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PART I.
LEAST SGQUARES.
CHAPTER 1I.

¥RTHOD OF LEAST SGJARES.

1. INTRODUCTION. The metnod has for its object the finding of the
best or wost probable values, for a set of unknosn quantities depending
upon paysical- measurement,rhich can be obtained from a given set of
observations;and to .find the degree of confideance shich can be placed

in the results,as deterwined from the agreemeat of the observations a-
mong themselves. This agreement may be very misleading as to the ac-
tual accuracy.of the results unless the circamstances ander xhica the
observations sere taken are knowa.

The observations are subject to several classes of errors as follows:
ist. Coastant errors.or those which under the same circumstaaces,and
in tae measures of the same quantity,have the same value: or those in
whica the value -caa be made to depend upon the tircamstances by some
definite law. They are usually subdivided into;theoretical,such as re-
fraction and curvature in leveling,etc.,whose effects,shen their caases
are onc2 thoroughly understood,can be computed in advance,and hence thdy
cease to exist as errors; instrumeptal,such as the line of collimation
of a level not beipg horizontal shen the bubble is in the ceanter,etc.,
shich are discovered by an examination of the instruments;or of the ob-
servations made #ith them and may be removed,whea their causes are under-
3stood,either by a proper method of using the instraments or by subse -
quent computation; persopal such as always setting a target a little
too high,etc., and which depend upoa the pemliaritfes of fhe observer.
These latter are often the subject of special investigation under the
nase of “personal equation®jshile not strictly constant they are near-
ly so with trained observers.

These errors_are sought out and eliminated or corrections applied as
far as pnssible )

2ad. Mistakes or abmormal errors,such as reading a circle a degree
out of the way,the slippiag of a clamp,the sighting at a mrong object,
esc.

8rd. Accidental errors, or the necessary inaccaracies which cannot be
compated in advaace from the circumstances of the observations and elim-
inated.

The limit of the first class is fixed by the limit of knosledge of in-
struments aad of physical pheaomena. ) )

The limit of the secoand class can only be spproximately-fixed,as there
are no means of distinguishing between in%emuracies and small wmistakes.

In what folloss the third class should be anderstood ,anless otherwise
stated.

The folloming may be assumed as axioms:

1. Small errors oceur more fr-quently,or are wore probable than large
ones,

2, Positive and negative errors of the same magnitude are gmally prob-
able,and in a large namber of observations are eqally frewent.

3. Very large errors do not occar.

2. NEAH-SQUARE ERROR. The square root of the average square of the er-
rors,is called the mean-square error,denoted by m.s.8, or €. It is
used in comparing different sets of observations.

Thus if &,,A,,--4,, be the tpae errors committed in a series of o emal-
ly good observat.ioes,

crz AieDioeln = —[&]: Q)

) haY

$x.1.In 6radmessung in Ostpreussea the excess over 180° plug th -
ical excess,is give:% in secop:ds for the measured “51” 13 %% trfarsx 1:5
as folloms:

XFhe square brackets are ased to denote summatiom.
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Ne x N 5 — A N ]
or. . %ov. 10,855 [N
7 +1.76  8.008 |13 -1.38 1.850 {19 +1.87 2,789
B 40.92 +.848 |14 +1.88 4+ 3.ws8lm -0.72 0513
9 +.58 +.314 |15 -0.42 + .178l!s1 1.35 1.822|
10 .00 .000 116 + 1,83  + 2,82222 -0.98 0.960
11 -.59  +.348y| .49 + 1.62' 4 3 824
12 .00 +.000 |18 +1.€2 + 2,624
10.855 24.411 30 y0O

. the m.s.e,,ex/30.500/21 = M8
3. LAW OF PROPQGATION OF ERROR.

et x = allli-. &y Ilz + ... a ln (*)
where a, +3, +o. A&, , are constants unaffected by error,and M, ¥
lln .are observed ‘independent quantities mith the m.S.e’8.,€,,€,...6,

If &), 8| &, .5,50 8. 8,.8,,8,, ,are the errors for differeat ob -
served values of ll .Iz «e.. M_, the errors in the corresponding values

a s

of x will be, ;A’,:tc\,&, Ax-.- %A‘“
TA 2t alza A % ... OGS, ©)
o Aaa i 2 oo ol

Suaring each.line and adding, o),

LA%) 2ot oA a2 A0 8- 112,408, B3 21020600}

sitive and negative ercors of the same magnitude heing eqally li-
abfce) to occar, by gxion 2,61, the products gn Eaan

2 alazth,b;-.:tzsl a"LA,A,D...izaz a (8.8,

will tead to foot ro (agpproachiag it nearer the greater the num -
ber of observed va gesz?and( mé:? be negfected. e

S.dividing (b) by n,and remembering the definitiom of n.s.e. §2,

g = 2% e§+ a2 c2+....a5¢2 (g
In thé geaneral case,

x = (M,,M'\‘..'. Mn} (4)
where £ ( ) denotes amy fanctivn. —

If the different observed values be substitueed for the true values
of the observed qantities,»e shall have

*E B T H(MEN MR, - - M A
*':A;= §(M|:A‘:v M AL, -- M“:LA"“)

-§xpanding the second members Taylor’s theorem,and sapposing the ob~
sgrvptiong accarate enough so %at he simares prodacts :up?l higher pow-
ers of the A™S may be neglected}

Al=23d% o', A R Ak A

JORE Ve O i

=1 3% A Yt

S U S
5 w2 {3 ), and e ineveased ryhy

=L
R i

where % =H00),wMih wa wmay Placezz.

1§y Ve inereaned by, . N % .
"=V(*.\*“""*§"%*%x TrER R Y

wence, ad A
ML iRt Sl
£(%,4+X) !:‘?(*’\‘\4%‘.\;.”;‘ 4%_‘:‘:\.'.‘“7‘* .-
SuWLseituting,
SO f Ok )+ s By
Similarly we way extend to 3'or more variables,as assumed above,



80.8.) ARITAMETIC MEAN,
These correspond to (a), . from (4),

* \ \J K
I v I
_ “1 ¥, ) d¥
g3.1. Find the m.s.e. ia the length of a city block 500 ft. long meas-
ared mith a 100 ft.tape having a m.s.e. in its deagth of.01 ft.
. Ans.0. 05 ft.
Bx.2 Fiod the m.s.e. in the length of 2 city block 500 fset long meas-
ared aith 5 100-ft. tapes each vith a m.s.e. of .01 ft
Ans. 0.02 ft.
$x.3. In the triangle AEC, AC or b = 1080 ft. with €, = . <
0.1 ft.; A = 50° mith €,= 10" (in arc,=10 sia 1° ).
B=84° sith €= 10¥,  Find the m.g.ae. for EC, or &.

(]

(4) reances toa = b sinA =9 .44 ft. Y,
san B
df _da _sin A a . A
Q" ab “sinEp P

Fiq.\.

df ,da bcos b =aootA:,75B

dM, dA sin B
df , da,. sin & c0s By . _ 5 oot B = - 441
dM, dB sin® B
(Sabstituting ia (5)
= a2/ aloot? ACH aZcot2 Be
- (.85 x 1)+ (441 x 10 x ,00000435)" + (758 x 10 x,00000485)"
= ,0072 + .0005 + .0012 = .009
€a= 095 ft.
4. LAW OF PROPOGATION OF ERROR, b. In (b) of 3 it may be noted ?hat
in summing the prodacts of the A’s, ,one of the factors, & ,may contain

constant error,or otheraise differ from the accidental errors of observa=
tion included in class 2,81, and the sum of the products will still ap=

proximate zero,so that the value ofghnill be given by (3) or (5).
Bx. .1 If the m.s.e. in placing a 50-ft. tape length 1s .02 ft., and

the m.sS.e. in the length is .01 fi. ;find that in a 1500-ft. line -
ored with the tape, due to botd causeS. meas

From the first cause by (3),

€= (.02 + (.02} +,.... for 1500/50 = 0 terrs {leach meas-
urement giving an ¥). O,

&g 02V = .1 ft.
From the second caase, by (3),
€= 1500/50 .01 = 3 ft,
From both together
L=V IR+ .3 = .32 ft.

#geducing the m.s.e. from the first source to one_half its yalue mould
only reduce the final m.s.e. to.3 ft., while reducing that fror the sec-
ond source to one-half would reduce the fisal m.s.e. to .18 ft.

It is thus seen that but little is gained in accuracy by redaeiag one
source of error when there is another sach larger one unnoticed;the grea®
gain comes from reducing the large source.

9. THE SIMPLE ARITHMETIC MBEAN. When a number of equally good ,direct
and independent observetions are taken for the value of an aunknoan quan:

tity,the arithmetic meanm is always taken for the best or
value, there being mo reason for giving more influence tgoggepggggb%g

another of the observations.

Thus if th .
MIue,l the observed values are Il1 .I2 PR !n,the most probable

3= [§)/0 (8)
5= Ya ly + Vo Mg+ Un kg ..ot

This can be written
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80 th:t)if € = m.s.e.for an observed ¥ and €,* the m.s.e.for x,,¥e have
from (3),
€= (€/o)* + (€/0)*+ to o terms;,  =n(€/n)*

or. €= t'/n O

4.e., the p.g.e.r of tae arithmetic mean decreases as the square root of
umber g'_{—observ'ﬁions I0Creases. - - =

he difference between the arithmetic mean and the different observed
values are called residuals.

If ghey be demoted by v, ,V, ..., and the error of the arithmetic
mean by §, we shall have,

Residuals, IZREXE PR PRE JEE RPN

Prue ecrors, &= (xx &) - B, AF (2,28 ) - ¥y, . .
or Bi=vy 28, Arvy 28 ceeeeeees
sqraring and_adding,
[a= (v #£18(s] +0§®
(8Y can be written,
(1.0 - !1) + Q’xo - Ilz) 4z, o )éa)... =0
or [M= O (8)
Substituting and dividing by o,
= v /n +&
The most probable valug' of §, the error of :x ,is usually assumed to
be the m.s.e. of the mean itself,or €, =H&. gubstituting,
=Y o +e¥n
€= [v/ (n-1) (9)
From (7), = 79 fola-1) (.10)
Bx. 1. The following values are given in Pri. Pri. Y.S.Lake Survey,p.
895, for the observed difference in longitude betneen Detroit and Cam =
“«V A

ridge. . -~
pridg June 21 O° 47™ 4fi154 .040 .0016
22 41,171 .057 0030
23 41.138 .024 .0008
= 24 41,110 .cu4a  .0000
= 29 40.995 _ .119 .Q142
wean, 3, 7 411 121 128 .0194

€0 ={[v3 / (a(nvD) = J 0104/ = @031 )

@. PHE WEIGHTED ARITHMETIC MEAN. An observation is said to have the
seight w,when its m.s.e. is equal to that of the mean of w observations
of weight unityv. If then & is the m.s.e. of an observatiop of geight u-
aity.snd €, €,.-,are the p.s.e’s.for 7eights w, ,%,.,we have from (7).

€= eYn, €= <Vn,
or, w I, =/e} (11)
i.e.,the neights are inversely as the sguares of the m.s.e’s.

If the different values of a qua.ntit.y.l1 'MZ ‘"3 ,..., have the weights
Wq,Mc JAa ,..0. caCh value being supposed to be the mean of w values
ol irgighg anity,the sum of the original values can be found by malti -

plying each mean by the pumber and adding; the aversge can then  be
foand by dividing by the total number. TY.e.,the arithmetic mean,

x, =(Mgmy + Ugwy + mg IV PR O +) =(wmy [ (12
The w.s.e. of the mean,
€= ENGA (13)
(12) can be aritten,
(2,- Ww, Hx= M)t (5= U)W d... =0, i.e,fa]=0 (-14)
4s _)n &S,

A, =v,2§, B&,= Vax S, By=V,2 8.
a‘Ilgegach soaation be squared,then maltiplied by its corresponding w,and
"ol =fw v 280 ) 4+ St.] ()



Bq.18.) CLOSENESS OF COMFUTATION, 5
The obtservations nith weights » give errors A; the corresponding er-
rors for weight unity wmould most probably teAwW, from tae relation (11)

between weights and m.s.e’s.
[ua‘]is.'.the sum of the squares of the errors for meights unity, = a€ by ().
By 85, §=€o, =TMA vy (13)
Substitating in (a), :
ae*= v v + C*
<G v /(n-1) (15)
€2« [v v/m (a=1) (18)
gx. 1. The follon‘.gg values are givean im Pri,Tri. G.E.Lakg Survey, p.
395, for the observed difference in longitude between Detroit and n v
bridge.
w v wv wys

May 13 O 47" 411183 .117  -.059 .00884

0.5 -
+ 3
g 258 18 158 138 .88
25} 41, . + . +,012 ,00028
June 4 41,084 1.0 - .03 -.038 .00144
11 41012 1.0 + .034 +.,034 .00116
Mean:0 47 41,042 Sums 4,001 ,0120¢ <

€= V01205725 = 03023,
7. CONTROLS.

Simple Arithmetic Mean,
Since, v, =32~ ¥, v,*x,-M, v.=x-M .. .,andnx =[ll]
W90 ai- 23+ )
or, v)=[¥3- 0/ n
‘Also, from (8), (9 E'() } (an
feighted Arithmetic Mean.
Simee v, = x,- ¥,, v,=x- N, v, =x-¥, andby ¢12),[x; [ ¥,
) =2l - 2a,fr i) + v 1)
o) =m¥)-& 0/ w } (:18)
Also,from (14), (v ) =0
It may be noted that the left hand places as far as they agfee may be
left off from the values of ¥,or any constand subtracted,mhenever it will,
siwplify the numerical computation for (17) or (18).

In B2.1,595, we.have for the different values of M ,sabtracting 41 from
each; ,154, .171,,.138,.110,-.005.
§quaring and adding,

saat hoasqmrrng, <0841
(7 o = .0845
(M3 -DJYa = .0196 nearly checking [vZ).

The mean .x, when maltiplied by 5 is +.002 greater than [M)so that [¥)
should =+.002 instead of O. '
€x,2. In £x.1,68, subtracting 40 from each M,
o MY = 5.48041
WMIVLW) = 5. 48744
0.01297, checking [w v2]
8. CLOSENBSS OF COMPUTATION. If the most proocable value x as compated
by a rigorous method,heve the errors 4,,8,,8;....,the value x 4 c,com=
pated by an approximbte method,sill have the errors, 8,%¢,At¢ A te .
€ (A B (B2 Y - --)/n
- [N
=TAY/m e, =tr+d
S Ex(14¢2€3),  (approrimacaly)
If we allom the difference between€,, andf to be 0.01€,,i.e.,allor the
m.8.8., to be increased 1% by inaccuracy 1n conp.d‘-tation.nhich would ap-

Hence
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pear safe,then

.01 =c¢c%/2¢ ,or c = 14%, (19) ‘ .
or,the error of cempatation can be 14% of the ®.s.e. withont sensibly in-
creasing the inaccuracy of the result.

i i from
.1. In_a 1-place log table the error in the last place will vary
0 201 .5 .:11 values rltgin these limits occarring with eqal frecency. a,

i istribati is aAs ,where a =the
¢he m.s.e. for this method of distritution of error is aA¥,
greatest error. This sonld give,m.s.e. = .5 /N8 = .29 in tae 7t.l‘\‘. place.
An interpolated value,expressed as l1 *(lle; ll)n, -h?re Il1 and M, are
the adiaceat tabular gquantities and m the percentage interval bétnt:en
‘ i ’s.for differ-
the corrasponding numbers,would have phe follgﬂing_-.s.e s. :
ent valueSPZf m,the 7th place only being reta;ged in the mteppolguon
(Aanals of Mathematics,II,pp.54-59:0or Geographical Tables,p.lxxwi).

= 1| V2| V3| /4] U/5] /6T V7| VS| ¥/9[ V10
. |=.291.40 {35 | ¥¢-1,27 |,233 |,338 [.39 I.ag | :g I

he average m.s.e. mill thus be aell withia 0.4. .In geodetic mork.
a m.s.e. of .3 second 1s about the minim®m value for Worlzontal angles.
A triangulation will be most exzact,or the test most severe,mhen the an=
gles of each triangle = 80°. The change in log sin 60° for a change of
1" is 12.2 in the 7th. place so that the m.s.e due to insccuracy of
measurement = .8 + 12.2 = 3.7;i.e., ¢k, =.4/3.7 = 11%,instead of the 14%
alloyed by (19). .

hgain a m.s.e. of 1 : 1,000,000 is excellent base line nork. The log
of 1,000,000 is changed 4.3 in the 7th. place by a change of unity jn
the number so that c;t,s .4/ 4.3 =0%,instead of the 14 zllomed by ?-19).

- }agg are thus ample for the best geodetic mork.
%-pp 3% 1888 a3 ample fgr,(lgs‘, &
€5.4/.14 = 295 19/1.22 = 2.4" io angle,

19/ .43 =7 in 1,000,000 in distance,
or tor the best city work.
5- place logs are ample for, 24” in angle,

. 7 in 100,000 in distance,
or for the best railroad,or ordinary first-class field work,

4-place logs are ample for, 240” ,or say 4’. in angle,

7 in 10,000 in distance,
or for the best chain and compass sork,and much of the stadia vork.

With suitable tables,like Vega,¥-place; Bremiker g-place; Causs S-place;
Bocke says the times required for the same compatation are as 3,2,1, re-
spectively. He also says, & places are sufficieat for mimates and 1:4000
in sides; § places for 5 and 1 :40,000; 6 places for 1/2Z; and 7 places
for 1/20”, limits not as conservative as the above.

9. INDEFENDENT OBSERVATIONS UPON INDEPENDENT QUANTITIES.  In the general
case of indirect observations let the equations be of the forn,

(%Y,2....) = M, =0 waight "y
(20)
e2Y.2....) ¢ ¥, 0 weight'w,

in which the namter n of the observed quantities M, ,I‘ see.,1i8 greater
than m, that of tne required ones, XY 2,.....

The observations being imperfect,no set of values caa be found for the
unknowps which #ill not leave .residuals,so that (20) would be more cor-
rectly written,

FOE T, fen) - My = vy
FOLLET ) =My =y,

which are sometimes called error or residnal eaiations.

¥e first find approximate values, by partial solution or otherwise, for
3Y,2, ..., so that X =~X° +x, Y= Yo *9,..., (2,9,...,being so
Small that terms coataining the squares, products and higher

be peglected mithont sensi%le error), tﬁg: expand by Ta%or'gozﬁggre:lfy
as in §3;(£1) thus becomes

81! + bly + 012 toeieee *Iv] = VI]

(21)
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. 29X *+ bgy + Ccz + ..., tlo =W
2 < I'4 2 2 (22)
25X +boy + Caz + . 413 = va
Where a = df/dX, b = df/d¥,, c = d¢f/d%, ..... = constaats,
1= £(R LY. - K

The most probable values for the corrections,x,¥.z,...,{it #ill be proved
later) #ill be those whica 7ill make (w v¥) = minimam.
‘Hence since x,y,2,..., are independent, | .

dlvr ¥J/dx =0, d[w #Ydy =0, dfw Wd z =0,.
or,ww, d v/d x + i, dv, /dx + ..., =
wlvidv‘/dy +wy vy dig /dy + . =0-(a)
Substituting the values of v from (22),

[va)x+{ratly+madz+ +fral =0 '
raBx W)y +[@bdz+ +&bl]=0} (23)
%acz]x+ﬁrb§]y+ﬁrq‘]z+ . +{xecl] =0

Phese are called normal equationms,or better final equatioas.
fhey can be morz briefly sritten by substituting ia (a) the values of
the differential coefficizants from (22).
fryd =0, lavd) =0, fwec) =0,...  (249)
ff the weignts are equal or unity,‘:till disappear as a factor,giviag

fad] x+_@b]\5+[aq z + ... +[al) iO (25)
2B x + )y +e@z + ..., +[p1) =0
Pre solution of (23), (24),or (25),will give definite values for x,y,z,.
swhich applied to the approximate values XO.YOZO.... 1111 give the mo-.?t
probable ones vhich can be found from the givean equations or observations.
Linear equations can be arranged in the form of (22) without approxi -

values whenever it will lessen the pumerical work,the loss of highe
gﬁt%ovverlsl occurrin@ in thz redaction to linzar form, and not in the later

mork.

10. CONTROL, NORMAL EQJATIONS. If in'(22) we place
51+ by * cqgt .. 11 = s1
ag+ by tcg + ... 1, =5,

and treat s similarly to 1, i.s., mltiply each by its w a, and 'adq the
products; each by its w b and add; etg.;the terms of the first members
#ill be the coefficients of the normal equations and the secoad members

check terms for them, as belos:
Fa)imat thagd+.... +wal =eg
fag # b +fpbc) +.... +{rbl) =t vs) (20
[rac) +fw b g +fr ) +.... ¢ ral efres)
&x. L.Jordaa,. Vermessungskande, I,p. 35,g¢ives barometer readings,as the
means of 12 years meteorological otservations,at 9§ stations,as follews:

1. FErachsal, h = 12072 B = 751718 6. Heidem h= 492.4 B=718.13

2. Cannstatt 225.1 742.37 7. Isny 708.1 700.43
3. Stuttgart 270.6 733.30 &, Freuden 733.5 697.64
4. Calw 347.6 731,27 9 Schop.  728.9 895,23
5. Preidrich 408.7 728,99

Plotting these values rith height h above sea level and barometer read-
ing B as coordinates,the cacrve #ill be nearly .or gaite a straight liae
On this account Jordan assumes,

B =X+h¥, or X+hY =B =v
he theoretic fun(ﬂ;ion is a logarithmic one).*
gsume X_ = 780™™, Y = - .03, and to equalize coefficients, .

B/ 100 (1903) = b’y Then
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Table for Forming the Vormal Bauations.

Noe & 1 s ¥ VL Vs
1] 1| .0 ] -0.80] + 1.4 1.4 -.98 1.68
2| 1| 25 | -0.338| + 2.87| 5.08 -.85| 8,48
3 1] 271 | «0.15| + 3,53 7.34 =.11} 9.85

41 11 2.48 | 40.92| +5.40| 12,11 8.0 18.79
6 11| 4.07 40.47| + 5,54 18,58 | +1,91| 22.55

8 1] 4.92 | +2,45| + 8.37| 24.21! 12,05| 41.18
? 1 7.08 +2.87 | #10.95| 50. 13| 20,32 77.52
8| 1| 9.34 | +2.e2| +12,02] 53.88 | 27.01 88.23
9 117,89 | 43,23 | +11.95| 59,14'1 25.07| 91,90
9 [40.74 [+12.32 | 482,03 |229.87 | 37.34 357.97

9 3z +40.74y" +12,32 =0 Check = 82.06

40.74x422.87 y¢ +87.34 =0 357.97

Selving x = 1.78; y/ = -.895; y = -.00835; X = Xo + X =7681.73; ¥ =Y, +
y = -.08895.

Substitating,the required equation becomes,

B™™= 761.76"T .03395 1™

31, M.S.E’S OF THE ONKNOANS. 1If in solving (25) the elimination
nas fally carried out,each unknosn voald te finally expressed as a lin-
ear function of 1, ,1, ..., 3nd the m.s.2’s.of the latter being the
same as those of ¥, ,¥,,..., 20d knonn,those of the formsr mould follow
from $8. To effect this elimination use indeterminate multipliers,i.e.,
mltiply the first of (23) by @ tae second by &,..., 2nd add the pro-
ducts. <Then to find x, give such valass to @, .... that in the sum
or final,equation the cosffieients of the unknorns shall be zero, ex-
cept those of x wrhich shall be aunity.r This gives,

(21 ¢ +fat) @ +[ag e’ +... 1
[at)@. +[b*] & +[bq @’ +.... = o} (a)
facle’ +fbe) & +[c9) @/ +... = 0
so that the sum equation reduces to
2+l @ +b)) @ +fd @7 +... =0 (v
The coefficients of the unknosns in (25) and (a) are the same. Hence
if the values 1,y,z,...., are found from ('25) in terms of 1, slysecces

those of @,¢..,, would result from them by putting 2] =~ 1, L] =
[e] =0. This is also evident from (b). fe now wish to shon that ifg

= m.s,e.0f an observation of neight unit , €= m.s.e. of th :
found from the normal equations,%hen, (e © valae of x

£ =q e '
In (b) , :x being & linear fanctioa of 1, 1g,.-, me may place,
T 4xXly +ol, +ol, +.... =0 (o)
in which by comparing cpefficients, ¢
XTa @ +5 @ +cQ"+---
o= a4 @, + b,‘q' + qu"_* .- (d)
= 8 @+ b 4 cgd’+ -

each of th i ipli i
wlltts oot & g:gneg;at;?r’xg be mltiplied by its a and added, each

(=1, (b0, [ced =0 ..... (e)
The number of these equations’is .
Miltiply each of d by itso and add,then bty (e);

o= a (£)
From the value of x in (c), w2 have by §83,
Co o " o ™Ay L -
o G=lecds =Q @)

Hence to find the m.s.e.of x in térms of that of an observation;write
-1,0,0,...., for the absolute terus of the normal equations and solve
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for x: tae value thus found maltiplied by the sauare of the m.s.e. of
an observation sill give the square of the m.3.e. recuired.

