3-x
and finding where they intersect.

Using two slide-rules, we write the equation

(3 - x) tan {
180 x\

TT

and set the instruments as follows :

180° and on the "looj" scale of the ruler
(1)

'o

TT and X on the "log" scale of the slide

._o 1 /. fon the "2 log tan" scale of the slide\

,fy. \ upset and inverted j

- T f read backwards from 3 on the "2 log"|

\ scale of the ruler
J

We thus find by trial where the coincidence, i.e. the

simultaneous readings of x and occur, reading the value

of x in circular measure and its equivalent in degrees.

With two people, one for each slide -rule, the value of x is

readily found. A further approximation may be found if

required by the well-known method based on Taylor's theorem.

Alternative Method. The equation being cot x = 3 - x
(where x is, of course, in circular measure), we write it

180° 180°
cote = -^^x3-0, or 57-3° cot = 171-9° -0,

TT TT

SO that X is the circular measure of 0, which is in degrees.

This gives

/I 1 r5°43' on the " 2 \o^ tan " scale of the slide

»

6 and ^
^

i
• 4- i r

( upset and inverted J

171-9 -6 and 57-3 on the " 2 log " scale of the ruler
'

171-9 - is read as by counting backwards on the 2 log

scale of the ruler from 171-9, and the coincidence of readings

gives 0, say 20-7° = 20' 42'. Other solutions are 341° 19'

;

531° 56'.
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Similarly, to solve x - siiix = a = -4' s^^ppose, we write the

equation

^^sine =0-^ or 57-3^ sin f^^ 0-14-3,
TT 47r

X being the circular measure of 0, which is in degrees.

Whence

0-14-3 and 57-3° on the " log " scale of the ruler

and 90° on the " log sin " scale of the slide upset*

We can read 0-14-3 as by counting the numbers on the

scale as 14-3 more than they are marked, thus reading 24*3

at 10, 25-3 at 11, and so on.

The coincidence of readings (6 on the log sin scale and

read mentally from the log scale) fixes 0, say 67-33° -=67° 20'.

The problem occurs in constructing maps on MoUweides'

projection.

Ex. 1. A long cylinder, diameter 12 inches, specific gravity

•3, floats in water with its axis horizontal. AVhat is the

length of the water line on its ends 1

Ex. 2. A circular arc is 12 feet long and its chord 10 feet

long. AVhat is its area ?

Ex. 3. Solve the equations

cos X = X, tan x = x.

Hyperbolic Functions.

46. The equation •4343u = log^g t^ui
(

45° + -
j

enables the

value of V to be found when u is given. AYe then have

sinh u = sh (u) = tan v.

cosh u = ell (u) = sec v.

tanh u = th (u) = sin v.

Thus the values of the hyperbolic functions of u can be found

on an emergency ; but the employment of log sinh and log cosh

scales would obviously be more convenient.

Ex. Ifu=-336,

then v=18°50', and sinh u = '3424, cosh u = 10570.
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MISCELLANEOUS EXAMPLES.

1. Find how much chlorine (in litres at 0° C. and 760 mm.
pressure) can be obtained by treating ten pounds of manganese
dioxide containing 7 per cent, of impurities with excess of

hydrochloric acid.

2. How much potassium chlorate would be required to

prepare 200 cubic feet of oxygen at 0° C. and 760 mm.
pressure 1 Set the instrument to give the volume of this

quantity of gas at t° C. and n millimetres pressure from its

volume at 0° C. and 760 mm. pressure. Take 1=10"^ 53',

n = 787.

3. Find the percentage composition of calcium sulphate :
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5. Calculate the distance of the horizon at sea from the

formula d^ = 2ha,

where d = distance of horizon,

a = earth's radius = 3970 miles approximately,

h = observer's height above sea-level.

Verify the rules'^

Distance in miles = £ Vheight in feet.

Height in feet = |(distance in miles)^,

6. If the altitude of a star is observed with reference to

the visible horizon by a person h feet above sea-level, the

apparent altitude is increased by the "dip" which is given

by the formula •
'

V2h— , where a is the earth's radius

in teet.

Shew that Dip in minutes = l"06>yh nearly.

7. If the effect of refraction is to decrease the dip and
increase the distance of the visible horizon each by 8 per cent.,

amend the rules in Questions 5 and 6 to allow for this.

8. Owing to refraction, the apparent altitude a. of a star

exceeds its true altitude by y = 57 cot a seconds nearly.

Find y when

a =10°, 20, 30°, 40°, 60°, 80°.

If the apparent horizon is used, there will be a further

correction for refraction at the horizon.

9. For angles of slope not exceeding 20°, if we regard the

tangent and circular measure as equal, we have

Vertical interval in yards 0° x tt

Horizontal equivalent in j^ards 180°

Calculate the h.e. for v.i. of 20 feet and angles of slope of

1°, 2°, 3°, 4°, 7°, 10°, and 20°.