In the same may it may be shosn that the m.s.e. of y can be found by
using 0,- 1,0,.... ,for the absolute terms;etc.

If tae obssrvations have different weights.w, .7, ,#;,.....,the ml-
tiplication of each by itsvW aill reduce tae n.s.e’s,<,,€,,€5 5.0 10
<, the m.s.e. fog weight unity,by (21). The observations nos all haviag
the m.s.e.€',(27) #ill apply to (23),or to the normal equations aith

meignts,€ being replaced by<'. (27) could also have been derived di-
pectly from (%3).

12, M¥.SuB. OF AN OBSERVATION. The most probable values of the ﬁn -
imo¥ns substitated back in (22) aill give the residuals,v’,v”,... mhile
the true values , 3 + dx,y + dy,..... if knosn, would give the true er-
rors,

2(x+dx) +V(y +dy) +.. .. +1 =&
a”(x +dx) +(y +ayk + ..... +17 =& [ (28)
anlz:g 1e el}ould at once ‘n%ve, ) iiii-’-m‘]/“, .
I e first equation ke mult d by a’,the second a’,etc.,then
by V., ¥ .etc., me mill have by (25) b & eto.,
[@a) ax #[adlay +[ad) dz + ....... = [ad) *O
) ax +[tldy +{bc) dz +..... by =0
5@ dx +[bQdy +[cQ dz  .,eee.. v [cAl =0
These being the same form as (25),the value of dx can be found froe
that of x,by substitating -A for 1 in (o), §11, giving,
dx —ot'B o< - (B =0 (@

If ne inltiply (38) vy v/, v*,...., respectively,the sum of the pro-

1 be by (), ..

ducts wi ‘
=AY,
and similarly from (22), Iv 1] . [y"']'. from which,

THERS ()
Mgaln, mltiply (22) by &, A",..... respectively and add;
Az +bAy +lAl z+... +hA=WA) [
Maltiply (28) similarly, )
Az +[bAly +cqz..+ DA+ bdax +bAay +[chdz.. =LX)
From these two equations,
[8)=@E2 + [adax +[bAay ¥[cAdz + .... ()
The value of [aAldx can be found by miltiplying
aA = a’A +"A +a"*A'+ ... and (a),
dx = XA 4D AN .,
giving,since the sum of the products,xa’a'l’,.. o('a’4 A.nill approximate
zero, :
foddx =@’ A’ 4@ A% + ...,

It we substitate the average valwe of &'which is €%, forA%4).,this re-f
duces to (e), §11,

L .
Similarly,the me 'xalne of the other terms, [bAldy, [cAldz, nill be €\
Substitating io ,
ag* =¥ + ng’or =[vifarn) (31
If the observations have different weights,they can be reduced to the
same weight by mltiplying by viw, as in §11, giving
%= (v form) (32)
Having € or €,the m.s.e’s. for the unknowns can be found from §1i.

‘13, SOLUTION OF NORMAL EQUATIONS.- The ordinary methods ansser well
whgn tgere are but few unknomns. Indeterminate miltipliers are con=-

venient in special cases, mhile the method of successive approximatian
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will often'mvolve the least labor. Baut the method of substitation, dne
to Gauss,vill generally be found preferable ,as telor:

NORMAL EQJATIOSNS. heck
(e x +@E) vy +[ac) 2+ ... +@ll =0 [as)
(aB)x +(B) 7 +(bd) z+ ... +[b]] =0 [bs)
(ad)x +foc) v +[cc)z + ... el =0 [

Prom the first equatiom,

(9 23 b )

Substitating, @ G2 (3] 1 o Ea?l
Y.\ e Nz--  +0LA = s
‘[:Ln. l))t‘:[t‘ |::]‘: .. alaly =0 ks @)

wheve, [3,.1] =V - t‘:;_g\:«m Cven= t\rq-ttﬁ“gl@q RL)z00- C%\?to.u;
oo =6Q- ?-q@’“:l €L} =) ~‘°‘q(o~11 s =tvd) -‘“‘3 faq;
¥ (ci\\f&&%re,q_ .-

Prom the first of (a), . 0% (. i [bs.ﬂ
Substitatiog, E"b- FU R ) B NS
lec.qz + ... +[_c1.2] =0 fs.2) )

M‘*E)'[cc-il-M fe.d); (1.2 frd -(oed f.d)
e Lss.._g@sﬂ (0. 2

where,

Pringing doan the first equation of each group,me have ‘the derived por-.
gouations, Credk
[2d x +[ab]y +[adz + .... *[al) =0 [as)
fob.dy +fe. Dz .. 1.9 =0 (bs.1) ! @3
fcc.2lz + ..k1.2] =0 [es.2)
14, FORY FOR SOLOTION. 4 problem in astromomy is taken to also illas-
trate the method of reducing a set of time tramsits,for clock error,az=

imth error and collimation error. The obtserved time of transit t, re -
quires:

Correction. for azimth error,x,= x sin(pf8) sec § = »ra ©®) W
Correction for inclination telescope axis, i,= i cos (15 §) secd = il,
Correction for collimation error,y,=y sec§ = yb (c).

to give the true clock face time t, ahered = latitude, § = declination of
the star.

Then t 't1+ax+il f by
If tz = true time of transit (compated fIt'-om right ascension).
Clock correction, ot =ty = t;. 00 At = t,=(t, +ax + Ii +by) (a)
If clock correction at time t, Aty Jnd rate =r,
A=A+ —tY =AY +2 +lE-tY
where ® i8 8 correction to the assamed valus Aty.
Stlstitunng. i'it(ilh- 4t~y 4 il +ak+Uy+2=0
or, ax +by +2z+1 =0 ) (e)
where 1 =atg Ht - tde + t,- t,+ il
Bach observed ttansn gives an equation (e), in ahich a and b can be com-

mted from {(a) and (b); 1 can be computed from the transit datd and clock
rate after assuming At’ while the most protdble values of x,y,z.are to be.

fon
'rbe follbning data sas obtained by the Class in Astromonmy,Oct.2nd., 1595,
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6y =t il a ]

7™ 52533 40182 - -0.07 +1.4%1

51.88  +0.14 40,83 +1.00

51,70  #0.17 40.52 +1.02

48,88 ~0.34 42,51 =247
53.48 40.42 -0.73 +2.13
51.84 40,14 40.76 +1.01
51.69 40.18 40,53 +1.02

51.33 40.23 0,63 +1.00
51.55 40,168 40.81 +1.02

53.43 40, 33 +0.09 +1.27
The clock rate is small;assume r = 0.4t, = -7"52* at 7 .p.m.

U= =™ 523 40 4™ 52833 40832 = 40885 1, = 4018 2re ., as below.
'\'a}\t Loy Farm m& Nov: u\ i <

N NN NN NN

- O\ A fel \ aq | oV NY oS AtaYS "Ly i
~0.07| +1.41 |1 ]+0.65 -nss 008 |- .099f .ousl- o] 19%slr 9 fruanc
40.68 | +100 [1]-0.4% [+250 | <3 |+ ceo}~"122fr 1700 | 1,000~ .10 +2.500
le0.52 | +1.00 |1 ]-0,13 J+2M1 | 4704 830 [~ ACB{+ 13| 1.040) = 132 42159
+2.51 [-267 |1 [~396 |-3.1% | €.300 &0 o.9vo | 1.831 | .02 o3 (4,330
—093 |+2.13 |1 j+1ge puas | 833 FLESSTA waay] 45374004 les.ue
vons|+1.00 |1 [~0.0n [+amd | 3 pr 388 0182 [+2.085] 1.020f= 020 2167
+0.53 Jvr.on |1 |-003 frasa | 2wt [ S41]=.070 41283 | 1040~ 133 hrau6s
r04® [+1.00 |1 [-0Md baas | mex ¢ .q80[- 29941523 | 1,000 | = MMO #2240
vost [+1.0% |1 |09 [ras | LesC b 8aC|- 2352087 1040 ~ %6 [+as9
L

40.09 [#13 11 [+006 [+3.42% ‘008 b 1Y |4 0GR 281 | |.€13 +. 96514350
51 fead o186 i [9.541 4,226 F209% | 1,813 Moy asT 40 CH8

Q.5u\~ -H.xze.13~s.-|q-;_— 14098 = © -1,013 Check

Novmall & { —HALeE HAHO 4B 212 ¢ ISAEY = O HMeSHE .
Tuas Thh iy NS %.mn;s‘f 10,00z -~ 1.8¢ =0 4220, -

' — Solusion  Noymal Fquations.
No * M r } h§ [e™ Qu Q Cheek Rexna~ks
9.541]-4.226| £ F12.098] | 7 FYE
T =926 mH0| Rt | )18.a8T { ] LTRTTY
oLt s AL | 0. - 1.6 1 2344
Solutiom
T | ~.M419] G043 |-1.AGSO | .1048 - .0014|X/9.5410
] -1.89% | 1,556 (-5.359 “4L ~ .006 [T *4.2%
pe 2407 Bl 14287 [} “41.64%
R4 19.538] 10,766 | 9%9° M4y CINAER RS ]
1.585]-3.489 | 1316 | -.608 L008{ T w(511)
nr 8.2t | 10. -1.86 ] 23.13
YT 10065] 6.81 | 456 | ~.608] [} 3.8 |-!
hras ' LSS LS00 okl L0812 A431Y XL /19.8°38°
~593%|=5HSS| -aM3] ~.581 22 948/ TII R (-10.7C8)
YT 6.5 | SM56]| -.60¥] ] 2313
im 519]| .o0t]| - 84| ~ .80 \ A0+t
1 0017 J=rene]- 9516 [13284 L

2z = ~-,0011 Q=113
Y, with 2= -,0017 gives y=-~.5053%; With 2= —. 9816, Qy= 8% wu\
2:-1 MeM6, (_1 = .8190.
T, with z = 2,001 aand 4= -5OEB Givas k= LOUS, Withiz = - 14646 omd
U= .3290, Qy= 136,
c.ouuuncs FeSUNES, %z 1.0M ;Y= ~.51;2=-.00;Qy=136 1Qy= 585 Q=13
Swbstituting Lok in the o\rsu-uo.uon eq\mtwns as xnﬂe:n—el

§vorn Aha talrie for {orming the novwall Qworkions),
-v +v IS -V avV ur =V Y vt
a4 .010 .an .03 .03 1 30 Aoy
0% .000 .03 .00V aM .08%
Kl N akS AN .08% o3 KJ\J)
1000 40 __ 010 __ 290 040
as o on 3% 30 401 5 33 200
e D) = a% = VI 36%.03 = 0.20; &7 VBB =oM%
) \/I 73x, 029 = 0. 22.
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Clock correctiom. at 7 p.m., Oct. 2,1895, = -7™ 52‘.3 0.22; Azimth cor-
rection =41°.04 + .%; collimation correction = -031 1 .13;

15. INDEFSNDENT OBSERVATIONS UPON ¥NDEPENDENT CUANTITIES. If there
are ' eauations,or as they are usaally called,rigid conditions, connect-
iy the » anknowns, the case cam be redaced to §9 by eliminating o un-
knowns,leaving the remaining m - &, independeat until Connected by ob -
servation equations. This method is asually msed whee &’ is small and
for indirect observations;when ¥ is large and the observations are di-
rect the elimination by indeterminate miltipliers will involve lesg la-
bor as below.

‘bet the ® rigoromws eyuations be,

FN,L DV, ---- V) =0

NGV - V)= 0 (24)

where V-1 ,V-z esss, Ar€ tn2 most provatle values of the unknoans.

For each V. substitute the observed value ¥ plus a correction v (V. =M4y ),
expand by Taylor’s theorem as in §a,and mt '

afr’/ak; =a, ; af'/dky = b,... ;af Jdb o= ayidf/aky sbye..)
““1'¥2 seeves M) = q;

giving ayv, +agotaga..... 4 a7 =0
by + b2v24. b ... +q, 2 (35)
ey, +tcuv +8Fq,.,, +a, 0

These eqations mst te rigorously satisfied by Viy Yy s see
The observation equations are; )

YoM, =V - M = . oorn(y - BVE, = W - NN, T R
The most probable correct.ions,& Vo oo will be those which make
ny vl #Wy vy + A, v+ ..., 2 minim,

or TP W AF W, b WGt =0 (38)

This minimim is conditioned by (35). Differentiating,
adv, + azdvz +a, dv3 4 eiieeee =0
bjav, + bydv, + badvg *....... =0
Cqdvy ¥ Cov,t codvy *aiielll. F 0

which sust be satisfied at the same time aith (38)

. The nnwber of thése equations is n;the pamber of terms in (36) is ®
snd as m) o ,ve can find tne values of o differentials in terms of the
m~r’. others add substituts in (38), The remaining differentials being ¢
independent their coefficients nill separately equal zero. This elim-

‘ination is effected by indeterminaté multipliers; i.e., mltiply the first
equation by A,the second by B,etc., and (368) by - 1,then add the prodacts
and give 4,E,C ...., such values that o’ coefficients of dv’s shall equal,

zero. The other max’. dv’s. being independent their coefficients mst =0
Aa + Ebg+ Coy veeenner - mgwy =0
Bagt Bbgt CCp iveunes  FW =g ()
Aag+ Ebgt CC3 ceveenns - agv3 = Q.
Maltiply the first by allwl,the'second ty 85¥p...., thea by b1/r,1,

bz/ W, ,...,’etC., and add the producks; This will give by comparison
#1th (35) o’ oormal eqations containing m’ unknowns.

{2 a/m) a-+fav/n) B+fac/n G... +g,%0
o 4 +(o/e) Bel o/ Couvgg=0 ()
farc/i) & +o/w) Befcc/m-C... +g5=0
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in which w = 1 for eqal weights.
4,B.C,... ,ave called correlatives of the eqatidos of eondxtion. Their
values trom (38) substitateda in (37) give

= (a.1A +bB  +cf R 7
=(a2A + B 4oL b w,
from lhich V.1= ¥, + Ve V- =la v, ,‘I:3 = H., +9g .,

(39)

Since there mere m ooservati.ons and ® observed quantities,shile
. quantities have been eliminated,the ditfference betmeen thé number of
observations and that of the anknowas is ©’,so that (31)and (32) become

&b, A/ (40
16. CONTROL. If in (27) we place
24t byto, Faiee, T3y

a2+b2*cz+..... =38y

and treat 3 the sare as one of the other terms in deriving (28),the fol-
lowing checks mill resalt. It should be noted that they do not contain
_ the absolute terms as in(28),

f2aarm + v +@ o/n)...... = [a s/)
feom) +o W] +[o o/a........ = bs/m) (1)
e/ +hbe/m) + o/f] cooeeee = [o 8/a)
To checkr vJ) mulviply (89) by V¥,square and adad,
[w vR)=(22/n) 42 + 2{a. b/0) AE + 2(a c/a) AC + ....
%% 8* + 20 c/ﬂ EC + ...
Ey (38) [avr?)- - Agy = B g5~ C g4 ———r Lo/ o2 (42)

Similarly for independent obtservations upon independent quantities, §9,
mltiply (22) by vW ,square 2nd add,

(aw?]= r 2]5* +2fwab) vy + 2[wac) 22z ..... + 2[wal) x
ody2 + 2[wbc) y3 coee. + 2(ADV) ¥

[red 2t ...+ 2fwel

BT(‘23) +* [;12]]

avy) = xéya]] + glavd) + 2z c........ 4[1'12] (43)
lpplying (43) to the example of §14.

(v*)= < 12.582 - 7,781 + 20.560 = .197
gearly checking 7 as found on page 11.

17. EXAMPLE. In the 0.S.C. & Geoastic Survey Report, 1880, 4pp. 8, are giv-
oen $he following differences of longitude..

Dates Obsenzed Ditferepces Cor.
1851 Cambridge-Bangor o 9‘“ 233080 '+'Q,042 v.
4857 Bangor-Calais 00,316 = 0.015° vj%’
1886 @alais-Hts.Comtent 55 37.973 % 0,088 Ve
1868 Hts.Cont.Foilh. 2 51 58,355 40.020 v,
‘1868 Foilhommer-Creen. 41 33.33% £ 0.043 Vg
1872 Brest-Creenrich 17 57.593 40.022 Ve
‘1872 Erest-Paris 27 18,512 #0.027 Yo
1872 Creenmich-Faris 9 21,000 40.038 g
1872 St.Pierre-Brest 3 2 44.810 10.027 9
1872 Camb.St.Pierre 59 48,808 #.021

'vm
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1369-70 Camb.-Duxtacy 1 50.181 £0.022 v,
1870  Duxtary-Brest 4 24 43.276 £0.047 v,
1887-72 Washington-Cambridge 23 41.041 £0.018 v
1872 Washington-St.Pierre 1 23 £9.553 £ 0.027 v,
Namber of conditions (:34)or (35) = g
.4 1= 14- 11 + 1 £ 4, (1= no.of obser- 5L
ved differenoces of longitude,n = no. §

pF stations).
g * v, Vg =508 =0
WT-Vom Vgm V- vs-'vs*vg*vme.045=0
Vs = Vit v} v 2.043 =0

- +.098 =0
V10 157 Tqq © 00

with weights inversely as the squares of the

uncertainti
JolWle £or Novwal Ecauosienas. loties.

[ \VI7wTi00/w = Un] a] b] c| 4] s| oo/a] te/w
vy .043] .18 -1 -1] .18 .18
Vo .015| .02 -1 -1} .02 .02
vgy|.088( .44 -1 <1| .42 | .44
vel|-02| .08 1 | = -1} .08 | .08
v5 k049 | .24 -1 -1] .2¢ | .24
7g .022( .05 -1] -1 0| .05
Vg 027 .07 1 1
vg |032| .14 -4 -1
Vo L027 | .07 1]-1 of .07
v10'021 .04 11-1 1 1| .04 .04
v,4:022| .05 0 I
712.047 .22 b 1
v,4018 .08 1 1
o27| .07 <1|-1|— | —
- Tmp : Tz | T
Normal .28 A - 05B -.088 =0 AV Chedk
=.05 A+1.12B -.,11C +.04D -.045 =0 1,00 -
Souations - 11B +.38C -.04D +.049 =0 .23

¥ ,04B ~.04C +.14D +.098 = 0 .14
from which A= 342; B ‘.0‘03; C=-,191; D=-"63.
Substituting in (39), '

v,= .18(-.083)
vg =.02(-.062)
v3 = 44(=,083)

"

011 & =14(-342) - = 5,048

-.001 vg =.07(0634,191) - - .018

=028 wo =.04(.083+191-763) = ~b20

vy =-08(-.083) = -,005.7, =05(-. 192 =-.010
vy =.24(-.083) = -.015 v, =.22(-, 191) =-.042
v, =.05(~342+063)=-.014 v45°.03¢-.763) =023
vq =.07(.342) = 4,024 v, =.07(.782) =053

.Adding each v to the corresponding observed value will give the most
probablé value for the difference in longitude betvzen two adjacent
points,vhile the saue oifference will be found betszen any tso distant
wl%tsebgmaggecéggélﬁ: multiply bty w and add, (wv?] = 1148,
Goomting by (42),[wv] =, 1149,

(40), €'=V,1143/4 = Ov270.
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The€ for each observation can be fomnd by dividing € by Vw.
his. ¥.S.E. OF A MINCTION OF THE REQIRED QUANTITIES. For the case
of indirect otservatioas,the unknowns being independent they can be ex-
pressed in terms of the observed values as belos. . at ~a
F=f(XY,...) = #(3 4 5¥,47,...) = £(X],,..), af , dfoo

=B 4Gz + Gy +i.. dX, a¥,,
From §11,€c),
z =], 5 ={pi)...
Substituting,
P =8 -(Gpt+ G, B +...) 1, <(6p¢ @ B +.)1, o
44

§3  €=(Gee+ Gaf+...JXY HGxE 6, B+ L PENT

The valuesofexars given in §11,(d); those of B would be found siwmilar-

ly from the Q’3. ottzinzd ty patting 0,-¥P, .. for the absolute terms

of the normal ecuations, as in thz proble gt §14; etc.. N ¢ of
can_be trapsformed so that more of the aumerical work of solv-

inggq't(.:é)normal eQJatigns can be utilized,but the transformation is long

and will te omitted.
For the cass ot direct observatioas let,

B EE U,V ,een V)
=L (M Myl W) +(at/auly, +Qf, /My, +(@f/ak)v.
=Hy +gvy Y EF ot .. gV (a)
ahere tne v’s are connected by (25),i.e.,
avq +a272 + ... # av, +aq= 0

*(45)

m
byvq #bffg 4 o0 W Vo 0570 (48)
xith Or v¥) = a minimm. .
llultigly the first of (48) ty k;.the second by kg, etc., then add to (a),
giving, )
By= 814-( g_1+alk1+b1k2+..)vl+( g2*32k1+b2kz-6)v2+.. CRRIAPRE o)

If now proper values be given to the correlatives lg.kx,..,we can treat
¥y, .+, 88 if independent as in 815,giving ,§3,

aQ aQ
fe=(g.#8, k4 b k,* ...)t}“ (an
(gt 8k, ¢ by k¥ ... )iv+t
or using weights,
Un =(g + 8 k #b k +..0%+ (g +a k + bk + .
Mgt ek ok s gt ekt bk DR ()

If tne pst probable values of the v’s, are substituted in- the valae
of K ,this function will have its most probable value, - By§29, ¢k will
be a minimim. This condition mill determine k,,k,,...,by differentiat-
iag (47) with respect to them as independent v&rigbles.

dey/dk, =0 ag/ak, =0

cad k, +gaD) Kt ...[cad) =0
oo o bt i) 0 0

or using weights,

fo k,+ [ab/m) k + ag/m) 0
WM+ Tob/m k... [be/]o (50
These equations have'the same coefficients as tne normal eqations (33),
S0 that the values of k can be easily found by adding a column of abso-
lute terms in the solution as in § 14,
Bx.1. Find the m.s.e. in a triangle’side dae to the E.s.e’s of the neas-
ared angles.
The function equation (43) is,

B =a =bsin A/sin B * D sin(M,+ vy)/ sio (ug+ vo)

giving
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.. g,z af/aly 4 a cot ¥, et df/d!&zs - a cot ¥,

$Phe: rigorous equation to be satisfied in closing the triaagle is,
A+B+C-(1830+s) =0
;oa,®8,=a,= 1, and (49) gives ky S()/te
sebstitutiog in (47), :
€2 =at sivtr (1 - Ee)eoe M, HE e ot M T e
" ot sind (€MD) oM (1 -Sed)eoe M T EL
ol sivt g /) cot M~ ot M, 1g)
i;' aVsin* 1'((1}.;"‘,@.“009 ¥, H st I;u}@tﬂoot'l. ocn,n)l )
If ' ¢,=€,=%,, .
€2+2/3a% sin® 1"(cot* K+ cot’ Egecot ¥ kot My)T
It thé triangle is equilateral,
-€pr 2/3 a%in? 1 O

It the base has the m.s.e. €, by $3, € nould be increased by (9‘/1:‘):;
Bx=2 Pind the m.s.e’s. of the adjusted angles of a triangle in terms of
shose of the measured ones.

CHAPPER .II.
THEORY.

19. PRINCIFLES OF PROBABILITY. The mathematical probability of the oc-
curcence of an event is defined as the ratio of the naumber of mays it
may happes to the total number of ways in ahich it may either happen or
fail;each being supposed independent and equally liable to gecar. Taus
if ao ura contain a shite balls, b black and ¢ red ones; im'a single dras:
Probability of draring a white ball = a/(a + b +¢) (~ '

Of failing tubdr‘?r a white ball = (b # c)/(a + b + ¢)
Giving sum of probabilities E{a +b +c)/(a +b¢c) =1

. (sn
Qf drawing either a white ball or a black = (a + b)/(a + b + ¢)
Of drasing a black,shite,or red z(a+b+c)/(a+b+c)=| -
Qf drazing 3 grsza bzll =0 /(a +b+c) =0

We thus see taat ths probability is am abstract number shich varies with
the degree ot confideace which can be placed in the occurrence of an e=-

vent, jzero denoting impossibilit¥ and unity certainty;that the probabil-
ity of occurrence plus that of failure mast always eoual unity;and that

the tprobability of the occarrence of an event mhica can happen in sever-
al independent ways is the sam of the serarate probabilities.

If a secoad urn contain a’ white balls, b’ black aand ¢ red ones, the
aumber of possible combinations or cases in a single dras frow each
urn = (a + b +c)(a’ ¢ Y 4 c’),while the number of favorable cases
for two mhite balls = aa’, Hemce in two successive drars,one from each
ura,

Prob. of drasing 2 white balls = as”/f(asbtc)(a’4V 7)) (52)
or by (51), equals the product of the separate probabilities. The
same could be proved for any number of events.

We thus see that the probability of a tompound event,produced ty the
occurrence of several simple and independent events,eqals the product
of the separate ‘probabilities.

2. PROBABILITY CURVE. With the accidental errors of observation,the
folloring axioms derived from ezperiemce ,were-stated in §1:
1. Small errors occur bore freguently,or are more probable than large

nes.

2. sos?t.ive and negative errors of the same magnitade are eqally prob~
able,and in a large number of observations are equally freqent.

8. Very large errors do not occur, :
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From the first axiow,it may be assumed that the protability p,of an er-
ror ,is some fanctiom of the error

From the first axiom,it may be assumed that the probability p,or an er-
ror A,is some fanction of the error,or

p = £(D) (a)

Practically there is a limit to the graduation and use of instruments
by which & can have only definite numerical values differing ty the fin-
est reading: dA ,so that the prabatility of an errorAis the probabil-
ity that the error lies betweena and A+ dA ,a value which ®xill vary with
dn, . (a) would be more correctly aritten

p = £f(A)an (53)
¥athematically me have to treataas a continuwobus variatle.

Taking p as a continuous function ofA,
(53) represents a curve of the general P
form Pig.8; for, by the first axiom a-
bove,small values of A mst have the:

largest probabilities,p ;by the sec-
ond,the carve mst be gymmetrical about

the axis of P; and by the third,p mst
be zero for all values ofa greater than

e~ given limit £ 1,an impossibility ez~
cept for 1 =eo,although it can be close- & o
ly approximated. Fiq.3.

21, FORM OF £( A ).- Observations
mdy be direct or indirect,i.e., the
observed quantities may be the reauired ones or they may be functions of
thew. 4&s the first is but a special case of the second,only the latter
peed be considered.

Let us take the observation eguations of §89.

£(%,Y,....) =¥ =y
_ } (54)
r(K1,... ) - ¥=v,

‘there being n eaquations and':unknowns with o) m.
The probability of the occarreace of a given series of errors.A,,A”..
io My ¥, ,... mill be by (52) ana (53)

p = £(A)3AA, 2(A,) an,... (55

Bat the true values of X,Y,.,. are unknown,and since A,, D,... are found
from them by substituting in (54), their true values are also unknown. The
most probable values,rhich if the number of observatioans is great, may be
taken as the true ones,of the errors and hence also of the unknowns,will
be those which make p a maximm: or since log p varies with p,and the un-
knowns are independent,except as connected by the observations themselves,
the derivatives of log p with reference to 3,Y,...,must equal zero.

Thitaies,$inet )09 p = log £ €A)+-1og £ A) + log dA,+log A,
£. (A )ap/ax + £(8,)dp /6% .... =0 (58)
. (A )ag/ar + £(A )d4/at ..... 0 }

.

z._____
7o

in which
A ) =at(d)/((a)an) (57)
The pumber of these equations being the same as that of the unkuowns,
they will serve to determine them when £°(A ) is known.

f(A) and £°(A) being general,they mist hold whatever the number of
unlknowng

When tns number is one,the unknown is directly observed,giving for the
ecrors,
Af X- l’l ,A\:-X - !2 cove
from which
daf dX =dn_/axX = .... =1
and (58) red:(ces to
FLB) + £(A) +..... =0
or, CE@AV/AA+ (£(8)/A)D.¢ §/(B)/8) Ay =0 (53)
It is usually assumed that tha.arithametic mean is the best,or most probele
Volua Ahot €om LefOUnA for o WNALL TUATELLY from aLilk of divaes
oLseruokiont UL erusl .-.‘u& MaXing Shis asurnption and dlg that
The nurvber ek dbsavyotions is qQyveol, 2t m\uol\ei he True velue,
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or X = (M + ¥, + M+ ...)/a
tranaposin?,
e M) H-Ny) +(X-Hz)... =0

i.e., AFD AT =)

Comparing this 7ith (68),a_nd remembering that each must hold whatevar
tae value of n,

(5)/A =a coustant =k

:ovy 187) ag(a) / £#(A) = kada

Integrating .

‘log £(A) = k&%/2410g C
or (D) = G
io which e is the base of the Naperian system of logarithms.
Siace as t(A) increases ,A diminishes,k must be essentially negative.

As its value is unknosn we may rerlace it by another unkmosn constaat,
i.e.,place k = - ‘1R ,giving

p=t(Aa) da= ¢ &M gp (59)
22.CONSTANT C. In deriving (53),the probability of an error betwean,
A and A+ dA ,it xas assumed that p increased directly aith dA ,which

would be true for small intervals. For larger intervals the probabil-
ity varies sith A,so that the sum of the separate probtabilities sould
have to be taken,giving,

~ 1

= [ #(a)aa = [ eatha (a)

(Y a X
Since all errors are incladed betwsen 1&,the protatility of an error
betneen these limits = 1,and of an error betscen O andoo(plus and minus
ecrors being equally probable) = 1/2,

Y2 s . cI:;-ﬂe\é)dA
It AY(2¢Y) = t2,d8 = c\’ﬁdn,f\ t =® for A = ,and
= CEVX (P&t ac™

ginoe the definite integral is independeat of the variable,se may also

L
vzecevZ (Te™ @

18 = c‘:zj:' L‘e"‘““' dtda ()

To integrate,take a surtface ot revglution gener-
ated by a carve with equation z =€Yin the IT ( k
plaae,or z = ¢“in the ZJ plane. ’ -

Its equation ‘will be z = e, or 2 = €™
Its differential volume above the plane TU, as
found by dividing into elementary prisms,aill be,

& = zdatau = ™Y dim

. Fig\.
V=4 f C: e dtan (c) w A

Its differential volame ,as foand by dividing the plane T into ele -
mentary rings of area = 2Wwide, and erecting hollow cylinders ot heights
z,will be

&V = 2wrdez = 2wedre™t | giving V=1r(:¢""mvlv

o~ vz -(ETT = a)
By (c) it is seen that the recuired :ntegral =V/4,whica by (d)=7r/4,
Substituting this value in (b),
V8 = ¢*¢*™ /4, or € = Ve VEW
' (59) tecomss
pt(A)aasaa Dezw (€0)
23, VAWE OF PHOBABILITY INTEGRAL EY SPRIES.= Substituting the value of

giving

giving
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C in §22(1) with the limits changed to <a and + a.

B2z 1 cevem (T
or,mith A% % da =tVE d t,and the limits changed to -t = -A/(eYX) avd

+ ¢ =AAYE), s a.
?;‘:w)g =0 /va¥) f:e'." at =(x/v¥¥) (:Q"' ax

Bxpanding e* by Maclaurin’s .theorem, & =)+%/1t +%/20t +¥¥/3+---

o~ Y% |y A /31 Al - - )
Swhsituting, =t /311« A AN = /(T (en)- ),
which converges rapidly for small values of t.

For large values of t.a more rapidly converging series is obtained by
integrating by parts,thus:

[ av oformyae sty mre™-W2) [l /o)an
~ ~ ot u N
= «(1/2t)6% + (1/2¥)6* 4(‘1.3)/2’5; (e°/¢')at
e at (¥/20) (1 - V) H1.3/(28)° - 1.8.5/(2 )3 -..)
Cmt {o¥ @t s (Tetae- [ethiavmra- Cetas
° ° ' t
Substitatin
(p)f’ =1 -(e% A1 7 M) + 1.8/(22)Y -.1.3.5/(2 r.*?o)(ez)
Prom (61) and (62) Table VII has been constructed from which (p), can
be found for any value of t or A/€VZ. '
.In a given set of observatious errors of different magnitude should oc+
cir in proportion to their probabilities as found frok Table VII. This

gives a method of testing theory by practice,as below: in' the ‘18 inde -

dently obgerved values for the angle Mednickea-Fuchsberg at station
ﬁgni.‘gigenbin Gradmessung gn Ostpre%sen,p.78. g

Angle -v v vt % Andle NV v

88° 30" 32725 -1.838 1,90 forward 49.35 -8.50 = 40.74
7.50 -2.83 6.92 +.84
8,00 =1,13 1,28 %3* 3 3.18 +#1,71 2.92
4.77 40.10 0.01 4.57 #0.30 0.09
3.75 41,12 1.25 4,75 40.12 0.01
0.25 +4.8211.34 8,50 -1,83 ,: 2.68
3.70 +1.:17 1.37 5,00 -0.13 0.02
8.14 -1.2 1.61 4.75 0.12 .01
2,04 +0.883 0.89 4.5 40.62'.0.38
8.98 ~-2.09 4.37 5.2 -0.38 0.14

1B 4538 8.50 +7.84"° 87.59 -10.69 107 48,97

¥ean =83° 30 34787: [v%] = 46.97 ¢ is found = 1.68
For probability of error <17,t =A/CYZ = 1/(1,86V2) = .426. = (p)t from
fable VII = 45%. Number of errors <17 = n(p)t = .45 x 18 = 8,
Similarly as below

. Thgo

¥o. errors<0v5; t = .5X.426; p = 34% np = hgogy  Agtual
<1 t =1 x,428: p=46: op = 8.1 8
<2 ; t =2 %,426; p = 77; np * 13.8 14
<8 : t =3 x.426; p = 93; np = 16.8 17
<4 ; t =4 X,426; p = 99; np = 17.8 17
>4 : t= p= 001 np = 2 1

fith a larger number Of obssrvations a closer agreemeat would be ex-
pected.
4. DEGREZ OF FRECISION. It should be noted that the value of p in
§23 for a given value of A depends not ona tut on t =A/(EVT); so that
in tap sets of observations the probability of an error less than § in
the first will be equal that of an error less than&'in the second , if
. 8/t=28/c e.g. 1£ €= 2€ ,the probabilitw.gf an ercor_less than & in the
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first #ill be the same as taat of one less taand'/2 in the second,or tas
probability of an error lsss than,say 1”7 in the first sill te as great
as that of oane less tham 2" in the second,or the degraze of precisiog of
tne second is said to be only one-half as great as taat of tae first.

The- degree of precision is then iaversely as ¢ ,3ad otservations caa
be rediced to the same degree of precision,and taneir errors directly
compared by dividing them their corresponding ¢'s .~

These quotieats mast in fact be abstract numbers,since A'Aartb)is tae
expoaeat of e in (6€0).

25, CO4STANT €. In a large number of observations errors of difter-
ent values #ill appear in proportion to their probabilities (as found

to te pearly toe case for a small number of obssrvations in §23, so that
in o observations, or errors, there shoxld be by (g0)

, =8 ,
ndA’ e xcvaw) errors of value A’,

LAY “
ada €505 7 2 7 B, ete.

Squaring each error,adding, and dividing bty the total numter n,we have
for the average square the sum of a series of terms of the form,

- .
&n da eAZ?é\/;?v ; and since the limits of A arexso,we xill have,with
B/aed = t*and da = €VT 4t w

. prRy ey

Avevage square = L& /n = 2¢¥Yver( ettrat = 4£"/V"nf° &Yttt

£
Integrating by parts, + \
AT =AM T G +UA) €tax, zowviy vy
Mol M ° '

Sabstitating, [a)m =<t (82)
shich by comparison aith (1) shoas that the constant ¢ of §21 is tae
m.s.e., ot §&

26, AVERACE ERROR. Similarly to §Z5,7e nave tce mean value of
the errors taken sitaout regard to sign,

n =Ed/n = 20T € tar = 2VTETN-1/2 €7
or mn = TVZTh=,7979¢ }

or €= 1.2585q = 1,253518)/n (e4)
27. PROEAELZ ZR30R,r, If 3 series of errors be arranged in order of
magnitude,the central opme is called the probable srror. There thus be~
ing as many errors with less values a5 4ith greater,tne protability

that any error taken at random #ill b2 less than r will be the same as
that it is greater,and eacn esquals one-half.

]_It.: value is found ty placing © = 1/2 in §23, and solving for- tla/w)),
ivin .
ftving B/gVZ),or ¢ /(EVD) = 0.4725
from anich
r =0.8745¢ (53)
The p.e. and m.s.2. are botn 1se¢ in expressing the precision of ovser-
vations.
28, GRAPAIC REPREZSENTATION., It in (60), €= 1/V 2 shich .reducesAdto t,
p/ldt) = £ (1) = v & '

fron which the curve t(t) of Fig.5 can be plotted by assuming valaes .for
t and solving for £{t),as belov. Its general form aas shoan in Fig.3

t £(t) t t(1) 3 t ()
0.0 0,534 0.2 0.394 1.5 0.072
.2 .54z .3 .7 2.0 .010
.4 .31 1.0 .23 3.0 000

Sinoe p/4t is an ordinate,p, tae probability of an error t,¥ill be an arex
= f(t)at; while (p)t of §23, the probadbility of an epror betaecen O and t,

will be the area from O to t below the f(t) curve. Laying tnese values of
(p)t off as ordinates for given values of t by Table VII,zz kave toe curve
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(p)s. ,
Ifa=<, ¢/ =1/V2 = 0,707, »
corresponding to the m.s.e.

R}
IfA= .6745¢, " = .6745/VZ O‘
= 0.477, corresponding to-tBe P
». & . These ordinates are | £

laid off at ab and cd; the Fig.s.
latter will bisect thearea

between the f(t) curve and

the axes,and cut the (p)}

curve at the height 0.5,

from the definition of p.e.
e former will give the point of inflection of -the f(t) curve, for, plac-

{'ﬁ% second differential coefficient equal zero,

a*#(1)/(dtr) = 4 1k ¥ - 27t = 0

=YY% = v, as anove.

2. PRINCIFLE OF LEAST SGARES. In §21 we sav that ith n unknowns
gggeudent upon observation,their most probable values were those ahich
e

(} |

O% ¥ ‘vw-s

ry A

¥
or

p = £( 4, )aa, £( 8,)dp, £(A;) dAy---
a maximb;or substituving the values of £( A, ) (A )..... trom (60),

p=(da,da, da, ....)(C €6 )am Eed

a maximamwhich since dA, dAq,.... ,Ca ... 8re constants,or are known
from the observations,will be's’ nasi¥es shen ’

(v2)(ayey)

is a mipimm;i.e.,each error being divided by its m.s.e.,or reduced to a
standard degree of precision,§ 24, the most probable values of the an -
knowns will be those which make the sum of the squares of the quotients
a8 minimm. Hence the name ' 3 .

If the degrees of precision are equal, ¢ can be factored out,leaving
(A9 a minimm.
‘WhenlA9is a minimn[Vv¥will also be a minimim.

PFor, §5, 5)
5 S netor [A4= [od) + :18".5.1:".:n8’~= €= [8]/n.

Sutetituting, [vﬂ 3((0 - ﬂn)[“’i (e86)

Hence we may also say that each residual being divided by its n.s.e.,
or reduced to a standard degree of precision,the most probable values
of the unknowns will be those which make the sum of the squeres a minimm.
Ne may also note that,since it was assumed as an axziom that the arith-~
metic mean of a number of equally good observations is the most probable
value, the arithnetic mean must make the sum of the squares of the re-
siduals a minimm. To test this,take some other value of the aninown as
x, +5 . The residaals #xill be lf’1 =vy #6‘,v’2 = Vz"'&h Squaring and

adding, N
& 98] = v+ 256) + 08" _
which since (v) =0, and n&™is positive,vill alsays te greater than [vz,]
0. RELATION BETAREN AVERAGE, MEAN SQARE,AND PROEAELE ERRORS. To find

the average error of $28 in terss of the resimals v,¥ith one unknown,
directly observed,re have from (68),

73 =(a - 1/0)La)
¢.it may be concluded that on the average,,
&/v* = alu -~ 1), and A/v =vVo/(a = 1)

or if v andAare added without regard to sign,

(x8) =w7mo tav)
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2. Average OLTOT, . . [xA) /y = [27) Valn = 1) \
[}
From (7) anmd (64) N (29 Ko-D) (67)
Substituting these values of p andnin (84),

€ =1,2588 [ JVn(o-1) €= 1.2583 (2 JJ/nVs=1  (€8)
which are known as Pster”s formlas.
From (9) and (10).

<=V (n-1) 7 (-1

(69)
From (€5),
\—';r_l:_eyv,n-l) B A .8745 [v"]Mn(nel)
which are knoan as Bessel’s formulas.
For the general case of indirect observations,we bave (31),
v (a-u)  ahile, <= [&]/a
.~ as above
A/ = Jal(o-0); BAY/ [+ V) =/a/T(a=n)
n =£a)/n = (2 v)/Va(a-0) (70)
t = 1.2633(v)/Valo-1) ; r = .8454(%) /Valu-u)

which are known as Luroth’s formulas.
For the case of direct observations upon independent quantities w’ takes
the, place of n-m as in (49, giving,

(52 ana (48 phBTIEANER S x = 484G Vo (1)
L4 ‘V[v‘]/(n-n) and ¢ «J"Yn’, with r =.8745¢

The values derived from the first powers of the residuals are often used
becawse ‘they are more easily computed: they are .not, bowever, as acocurate
as those derived from the second powers. Weights are readily introduced,
if desired.

31. LIMIT OF ACCORACY. In deriving the preceeding formulas it has been

been assumed ;(a) That the number of observations is great; (b) That A
can be regarded as a continuous variable; (c) That all constant errors

pave been eliminated. Hith btat fev otservations, (g) and (1) are only
partially satisfied; still if (c) is satisfied,the compated m.s.e. #ill,
on the average,be the true one,althoagh in an individual case it may
be somewhat in error.

Bt as constant error is often present,the corpited m.s.e. may be
very misleading,unless the circumiznces ander vhich the observations
mere taken,or the repatation of the observer, are knosn. Again, when the
pumber of observations,n, is great, an increase in n does not redace
the mw.s.e. as rapidly as theory aould indicate (t.=t/v1).and finally
there is in every species of observations an ultimate limit of accur- '
acy beyond vpich no mass of accamlated observations can ever penetrate.
As stated bty Aright (Adj.of Observations) “ Experience,hosever,shoss
that in a long series of measurements #e are naver certain that our re-
sult is nearer the truth than the smallest quantity the instrument will
measure.”

In a word ve cannot measure shat xe cannot see”. He then quotes from
Pfr. Rogers,vho tound with the meridian circle the p.e. of a single com=
plete dbtermination of the declination of a star = & 0”.36 and of the
right ascension of an equatorial star & 0’.026.7!!:0 says: “If therefore the
p.e. caan be taken as a_measure of the accaracy o0f the otservations,there

ought to be po difficalty in obtaining from a moderate number of obser—
vations the right ascension nithin 0902 and the declination within 072,
Yet, is doubuiul,after continuous otservations in all parts of the world
tor more than 2 ceasury,itf there is a single star in the heavens zhose
absolute coordinates are knoyn #ithin these limits.» Phe rsason is
that the observations are no:c arcanged 30 tnet constant error is elipin=-

ated,but only the accidental errors.



£9.71,) REJBCTTION OF DOUBTFUL OBSERVATIONS, 23
In explanation of the statement ﬂiatél'b(re cgnaot measure what mefg:nnqt
» hat the axiom smal}l errors occur more -
ﬁgnﬁ;’ ‘3¥ :esggetp:obable than lirge ones .sppgl.es'only doan to the
limit of apprecistion or measurement,and that below this limit another
law of distritation of error applies in which the m.S.e. of the mean does
0ol increase as vl .
32, BEJBCTION OF DOUBTFUL OBSERVATIONS. This is one of the most diffi-
calt points in connection with the adgstmenp‘o! observations. An obsers
server is at liberty to arrange the observatidns and choose the condi-

i i rve as his experience and best judgment
ggngi%%::g.'higgvggg'gé:gh%ge ohservationg?if be finds the oonsuions

anfavorable he is at liberty to stop,reject the work already glone,gnd
begin again under more favorable auspices. When it comes to individ -
usl resalts in a set,if there is reason to suspect that an observation
is poor before obtaining the result,a note should be made to that ef -
fect and a lime drawn through the resulf. If the only reason for sas-
pecting il is becaase it differs from the others,the young observer

: i ion Ss the discrepancy is so .great.
%Eg‘{lg Egageigbggtgieg?“i‘gg gg%%tgde of an obspgrvgr lshoglg %gt.
that of perfect honesty and fairmess, directing his effort each time
to obtaining the best possible value of the quantity sought without be-
ing biased by the preceeding results,and mitbout rggard to them except
to knos in a general way that no great mistakes are being mede.

daviog the differeat results together,and being familiar with the cir-
cumstances under zhich the observations were made,the observer can de-
cide shich if any he will ‘leave out in making up the mean.

The computer im revising the work,usually assumes the right to revise
the rejection of observations. For this parpose he, if not the obser-
ver,#ill usually require a criterion. Several have teen proposed.
Peirce’s is perbaps in most common use,but the following tased upon Pa-
ble VII has able advocates and is the simplest.

Ifb= 3€in Table VII, t = 3/V2 = 2,12 giving p = .997:i.e,,0n0ly 3
errors in 1000 should exceed 3 times the m.S.e. On this account, the
crivsrion calls for rejecting errors greater thap 3€ in limited series
of observations. Many object to any criterion,and leave the matter to
:he.audsment 3! the observer,or to the compater in cases where more da-
a3 is obtaine sabsequent -
R know,ledge.by bsequent observations or by an advance in theoret

See on this subject Wrigat, p 131-8



.CEAPTER.ITIT,

APPLICATION TO TRIANGILATION.

33. TRIANGLATION. This is the most common method of obtaining thé
true relative positions of distant points when considerable accuracy
is desired, High points when possible are chosen for stations or
vertices,and signals are erected to make them intervisible.

The horizontal angles betseen the signals are measared, and usually
the vertical also. One or more base lines are measured,which allows

1 the otaer sides. The triangles are aally solv-
gg cg:ps ggg b;ltaii:g one-third the smﬁﬁm excess o‘}sthe irimgle

from each angle. . - .

The latitude and longitude of one or more statioas are observed and
the azimuth of one or more sides. The latitudes,longitudes aud azi -
maths can then be compated throughout the chain by formulas developed
in Fart. II.

In adjusting taese horizontal angles of a triangulation,there are two
classes of errors or discrepancies which arise; one from the adjustment
of the observed angles at a station,the other from their adjistmeat inm
the triangulation. Strictly both should be considered togestaer,but
mach labor is saved by adjusting the angles at 2 stavlom first,and

#itn tnese corcected values adjust!ing the angles of the‘triangulation
sithout reference to the first adjustment: 2ad as the discrepancies in

the first adjustment are small compared with those in the secoad,this
method is usually chosen. :

34. STATION ADJSTMENT. Ths adjustment of the.angles at a station
can be avoided by measuring tae angles independently,and #ithout checks,
This can be done by measuring,say the angles between adjacent stations,
as in Fig.6,and using them directly in the second adjustment,or by meas-
uring the angle from a refereace line around to the right to each sta -
tion as in Fig. 7. In the latter case each measured angle mould cor-
respond to a bearing .ov direction of the line to its right,although
for convenience the differences are sometimes treated as angles.

In the first case,it the angles should close the
horizon, the adjustment wmould reduce to dividing
tbe discrepancy equally among the angles if of e -
oual weight, or inversely as the 7eights,if the
weights .are unequal.

If instead of closing tihe horizon,the sum of
all is measured,the discrepancy would be divided
equally among the angles including the sum,if of
equal aeight,or inversely as ‘the weights if un -
equal. Tae angles may be observed as in Fig.8,
swinging from the left hand signal to each of
the nel others, then from the second to the, -2
others,etc., for nelsets,giving a total of
n{ny1)/2 angles betseen n stations,

Denoting the observed values by ¥, ,¥, ,....,and
the required ones by X, ¥,Z,... or rataer by X +x
Yo 7. Zo¥ z,the adjustment is readily effecte
by §9.

Anotner method of measuring the angles at a
station is,with circle fixed,to read upon each
station in order to the right,then reverse the
ielsscope and read in the reverse order. OJther
sets are taken in other positions of the cir-
cle. The instrument arranged for this mork is
called a direction instrament,and the method,
the method of directions.

Deaote the required q;‘:ggm'gg; of the signals, or the angles which
they make with g:e refercnce line, by Y,2,0,.cc0 d
or by Y +y, 2 +2,0 +,.. ahere YO,Z , 0. ... are
approxi%ate values ;gls‘o the angle be%l.eeg the zero
of the circle for each position and the reference
line by ¥, + ¥, X6 + X',..., Then if the read-
ings of the circle on 1 are I’, M, ...,0m 2,
¥/, I, ,etc.,the observation equations will be

Y. - =vy

ay
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X o+9 - ua"’ v, for the first position

X -V, = v"1 .

¥ +Y- M;= v{ , for the second position,etic .
Or denoting tine values of the first members mheo XesTgsees,8re substi=
zaved by 1,as in§3, (22) becomes

:(.+1’1'. ='v'I
x'.+y*12=v'2
2(’+1'1 =vi.