Notice that -.
—-—^ = ——- nearly,

H.E. m yards 191 -^

'

a formula sometimes employed.

* The emploj^ment in this and other examples of two different units for

the measurement of the same phj'sical quantitj" (here a length) cannot

be defended. But in some of these eases the practice, though a vicious

one, is so established that we have submitted to it.
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10. Calculate the error committed by employing the

formula of Qn. 9 for an augle of 20°.

[It will be noticed that the calculation in Qn. 10 is just as

easy on the slide-rule as that of Qn. 9, and that consequently

nothing is gained in practice by adopting the approximate

method of Qn. 9.]

11. On the "normal system'" the distance on the map
between the contour lines is the same for the same gradient,

whatever the scale of the map.
If on a scale of 6 inches to the mile the v.i. is 20 feet, what

will be the v.l. on a scale of 4 inches to the mile and on a

scale whose R.F. is 5000 ^

12. If distances are measured on sloping ground a re-

duction is required to obtain the true horizontal distances

before plotting on a map. Find the percentage reductions

for angles of slope of 1°, 2', 5', 10', and 20°.

[Notice that if d is the distance on the slope, and the

inclination of the slope is 0, the true horizontal distance is

dcosO, the reduction is d(l-cos0) or 2dsin2-, ^^^^ ^\^q

~\

percentage reduction 200 sin^-.

13. An observer A at a height h'feet above the sea notes

the angle of depression S minutes of a distant object and the

azimuth angle 6 of the object from a station B.

The horizontal distance Ra of the object from A is given in

feet by
j^ ^

and the horizontal distance of B from the object is

Rb = Ra - AB cos nearly.

Compute Ra in yards from

h = 73 feet.

^ = 10, 17, 25, 40, 60, 70 minutes.

Work out the corrections for Rb if

AB = 174 yards,

0=10°, 20°, 30^ 50°, 70°.
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14. Work out the true values of Ra and Rb when S = 70',

0= 10°, and compare with the results of Qn. 13.

15. If h = height of tide at high water above a datum
point, a = height of mean sea-level above the datum point,

then the correction to be added to, or subtracted from, a to

find th<e height of the tide t hours after high water is

,, . /t X 180°\ ...
(h ^ a) cos I

J
approximately,

n being the interval between high and low water in hours.

Compute the height J, IJ, 2J hours after high water, taking

n=6, li = 20, a = 8,

all heights being in feet.

From the Admiralty Tide Tables we find that on December
25th, 1900, it was high tide at Dover at Oh. 58m. a.m. and
at 1 h. 20 m. p.m.,

that h=18ft. 6 in.

and a = 9 ft. 4Jin.,

Find the height of the tide at 10 a.m.

16. The diiference of height in feet H, between two places,

is given by the formula

H = 60370(l+*gA.)log|,

where tj = Centigrade temperature at upper station,

^2= „ » lower „

hj = height of mercury barometer at upper station,

h2= „ „ „ lower

Find H when

t^ = 15° C, lig = 30 inches,

t2 = 19°C., hj = 29-5, 29-8, 299, 29 inches.

Compare the results obtained from the approximate formulae

:

(i) H- 60000 log p,
1

(ii) H = 55000^^.
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17. The ordinary slide-rule is not, generally speaking,

sufficiently accurate for dealing with astronomical or im-

portant surveying observations. It may, however, serve if

rough approximations only are required, or if rapid checks

are desired of the leading figures in results which have been
calculated from tables.

The time of rising of the sun is given by

cos(15t)° = tan octan A, (1)

where t = number of hours from midnight to sunrise,

(X = sun's declination,

A = latitude of place of observation.

The sun's declination is given approximately by the

equation

sin oc = sm—— sin 23 30, (2)
3do

where n = number of days which have elapsed since March
21st.

Find time of sunrise on May 1st in latitude 50° N.
This method is only approximate, as (i) the effect of refrac-

tion has been disregarded ; (ii) the result gives the cqjimrent,

not mean, time of rising
;

(iii) the formula (2) is extremely
rough.

18. The equation x* - 54x2 _^ ggx -51 =

has a root between 6 and 7. Find a closer approximation to

this root.

19. When a star is due east or west, the latitude \ of the

place of observation is given b}^ the formula

. ^ sin S
sm A = ,sm a. .

where (^ = declination of star, from Nautical Almanac^

a = altitude of star, by observation, corrected for

refraction and, if necessary, dip.

Take (5 = 16° 20' (Aldebaran),

oc=29°21',
and find A.
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The objection to this method is that, outside a fixed ob-

servatory, it is difficult to catch the star exactly due E. or W,
The reader will easily verify that every case of the solution

of right-angled spherical triangles depends, on two formulae

:

cos a. = cos /3 cos y
or cos OL = cot y8 cot y,

and consequently any right-angled spherical triangle can be

solved with a slide-rule.