, ¥ 4y 41 = v”z
from which corrections can bte found as in §9.

35. WEIGHTING. In §34 each M is the mean of qite 2 aumber of observa=.
tions;the m.s.e. of each can be found from the separate observatioas by
(10); the saares of the reciprocals will give the seights fov the obser-
vation equation. .

With these the m.s.e’s. of the computed angles can be found wmith the val
ues of the angles as in the problem of §14. If the angles are observed

independently the m.s.e’s. can be found by-—(-10) as “abov €}
'davirﬁg tne Zd.‘nsted anglss or airsction3,the aext step 1s to make up

the triangles. In order to determine the numbter connecting differeat
groups of points we may note the following: .

The number of lines reouired to comnect P points with a closed fig=
are is p,and this gives one check upon the observed angles. Bvery ad-
ditiona.f line nill give an additional check,so that #ith 1 lines and
p points,

No. of angle checks =1 - p +1 (72)

This will usazlly give tae anumber of triangles; in excertional cases
triangles caanot be found and polygons will have o be used instead
When there is an excess in the numcer of trianglss the-best shaped
ones should usuAlly be taken. The triangle errors can then be comput-

eq by comparing the sums of the three angles in esach with 180° + sgﬁer-
jcal excess. Saquaring thess,adding and dividing¢ ty the numbter of tri-
angles will give the average square,or ¢* for a triangle. Cividing by
3 will give the average ¢ for an angle,or by 3 the average ¢ for a di-
rection® b{ §3. Comparing this with the average € found for the ad-
jsted angles or directions at the station,and it #ill usually be found
greater. The reason is that the former include only the observing er =
rors,vhile the latier include both the observing and triangle ecrors ,
or those due to eccentricity of signal and instrument,lateral refrac-
tion,one sided illumination,etc. 3uttracting the former frqm the lat-
ter aill give the €*due to triangle error which mst be regarded as con-
stant. Adding tais to the <*due to observing error tor each angle ae
have the total for each angle; the weights for whe triangle adjustment.
will be proportiopal to these reciprocals.

In case mors than 3 of the 2djusted angles are reaquirad to form a tri-
angle,the sur of the squares of the triangle errors siaould be divided by
f.he totgl numter of angles used,for the average <* for an angle; while
in forming the sum of the<d for the adjusted angles at a stationm,each
should be repeated as many times as the angle is used in ditferent tri-
angles and the total number of ¢vused as a divisor in obtaining the aver-
:ﬁ; szgygottl‘s can be incluged with the triangles in folloming out
sty ?72)?1' angles or directtions,if taere are not triangles enough to

The effect of the triangle error is to make the weights more nearly e-
g:;i;c:gn;twg Jgsbgsngglzcﬁd.nearly as good results will be obt&ingd by
ety bt el aking them from the ¢ of the adjasted an'gles
¥YAn angle is made up of the difference of two directions, : /
the same as by the difference of two bearings. Thus !
the angle 1-2-8 = -1/2 + 3/2,where 1/2 and 3/2 denote :

2

the directions of the stations 1 and 8.

w



28 LEAST SQUARES, (§37,Fig.1,
Care should be taken to have the angles about equally well measured.
86, PIfﬂRf ADJUSTMENT. The geqmetrioal conditions to be satisfied in the
¢ i’ng%h:t.gg :f'in, angles in each triangle - 180° + sfherical exces% or
in each polygon, 180° times number of sides, + spherical excess, less .30 .
(b). The length of a side which cap be fog;d by computing through dif-
ferent triangles must have the same eggth y each. both i _
as;) é}ges-rise to angle equations, (b) to side gquations,both coming an

Thus in the following pentagon: )
Angle equations

6 triangles b es the station condition that the angles about
tTE::z :gauin equaf to §33? ?859 becomes e

3
(a) ¢ (b) + (1) 49,70 /NON
(o) #(a) +(f)) +gq =0 aﬂv
5 5 5 5 Fiq.10.

- 9 W
(fl) + (fz) + (fs) +(f4) + (ts) 0

where. g,,..s.. Qe8re the sums of the observed, or star
tion adgustei augqu,1n the triangles,less 150‘ + aph:rz
jcal exoess,or the triangle e{rors; and (3.), (by) ...,
are the oor;eotipns to the angles,or the v's.

Side equations,

The triangles whioh give a side eguation,or a_check upon the Iength of
side,will usually have one vertex in common,called a pgge,l dle gg: sgd:i
radintig% from it will each be common to two ;ri:n leg
In waking up the sheck equation, the two radiat ns sides of each triaa-
le are written as a fraction,beginning with any one and _taking the ad-
jaoont ones in order in either direction around to the first again,the
enominator of the last can each time be taken for the numerator of the
next vhen the last denominator will be the same as the first numerator,
givi:g untgy tgrtghe :onungedhproducti !achlfvaczionhenn be roglac:d
the ratio o e sines of the opposite angles in the same t .
:{ving the required check on the agzles. ¢ : sne triangle
Thus & triangles have a common vertex at f, giving
af  bf of gl ef =1 '
bf cof gf ef af
or, sin b1 sin <, gin g sin e, sin @

sin a, sin bz sin oy sin g4 sin ¢

Taking logs. 5

log sin bl-log sxn,a1+log sin oz - log-sin bz +log sin qs -

log sin ¢, + log sin &4 - log sin g, + log 8in 8y - log sin e, =0

The df’/dM|,of 815, = d(log sin b,)/db, = Nod.cos b,/sin b,= Mod.oot b,
where Mod. = -the modulus of the common system of logarithms.

d(log sin b,)/db, = ratio of change in log sin to change in arc, = 4, /8in1?
xhere.d = tabular difference of log sin for 1%.

< (36) becomes ’
dl(bl) - dz(al) + ds(cz) - d4(bz) + ds(gs) - de(cs) +d7(e4) - de(g4)+d9(a5)
s feg) v =0 v

zhere ¢, = the value of the log sin equation when the observed angles are

substituted. . . R :
Fgr cqn;enience the decimal point is moved either six or seven places
toas t fo

e ri rd and g.
ADJGSTMEHT OF QUAE'PILATERAL._ Se%gca gake .1882, Angl:s obseneg
independently. Weignts found as in §3b. pberical excess inappreciable,

Triangle 34 Triangle 86
53 70° 27 5370 1/w = 1.5 I 48° 63 29,3 1/ =0.4
L‘.’_‘ 60 19 06.5 0.8 MY 80 41 56.9 =0.5
0X*_49 13 05,4 0.8 0 70 24 310 =0.6
180 00 4.9 179 59 67.2



Eq.30) ADJUSTMENT OF QUADRILATERAL bt
Triangle 36

M
B 410 21 25%8 1w = 1.1 ke ¢
M 29 25 52,7 =1.0
[ty {eo 19 08.5 = 0.8
twi48 53 29.3 = 0.4 Fiag .
179 59 54,3 nE Ow

giving 3 angle equations with g’ = +479,q" = -2.8, ¢"/ = - 677,
Side equation  PFae av Lo (LeNu/LO NleQu/LeMAlLeMe/LeN =1

Ley tima 4 Agev " Leg time - a o
o3 qs191na . M qaIvasy 8-
M2 q. 9405413 s O3 Q. a141 006 P
NY a.t100378 un ME acareIe
9.0 397939 4GqIcT
s
+TA ¥ =9,
TaVle for Nevwal Ec Aloms 3%
v_folalvield |s P o]0y a8 1V PO OG0 [ A% [3vw
(N2 [T B IO R [ I q | .3 3.3
(1) {041 [ 1 losfos XY Ok “
ol o R L TG L -7 N L5 2 S N N T O S B (L. Y, IR VY Y
(39 | [ ] kY [04|0oM]  lag|om 3
(MY (081 |1 "ne s 0.8 Salem . AT,
LORjoel (V] Fages 0 f L fec| _ pustaal_ |- | _[333¢ | aqas
[CAE V laaqlag fd 2% 91A9.39/C18.3) | exu.
(ME |10 RN 1.0 P3YY FYel 139996 | 1368.2¢
29[ 0.6 03[ 29| ¥ oM | s {33 [0 Fun paothyr ity [awor .14
NORMAL EQUATIONS Chedk
2.7 A +0.8 C -0.838 D +4,9 =0 = 2,91 N

1.5 E + 0.4 C #1,4 D -2,8 =0 - 3.3
0.8 4 0.4B + 3.1 C-1111 D -5.7 =0 +7.01
0.394 +1.4 B - 11,11  C +2MWM D +375.0 =0 - 2401.3

These equations are more readily solved with a smaller coefficient for D
in the fourth. Thus let D, = 107D , giving,

2.7 4 40,6 C - 0,06 D +4,9 =90 -8.16

1,58 +0,4C+0,14 D, - 2.8 =0 + .76
0.64 0.4B +3.1C = 1.11 D, - 5.7 m 0 +2,71
0.04A 0,14B -1.11C +24.11 0, 27.5 =0 +50.80

from which. A = 3,20, 8 =+1.53, C = + 1,68, D, =~1,08, D = - ,108
(39) becomes
(N3') = 1.6 (~2.20 - 7.5 (-.108)) = - 27.1

(L) = 0.8 (-2.20 +1.68) =-0.3
(02') = 0.6 (-2.20+418,1 (108)) = - 2,5
- 4,9 =-¢
(L) =1".3 ) =41.0
) = a0 ) 5.7
(oY) =1,4 (LY + (1Y) 1.0
+2, 8 = =¢* 6.7 = - g

(0X')-2.5 +18,1 = -45.2| (NX') - 2,1 x 7,56 =157
(¥37)40.1 x11,8 = + 1,3| (OF) + 1.4 x7.5  =+10.3
(82°)-1,0 x28,9 = =289 | (M¥) + 6.7 x37.4 =212,

-67.9 40€.0
~208,0
-275.9

These corrections applied to the observed angles 7ill give toe adjusted
ones.,

sbould = - g%



3 LEBAS? SAUARES. (s 41,Fig.13,

38. NUMBER AND FORMATION OF THE SIDE BQJATIONS.- Whep in any systeam tie
first two points are determined by the length of the line gquing ghenfghe
determination of apy additional point requires two sides orF two directions
go that in any s;stgl of p points we have to determine p - 2 points,which
requires 2(5 - 2) directions,or by adding the first 2p - 3. Hence in a sys-
tem of 1 .sides and p points,

No. of side egquations =1 ~ 2p + 3 (73)

where each side requires to be observed over from one end only.

Stations between which side equations_exist foym systems about a cenmtral
point or pole 1ncl¥di?g it in a, rzaggle or golygon.,

‘requently the pole falls outside which aakes oo difference in the so-
lution. In either case there is one characteristic property: i.e., at every
station three lines meet, save one,where p - 1 leet.i ere being p stations.
colpligations arise  from syiteng within systems., It is less work to take
tge ole where the least angles have been observed,in cases which permit

choice.
oln a oolfleted quadrilateral where the angles are measured independently
it is best to take the pole at the vertex of the three triangles giving the
angle\ equations; in other cases where the adiaoent angles are used giv-
ing g toda triaggle the pole is conveniently taken at the Intersection of
vo diagonals.
th%he aum eg o? an%le eguations was found in (72), each side requiring to
i i irections,
belilghgﬁgi§v8¥ tgiagéfeflsﬁegé tgo bases hsve been‘leagured.botg beinf re=

a ged erfect {he a §° utg tern of the side equation becomes tbe ratio
of EBe vEEEs®tasteda®ofunrty.

80. ADJUSTMBNT OF SECONDARY ™) PRIMARY AORE. The grinary.vork baving been
adjusted by itself,tbe entire discrepancy would be thrown into the seconda:
ry. <This would be accomplished by placing the correction to the adjusted
or perfect anglf.oi its v, equal gero,so that the term containing it would
disappear from (35

Thus in tbe following figure,we _have given the an- '
les o% the ~primary %tia%ﬁle 1-2- ,an§ those of 2
§¥° econdaf; triangles 1-A-4, 2-3-4, 3-4-1,de -

r Ted as differences of direction.

Apgle equations
+(a/2) -(2/4) + (1/4) -(4/1) + ¢’ =0
#4/3) -(8/4) + (2/4) -(4/2) +¢° =0
(4/1) -(1/4) + (3/4) -(4/3) + q“* =0 !
Side equations

(1-4)/(2- 4) x (2- 4)/(3- 4) x (8- 4)/ (1 -4) =1
or + d1(4/2) + d2(4/1) + d3(4/e) + a4(4/z) + d5(4/1) + de(”s)* =0

From these the corrections can be derived as usual.

If a secondary chain connects at each end with a rimary side,and in many
other cases,the checks due to the connection are often brought in as a side
eqtgtgon ,azimuth equation,latitude equation,and longitude equation; thus
making tne computed side of the same ength as,parallel to, and coinciding

with, the Erimarx side.
40. M-S.E, OF ANY SIDE. In §18,8x,1, it was found that
= at sin*1”(cot*A, + cot'B,+ cot A,cot B, )<'2/3 +gat /o
Similarly for the next side.
Qr alsin*1” (cot™d, + cot*B.+ cot A.cot B)E2/3 +  ay/ad
Substituting~ . :
€= a'sin® 17( (cot"A)+ ot B+ [cot A cot B) )T*2/3 +Ea*/p* ()

This will give the m.s.e. of any side in a chain of triangles, b being the
measured base,and A and B the angles used in computing the side. If more
than one series of tr1angles can be used the shortest or the one giving
the smallest m.s.e, should be taken.

41, APPROXIMATE ADJUSTMENT FOR AZIMUTH, An azimuth equation mdy come from
oconnecting to two sides of a triangulation
which has previously been adjusted,as al‘
ready indicated,or it may come from the ob-
gserved azimuths of two triangle sides,
Strictly the azimuth equation should be in «
cluded with the others in tae figure adjust+
ment;but much labor is saved,and often suf-
ticient accuracy attained,by considering it

separately after the tirs adjustment has N
been made. L Fig V3

<
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in Fig. 13 toe ansles A and B are used in comoutinmg the side 5-8 from the
ba:e ig'z. TE: a;lilguch of 5-8 cen be comouted from that of 1-2 by usimg onx
1y the aneles C. Countiangd azimuta clockwise as usual, the azimuth of 1-4
would be found froa that of 1-2 bv ggl:tractmd C.e The azim:htgﬁ 4;r'd

daiffer from that of 1-4 by 1 less the_convercence of the merid-
:g:g?ané can be computed from formulas in Fart II. The azmuth. of 4-3 can
be found from that of 4-1 by adding Cjete. If g, = compated azimutd of
5-8 less the observed or direct value,

Aziamuth equatioa

a,- -(Cl) + (CE) - (03) ceee * o = 0

angle equations
b, (A) +(B) +(C) =0; c'(Ag) + (Bz) + (cz) =0,
£ov w '*""'&hq'\.v].'s\ 1 1 v
Forming the normal equations as usual. B

nd ~E+C =D .. +qz =0
-A + 3E =0
+4 + 3C =0

Finding the value of B,C,etC..., in terms of A and substituting in the
girst equation,
nd - 8/3 - A/3 = ceee ¥ qz=0
nb - nA/3 + q; 0

A=L3 qx/al. B =- qz/Zn_ Cu+ q‘/Zn, D=~gq,/2,cen

Corrections
(Al) =-q, /Zn,(Bl) = - qz/2n. (01) =ta, /n

(a,) =+% (20, (B)) =+q/2, (C))=-q /o

i.e.,divide the excess ot':'éomputed over the observed azimuth by the number
of the triangles,and apply one-half of this quantity to each of the angles
used in compnting distance through the chain,and the total quantity,mith
the sign changed,to the third angle,the latter being so applied each time as
to reduce the discreganeﬁ

42, APPROXIMATE ADJUSTMENT BETNEEN BASES- Strictly this equation should be
added with the others in the figure adgustment,bnt frequently it is omitted
until the other adjustment has been made in order to see how close the bas
will check,or the check base mey not have been measured until the figure
ad justment has been- completed. In such cases the base adjustment can be
made separately as below.

se equation

o [dA (A) - dB (8) + q = 0

where ,as in Fig. 13,the A angles are opposite the required sides and the B
angles opposite the known ones in passing from the first to the second base,
da and dgare the differencesof the log sines of the angles for 1%,snd g,is
the discrepancy in the logs of the bases when the observed values are sub-
gtituted.

Angle equations.

b (a,) +(8) +(C) =0, c (&) +(B)+(C)=0,....

for o triangles. A
8 Normal equations.

(Lax) + Ta0))a + (da,- g )B ¢ (dp - 'ag )C + 0= O

(da,- dg)a + 3B =9
(da- d.zA + 3C =0

Prou the 2nd equation, B = - (d,,- dg)4/3

From the 3rd equation, C == (da[- dg )a/3

Substituting in the ficst,

8=+ 3q/ 2[q +4, a5 +dax]

Substituting in (GO),
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A = = - - -
(a,) (?dA'+ dB?Ala (8)) (dA‘* ma?ua, ‘01’ = (dA‘ aB?A/a
The corrections to the ¢ angles will tend to foot i -
ences for 1;" ‘f'or the & and g angles ::eragigg abou2°eq3§1’§§°a“é§13c‘.§ﬁ§.

tion. The disturbance in the aziuut? adjus;nenz will thus be small .
Ey calling the C corrections zero dA' dB the angle equations become,

‘b (Al) + (51) =0, ¢ (Az) + (Ez) =0,----

Normal equations,

( Ca)+ (d;]) A+ (dA:- da')B + (a : dazc +eeet gy =0

A

- +» =
(dA'A dB.)A 28 0
(da, =dg) a+2C =0

From #hich, B = = (dA -d B?A/Z, c= #(dA‘# dB\)A/Z

Z - : .
A 2q/[a) +24q, a +ay)
(11) = (uA.* d B?A/a ; (B) == (dA‘+ d ) A/2;...

Phese corrections whea applied will mot disturb the azimuth adjustment
Bo that the length and direction of any line will be the same computed
from either end of the chain.

43, ADJUSTMENT FOR LATITUDE AND LONGITUDE., The observed latitude and
longitude would not check throughout the chain due to local deflection
of the plumb line.

In joining new work to old adjusted mork at two points,as in filling
in secondary triangulation,the gu?otion side oompnged through the new
work must be parallel to the o1d (azimuth equation),must have the same
length (base line equation),and must coincide in position at one end ,
which is best effected by a latitude and longitude equation. This last
can be introduced in the figure adjustment,but the discrepaacy ia good
work will be so small that_ the eguation can be omitted ia the first ad-
justment,and the error in latitude and in longitude distributed as in
a land survey without serious loss of accuracy. Bach station can then
be reduced to center by the method givem in Part II, makiag the figure
consistent throughout.

44, TRIGONOMETRIC LBVELING, There are three methods of determining the
difference in level trigonometrically; from non-simultaneous readiags
at the two stations; from simultaneous readings, and from readings at
one of the stations oaly. Approximate foraulas for the 3 cases are

h, = k tan 1/2(8,-8, ) + ( o, + n ) K*/2R,

h,~ = k tam 1/2(‘1'$| )

by =kcot§,+ (I - 2n )k‘/2B
where k = horizontal distance;§,,8,= observed zenith distances; a _,a_=
coefficients of refraction; R = radius of curvature of the arc joia -

ing the two stetions, ] .
The m.s.e. for each result can te found &s in §3,remembering that k ‘is
well known, eand thet § is nearly €0°,

G k'sin*1” £/2 + K'€2/2 Ry (75)
Qr Csin*17 /2 + K¢ /28) (76)
£ k'sint1” 6§+ K'eX/RY /]

In adjusting & net,the algebreic sunr of the a’s_in d¢oin¢ eround & tri-
angle should = O,'¢iving for the pumber of the equations, the same es for
the nunter of amgle eguations,l - p + 1.

There will usually be enocugh reciprocel observetions so thet the velue
of @ can be computed for the lines observed &t eech station, essigning
weights to esch reciprocsl set by Bessel’s erpirical formule,

: 0, 0Nk/(n,+ n,), m@here n,n,ere the nunbers of obser-
vat .

heoRLiiota 10 be siven tc the aifferenses in height mould be the re-
ciorocels of the €% found above. Wrisht,r.392, essuzes€g= 2%, € = C.C2,
e3 ceing fair evereges,
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45. ADJUSTMENT OF A COMPASS' SURVEY. For each
side the lengith and bearing are directly measured,
while the latitude and departure are compated.

The latitude eduation is,

L'=1cos B (m)
dL/dl = cos B dL/dB = - 1 sin B (b)
" §3, €}= €rcos*B + gl* sintB (c)
FPor the departure,
D =1sin B (Q)
aD/d)l =sin B dD/dB =1 cos B (e) £
£5= §sin*B + gxltcost B () "Flgn.
If we assume as was practically done by Dr.Bowditch that .
€= €g" = 1x consgant =1C (v8)
which reduces (b) and (d) to
€L =£6=1C (99)

i.e.,the squares of the m.s.e’S.in latitutde and in departure are each
wopggional 1o the lenguhs of the sides.

n it is- shown that for equal weights- the most probable corrections:
1{11 be those whi make the sum of the squares a rminimm;and for une-
qual weights the sum of the squares of the quotients found diviai
each correction by its m.s.e. Hence denouving the conrectiorlg in 1m.li)g
twude for the different sides by VeV, Yoy, - - -s

} e /1, +wr /1, 49 /1, + = gminimm.
Differsaviating, ' A
dr, v /1, +dv v /1 4w, v /1 ¢+ =0 (80)

The sum of the corrections mst egdel the total error in latitude with
its si changed,-q, ,a constant, Ve, + VLtV + =q,

Di!fe:?;ntiatig:g, e dv,, + Qv 4 dws + =0 ey

Comparing (80) and (81),and remembering that each mist hold whatever the
number of sides,or v’s., ’ :

v, /1, =w /1, =v /1, = (82)
t.e. ,the corrections_in latitude are proportional to the lengths: of the

ides,according to the Dr.Bowditch rule. .

The same can be found for the corrections in departure,giving,

Vo, * Vo, + Ve, + =0
vo, /1, =vo /1 =vo,/1 (83)

It the corrections are required for computihg area.t.he! can be apglied
directly to the values: in gﬁe latitude and departure columns;btut 1f they
are required for a-geometrically consistent map or record the correspond-
ing corrections- mst be found for the distances-and bearings. Thig can
be done by dividing the corrected departure by corrected latitude for
the tangent of the corrected beariné.t.hen dividing departure by sine and
lavitude by cosine for the corrected distance giving weight to the value
having the larger numerator,and using the other as- a check. This required:
the use of as many decimal places as: the original computation.

Prom the differe_nvial aquations (b) and (e),the votal correction to

the side, dl = dL/cos' B + dD/sin B
=dL 1/L + dD 1/D 3 (84)
The total correction to the bearing,
dB = - dL/D + 4D/L, or in minutes,
a® = dL/D sin 1’, + AD/L, sin 1’ (85)

. Equations (84) and (85) are readily computed with a slide rule,or even
bf inspection from the coordinate sheet..
n equavion (78) an unceruint; in chaining which wgnld amount to 1 ft.

in would give, €= 1 =VE T; or C =0.044
o €,=.0.044WT €g= (in minutes) = 0.0447AT sin 1’
Substituting for different distances,
' Distance. Uncertainty in chaining. Uncertainty in bearing.
10 feet 0J14 feet 0° 48°
59 0.32 0 21
10 0.45 ]
' 500 1.00 0 07
1 000 1.41 D 05
2 000 2.00 0 03

An examipavion of these resulis shons that the assumption is fairli‘rea-
,sonable,although it gives too greai weight to the bearings of long lines,
and perﬁa'ps 100 small to those of very saort onese.



32 LEBAST SQUARES. (348,%ig, 14,

. )] A TRANSTT SURVEY. In an ordinary transit survey no
bﬁria%"‘i’l‘:ﬂ&gged,mt the horizontal angles between the lines are
zeasured. In compating coordinates a meridian is observed or assumed and
the bearings: found from the angles. To express these bearings in terms
of the measured angles- in the adjustment equations, as should be done for
‘accuracy, involves: oo mch labor. To use them as- observed quantities
will give different bearings: and different coordinates,depending upon
th‘f direction taken around the figure for each in case the angles do not
“close”,

n ordinary work the m.s.e.of an angle need not exceedl minute,if care
is taken in seuvting over the points' and in plumbing the.flag poles.using
vacks- on the stakes: for all lines  of lesz than 300 ft.,swinging without
delay from the back sight to the front sight,and lining in a “range™
point to swing from for all lines. of less that 50 fi. J¥ith these precau-
tions, the m.s.e. need not increase with the shoriness of the line,as with
the compase: with which it is- a waste of time to guard againsi errors of
eccentricity in setting up or flagging.

On very rough ground,or in goimg vhrough brush,where the flag pole is
partly hidden,1t may be difficult to keep the m.s.e. below 2 minutes;
while, for careful work,the m.s.e.can be readily kept within 1/2 minute.

For good work the lenﬁth of sight shoald be limited to aboutr 100 fu.

It is believed that the time required to swing back by the lower motion
and’ forward by the upper for a second measure of the angle is well re-
paid by the freedom from.mistakes and increased accuracy secured.

Ordinarily,it will be wore difficult to measure distances to 1:500 than
angles 1o minutes,while an accuracy of 1:1 000 is seldom reached except
on lavel groud or for city work.

The accuracy of angle sork is thas cons'iderabl‘y> greater than that of
chaining,1 minute in angle giviag 0.15 ft.in 500 as compared with f1.
in chaining;or,0.5 minate,0.15 f.in 1 000,as compared with the 1 fi.due
to the more accurate chaining.

On thig account it will be admissible to adjust_the angles to_close the
figure ?n.e.,ao that the sum of the interior angles shall equal twice as
many right angles,less four,as- the figure has sides) by distribating the
.error equally among -the angles to the nearest 1/2 or 1/4 minute if they
allut‘:‘eeri equally well measared,or’ concentrate the corrections somewhat
npon,goorer angles' if not ‘equally well measured. The bearings or azimths
are then compated and assumed to be correct im the fimal ad justment.

This leaies only the two conditions:

Sum of latitudes equal szero. Sum of departures  equal szero.

That is, 1, cos: B, + 1,008 B, +1,c08 B, + =0

* N (88)
lysin By + l,84n B, + I,sin By + =0
‘yherg the ;ot.el corrections are to be appliga upon the basis of inaccaracy
in chaining.

Denote the observed distancss by M,,M,,M,, ..,and the required correct-

ions by v, ,v.,v5,... . The corrected distances sill be
1L, =¥ +v,, 1 =N e, 1, =N vl
Substituting in (88),
(M, +v,)cos B, + (M, +vi)cos B, + (My +v,)cos B, =0
(M, +v) sin B, + (M, +v,)8in By + (U, + v, )sin B, =0 ,or
v, cos B, +v, cos' B, +v, cos B; +q=0 (87)
v, sin B, ¢+ v, 3in B, + v, sin B, + 0:=0
where q, = M,cos B, + M,cos- B,+ Mycos B,+ = error in latitude,
g, = M,sin B, + M sin B,+ N,sin By+ = error iam departare.
For convenience change (87) to
v, L/1, + v L /1, +v0y/1, + +q,=0
\{ Dl/ll "’V\Dl/lt *'jD,/l; + +q,= 0
where L,,L,.,...,Di,Dy,-.-,denote latitades and departures.
If € for chaining increase as- 1,or the weights inversely as 1,(38) bee

comes /A + [L/DB+q=0

(8e8)

/A + [PY/1IB + q,=0 " Solving,
A= (q[L D/Q) - q, ED‘)%)/(-[D‘/E\'IL‘/B - o)) ) (89)
B =(q [L0/) - o [t/0)/CO/Q /0 - L O/TY)
(89) becoue, v, =L,A + DB
va =LA + DB } (80)
Adding, M=ai) + B8 (0 =0, nearly.
Also, v, =%0L,/1, =4aLy/1, +BLD/L

L L/, = A LY/l + B LD/,
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¥, =% D, /1, =4 DL,/1, +BD/1,
Yo = " D/1, = A LyDy/1y + B D}/1,
§ o mapiend frcd ~ inisg 1 directly with the discanoe (€
f the inacoaracy in chaining increasss dire n e discanve
T fnursely as ffad become,

varying as- 1),or the weighta: »,
Ma+[LDYB#gq =0 } (e1)
LD]A*;D’~B4Q,.-O )
vith A = (q (LD - qf09)/(08 M- (L a ) .} (02)
B=(qL0 - ‘[E]l)ﬁ(?? {_L;j -y |
'D g { B (B ]

T resbere g0 so' v in the ber of decimal

In order to equalize mumbers: so as- to retain sape numbec of decima
pl:ces shrou 33:.,100 1 is - used in place of 1 in (esfuhng the values:
of %yand B 100 times w00 great and reqiring the values of v to be divide
ed .

If it is assumed that the error in chaining increases directly with the
distance,(?8)- may be charged to

€= ¢l =1 xconstant =1 C 83
which changes (79) to g =gy =1C .
) 1o dn v /1% + dv._‘vhll“ +dew /13 + =0 (95
(62) o w,'/1} = o /=0, /18 \} (96)
(83) w0 1o, /1} =%, /13 = v, /13
i.s.,the corrections in l_atimde are proportional to the squares of the
sides,as: also for the corrections in departurs. )

An examinatior of (©3) shows: that an error of 1:500 in distance will
give 1/500 = €1, .
or fg= 1/500%00029 = 7, or for 1/1 000, £ 3.5,

These ratios are more reasonable for transit work than those tabulated |
from (78),bat it would require an accaracy of 1/10 000 im chaining,or the
best grade of level frou city work to reduce the correspondeng angle
error to a valae easily attained im ordinary transit work,anless the fig~
are has- a very large oamber of sides.

In this method the error of closure of the angles wonld first have to be
distritated before computing the coordinates.

t'Enmple 1.The following field wsasurements wers made with tramsit and
ape:

Sta.1,44°38.8'R, 287,24 ft.;sta.2,8°04'R,451.75 ft.;sta. 3,12917.5'R,
921.30{1".;3%5.4,89'%’3.212 f1.:808.5,2°35.6"L, 317.3 ft.;8%4.6,91°0, 5
443.8 ft. '
‘The deflectioms- foot up 3680° requirinmg mo adjastment for angle closare.
The line 6-1 is nearly north and south and it is- taken for the meridian
In computing the coordinates: columms: are added for 1*/100 1,D0%/100 1,
L D/100 1,made up with slide rule from the distances: and coordimates as

Dis~ Latitude,l. Departare,DJ L* D%
= o1 vy 1o

1 ° B 4. 37| 201.83 1.45[1.42| 1.44
2 52 42.5 E451.75|273. 70| 350. 40 1.65 2,85 2.18
3 200 ¥921.80 921.04 32.18| 9.2 [ 0.01] 0.32
4 83 34 212, 5.0 211.93{ 0.00 | 2.11 | -0.05
5 B 88 50.5 W317.3 317.241 0,01 3.17 | 0.08
8

North 43.8
Totals.

- 4.44 10.00 | 0.00
561. 23/ 561. 33 [16.75 [ 9.58 | 3.95
581.23

9= [~ 0.10 |

A = (~0.10%3.95 + 0.48x0.56)/(180 - 15.55) = + 0.029
B = (~0.48x3.95 + 0.10x16.75)/(1680 - 15.55) = - 0.001

v, = +0.05 W, = + 0.04 Vo, = + 0.04

v, = 40,08 W, =+ 0.05 o, = + 0.08

= - 0.8 i, = +0.28 n, = + 0.01

= 0.00 v, = 0.00 oy * 0.00

ve= 0.00 Nig= .00 Y5, = 0.00

o =+0.,13 ", = +0.13 Yoo = 0.00
(= 0.00 )=+0.488 =-q, (vo3=+0.11 = - qa

If any line is- regarded as perfect,as: im connecting with a sarvey ale
ready adjusted,the corresponding correction is made zero and the corres-
ponding L'/160 1,0%/100 1, and L D/100 1 omitted im the sammation for 4
and B, .






FART II. GEODBSY
CBAPTER I.
INTRODOCTION

. and art of makiag the )

1. CEODETIC SURVET. Gwdesv'is}ltlil:- :ﬁ::::elr locating,with acoara~
weasurevents and reductions: |:e¢;tn.r.‘e,mn say be widely separsted. It henoe
cy o the earth’s sarface,points wh ? the earth,of the varioas. phenomesa
S pRses & g O e eacats and of the oopstraction aad ase of im-

ich effect physical measurements: and o 3 tonch so characteristio
gi‘ulenﬂin addition to the accaracy of sight an

. / . '
“At:iiggp;lgﬁggﬁt;&r chain of triangles,is: ;z:ag: :mg&:'ﬂ.’ig
he best resalts,both io' guantity and accaracy, s diatances apart rarye
1;a:ed points are chosen for the triangle vertice:;;”' ap %o & handred o
:ng mith the character of the sarvey from a fen: lected for base-limes. 1o
O o Toatuioss. that z:or_ter t%:nr::?lig;h:;:n:zze:el;:h the main net;su;alo
ions- that they can 0 . -
::ﬁhes:%ﬁghed which deﬁ.t_l: tl;e :eit.:z:s‘;ea::;:a:::y;ﬁ: ;:: ::::ﬁ;me
enough to be seen by the aid of a tele: The vorticer Llac o
horizontal angles. of the triangles,and usaally the ey th;odoltt.o
i . the sides,are then accarately measured wi a 0 .
::gltgzﬁb::-gfnes‘ with a base apparatus. All the triangle ;-ides and the
differences in elevation of the vertices can then be oo-pntei.

Usually the elevations above sea-level of one or more vert :esla:: meas~
ured;while astronomical observations arevtahs.n' to determime the la tmtiou'
and the distances: in longitude from some observatory or refersace sta
of one or wore vertices,and the azimmths of one or more sd.de:c. 4 verti-
The actual positions: on tge earth’s surface,both horizontally aad ve
cally,can then be compated. .

- of a geodetic survey are usaally twofold: .

2? ";hbgef::a:ion cg; recovery of boundary and division lihes or sonaments;
and the farnishing of a net with wshich to comnect a topographic or hydro-
graphic survey so that the inacearacies of the latter cammot accamalate

arge areas.

83.1. %heg:cmate determination of the figure of the earth. The distance
betwegen the parallels or meridians through any twp stations or vertices.
resalts from the triangulation,and their difference 19 latitade ud:lolgi-
tude, from astrooomical observations. Dividisg the difference in latitade
in linear units by the angle in degree measare, or in ‘\T:leuure,l:i.ll give
the length of a degree,or the radius of _ carvatare,of the nridxaq. Prom
these values: in different latitudes the semi~axes. a and b, the meridian
quadraot Q,or the semi-major axis a and the eccentricity e or ellipticity

(12 = (a-b) +a) can be computed,assaming the section an ellipse,or the
actaal form can be approximated. Sinmilarly,the parallels caa be compat~
ed,assuming circles,~giving an ellipsoid of revolstion,-or their actwal
shape can be approximated.

2,. BISTORIC OUTLINE. (). In: glancing at the development of the scienoce
of geodesy we may note as of special interest:

The first authenticated hypothesis: of the spherical form of the earth
by Pythagoras,who is. Supposed to have been born about 532 :
The first determinationm of the circamference by Bratosthenes, 230 B, C,
HE originated the method of deducing the size of the earth from a meag-
ared meridional arc, for he .foand that while the san’s. rays: were verti-

The distaace accordiag to the state~
ments of travelers. was. 5000 stadia,giviag 250,000 stadia for the oir-

on the same meridias (Gyepe
is- nearly 3° east of Alekandria) Jordan { er-‘eaeunghnﬂe.suttganfelsoo,
Vol1.3,p.2) estimates this value to be about 168% in excess: by taking 1
stadiam = 185™ ,the egact valae of a stadiam being uaknown,
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5 idi ich sas directly meas-
itti arc of £ degrees of the meridiaa ah ras directly meas-
ggzgt:;%hu:goden' rods ander the direct:ig;s oli; an Ar:it;;ntg:).:s:bzg 8;’;,
and the measareseat made by Fernel in_ by m‘:gom g e o iens
ravolations: made by a cerriage nh;el in gomg ron o o onusaal
acing the broken line to tae meridian, - giving L
::;:2:355"01 errors,s compated circamference only D.1% in excess; w@
e s i : it being the first im
rc measared by Saellias .of #ollend,1615,it being t )
thizzet:e principle of trisngulation was employed. de used 33 triangles;
peasured his tase-line sith a chain;his angles nt? a sector haring gights-
sttacned;and foand a meridional arc of about 1° 11’. His computed cir -
AGE ce nas 3.4% too small. ) )
cm’%'::e‘il.utroguction of cross~hairs io the telescope and'xts adagptation to
sngle instraments,by Ficard in 1839. de extended a t.nangn}atipu otezj a:
arc of about 1° £3°,from a base-lime nearly seven riles long;and d_nv;
the most accarate degree length thus far givea. dis angles sere carefu;
1y seasared sith & sector of 10 feet radius,to which a telescope #as &

tached. .

The facts reported by Richer,om his: return frow an astronomical ex
pedition in 16872, viz, that his clock, mhich beat seconds: at Paris be
fore starting,lost aboat tap minutes: per day while at the islaad of
Cayenns, 3.4America,and could only be corrected by shortening the pes -
dalam 1 1/4 Paris lines. -

The annoancement by Newton,Principia,1687,0f the theory of aniversal
gravitation,and of the corollary of the oblate spheroidal form of the
earth. The first sas confirmed by Picard’s more accarate degree-length;
for with the diameter of the earth thus given,the force of gravity at
the sarface and the force reqaired to hold the woon in its orbit, aere
to each other inversely as the squires of the distaaces from the earth’s
center., The second was- confirmed by the behavior of Richer's pendulum;
for skpde by Charch’s Mechanics, §78,

v = V3l + &
where t is- the time of oscillation in seconds im vacuo;l the length; g
the acceleration of gravity;and b the versed sine of the semiarec of os-
cillation,supposed small) an increase in' t for a given value of 1 in
the loaer latitude,indicated-a ‘decrease in g or an jncrease in distance
from the earth’s center in approaching the eguator.:
The extension of Picard’s triangulation each way from the vicinity of
Paris: to include a meridional arc of 8° 31/, between 1683 and 1718 by
J.and B.Cassini;frow shich the length of a degree of the meridiam was
found to be less at the northern end than &t the southern. The earth
wpald thas be a prolate spheroid,and not am oblate,as advocated by New-
ton,Haygens,and others. Huygens had pablishéd in 1891 the resalts of
experimeats whereby he found that a flexible hoop when rotated about
one of its- diameters wpuld become flattened at the poles if unrestrain-
ed. The controversy which arose finally indaced the Freach Acadeay,-
as. the French at this: time took the lead in Geodesy,-to send oat twp ex-
peditions,one to Pera. ander the eguator in 1735,the other to Lapland
under the Arctic circle im 1736,to definitely settle the question. The
degree length in Lapland,when made knosp in 1737,sas found to be gre as-
er than at Paris; Cassini’s arc shen revised in 1744,gave a greater
length for a degree of the meridian' at the northern end than™ at the
soathern;so that shen the result from Fera was received aboat a year
later all agreed in confirming the oblate hypothesis. . The details. of
the measares of these arcs are extremely interesting. Fhe first is de-
scribed by Maspertius in La Figure de la Terre,Paris, 1738, and by Oe-
Shier in Journal d’un Voyage aa Hord en 1738 -Z,while its reseasare by
Svenberg, 1801-3,is- described in Bxposition des Operations faites en
Lapponie.. par J.Svanberg,3tockholn,1805." The second, by Cassini de
fhary, in ba meridienne de 1’Otservatorie de Paris,verifse, Paris, 1744,
And the third in Ua figare de la terre,par X.EBoagaer,Paris,1749,and Mez
sure,des. trois premisrs. Degrés da. Méridien par K. de la Condamine,Par-
is,1751. Clarke, Geodesy = Oxford, 1880, pp.3-13,gives an excellent res~

ame of the work in Laplemd and Pers..
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She triasgelation to connect the obsern:btie:th?: ::ziqu.?:m,
wioh proposed 1798;and’that to deter:i:: ;.e 43’3 e adioe sonth  from
1791, from *he measaure of an arc of a eillionth part of this quad-
the extremc porthern end of France,one ten Lo e ited o Bter
rant nas to be ased as: a standard anit of lt(angt ’2) e e Tiret and
The French introdaced the repeating circle (ses §% O e o The
the Borda base apparatas (see 452) on the seo»:mﬂ:l .lt:‘ ci:el.e - —r
axgle to be measured betwsen two signals is: added om the o il
times. as- desired,or as: there are repet:!.tions.-as_mgy dlile lf o
dinacy railroad transit,=-shen, subtracting the initial r:a :gdir:;i.n o
final,sith 380° added for each full circumference pa;sq aa:i . :h ger-
the aumber of repetitions;,the value‘o.f the angle is. foun y t:tio v
rors: of gradaation and of reading divided by the pumber o rep: il 0 ;h
or by as great a nmumber as desired. With the other,?he‘cl;anged ; o:ge
of the measaring rod due to a change in temperatare 1§' in er;e ron e
actual change zith reference to a companion rod haviag :h g{t ::”:heo::tg
of expamsion;, forming a metallic,or Borda,‘ therzometer. eth ei °
ic advantages have never been fully realized in éither case, ebonl‘l)?:a aasce
of the principles. developed may be inferred from the_fa.ct that bot ve
held ax important place in' geodetic mork from that time to qheéptesenp.
For descriptions:;of the Prench portions. of the work see Bxposé des Oper-
| "1 2T, h 3 des Qbservatories de
ations. faites. en France en' 1737 pour la jonction de ‘
Paris- et Grensich,by Mm. Bassini,Mechain,and Legendre;and the three vole
ames entitled Base du. systeme métrigue decimale,by Delambre, ) Paris,
1306-10. / On' the part of the triangulation which fell to the Baglish, a
Ransden' theodolite was- introdaced,of sach excellent quality that the re-
peating circle, and the corresponding method of repeating_ angles,has neve
er crossed the Ohannel.. This. instguent has- remdined 1l.lse.on primary
triangnlation in England and in-India to the present tive;and Col.C}arye.
in 183?) (Geodesy, p. 14) says,that with the exception of some very trifling
repairs,it is as good as wmhen first uged. The cigcle,m inches: in'fline-
ter,sas graduated with a dividing engine by dots into spaces of 15°; it is
read by three micrometer microscopes- to simgle seconds. The telescope
has a focal Mength of 88 inches,and is supported by an axis tso feet long.
For a description of the work see,Account of the Qbservations and Calca=
lations of the Principal Triangalation..by Capt. A.R.Clarke,R.E., London,

g‘ HISTORIC OUTLINE. (b). The increased accaracy. introdncgd by the

Prenoch and English on the survey to connect Paris- and Greeawmich,and on the
survey to determine the leagth of the meter,mark the close of the eigh-
teenth centary as. the beginning of the -era of modern -geodesy.
General interest ‘in the subject became anakened and geodetic surveys be-
gan to extend over Barope; while the degree-of acocuracy attaingd,in some
respects. -at least, compares: not anfavorably with thm_; of the present time,
B.G., large trijangles. sere easily closed xithin 3" aith the.38-inch Rams~
den theodolite; a maximim limit which . has long been prescribed by the .
S. Coast Survey for primary triangles,althquga the averags scror .is véry
mach less.

In England,the Ordnance Survey developed from the triangulation con-
necting Paris and Creenwich;it has extended over the entire kingdom
aith a triaagulation and detailed topography,under Gen.Roy,Capt. Madge,
Col.Colby,and Gen.James,respectively as directors. See account of the

rigonometrical Survey of England and Wales, 1199, ,als0 Account of the
Observations and Calculations of .the Principal Triangulation..by Capt.
4.R.Clarke,Londpn, 1353.

In India,rork sas commenced in 180% under Col.Lambton,- a shore¢ arc

as measured in 1780 Barrow (Xontliche Corresponde XII,488) - ;
}t has been continued Hder 501.(Ev¢rest,.81r 'Wanggfﬂiegf. Gen.laller,and

Col.Thuilhier, The objects have been mainly to graphic,but in order
to properly check the v‘raork over such large' greag?ghafas of rivary tri-

angles,sith an occasional tie-chain., at right angles ?ave bee| carrieg
along meridian lines at such distaaces .apart that the ntervening country
can readily be covered by secondary triangles. A meridional arc of abdout
23° 49’ has resulted,and an arc of the parallel of some :0°; the first is
of value in degree determination®but the differegce in longitude has not
.been determined with sufficient accuracy to warrant the use of the second,



4 GEODBSY.

See, An Acdount of the Measurement of an Arc of the Meridian between the
Farallels. of 18° 03’ and 24° 07/.x ,by Col.Everest,London,1830;also An Ac-
count of_the Measurement of Two Sections of the Meridional Arc of India.s,

-

by Lieat.iCol.Bverest,1847;and Account of the Great Trigonometric Sarvey of
India,by Lieut Gen.Walker to Vol.X,and under the order of Col.Thuillier

from Vols.X to XIV. in 1880, inclusive.
On the Continent,geodetic mork .was began in Prussia in 1802,by von

Zach. In Switzerland and Italy work was begun im 1811,the object be-
ing to join the Freach fPriangnlation and sicure an arc of the paral-
lel from the Atlaatic Ocean to the Adriatic sea; shen completed in 1832
it #as not found very satisfactory and has never received mach credit.

In Russia,the first work of value was begun in 1817 ander Tenner and
Struve; in 1855 a meridional arc of about Z5° 20’,extending from the
Danube to the North Sea,nad been completed. The report of the work in
the tro volumes,Arc Gu Meridien,de Z5° 2’ eatre le Danube et la mer
glaciale mesure depuis 1318, jusqu’en 1835;0uvrage compose sur les differ-
ents materiaux et redige,par F.C.¥. Struve,3t.Petersturg,1830,is coasid-
ered the greatest coatritution yet made to the subject of the figure of
the earth,and should be studied by all xho are interested im geodesy.

In Hanover,Gauss measured a weridional arc for a degree measure,18%21 -
23, and extended the triangelation over the couantry,1824-44. His nork
is classic;to it is due the first application of the method of ~least
squares in the adjustmeat of a triangulation net; the theory of conical
coordinates; the general theory of geodetic lines ' on curved surfaces ;
and the inveation and use of the heliotrope.

Ian 1831,Bessel and Bayer,began a triangulatioa to coanect the chains
of France,Hanover,Denmark,Frassia and Bavaria,with that of Russia, and

to gserve for degree-measurements., This mork is algo clasgic; the publi-
caticn of the réport. radmessung in Ostpreussen ang ihre 3erbiu,dnug,,by

F.W. Eessel,Berlin, 1838, is thought by Gol.Clarke to mark an era in the
science of Ceodesy,on account of the precision of the book,and of the
nork of shich it treaus;many of the methods shich are there for the first
time described being still in use.

Tae Russian and Aastrian chains were coannected tetween 1347 and 1851;
aad the Saiss and Lombardian chains at about the same time. The English
and Belgian were joined in 1881,

Atout 1362 the Fermaseate Commission der Intecrnational Erdmessung,-The
Internztional Ceodetic Association,-was orggaized largely through the
efforts of Cen.Baeyer,Bessel’s colaborer. (Ffr.Helmert of Berlin,is difec~
tor and A.dirsci,of Nurewburg,permanent secretary.) For an account of the
recent mork in Barope, refzpence may be had to th/e yearly reports of this
Associatioa,shica includes some twenty=four countries.

Eat little aork sas done in Italy until the formation of the Italian Com-
mission,1385. fork sas began in Spain in 1858,and excellent results have
been ottained under Col.Ibalez. A4 remeasure of the French arc of Delambre
aad Mechain was begun in 1870 under the direction of K.Perrier, and tais
xas followed by an exteasion of the Freach and Spanish chain across the Ked-
iterragezn. to Algiers in 1379,giving a meridional arc of Z7° extending
from tae Shetland Islands to the desert of Sahara.

The chains of Russia and England have just beea conaected- through
Central Frussia witn small discrepancies betseen tne ten base-lines
joined. Accurate topographic surveys and lines of geodetic levels
have also te=a extendsd over the greater part of Europe.

The development of least squares has added mch to the precision
of geodetic work. The theory was first stated by Legendre in 1805;'it
was added to by Adrian in 1808;but its full developement was due to
Gauss in 1309,a2nd its first application to the adjustment of a triangu-
lation sas made by him in adjusting the Hanover arc as already noted.

The method &s non extended and perfeqted is applied in the reduction
of every important geodetic survey.

4, CEODETIC WORK IN TdE UNITED STATES. The English Astronomers, ¥as.
on and Dixon,in ruaning out the celebrated line beariag their name,found
the position of the division line tetwsea kKaryland and Delasare which co-
incides approximately sitn the meridian to te 2a los and level ground,and
aence 7ell adaptsd 1o dirsct measursmeat for 2 degree determinatioa. e~
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cordingly,nith the aid of the Royal Society ot London,they made a direct
measuremeat mitn wooden rods,starting at the south-west corner of Dela -
ware and extending into Fenasylvania,of about 1° 29’ ,and determined the az-
1mths of the differeat gortions of the liae and the latitadesof its ex-
treméties. The sork,described 1o London Philosophical Transactioas, 1768,
by Mason and Kaskeline,is not accepted with much confidence.