In a sundial in latitude X, the graduation for t o'clock

makes an angle with the N.-S. line, where

tan = sin X tan (15t)° for a horizontal dial,

tan Q = cos X tan (15t)° for a vertical dial facing S.

20. Find the stresses in the diagonal braces and in the

flanges of a Warren girder, in which the braces slope at

(I) 60°, (2) 67 J°, supposing the lower flange to be in eight

bays and each joint loaded with 16 cwts., the lower flange

being in tension and the girder supported at its extremities.

21. If one wheel of a field gun is above the other, so that

the line of trunnions is inclined (p° upwards to the left, then,

when oc° is the elevation of the gun, the shot will be deflected

through an angle 0, where tan = sin (p tan oc. Verify the

approximate rule. " Deflection correction required in minutes

(to the left) = elevation in degrees multiplied by inclination of

trunnions in degrees," that is O' = oc'x^°, taking = 4° and

a = 29-7°.

The wheels of a field gun are 60 in. apart nearly.

22. If a shot is affected by three accidental causes of error

which would produce probable errors pi, pj, Pa respectively,

the total probable error is

P = v/p?Tp2^Tp32.
Compute P when

Pi = 45 yards,

P2 = 12, 20, 30, 35 yards,

P3 = 5, 7, 9, 11 yards.

The above formula is based on the assumption that the

errors each follow the normal law of error.

The very small effect of Pg on the answer should be noticed.
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23. If P is the jirohahle errm of a shot {i.e. that error which
the actual error of one shot is equally likely to be above or
below), the chance q that a shot has an error numerically less

than nP is given ajyproximateJji by the formula

This result is due to Monsieur Gazot, Capitaine d'Artillerie.

Work out q for n=l, '25, '5, 2\ 3-, 4'. For the mode of

working see page 113.

The results as calculated from the exact formula

q =

are n =

•»P 2

vV
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27. The calories of heat produced in a conductor of resist-

ance R by a current of C amperes in t secon'ds is

H = C2Rt X -24.

Take C = 4'5 amperes, R=^53 ohms, t = 5 minutes, and find

how much this will heat 3 pints of water originally at 10° C,
assuming that all the heat developed goes towards raising the

temperature of the water.

28. An incandescent lamp absorbing 60 watts is immersed
in a given quantity of water, say a litre, at 10° C. How long

will it take to raise the temperature to the boiling point,

assuming that all the heat developed goes towards raising the

temperature of the water'?

A very large number of other practical examples can be

obtained from Molesworth's Pocket Book of Engineering

Formulae, or from the official text-books of Fortification,

Gunnery, or Electricity.



ANSWERS.

p. 17. 3. 3-9, say £3. 18*. Od. per cent.

4. 49-6, 9-3, 78-2, 5-38.

6. Mn 62-79, K 31-9,

37-21. CI 28-9-2,

O 39-18.

p. 24. 2. -782, 2-475, 3-91 seconds.

3. 19-23 yards. 6. 11619 by 9-295 inches.

p. 28. 1. 550 11)., 500 1b., 474 11).

2. 40-44 lb., -212 inch. 3. 3517, 14068, 31-65 lb.

4. -225, 31-288, .38213, 2-246, 701 -8 ft. -tons.

p. 29. 5. -6, 25-65, 28 -.35, 10 8, 7-05 inches.

6. 3-972, 2 583 tons/in2. 7. 14550, 39600, 133200 lb. -in.

p. 30. 8. hY
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p. 30. 11. -616, 2-465, 3^853, 15-42 tons.
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p. 117.

p. 118.

p. 119.

p. 120.

p. 121.

p. 122.

MISCELLANEOUS EXAMPLES.

1. 54(3 -o- litres. 2. 206 kilos.

3. 29-41, 23-53, 47-06.

4. 2-534 in., 5-86 in., 212 yards, 1291 yards.

8. 5' 23", 2' 36", 1'38", I'S", 32-9", 10".

9. 382, 191, 1-27, 95 5, 54-5, 38 2, 19 1 yards.

10. "768 of a yard. About 4 per cent.

11. 30, 9-47. 12. -0152, -0609, -3805, I'ol^ 6-03.

13. R = 8370, 4924, 3348, 2093, 1395, 1196 yards.

Corrections 171-3, 1635, 1506, 111*8, 59-52.

14. 1195 and 1023. Errors 1-14 and 14 yards.

15. 19-89, 11-08, 9-52, 9-265.

16. 449-9, 178-3, 89, 903 8 feet,

(i) 437-9, 174 -.3, 87, 883-4 ,,

(ii) 437, 183-9, 86-8, 881-3 „

17. 4 h. 45 m. ; the true time being about 4 h, 33 m.

19. 35°.

20. Stresses in diagonals :

(i) 64-7, 46-2, 27-7, 9-25 cwt.

(ii) 60-6, 43-3, 26, 8-67 ,,

22. A^^