The U.S.Coast Survey s#as aathorized by Congress,in 1807;tat,owing to
lack ot funds,sork mas not commeacéd until .1817,aad but little was done ex-
cept ia detached surveys along the coast,untjl 1832, The triangulatioa ,
mhich #as commeaced in the vicinity of Nes York Harbor,has been gradually
extended along the entire Atlaantic toast,along the Gulf coast and aloag
the greater part of the Pacific coast,not iacluding Alaska. Ia 1871, the
project was authorized of coannecting the Atlantic and Pacific systems
and of furnishing trigodometkic survegps to such states as shonld make the.
necessary provision for carrying on the topographic and geologic  por-
%i.ons of the sork, . . . : :

Tae transcoatinental chain, which extends approximately aloag the thirty-

pinth parallel, #as soon begun and is now completed, (13981giving an arc of
about £2° in latitude,and of about 49° in longitude.
The opportunity afforded for state surveys has been improved by mite a
pamber of states,while the country »ill eventually be covered wmith a tri-
angalation net which will compare fayorably with any in Europe.
Since the extension to include interior work,the survey has been lmoan
as the Coast and Geodetic Survey. It is under‘'the. Treasury Department.
The superinteadents,and times of their appointments, have been,F.R. Has-
sler,1807;A.D. Bache, 1843, Ben jarin Pierce, 1867; C.P.Patterson,1874; J.B.
Hilgard ,1831;F. M, Thora, 1338, %.C. ¥endenhall, 1389;4.8. Duffield, 1894; H. S.
Pritchett,1397; 0.H4.Tittmann,1900. The yearly reports coatain mach vale
nable material ,especially iw the appendices.

The survey of tns Horthern and Northwestern Lakes mas commenced in 1841,
ander the War Department;better instruments and methods were intpoduced in
1851,and the character of the work was gradually iaproved to 1870, when
the sarvey passed under the charge of Cen.C.V.Comstock of the Corps of Ea-
gineers. From that date to the close in 1881 a continuous chain of tri-
angnlation,depending upon 8 carefully measured bases,7as extended from 3Jt.
Ignace Island,on the north shore of Lake Superior,to Parkersburg in South-
ern Illinois,a distance in latitude of 10°,and from Duluth, ¥ina. ,via.Chi-
cago,to the east ead of Lake Ontario,a distance along its axis of 1,300
wiles, or in loangitude of 18°. Some very excelleat base-line work has
been done and the triaagulation has teen carefully execated. See,Primary
Triangalation U.S.Lake Survey,138%,by €en.C.B.Comstock;or see the year-
ly reports of the Chief of Eagineers.

Many of the states are non eogaged in geodetic surveys. M¥assachus=
setts took the lead,ander Borden, in 1831,

CdAFTER II.

TRIANGULAPION ,RECONNOISSANCE, SIGNALS.

5. FRlMARY,SEOONDARY,TBRTIABY,TRIANGILATIOH. When a triangalation is
to be extended over a large tract of country,or between two or more dis-
tant poiats,a system of primary triangles is enployed:vrm.c@ is character-
ized bty the maximim development of which the topography !111 admit. This
in level or slightly undulating country, will allqu of triangle sides of
only 15 to 25 miles,on accouat of the height of s1gga1,§nd of observing
stand,required to overcome the earth’s curvature;while in mouatainous

i of from 40 to 80 miles are common,and those from 100 to 150
ﬁg‘{grgﬁ}‘ g?moun. Distances are geteuined wxith an-accuracy of aboat

1 : 100,000,the range beiag from about 1 : 680,000 to 1 :200,000:

1t points are required nearer together than the primary sta'gmns,seo—_
ondary ones are established. The triangles connecting them nth.t.he pri=
mary ones,or sith each other are called secondary triangles. Their sides
asaally vary from 5 to 25 or more miles;aaile aa aoccuracy of from 1 :
2000’ 1 : 50000 is usually attaioed.
® I% :g accarate topographic or hydrographic survey is to follow ,
poiats not more thaa frow 1 to 8 miles apart nill be reqired; the tri-
angles conpectiang Lhew with _the secondagy a@nes are called tertiary tri-
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engles. Their sides do pot nsugﬁ’gﬁeiéeed about $ nilu;ﬁlugne .1:1‘5_. L
caracy of from 1:5,000 to 1:20,000,0r an average of 1 : 10,000 is asaal-
ly attained.

- For surveys of less extent,the primary triangulation,and the seconde.
ary alsq is sometimes omitted. Greater care and accaracy willsthea °
be required in the tertiary triangulation,as it mst check its own mork.

In primary sork,the base-lines are usually from 4 to 12 miles long aad
they are placed from 200 to 600 miles apart measured aloag the trian-
galation. - In secondary sork,which does not start from primaey work or
check upon it at sufficieatly small intervals,they. are.absut 2 ta. 3
miles long and are placed at distances apart of from 50 to 150 miles.
In tertiary work,vhich is not sufficiently checked by secondary, they -
are from /2 to Z miles long,and are placed at intervals of from 10
to 40 miles. These distances vary with the character of the work
and of the country, as well as with the iadivuality of the peeson con-
duacting the survey.

6.TRIANGULATION SYSTEMS, In connecting tao distant poiats,or in
following a line as a coast or boundary,a principal chain of triaasgula
tion should be laid out,along shich distances and azimaths or dire® -
tions can be carried with the greatest accuracy aand directness. At the
end of the chain,7ad at as many intermediate points as may be thought
netessary,a check is had by measuring a base and observiag aa astronom-
ical azimath,and comparing the measured length and dar (on with.those
Couputed thrasgh the eheis. sot

In covering a large ares with a netaork of triangulation,the method of=
ten employed is to extend around the area,a mwain ¢hain,which is checked by
closing upon itself,and which serves as a framework with which to cononect
longitudinal chains. These in tura serve for transverse chaips,which com-
plete the gridiron of primary triangulation 2nd allow the intervening areas
to be reached by secondary and tertiary triaangles. The discrepaacy dae
to imperfect measurement are adjusted for each series,in order,and each is
then considered perfect in fitting the next lower to it. The adjastment is
thus comparatively simple while if the xhqle area were covered with a series
of continuous triangles all measured with the same accuracy,the labor
would increase so rapidly with the number of triangles ag soon to become
prohibitory except by subdividing into more or less arbitary sections.

The above methods should be flexible enough to allow of taking advan -
tage of routes most favorable for the triangulatioa,even though they are
some distance from the boundary,or do '‘not give cross chains at right an -
gles,or at uniform distances apart.

The composition of the chain also deserves attention. In order to
make a comparison of strings of practically the same length,Mr.C.A. Schott
(C.and C.Survey Report,1878,App. Q) takes a string of 10" equilateral tri-
angles with sides of unity; 3 regular hexagons with sides of anity, each
divided into 8 equilatera. triangles by joining a central poiat wxith the
verticesjand 7 quadrilaterals, with diagonals of unity,Pig. 1,and fiads
that: The actual lengths of the strings will
te 5,5.% and “o% vespectivan,

The numbersof stations nill be 12,17 ,and 18 .

The numbersof the sides to be signted aill be
21, 34, aand 38,

The total lengths of the sides s#ill be 21, 34,
and 2.6

Phe areas covered will be 5,9,and 4.04.

‘The pumbersof checks upon the observed angles,
due to geometric coaditions,will be 10,21,and 2B.
dnile tnese regnlar figares and separate systems
asually are oot feasible,thehabovg conppz{mo:;:a; Fiq.1

ve comparisoa indicates that the single s
:?tiianglp:s is the most favorable for rapidity and econony; the differ -
The ich Mr.Schott used is here changea to 10,%t0 give Ine same actaal
*ig:agnc;hof trianglation .ather than that of extreme poiats. A quadri -
lateral in geodesy is a four-sided polygon haying all the vertices

Joined.
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ence being more appareat in lavel or prairie country,as oaly abont two-
thirds as rany expensive elevated signals will be required;while {f the
level grouad te wooded,tne additionzl saving in clsaring only atout two-
tairds the length of lines #ill usually compel its adoption evea for the
best grade of mork. The string of hexagons,or other polygons having their .
7ertices joined to an iaterior point,commands atteation when gredter nidth
and accuracy are desirable;shile the string of quadrilaterals affords great-
er accuracy with less statioans and less labor,and is the system usually
adopted by the C. and Ceodetic Survey except for densely wooded level
country. '

7.ELBVATION OF SIGNAL. Usually the quéstion of intervisibility of
stations is best settled by actual.observation¥. tut when the station

poiats are not intefvisible,and signals can only be rendered so by ele-
vation,the required heights may be difficult to determine by observa -
tion, unless there is a tree or other elevated object near,from the top

of ahich the desired viesr may be had. In such cases, if the heights of

the stations are known,and that of the intervening ground,shich obstructs
the view,can readily be determined,as would be the case for level grouq-d

or for a line passing over the water, the required heigl}ts can be read;ly
compated. In the vertical section through the two statiocas C gnd ¢, Pig.

Z; let AN’ be a straight line tangent at D;BDE’, the line of sight,betmeen
the two intervisible poiats B and B ,concave downwards on account'of re=
fraction. Denote the distamces AD,A’D,in miles by k, ¥ ;the required heignts
EC,B’(’.,in feet by b h’;the radius in miles by B(log R = 3.587317); and
the coefficient of refraction,with mean value 0.07,by m,or the refraction
angle ADB by m x AOD.  Then in the right triangle

AQD, !

k& !
tac + B2 = k% + 8% 0r AC,in miles = T, oearly a:

* ADB= mAOD = 2mADC,and the angles are small,
AB = SmAC,and EC,in miles,or_h_ =

2 5230
ac-a8= X2 (1 -2); b =Ko 0.88%520
2R
i = 1,743 b : ' (1
where k is in miles and h is in feet. ()

I.e.,the square of the distance ir mjles is about 1 8/4 timés the re-
quired elevation in feet;- a convenient rale essily-rgee-beced. the £e
For k in kilometers and h in meters,(1) reduces to

‘ k% = 14.807 b (2)
'ﬂ;e line of sight should not pass nearer the sarface than 10 feet at the
tangent.point,on account of the lack of transpareacy and danger of lateral
r;fre:t;g;,dne to tae disturbed lomer air.

.1, ' stations of the #.S.Lake Survey,Buchanan on the north side of
Lake Superior,and Bru$ River on the south,are 10 and 19 feet above lake
lﬁe‘;ili.respect\vel,y,ana 18 miles apart,A signal 35 feet high was used at

Bor"higb should. the instrument and observin

0 R g stand be elevated at -
an,;g grggr tc&)seeazheat;ppeioa) feet of the signal at Brule? »t Buchan
- = 34; - = 24,the available height at Eruls.
smféafg"fueht:ng:n:" pc(agz)ai k ;6\/1.2455 x 34" 5* 315 miles,the distance from

. - 6.5 = 9.5 miles, di ; -
g0t Foint to pyoenry the distance from the tan

b = (9.5)2
1A%y ° 52 feet,

g?o:n;o = 82,%he remired height above lake level,or 52 feet above the

8. HINTS IN SELECTING STATIONS. Choose the highest elevation¥even if
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at greater first cost on accoant of inaccessibility. They #ill thean the
better cowmand dex groand,if at aog time it vecomes necessary to extend
the #ork beyond its original limits;ahile high lines of signt meet less
atmospheric disturbance.

Use as long }ines as the topography of the country,and the visibility of
the signals,will admit of in order to increase the accuracy.

Avoid low lines and lines passing over cities, furnaces,etc.

Form triangles shich shall be as nearly equilateral as may be;the us-
aal limits for an angle are from 30° to 120°,btut Capt.Boutelle nos recom-
wends fer C.and G. Survey practice(Report 1885,Arp.10) an extension of
from 10° to 15° each way in gquadrilaterals or other well ch
of primary tria ngnlatign uhgg necessary. 11 checked systens,

The nearer an angle to 90° the less does a change in its value affect
its sine,nhile thne nearer to 0° or 180°,the greater in an increasing ra-
tio does a change in its value affect its sine. Hence a triangle side
will be least affected by angle errors,shen the angleson shich it depends
are near 90°

The nearest approach to this,whea tao sides of a triangle are required
in térms of the third,nill be B0° for each angle ,as given above. If,hon-
ever,one side is not common to any other triangle- as spen advancing by
a single string of triangles- an error in its length xill not traosmeit-
ted into the chain,.so that a small opposite angle will not be,objection-
able as mhen both sides are recuired sith equal accaracy.

¥hen a point is to be located by cuts from tao or more known stations
the lines should intersect as nearly at right angles as may be.

In finally locating stations,make certain that ‘those intended to  be
intervisible really are so,even at the expense of time and patience in
waiting for clearing weather ; otherasise the observing party »ill suffer
vexatious and ekpensive delays.

Select stations 80 that permanent station-marks can be placed and pro-
tected,or so that accurate references can be had to permanent objects.

Advance by quadrilaterals,when the greatést accuracy is desired.

bocate secondary dnd tertiary stations so as to command a swcep of the
area to be surveyed,in order to readily locate,by intersections, points
for the topographic and hydrographic parties.

9. BASE LINES. A base line site shonld be selected with reference to
secaring suitable ground for measarement and a convenient expansion, by
well shaped triangles or quadrilaterals,to reach a side of the main tri-
angnlation.

The line should be free from obstractions,and quite smooth for a width
of at least 12 feet; longitudinal slopes up to 3° to 5° are admitted
without serious inconvenience,even when making the most accurate meas-
arements; the ends need not be intervisible from the ground,if they can
be made intervisible by signals and observing stands of moderate eleva -
tion. The measurements can be made along tmo straight segments,not dif-
fering widely in direction,if better ground aill thus be secured. Warrow
ravines can be crossed by bridges or trestlework with complete success;
while a wide one,or a bog or similar obstruction to direct measuresent ,
can be passed by triangnlation aithout very serious decrease of accaracy.

Subsidary bases which- are to be measured with a long steel tape can be

ted on rougher ground if necessary.
log:eelegectioghof %he systes of triaggles by which the side of a main
triangle can be computed from the base.with the greatest accuracy for the
expeaditare,requires considerable skill . Auxil iary stations »ill be re-
quired in the expansion;working domn from a side and locating the auxil-
jaries and bese line to correspond in a level comntry,or up from & base-
line to the main side,modified to adapt it to expansion if necessary, in
case of rough country. .

In case several sites are available, the cost of preparation and of
peasurement,and the cost of the connecting triangulation,should be esti-

pated for each;this when compared aith the relative accuracy of the tri-
angle side which each can farnish,will allom of selecting the one most

degififlgie Baffalo base of the U.S.L. Survey,measured near Buffalo ,
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Fig.3,together xith the
connection to,and a por-
tion of,the main trian-
gnlation,

The gradual enlargement
from the base ta a side
of the main trianganla-
tion,and the different
triangles which may be
ased in finding the
length of any side,as Grand River-Nestfield, from the base may be noted.

Phe Edisto base of the C.3urvey,shosn in Fig.5,§11, on the other hand
consists of.the side of a main primary triangle; the other sides being
short because the country is level and heavily timbered.

10. RECONNOISSANCE, PRIMARY TRIANCULATION., A general reconnoissance
should precede the selection of stations,in order to become sufficient-
ly familiar aith the topography to be able to recognize the most promi-
nent features and elevations,as seen from different points of view,and
in order to determine the general scheme of triangulation,and the gen-
eral routes best suited to the ground,for aid in conducting the detail-
ed reconnoissance.

Unless the sarface is level and anbroken ,points sill be found which
from their position or elevation,will offer such advantages that they
probably mast be used for stations. Starting from these, others must lie
within prescribed areas, in order to fulfill the reqaired geometric
conditions,and make use of the longest feasible sides.

Prom each of theseé probable station points,sights should be taken to
the others if visible,and also to such points in the prescribed areas
as will possibly serve for stations.

Other available points can be occapied,and the process repeated,if nec-
essary. 3hould a point be occapied which has not bsen cat from at least
two other stations,sights must be taken upon at least three known points,
shen its position can be determined by §12.

Magnetic bearings often aid in orientationm om arriving at a ner station}
and in identifying objects already located,by giving approximate direc -
tions;shile they sometiwes aid in plotting when insufficient angles have
been taken.

A hasty outline profile sketch of the groand in the vicinity of each ob-
ject sighted will aid very materially in identification from surrounding
stations,while if the -estimated distance in miles,is mritten near the
point,and the circle reading is written above on a vertical through it,
see Fig.4,very clear and concise notes:
will result. The obstructed arcs at a . " 5

2

station should be noted;as also the e o © 2

-65°

cause,and whether they cam be removed e L. =
by cautting,or by signal elevation. j-r""““ Q"‘\(ﬁw‘
Should the location be likely to prove AN —— e
difficalt;vertical angles should be ta- Fiqn.

ken to aid in deciding upon the inter -
visibility of signals by giving differences of elevation.

A plat of this preliminary triangulation should be kept up by angleg.
starting from a lmowp or assumed side;or by computed triangle s Lif
greater accuracy is desired. Then working from 'pgobaple stgtion points.,
or from stations already located,the possible point in 8 given area is
picked out which will best fulfill the conditions imposed,as to length
of line,intervisibility,etoc. In the same mapner as many nes ones are
chosen from the plot as desired.

Vithopt experience,it is quite difficult on reaching an elevated point,
to orient one’s- self and be able to identify signals and topographic fea-
tures at distances of 40 to 50 miles,even under the most favorable condi-
tions. f#hen,as is often the case,the featares are not promianent,and the
air is thick sith haze and smoke for days at a timesthe skill and pa -
tience of the experienced are fally taxed. With wooded elevations the
observations mast be usuzlly taken from the top of a tree,or if none can



10 GRODESY. 511, Pig. 4,
be found of sufficiént height, from the top of a ladder formed by splicing
several together and supporting them by gays.

High elevations with the.sunmits f¢ee from timber afford the best sta -
tion sites. Wooded summits require sight-lines to be cut through. These
for pole signals should be about 100 feet wide and they should be extend-
ed back of the station far enough so that the signal will not be seen a-
gainst near wpods.

As the summits broaden,or the timber becomes valuable,elevated signals
and observing stands should be considered before clearing the lipes, al-
thoagh they genmerally should not be adopted unless a considerable saving
#ill result.

parallel mpoded ridges may present mich difficalty,if so near together
that the triangle sides mast reach.-over an intermediate ridge instead of
spanning an intermediate valley.  Phe direction across the ridge to an

\nvisible station can be found from the plat,or from §14;when the re:
quired signal elevation can be found from tae vertioal angle, or from
carsfully takes aneroid barometer readings; but if two or more ridges
intervene,actual tests, from ladder tops’ ., or an examination of the entire
line will be mecessary.

In level coantry,an elevation of 70 feet for signal and observing stand
will allowr of 20-mile sides. If wooded, these had best be used in a ochain
of nearly equilateral triangles having all- the lines cat through;bat if
clear, as on prairie, quadrilaterals with diagonals of 31 miles and sides
of aboat 15.will add only one more station in 30 miles of progress,which
will be more than cowpensated for by the inereased precision attained.

If the level ground be caltivated and contain patches of valuable tim-
ber, the difficalties will be so much increased,even if the ground be roll=
ing.that the greatest care and skill will be required to avoid insaper-
able obstacles. Sometimes chains of secondary triangles along the wa=
ter courses: have proved effective.

Fall notes and sketches should be taken of the points most important
for the sabsequent work. Among these are the means of access; the timber
‘which can be found at the site for the sigaal;the roads which have to
be opened by the angle party im occupying the station:the places nearby
where board cam be had;etc.

The efficiency and economy of the sarvey will.depend very paterially
upon the skill, good judgmest and experience of the person wsho conducts
the reconnoissance.

11. SECONDARY AND PERTIARY TRIANGULATION. Starting with the long
primary sides as bases,points of the first order are taken,which will
shorten the triangle sides and cowmsad the area to be gurveyed.

.Pron these shorter sides,points of the second order are takea so
that they will command every prosinent objeoct visible. From the short

sides thas obtained,tertiary points are located by osts from at least 2
preferably 3, 3tations. ’

These points shoald include as: many prominent objects,usaally from 1
to 3 miles apart,as may be nseded by the topographer in tying ap his work,
or by the hydrographer in taking angles to locate soundings,etc.;sach as
charch spires,capolas,chimneys,flags in prominent trees,large white cross-
es: or triasangles painted apon rocky cliffs,etc.

Well-shaped triangles are not so important as the secaring of a safficient
pamber of convenient points for the topographer, since the errors intro-
daced do not accamalate over large areas,being checked by the primary sys-'
ten. If the latter is omitted,better shaped secondary triasgles should
of course be employed. .

. Bx.1. Pig.5 shows a portion of the primary and secondary triangalatiom
pear the Bdisto base of the C and 6. Survey,Scath Carolina,onm a scale of
1 : 400,000, taken from the Beport for 1885,App.10. The conntry is flat
and wooded,no elevations of 80 feet being available. The use for seocom-
dary sides of the lines cleared for primary ones may be noted.

In the =eme App. may be found a sketch of the secondary triasgalation
of Boston Bay,an open country aith saitable elevations.
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12.8-POIN? PROBLEM. To deter- . n
mine the position of a point,when
only angles at the point have-
been pbserved betreen  known sta-
tions, Lay off the angles on trace-
ing cloth in order around a point;
place the cloth on the plat and
move it antil each line shall pass
throngh the statiom to which it
belongs;wshen the vertex can be picks
ed through. %Two angles will locate
a point, giving the 3epoint prob-
len,except when the point lies on :
or near & circle passing throagh the threé stations on shich the sights
are taken; 3 or more angles are better.forming a check. A 3-arsed pro-
tractor is often nsed in place of the tracing cloth;also a sheet of pa -
per,by cutting out a narrow strip along each line near the portion to
be ased.
When a more accurate solation is- desired than can
be had from a carefal plat on a large scale,a nu -
merical one is used. In Pig.8 ,let S be the re - ¢
quired point at which the angles P P’ P",---...,
have been observed upon the known stations,F,G.H,...
B is also known,it being the angle betweea known
stations. "
In the triangles,SPG;3¢H,by Formla 18)

asinA bsinC (a)

\

S

sior P sin P, Fiq.6.

> asin A 3in P-bsin Csin P = O (o)
In the polygon SPEH, P+P +4 +B + C = 380°
C=Qe-A, where Q@ = 360° - (P+P + B) (8)

Supstitating in () ,with the expaasion of sin{@-A)from Pormala  3),
a sin A sin P’ - b sin PBin Qcos A - cos Qsind ) = O
a sin P*sb sin P sin Q oot A + bsin P cos Q =0

o' =

cot A =cot @, 'y _asin P,
b sin P sin @
cot A =oot &1+ a sin P \ (a)
bsin P ocos @
Having A,all the apgles of the triangles become kpown,when

a sin (€4) - asia(# 40 ) .

n= etc. (6)

sin P sin P -

Bx. 1. At Sheldrake Point,Cayuga Lake,N.Y.,the following angles were ob-
served upon 3 knomn stations H_ (Willets) J_(King’s Perry),and J'_(Kido
ders) Required the position of Sheldrake.
wal. Observed. Given.
dtbe, -Shel.- King’s =R = 118° 15.2 Wil-King’s = a = 7150.2
King’s~Shel.~- Kids =P = 53 31.2 King’@~Eid. = b =3050.7
Kid.-King’s-Fil. = ® = 1012 8’

Prop which by (8) @ = 82° 5,2,

(4) a =7150.2 ° 3.85432
P = 58° 313, sin 9.93088
3.78518

“Ses Tavie I
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b = 3050.7 3.48440 forward 3aexis

P *118°15.2,5in  9.94490
Q =8205.3,cos 9.13877 ......... 2.58807

+18.486...  2.56307" ... 1.21711

17.486 oo ol liil..i... 1.24269

@ =82° 05.3,00t .... seeeeieinineiiieinieneiee.  9.14202

8=22 22100t --n- ....-- s e eeii........0.38%61

C =5 43.2=0-41y(6)

a= 7150.2 . 3.85432 | b =3050.7 ......- 3.48440
P+A=140°37.3,3in0-.-9.80239 | C=59°43.2 , sin...--- 9.93630
3.65671 3.42070
P = 118°15.2,3in _9.94491 | P’ =53°31.2,sin.. .- -- 9.93038
n =5149.9 -.... 3.711%0 | o’ = 3099.2.. - . - .3.48984

Computing n’ by the first equas. of (a) the same valae is found as above.

13. TWO-FOINT PROELEN. If two unknosn stations,C and D,Pig.7,see each
othef,20d also t#o knosn stations,A and B, their positions can be deter -
nined by mea.garigg the angles ACB ,BCD,CDA,ADB,as folloss:

Dran the line.C"D" of convenient lengta on tracing cloth and at ¢
an@ I, lay off toe measured angles; the intersection of the tro  liages
which pass. through A will determins its position on -
the cloth, and similarly for B; Join A and B’; place a
the cloth on the plat so that A’ will coincide #ith
station A and B’. will fall on the line AB of the B&P,
produced if necessary;prick through the points B/,
and D. Then through B draw JI’s to BC and D
their intersections with AC’ ‘and AD’. #ill determine ©
C and D on the map.

If more accaracy is desired; assume CD as unity
and compute AC and AD in the triangle ACD,aand BC
and BD in the triangle BCD. Having two sides and the included angle ia

< Fig. .

ACB,AB caa be found (formala 23): the ratio of the true value to the com-
puted one will be the ratio which the other sides bear to their computed
values,

Bx. 1. The following angles were observed at Giles and Elm of the C.U.
Skanseateles Lake Survey in 1892 upon the known sta - . v
tioos Haight and Olmstead. Haighe W

Haight - Giles - Elm = 30° 02 177
Olm. - Giles - Blm =35 05 03
Giles - Blm - Olm, =88 01 27 i
@iles - Elm ~ Haignt =50 04 X
Haight-Olmstead = 12944 feet.’ ] Gies Frey
For fuller treatment of the N-and two-point prob- Fia.®
lems,see Zeit.~- fur Vermes,1333,P, 140,

14, DIRECTION OF INVISIBLE STATIONS. It enough an-
gles have beer taken so that the stations can be platted by methods al -
ready givea,the direction of the line  joiaing any tvo can be taken di -
rectly from the plat sith a protractor. Or,starting from some known
gide,the sides of the preliminary triangles cacul be comp;teii {romdt.h,e og-

3 ; i meridian, the distance in latitude an
g:t{:ggﬁ&cli:sa?:gcgyp:ﬁ?;méggmaan initial one can be computed as in an
ordinary land survey., The tangent of the azimuth of the line joiming
any. twp points can then be found by dividing the difference in loagitude
by that in latitude. The line can then be cleared from either end if
obstructed by timber,or the height of signal vfor i'ntervxsibility can be
determined if the obstructiom is an intervening ridge.
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Por an sxample in difficult country in nortuern Alabama,see U.9.C. & 6.S.
Report, 1885, App. 10.

1f two stations O and D each see tmo points A and B.Fig, 7 613, the di-
rection to teim from one to the other can then be found as follows: At
A& measure BAD and DAC,and at B,0BC and CBA. Compute AD in the triangle
ABD and AC in the triangle ABC,calling AB unity; then in ACD tao sides. and
the incladed angle are ‘known from mhich thé angles at C and D can be
found by formula 20). Or , the directions can be found by plattiang.

5. OUTFI®. When accurate angles are required & light tran-
sit with a good telascope is most convenient. The needle-will give bear=-
ings, while by a2dding a level to the telescope tube and a gradieater screws
or good vertical circle,elevation angles can be measured with safficient
accuracy for determining intervisibility. An aneroid barometer is also
convenient for detérmining differemces of elevation. For distances over
25 miles,a reconnoitering glass with stand will be found desirable on ac-
coant of the larger telescope. If care is taken in settiag ap to  place
the tripod head level,the small horizontal circle will give angles quite -

accarately.
In a wooded country where angles have to be measured from tree tops, &

sextant will be necessary;also a telescope or field glass for ideantifyiang
the stations, and a set of spurs or crespers for climbing. An aziutl} or
pocket compass is conveanient; also the best available map of the regiom,

To these shoald be added some 100 feet of about 3/8 inch manilla rope ,
a ball of trine,an axe,and material for differeat colored flags to be
spread out upon trees or other objects for temporary gignals. An as3ist-
ant.who is- quick and handy at all kinds of work aad who is ased to climb-
ing,and a horse and covered wagon,will complete the outfit. Mach of the
traveling will necessarily be on' foot or possibly on horseback,if the
country is hilly or wpoded.

f aray from all supplies,a cook and the usual camp outfit xill be
necessary; while for primary triangulation,in rough coantry with good
railroad facilities}like much of Ner England,it may be more conveniant
to travel the long distances between stations by rail,hiring a horse
whea ause can be made of one.

18, SIGNALS. After the exact station points have been located,the sig-
nals which are to be erected over them,to give definite points for signt
ing in measuring/ the angles should fulfill the following conditions:

$hey should ba"’oonspimnus,so as to be readily seean and distinguished
from sarrounding objects; they should have a well defined central line
or poiat upon which to fix the cross-hairs;they should have little or mo
phase,i.e., this line or point should not change in apparant position with
the direction of the illumination by direct sunlight; they should be firm
in positiow unless of the class which require an attendant; they should Be
cheap,or light and portable; shile often it is. convenieat if when in place

#ill allor an instrument to be set up over the station point
3??.{ t&ese éeuetal requ{rgmgnts io mind.tge relative advantaggg ofEered

by the different signals to be described #ill be more readily appreciated.
. POLE SIGNALS. When height is not required for inter

visibility,one of the most common forms of signal consists of a vertical
pole set in or om the groand,and supported by braces or wire guys; or
of a pyramid or tripod surmounted by a pole. Om sharp moantain peaks,
rhe:e on}y suall,stunted timber can be found, the
pectangular Pyramid,Pig.9, is convenient. A signal
with height of :apex of from 12 to 18 feet g:mi
legs from 8 to 5 inches at ghe top,can be erscted
and a center pole 8 to 12 feet long inserted by
3 men,without tackle. By inclosing the top with
boards,cloth or slats made from small poles,vis -
ibility cam be given;shile the apex and pole re-
maia for accarate bisection. The pole can be in-
creased to any desired diameter by nailing on
slats or poles after erection;shile the signal can
be anchored to the rock,by wiring the legs to an-
chorbolts,or by wire gays extending from the top
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of the pole. .
On flatter peaks, more height must be givea for visibility,readering
the tripod signal,Pig.11,more convenient. By bolting all four pieces to-
gother oi the ground,with a 1 to 1 1/4 inch bolt ,as shosn in Pig. 10
or better sith the head raised 8 feet on a bent or staging, 6 wen can
raise a 2 to 35 foot signal of round timber,
sach piece being 5 or 6 inches in diameter at .
the top,with no special outfit except about 30
feet of rope. Pits are dag,or stones piled up
to prevent the feet a and b from slipping;the
head ¢ is thex lifted and pashed to position
by the third leg wheu the pole is made verti-

11ing dorn the large end with a rope;
ﬁliz’.é'flmoﬂgw ;’;i.klng braces: to the tripod

leﬁ‘ the angles at the station are to be meas-
ared nith the signal in place,the legs shonld
be so placed as not to obstruot the 1lines of
sight to the other stations. They shonld ex-
tend a couple of feet iato the ground;or if oo
rock,be secarely tied to anchor bolts by wire
rope,or notched and horizontal ::08@ pi;?: r::-
hed and loaded mith stone. re

:5'3 :op of the pole may also be desirable

Kk tin cons or barrel of larger diameter thaa
the pole is often placed at the top,especial-
1y when the tripod head w#ill oot be seen
against ths sky.

The pole shoald not be more than @ to 8 inches —
at the tripod head,even for a large signal,on account of the weight in
erection;it can afterwards be increased,or the pola steaightaaned , by
pailing on light slats. Or,shen lumber is available,a square bok of B-
inch plank im place of the pole will give diameter aithout increased
weight;one or more slats aloug the center of each side w#ill maks it more
nearly cylindrical. ,

A very convenient and portable signal for tertiary mprk can be sade by
sapporting 8 pole on a tripod having a light cast irom head and about 10-
ft.legs.

By holding the pole in position by wire gays.a signal 15 to 20 fest
high ocan be made very stable while there is room emough underneath to
set up an instrument. Any portiom of the pole can be enlarged to any
desired diameter by light slats.

13, DIAMBPRR AND HEIGHT. The diameter of pole for short lines may be
large emoagh to subtend an angle as seen by the observer of d or 5 & -
conds;bat as the distaace and the power of the telescope increasa the
angle should diminish, according to Coast Survey practice, down to ome
second for about 15 miles, and oot fall below. this value for greater dis~
tances ( see also §19).

Diameter to sabtend one second at,

1mile = 0.307 inch, 40 miles = 12.3 inches
0 - = 38,100 @& 60 * =184 ~
0 = =810 8 » =48 -~

Increased diameter beyond that necessary for visibility gives iacreas-
ed range to the oross-hairs in bisection,and introduces the ancertain ele-
ment of phage with oylindrical signals which do not show against the sky.

The height of signal in feet should be about one-half the distance in
niles, plus 10. Less height may answer for long lines,or for signals on
sharp peaks with a sky back ground,but height adds to visibility withoat
diainishing acouracy,and sith oaly the increased cost of - constraction.

A signal to bs seen against the sky should be painted black or wpund
with black cloth ,one to be seen against the ground should be painted
white or wound with white cloth;unless two colors are nseded on the same
signal for ready ideatification from sarronanding objects,when the pole,

Tripod Sismal,
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or pols and tripod, can be painted in alternate rings of black and shite,
or red and shite,each ring being several feet wide.

19, SIGNALS  WITHOUP? PHASE.- Various signals have been devised to
avoid phase or the effsot produced by the unequal illumimation by  di«
rect sunlight of the portion of the signal facing the observer,whereby
the apparent and real centers do not coincide. * One devised by Bessel
for the Praussian trianmgalation in 1331, aad used on the U.S.Lake 3ur-
vey,consists of a board in place,or in front of, the pole with its
face . to the lime of sight. On the latter survey a width waa, giv -
en of about 4 seconds as seean by the observer,yet good angles were obe
tained. The station mast be visited and the board changed each time the
observing party move to a new-station.

Another designed in 1881, and used on the Mississippi River Survey for
distances' of from 5 to 12 miles,gave excelleat results., It consists of
a horizontal board 6 inches in diameter,to the ocircumference of which ars
attached 4 stiff vertical wires,20° apart,each 5 feet long. These aires.
are held in positiom by a wire ring at the top and another onme-third the
distaace from the top;each joint being well soldered. Two opposite wires
are connected for the upper and lower thirds by a ahite cloth,and the oth-
er two for the central third by a black cloth;4 guy wires are attached at
the central ring,and the board rests on a tripod or other support.

2. BLEVATED SIGNALS AND OBSERVING STANDS., {#hen the signal and in-
strument at the station require elevating,and no existing structure caa
be made use of,s suitable one must be erected, The staandard tripod and
scaffold adopted for C and @. Survey wprk, for heights of floor from 32
to 96’ feet,increasing by multiples of 16,are shorn in Fig. 12, The scaf-
fold is removed from the tripod in elevation for clearcness; their relative
positions can be seen from the plan.

For full details
see Qapt.Boutelle’s
excellent paper in
BReport ,1832,4pp. 10.
See also,App.9, page
158,a0d Pri, Pri.U.S.
L. Survey,page 318.

The teipod, which
sapports: the insteru-
ment when observing
and the pole or other
signal when observ-

24 apon,starts with a
firm cap; the posts:
are 8 by 8 inches; they
are scarf-spliced
aith a 3-foot lap,
held by 6 5/8-inch
bolts and 4 5-inch
boat spike,at points
33 ft.apart starting
from the top with
357ft. sticks;tatter
1 in 8;223 braced by
Joists from.Z by 3 to 3 by 3 ins.spiked with B-inch boat spikes.

The opsernug scaffold,ahich is placed oatside of but not in contact 4itn
the tripod,starts #ith a floor 12 ft.square about 4 feet belos tae tripod
!.xead;t,he posts are 6 by 6 ins.;in sections of the same length and spliced
in the same manner as for the tripod,using half-inch bolts;batter 1 in 6
measured diagonally;braces from 3 ty 3 to 4 by 4 ins,in 16 ft.tiers. The
posts above the floor are connected by a railing;while the flight of
stairs connects the landing on the top of one set of horizontal braces
Aith that on tae top of the next. The short central posts starting on
the ground in Fig. 1Z are only usad for tall scaffolds,

Phe posts tor both tripod and scaffold rest on wooden shoes 12 by 15
ioches, They are all placed on the same level, about 3 feet belosr  the
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station point; and at the proper distance apart (80, ig. 13,
Tglz::i:‘e do:n ﬂ;:: a templet placed oa thep;rongg‘.i froa the ceater, by

ct a structare of 8 sections : & derrick boom &

long and @ inches iu diametsr is set up and held by gay rgop::.i)iv::::ge
being taken of a tree if convenient in erecting it,the lower lengths of
the tripod posts are then lifted apright,oae by one,and held by guys
sita the lower ends- in position,a workman ascends each post by means: of
cleats: fastened to it,and the tops are sprung to relative positions and
l}filed to a templet,the templet is then shifted until & plumb hung from
i%3- center will fall over the station-point; when the bracing is Spiked
oo and a floor laid on the upper horizoatal joists. The pulley block is
shifted to the top of a post and the lower ead of the boom drama ap to
the floor,it beiang kept apright by paying out the gays attached to the
top; the next lengths of posts are drasn up and the splices bolted; the
tops- pat in place and the bracing attached as before. PThe derrick+ is
losered and the lower two sections of the scaffold erected and braced as

above; & floor is laid over the horizontal braces of tripod and scaf -
fold ;the derrick is drasp up and the upper section of each put in place
and braced. About 12 days sill be necessary,sith sorkmen familiar with
the work. In exposed situations the guys shosn in Pig. 12 should be at-
tached: 8/8 in. wire rope,each sith turn buckle,is used.

Round timbsr can be used if more coavenient The method of erectiom
on the U.S.0ake Sarvey,for heights to 140 feet;was to pat together oae
s:de of the observing tower on the groand;attach radiatiog ropes at dif-
ferent points,all leading to thé rope through the block;erect a derrick
boom and hanl the side to position with teams;the side was then held
by guys and the block shifted to it and one side of the inmer teipod
hauled up and held in the same way;shen the third leg of the tripod was
haaled up and the braces attached to the side already in positioun;then
the opposite side of the tower was raised and the braces attached., Sills
some 3 feet undergroand were used for the toser but not for the tripod.
The station mark was placed after the signal »as up. The sock was let
by the vertical foot; the contractor with 15 men and 2 teass would frame,
erect and complete a signal in two days.

Phe tripod is often protected from the wind while observing by stretch-
ing cotton cloth over the windrard side of the scaffold. With this pre-
caation,the tripod is very steady in aindy weather, and as: good resulte
nave been obtained,even aith large instraments,as from the ground. In
sinny weather the tripod aill twist jn.agimath, follosing the sun during
the day and raturaning at night,and some observers use the cotton screeuns
to protect from the sun rather than from the #ind;bat the observations
can be so arranged as to eliminate the effect of twist from the resalt
A portable tripod and scaffold,haying & floor about 12 feet high,is shoap
in Pig..13. The tripod legs are 6 by 8 inches 18 feet long; held by an
inch tolt 18 inmches: loung,and by three horizontal braces. The scaffold
posts are 5 by 5 inches, 78 1/2 feet long; the horizontal braces aré 7 feet
long, and the diagon-
al ones 10 feet. The
posts are interchange-
able and the braces
are held by mood screws. IR ful A ,
The posts all extend T -
aboat 2 feet into the N T
ground,and the floor is ) P, N
placed frow 3 to 3 feet 7O 73
belor the top. Only il A 4
a fem hours are requir- bl
ed for erection,after o
everything is in readi-

ness.
In India,hollos ma-
sonry towmers 50 feet
or more in height were
extensively ased for
the sapport of the in-
strusent in crossing
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ige sc;la.ins:w‘alle in the early .French surveys,caurch sp_n'es,largo tovers,
atc., vere often used with -imaccurate results dae to poase. )

21, HELIOTIOPES. One of the most ec.;mn.au.forns in use is called the gas
pipe heliotrope,Fig.14. A pisce on 2-inch iron pipe serves as a telescope
tabe,vhile it carries 2 rimgs or diagarams,
each with about an inch opening, and a 2 1/4,
inch plate glass mirror having motioa about
a horizontal and a vertical axis. The mhole
instrameat is- supported by a wood- screw;
wxhich cax be screwed into a tripod head
or other block. It is set up directly
over the station mark,or omw line and a
fexr feet in front of it,and the cross
hairs: of the telescope! -~brought on the
distant observing party; the mirror is then
turoed so that the reflected sunlight will
pass through the first oc aear diaphram and
give a ooncentric ring of light around t.{:e se )
er; and this is contimwed by gently tapping the mircoc a
1/2 to 2 minutes. '

The ad jastment of the instrument should be tested by bringing the cross
hairs- on an object within a fer hundred feet,throsing the light as above

and noting if it falls. as far above the object as the rings are a-

bove the crose hairse . 3

The Steinheil heliotrope differs from that already described in haviag
only onme mirror and no rings ,making it very simple and convenient for
reconnoissance work.

The axis of the frame is hollow and it
contains a small lens,L,Pig. 15 , and a
white reflecting surface C,usually chalk,
at the focus of the lens.

By tarning this axis- towards the san,
a hole through the silvering of the mir-
ror allows a beam of sunlight to reach
the lens and be concentrated upon the
white surface. It is reflected from
the surface back to the lens and emerg-

Gas Pipe Wlorvope (Y

cond which is a little small-
t intervals of fcon

es in parallel rays which reach the '3 A
back of the mirror in a direction just ""“m&;w‘.e.
opposite to that of the incident rays. Figqs.

Enoagh of these rays sill be reflected

from the back to give an image of the bright spot C,and im a direction AO
directly opposite to the reflection of sunlight from the face of the mir-
ror. Hence if the eye be placed at O so as to see the observing party ,
through the opening A in the direction AT, and the mirror be turned un-
til the bright spot C is seen (the axis pointing towards the san) the sun-
light will be reflected in the direction OAT to the observing party,

" The distance from the reflecting sarface to the- lens is adjustable for
ocus.

Wheo the alignment has been once secured,if there is no natural land -
mark in range,a pole should be set up at a distance of 100 to 200 feet so
that its sharp top will be on or a little below the line; the light can
then be shown, and often used by the observing party on days shen haze and
smoke will prevent the heliotroper from seeing even the outline of the
hill or mountain at the observing station.

A second mirror is usaally sapplied shich can be scremed up and light
reflected from it to the first,if at any time the first falls in shados or
its angle of incidemce becomes so great that the reflected beam will mot
£ill the diaphram.

@xtreme accaracy in pointing is not essential, the range being about the
diameter of the sun,or 32 mimutes.

About a 2-inch mirror is ased for limes from about 20 to 60 miles,and
usually in conngction with pole or other signals. For shorter lines, a
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pasteboard or other screen with a smaller opening should be attached to
the second ring. For longer lines larger mirrors are used, Thus on the
g.S.Lake Survey for the longest limes a common mirror ® by 12 inches was
set up and light thrown through a circular hole in a sooden 3creen some
20 ft.distant in the direction of the observing station,this having a
diameter of from 8 to 10 ins.on sides of 90 to 100 miles. On the longest
line ever observed, Mts.Shasta-Lola in northern Cal.,192 miles,a helio 12
ins.square xas used.

Wilson.Topographic Surveying,gives

x =.048 & (e)
for the length of the side of the mirror in inches,where the distaace d
is in miles,and d) 10.

?oo.nch- light gives by irradation a diameter too large for accurate Bi-:
section and increases the unsteadiness;an opening suited to the distamce
or ome which ¥ill sabtend from one-fourth to one-fifth of a second ,will
give in quiet air a swall bright disk easy to bisect.

An intelligent and very faithful person should be picked out for the
neliotroper; otherwise delay and vexation will result. If he is to oc-
capy the station a long time he can usually be picked up in the locality
xith economy, if for only a short time it may be more economical to have
one who is- familiar enough with the work and with instraments to go to
new stations and establish himself without assistance, when directed by
the observiné party.

22, NIGH? SIGNALS. Lamps xith 10-in.reflectors for short lines and
the Drammond light for long ones sere used on the Bnglish Ordaance Sur-
vey in the last century;while night signals have been extensively ased
in the recent prolongations of tae Nouvelle méridienne de France by M.Per-~
rier, and Argsnd lamps and heliotropes are exclusively used in India.

The electric light,in the focus of a reflector 20 inches in diameter and
24 inches focal length,proved very successfaul recently on a line of 188
miles across: the Mediterranean shere on account of fog and mist a 12-inch
heliotrope had failed to once shox during a three months’ trial.

Jome recent experiments. made with the magnesium.light* indicate that it
is safficiently pomerfal for long lines;while,anlike the Drusmond or elect-
+ic light,it is exceedingly portable( the instrument used weighing only
5 1bs) and can be operated by an ordinary heliotroper.

The apparatas- consists of an 8-inch reflector a small lamp,a clock work,
and a reel of magnesinm tape which is fed by the clock to the lamp and
barned in the focas of the reflector. For accurate ‘bisection a paste -
board screen was used to redace
the diameter om all but hazy
nights on a line of 60 miles
Pae tape 788 burned intermit-
tently by time table to save
expense; it costing about 2 1/3
cents: per minate for a steady
continuoas: light.

™o of M,Perrier’s. lamps:
were also ased,See Fig., 16,

Back consists of a box con -
taining a flat wick petrole-
am lamp in the focus of an
8 inch lens of 24 inoches: fo-
cal length. The emergent
rays sabtend an angle of abont 1°. The intensit® of light as compared
with the magnesium was aboat as 2 to 5. It made a very pretty mark
to point upon on clear nights,but at a distanmce of 43 miles it would often
be scarcely visible in the telescope,and mould not allow of illaminating
the cross -hairs,shen the magnesium light xes clearly visible. A student
lamp was also tried; and with an 8-inch reflector it mas visible in the
telescope at 31 miles wxhen the outline of the mountain was invisible at
sunset.

The accuracy in these experiments proved to be equal or greater tham

*.8.0.% G.S. Beport,1880,App 8.

Fig. 16. — Collimateur optique.
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for day sighals; while tne time for good observing in tavorable meather
extended from about one hour after sunset to from 10 o’clock to widnight,

Collimators and reflectors,with kerosene lamps,were both sucoessfully
used-on the N.Y.State survey for distaaces up to about 50 miles. The
field,however,was left dark amd the cross hairs illuminated from behing,
giving light lines in the dack field.

. The whiteness and intensity of the acetyline light,and the simplicity
of the portable lamp,should place it in the first rank for aight signals.,

23. STATION REFERENCE. In referencing a station, the object should be
to render the recovery of the locality and of the exact station point,
a8 easy and certain as possible,at any time and by any one unfamiliar
gith the country but familiar sith the kind of work. The station point
is usually marked by an underground-and by & surface mark. .fhe under-
ground mark should be placed below frost and plow,or some S o2 4 fect
below the surface. It may consist of any material which is durable, for-
:13: to k:'.he locality,and capable of receiving and retsiniag an exaot cen-

er mar

Jugs and bottles,cat stone blooks,and hollow cones of stonesare are a-
mong the mdst common. The stone block,holding a copper bolt,aad sue -
rounded by masonry is much used at the ends of base-lines,shere & very
accarate mark is essential on accouat of working up from so short & side.

The surface mark should not be in coptact with the undergroumd mark |,
while it sheuld project enough above the surface to be readily found. A
stone post,with the top dressed some 4 to @ inches square, and the cea-
ter marked by & oross eor hole is rach used: often the sumber of the *
station,or the initials of the survey,are cut near the top. On the
Coast Survey, 3 other marks are used,two in the meridian aad ome i to
it at a distance of 6 feet when practicable;each has am arros point -

i rard ter.

’géoxﬁ..d thet}t‘;agi‘.gnerbe on firm rook,d bole is drilled some 12 to 15
inches deep and filled with lead or salphur; or a copper bolt is iasert-
ed with a wedge at the bottom which tightens as the bolt is driven -dowa.
"Along coasts and rivers where stations-are forced out sithin reach of
the action of the water, and on soIt yielding and shifting soil,mach ‘
difficulty may be met in securing proper station marks without undue ex-
pense. Screr piles protected by.masonry or riprap,etc., are among the

~ éxpedients resorted to when reference cannot be bad to neac, pecmanent
objects or to referemce marks set for the parpose. A stake_dru.ren down
in soft,set soil; e hole made with a bar and filled with quicklise in
impecvious soil,or with charcoal; mounds;references to trees;stc.; are
among the marks often used for the less important stations.

A topographic sketch of the station and its surrgundinga should be
given; on which are showm the featares likely to aid in identification,
and especially those objects which eam be used for reference points. This
ghould be aceempanied by the distances to these points,takea with stesl
tape if near enough,or by including them in a aweep of angles waich ian-
cludes ope or more distant objects and a magnetic bearing. If to taese
are added the kind of a signal; with the heights above the station mark
of the points most convenient for sighting in measuring vertical aagles,
a3 tripdd head, top of pole,etc. ;the name of the land owner or persoa
who has been requested to look after the station,or of those who would
knor most of its position ;the name of the nearest railroad station and
the best method of approach; the description will be reasonably complete.

The various tertiary points si%hted upon should be described,to aid
the topographer in identifying stations sith ease and certainty,and to aid
in securing the stations for use in future topographic and hydrographic
sork.

A station ghould be named from the popular name of the aill or locality ,
or from some well known peculiarity of the ground;or from the owner of
the land;or in such a way as to best call attention to the specisl lo -
cality. Humbers are sometimes aused im 'the computations and records, as
being more concise.
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CHAPTER III.

: : INSTRUMENTS AND OBSERVING

24, DIVEBLOPMENT OF ANGLE INSTRUMSNTS, ¥hen Sanellias of Holland iatro~
duced the principle of triangulation in 1615,angles sere measared aith
qua@ra.nts.rectangles or semizcircles graduated on their peripheries,and
naving alidades with sights attached. Defects in graduation were early
detected,and efforts made to remedy them by usiag large radii; € to 7 feet
nas the smallest radius for a sector while 180 feet were ‘not ancommon
xith the Arabian astronomers.

4 means of measaring parts of a division was devised by Nanéz in 1542;
the present form of the vernier was first used by Vernierus in 16831;the

entire circle was first uzed by Roemer in 1872;and the first micrometer
and cross-hairs in the telescope were used by Blcard,although comstruct-

s%ve; to connect theé-observatories of Paris aa
The Fr

. i Tobias Mayer in 175%. Fig.
g%gngg{gut?d °¥|t,,b§°ﬁmn“1 yc:iz-c:le Just
above the leveling screws is an aaxiliary
pot esseatial in_the measurement of angles.
The long vertical axis is forked at the
apper end to carry the short horizomtal ax-
is which supporta the repeating circle

on one side and a oounter weight on the
other. The circle and weight are con-
nected by an axis L to the circle and to
the horizontal axis,and it is rigidly at-

tached to the latter.
By rotation around the horizontal axis

the circle can be set at any inclination

from horizomtal to vertical;this n-
necﬁ'iog :ith the vert,icagan 8 riﬁ 3 -

lom of bringing the circle into any plane.
The circle carcies %o telescapes,one.
above,the other below, both eccéatric,each
capable of rotation about the axis,with
independent clamps and tahgent screws; the
lines of collimation are || to the cir-

cle and the positiom of the upper teles =
cope can be read by means of verniers.

T measure ao angle the following steps
are necessary;bring the plane of the
circle into the plane of the objects;
clamp the upper telescope at sero: ro-
tate the circle until the upper teles-
vope bisects the right object and clamp the circle (the old French cir -
cles were graduated counter cloclrise); bring the lower teleseope tﬁ‘ine

left objsot and clamp; unclamp_circle and rotate uat i
sects right object and .clamp; l)l.ooseu apper telesog;ei,laag'ggigglg:ggpfegt.

object. The reading will now, be twice the angle, for in rotat: t| ir-
clé so that the lower telescope changes from the feft to theariﬁt !.'gjgg{
the zero rotates through the sams angle to the right of the right o

and the upper belesoog mst be htoﬁht over mwgtl the angle tgh reah gltz'é

right object and once again from the right to the left,givino readil
of twice the angle. 282 anove steps agg continue T g Feiotonst

. number of repetitions have been taken when the last readisg (dnc{egsed by
the proper .number of 360°’s) is divided by the pomber © repetitions
for the value of the angle.

1o measuring vertical angles a level on the.side of the lower teles -
cope comes up in position,not shown is Pig.17,to0 serve for the refer -
ence horizon when the circle is vertical.

At the same time the English brought forward the celebrated Ramsden
theododlite, partially described in §2,7hich in its essential principles
is the same as the modern theodolite and does mot peed separste descrip-

“ion
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The differeat parts of an instrument »ill be taken up in detail,begin -
ping wxith the telescope.

. NORMAL VISION. The eye is an optical instrument,consisting es -
gentially of a series of traasparent refracting media bounded by carved
surfaces, forming a lens,and a delicate network of nerve fibers,spreading
out from the optic nerve,forming the retina. A pencil of light entering
the eye is refracted by the lens and brought to a focus upon the retina,
and the impression is carried to the brain along the optic nerve.

The normal eye at rest is supposed to be adjusted for parallel rays ,
the carvatare of the lens and its distncelfron tl;edretinatuiil incr::s:
he limit ~f distinct vision,whicl
'i:tgo:?s“t:"%’f.gag? ggge 33{ T.'% :perture for the admission o 1ight
is also adjstable. The distance from the center of the lens to the re-

ti is aboat 0.6 inch. ) .
%gth this ratio of distances of retina and object from lens (0.8 to 8)

the image will .be only 0.6/8 = .075 times as large as the projected ob-
ct.

ie!he angnlar magaitade for 4* in the projected object at the distance

of 8 inches,wheren = the millioath part of a meter, %0.000,02

inches . 0.000,0394 4 ¢
— T . 8sin?

e minimm aa betneen two bright poiats
o;it:nu apon a g:k ground,or the ggevggég N d
Ld the eye can distingnish mithout runaia
A L P g b T T T S _3.__.,;_.._,:

aould give the distance betweet the images,
=680 x 075 = 4,5 r :

The sarface of the retina is made up of mi- Las. |
nute papilla or nerve -elements called
and gones from 2% to 6™ in diameter,with an average of 4.5%; ¢
;howi.ng no power to distingnish impressions on parts of a papil- %g%

as. L P23

A single dark line apon a bright ground can be distinguished, it H
it is said,vhen the visusl angle is only 1/50th as large as the
abore (image 0.09").

Accorutng to Pfr.Porster’s investigateons as given in Jordan’s
HBandbach der Vermess.,Vol.II,p.147,the minimm distance b,bet- N
ween a hair and scratch,vhich can be distinguished in bisecting ':;5‘
» division msrk upon a bright scale,as xith the cross hairs of ‘
a micrometer microscope,Pig.19,is 2.5% measured upon the retina.
With this width of line the probable error of the bisection, il
aith a power of 25, was found to be 0.25"peasured

upon the retina. This width referred to the object and unaided vis-
100,would correspond to b = 2.5/.075 = 34%or a visual angle of 34”;xhile
the probable error of bisection would be one-tenth as great. A poaer of
34 would thus give a probable error of 0.1"™ in bisecting a division.

If b be increased 18 fold,or so as to cover 8 papilla or merve elemeats
a power of 85 is necessary for a probable error of 0.1% in bisection ;
and if widened to cover 15, a pomer of 150 is necessary.

28. THE ASTRONOMICAL TELESCOF8. This in its simplest form consists of
two bicoavex lenses fixzed -in a tabe; the eyepiece and the object glass.
Its advantages over the unaided eye in .accurately sighting an instrumeat
apoa a point ,are; (a) increased light; (b) magnifying power; and (c)the
use of cross hairs.

The following are from Geometric Optics:

A leas is a portion of a refracting medium bounded by two surfaces of
revolation having a common axis; this axis is called the azis of the
lens. - The surfaces of revolution are usaally spherical or plane; if
they do not intersect,tne leas is supposed to be tounded by a cylinder
in addition having the same axis. The thickness is the distaace be-
treen tne bounding surfaces measured on the axis. Tae optical = center
is & point of the axis,usaally within the lepns,throagh whxch.if aay ray
of light pass,tne direction after passing through the lens will be par-
allel tasits_direction before, a sligat,offset taking place for oblime.
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rays on accouat of the refraction tosards the normal on entering the
lens.

For spherical sartaces this point is
found by drawisg aay two parallel
padii, joiniag the points where each
cats its own sarface, aad noting
the intersection of this line with
the axis. The ratio of the dis--
tances of the centers of carvature
from the optical center equals the
ratio of the radii. When one surface
is plane,the optical center is found
at the other surface.

The principal focal length
of the lens,f,is found frox,

-}* (n-1) ('-rL +—:,) (7)
where r and r’ are the radii,and fi the index of refraction.
The fundamental equation connecting comjugate focii is,

1 1
tp+p (®)
where f” is the distance of the object and £° that of the image.

27. MAGNIFYING POWEBR. In Pig.21,let O be the object ‘glass and @’, the
eyepiece. The rays of light from the arrow head,A xill be brought to a
focus at A’ where the ray through the optical center O meets the focal
plane,and those from € at C’ ,these rays preserving their direction be-
yond the lens bat utfering:slight offset as indicated in §26. Join A’
and C" with the optical center of the eyepiece. 711+ the rays of light
coming from A and C which pass
through the telescope will e -
merge in pencils parallel with,
or slightly diverging from,these two

Fiq.20.

A d
directions A’07,C°0", if adf- .
d distinct vision for
ah :g;mf"g"fs chout the —__\
telescope,the angnlar magni- € :N
tude of the object xith the eye ! ‘.
at O would bef. L‘%-‘ Fig. 21
¥ith the telescope,the angnlar Fa R L EW :
pagnitude iso.Drax P = £ ,the i £ v

focal length of the ohjective;

erect the L HJ = A’C’/2;take FK = f, ,the focal length of tne eyepiece; .

erect the 4 KL = HJ; join J and L with F, giving BFI =B/2,a0d MF¥ =9z,
Bxtending FL to M to refer both images to the same distance,th -

ent zagnitudes will be as HM to HJ, +Hhe appar

Bat H¥ : HJ = FH : l’.l('f’:t1 ,or

. 6 =1/, (9)

i.e. ifvi

&r-zﬁt 2 dlgze%g.emm the focal length of the obgect glass
Also, HM : BJ ¥ tan /2 : tanB/2.

S G =tan™/2/ tan B/2, = °Yn nearly (10)
i.e.,the magnifying power eouals the angular magnitude as seen through
the telescope gver the angular magnitude as seen with the naked eye,nearly.

Since by (8),f’. increases aith the nearness of the object,6 #ill be
greater for a near than for a distant object;f’ for parallel rays is ta-
ken as the_ standard.

For normal eyes the eye piece would be focassed for a virtual 1mage
at the distance of most distinct vision,or about 8 inches; myoric eyes,
unless corrected by glasses,wmould require the eyepiece to be pshed
io,an¢ ayperzetropic eyes, palled out,thus changing £, and €,

In Fig.32,it may be noted that the extreme rays from a point A striking.



visien 6 =8/t . (12)

£q.15.) VAGNIFYING POWER, &
the oBject glass at the distance apart D #ill intersect at a’ in the fo-
zltpé’ane and emerge in parallel lines (x =0,A = 0) at the distance a-
r .
From similar triangles,neglecting the thickness of the lenses,
D/a" & /¢,

croscope,

Take Fi = 8 inches,the distance for
normal woiee, FK= f£,; 8J = AC/2 . Then

If an objective is added,making a com-
pooud wicrosocope,it #ill wagnify the im-
age AC in the ratio f’'/{™(see Fig.21)

8= e -g' “13)

1]
Bx.1, Find the power of a magnifying glass having a focal length of 1.
28. MEASUREMENT OF MACNIFYING FONER. (a) Set ue the_telescope mhere two
prominent well defined objects can be seen symmetrically with reference

to the center of the field,on lookigg through the obf‘ect end,and focus
for parallel rays. Set up a transit back of the telescope, and measure
the angle A subtended by the objects as seen through“ahe telescope.
Remove the telescope; set the center of the transit in, position oc-
ocupied by the eye~piece and measure the angle A’ between the same ob -
jects as seen directly.

Then by (10) Y
G = tan 1/2 & = A .

— 2 1 14

o U2 h B (oearly) (14)

(b) Focus the telescope for parallel rays;point it towards the sam,or a
bright sky,and measure the diameter &’ of the emergeat cylinder at the
eye-piece as thrown upon a paper screen; measare the clear diaseter D of
the objective by pashing a pencil in from the edge antil it will just
cast a shadow on the screen, and noting the reduction from the apparent
diameter. yquare pieces of paper of different sizes, moistened and
placed around the circumference ,will show the clear diameter more ae -
curately than the pencil point.

By (11) /& =1 (approx). .

(c). Sight to a speaking rod, a clapboarded house,or other olject which
will answer for a scale of eqal parts. While looking through the tele
scope at a scale unit with one eye count the number of anits which it
covers as seen by the other or free eye;this number will be the power
6"for the given distaace.

To find G,the power for parallel rays; Beasure the distance f'’ from

the center of the objective to the front of the cross-hair djaphragm .,
when focussed for thge above scale reading,and the distance t} -‘v’gengto-

cassed on & distant object.

.. from(9) 6=f¢/ ‘ (15)
The metnod (a) is the most accurate ,(b) will give fair results except
for high powers for which it is difficalt to measure d'with sufficient
accaracy;(c) is the most convenient for low powers.

Bx.1. The aagle subtended by t'o,obig:ts whea seea looldng i..n? ".ﬁr

object end of the telescope focussed allel rayg,yas f .
'i:e angle sabtended .asp:een diree,t.lnggr l} =1}18’ 86’ . Required 6.

= 1° 18° 08" 4688

By (14) aprroz. T T "B
By (14) g tani 1806 .2

tan 7 117
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29, INTEN3ITY AND BRIGHTNESS. Let D = dizmeter of the object glass; d =
bat of the eyepie ; dy = that of the 1l o% tae eye,assuned = 0.% ia.
"*,‘Chsuvenet. %oglaggronamicgl nogk,and ?154 mm. or.03 in. by Jordan for

geodetic work,the actual Size varying with the 1pdividual and with the
brightoess over 8 greater range than indicated by the above values, p =
percentage of light striking the object glass, from a given point in the
optlcel axis which passes through the lenses, = 85% for the best teles -

copes,and often falling to 60%<
lith the unaided eye,the cone of rays which can eater it fror a given
object has a diameter v o With the telescope, the diameter of the cone

which may be condensed to enter it is D. The qQuantities of light, for
sate distance from object,xi}l vary as the squar;s of the;etgza;ne ers, or
i for the loss due to absorption and reflection o e lenses,
%ﬂ?grlxggeasgd percentage of light dus to the use of the teléscope,
1 = up¥a?

For all this light to enter the eye,&ga.or,snbstxwting the value of
) from‘}ll) ,4, = b6,

If d,¢D/6G, as may be the case with telesco s designed for special pur-
poses: the'effecny.ve diameter of the objectpglass rfll be r,edggeé as.pu
far as light is concerned to 4,8. This value substituted in the valae of

of I, gives,
1=n Bz/dz. when d, 5 D/6 } (18) .

=mG* ,when 4,<D/6 s
Owing to the magnifying power,this light appears to come frow an area 6

‘without the telescope. - .
u.ﬁh:ab%g%gs:gp 'ﬁght per unit gze'ea as cowpared with the naked eye,

*Bdy/gt = ng ,mhen d, 35 DIG
m, when d,(DIG

1 i‘ainlating (17) "a for different values of D and €, we have the fol -

owing, )

Table for Brightness

a, Aperture j =
6| m Jinches| 1 Y2 2 |2 3 |31/2]| 4
10 .85 (.09 .85 .85 |.85 [.85 .85 |, .
g e B % 28]sles 88
* .09 (.28 |.s59 . . .8 .
{.-z) 05 |12 .g? 8] B 33% 33
09 |.12 .@]. .47 1,73 [.85 | .85 .85

2 |.85
D 1,02 (.05 1,00 .15 |21 |20 |.gg
{.09 07 [.35 |28 (41 (88 [.30 |.g5
© -85 @ 101 floz 105 |l08 |12 |i38 | oo
0 |.s5 {.09 03 1.97 .12 |.18 .28 |38 |.47
. .01 1.02 |.04 .05 |.07 |.09

4 glance at the table Will shom that with th mers in common use,vig :
aboat D for a 1-inch apertare, 25 for.a I 174?030 to 40,for a 1 1/, 6
for a £~inch, .the brightness is from 10% to 5% for Jordan’s value of *
which is fall large far sunny leathfr;nhi%e it ti qnlzhif;rgm 2$dt0 5% for
Chauvenet’s value,mhich is non® too large for work in ck woods near
nigh{tall, or og dark November' days. This serious loss of brightness at
times when most needed,due to the failure of the aperture of the teles-
cope to respond,like that of the eye,to variations in illamination, can
Ye met by using an eyepiece of lower power in dull weather,

It should be noted that the ratio of the bngl_:tness of the sky and all

t is stated by Nolan in the Telesope that about 7% is lost each 1
’onefhalt of this being reflected back from the outer surface ::d the ote.z:'r
half from the inner surface as it passes through,

Experiments at the University give m about 80% for the older telescopes
¥ith terrestrigl eyepieces.



other objects seen in the telescope re 5
For this !i'eason the loss is not vggy ngg{ggagggst:::i?agﬁg “fa%g:’ .
escope, the more

::"tl:y‘gn the iﬁge appear as a bright point,regardless of the power;

¢ brightness will- therefdre increase dir otly with the int
being no wagnification., The brightness o thg ﬁ.elg ﬁf:‘ﬂof&?é?"f-gf'°
dace as Gt ,as the area of the field from which the 1ight comes is re -
:gced ;:ht:a} ratio. This is why fixed stars can be seen in the day -
time ¥ ¢lesoopes of small apertares and lar
invisible to tl}e naked eye,thepgarkened field 53133135’::33%3" : or‘”
through as at pight; also why faint stars ean be seen at night which
#ould be invisible with the same telaseotpe and a lower four.
On the other hand, faint nebulae,tails o comets,etc., which have nearly
the same degree of brightness as the sky, become invisible under high

7ers, becanse although the ratio premaing constant,the difference in
gglght.ness soon t;econeggl too small to be distinguished by the eye .
30. FIELD OF VIEW. It is customary to limit the focal -plane, 8
circulqr diaphram to about 0.5 £, on:ly account of the gﬂtfleulty g* se-
caring good images with an eyepiece of” darger field.

From Fig.24,since the i”f’ of each object is on the line joiming

s
the obiect aith the optical center,
vtan 1° = 0.5f _ 0.5 ty (9)
£ (]

Bt tan 1 ° =0.017,
v ‘?‘(ﬁpprcx-) (18)

e.g., Mag, power G = 1 0 0 40 80
Field of vaiew, = 3% 1° 30’ 1° 00’ 0° 45’ 0° 0’

As the field becomes small,the egepieoe is often made movable 13 order
to include a greater range in one direction,either altitude or az math,,
bﬁ,m'iﬂé 31. 7ith a tangent scres,the simltaneons field being as above.

an the diagonal lines AC and EF,and join I
their intersections with the focal plane
a and- b rith the optical center 0{:' N
C s
%%3#23,’%an?é“é“fo‘35‘1"1‘3%532%&3353 e o
i e TeeeolT
foon o 338010y shesch the ey gpiece those 1 g A
ilarly for 10, Fiq. 24
-. the angle aOb, or X = the bright field, or
field for total light.

From this field out the intensity and brightness both diminish ,and
they mpuld reach zero at cdd were the field not restrieted tovy by the
diaphragm. 3Sincevy is about equal (not mach larger than X ) objects
should retain their brightness nearly or quite to the edge o:u the field,

In order to take in the mhole extent of t is field the eye must be plae~
ed at the point in shich the axes of the exirems penci.ls.ngerging from

ths center of the object glass, meet, the axis of the telegcope a?.er e -
mergence. The position of the eye is therefore at the focas of the
eyepiece zhich is conjugate to the center of the objeoct glass, The
telescooe tube is prolonged to this point and furnished with an eye stop.
31, SPY4ERICAL AND CHROEATIC ABERRATION. fThe simple telescope de-
scribie.d above would be satisfactory only for very low powers. For with
spherical syrfaces,the only ones which can be conveniently groand, the

rays from near the border of the lens are brought to a focas
those passing through the central portion;the gistanoe along gﬁ:":xi?g”

between these foci is called the erj aberr . It is reduced
for a given apertare by increasin %ﬁﬁé&ﬁ%ﬂﬁ“&r the lens,as © a
less portion of the sphere is used. Again, the different coloris. have
Aifferent indices of refraction as seen from the spectram,the vieletcoming
to a focus nearest the lens and the red the farthest; the distance along
the axis betneen these foci is called the thgnatgc'g_hg:m_i_q_g,

i 2 difficalties,the object glass is usually .composed of
%‘goog;ﬁg {ggges,éeelvig. 25, an cmtei:j dogble convex one of crown glass

il i i or spectrum forming power, and an inner ‘double
gg;é:v?e&oll\glqglifggilﬁass hgsing a_ high §isp_ersive power but with

l

| -—=
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flatter carvatare. ?The dispersive

thas be made eqal
g::e'::yentm colors of th:e i;p:c- "-. .\hv-;
a proper relation en Creoren J T
:::.fg’cal i’:ngtu,rendering the combi-PR _ __ _ _____. },__ -4 - -
nation nearly m&m; ,mhile tllaee“ r’ .: R '
tare of the convex X < R

?2255'33?@;1 of copverging res [EL DR

fractive er which can be rendered ¥ig 385.

pearly aplanatic,or free from s?l;erif.cal
e e fou Pt . !: djoining surfaces usually have
N e two adjoin .
&:V::::eagg':%:réour s%:i;c:;e sopetimes united ‘by Eangga balsam :o pre
i ; sometimes:
£ light reflection from the inner surfaces; 80
;gnngntggeaggﬁdothe o‘atsi e to preveant theltnujance oiu-oismre. an
the cell simply. N
so;g:iaﬁngggg glf.etgglgegsneglm glvxe first pohgl&ngs ar: ::g:nzg ;;m:
ple. The finishing of a fine objec:s gt::seﬁg;r:st g::y a4
i ) he optician, an 1
téi:ggea%% gg%eg%rii;noghté gvigging msft be eg::t:::c;:ﬂg:i lége':%&ﬂ‘th,\
¢ r surfaces,¥i
geﬁtﬁg gléeggee%ci:g_egtf' ggt?ggognd xater,until after pepeated tests the

ee of perfection is attained. X © that their
deﬁlt:teudtggg{enses Eﬁus adjusted to gach other it is eviden

relative positiond in the cell cannot be disturbed without 1n:ynry.‘
82. gyepigces. fThe correction for the eyepisce is usually made by us-~

i £ the same kind of glass placed at sach_a diss
%:gc?gpgﬁﬁggg %ﬁ:’%&gm rays prodaced by the 51rst lens snall %au

dence upon the second and become rec mbined:
%ﬁedgge{:gegn%;sbgtt%:g%eg likepg single one with the equitalant fo

cal length, as foand from Qptics. R

g, = L.f
T+ -2 (19)
where £, £, are the focal lengths of the separate lemses, and a is the
distance between them.

The Huygenjap ,or negative eyepiece, is one of the best wnen cross -
hairs are not required. It consists of two plano coavex lenses,Fig, 28 ,
with the plane sides towards the eye,the. fogal length of the farther or
field glass being 3 times that of the nearer.eye-glass. They are placed
about half the sam of the fooal lengths apart. The field glass receives
the converging rays from the object glass before they have reached the
focus,and brings them to a focus be-

tween the lenses.. Cross-hairs are “mnm‘\‘m tca
often placed at the focus to define wr
certain portions of the field,as in e e _-j__‘.
the sextant telescope,but not for ac- 5
earate measurements,since the gross- v T e
bairs will be distorted,seen throug e S qany

the_eyeglass only,while the object
will gogl be, seenyfhrough the ogrrect-

ed cosbination.
Airy replaces the plano coavex field glass by a concavo-conves,increas-
ing the flatness of the field.

The Ramsden,Fig.25,is the form wost commonly used when acourate meas -
arements with cross hairs or micrometer are reguired.

It is a positive eyepicce ,i.e., it réceives the diverging rays from
the object glass after they have passed the focus. The two plano- con-
vex lenses have their convex sides turned tomards each ather; they have
the same f?ca length,and are placed two=thirds the fogal length apart,
ﬁiving by (18) an equ{valent focus of "3/4 that of one %? the, leases .

he Ee and the 3teinheil are modifications of the Ransdsg ghich are
coming into favor on accouat of the greater flatness of the

freedom from spherical aberration.

In the former,the eyeglass is an acrom2tic cortinztion and i1n the lat-
ter both are acromatic;see Fig. 27. The formsr has the larger field.
Mone of these eyepieces invert tae imags,and as the object glass inverts,
the objects all appear iaverted.

ield or



CROSS HAIRS, a7

L
Atry Eyepvece Fig 2%, Frommhotar Eyapieat

The térrestial eyepiece consists of four lenses,the object being to in-
vert the image so that objects seen through the telescope appear erect
Quite an appreciable loss of light results from the two.eztra lenses fat
%east 14% as estimated_ by Nolan) and a gerious ébortening of the focal
ength of the object glass for a given length of telescope which increases
the difficalty of securing a flat field. Two combinations are shown,the
Airy and the PFraunhkofer.

evepieces. Tor convenience in looking at v hi j

a mirror of polished wpeculum metal is pla g ery high objects,
of the eyspiece,at amzof 45} ,80 that thepliggg 232’;222 Jt.hie;omt’.ﬁelgg?ggcope
t:ibe. This erects the object (reverses the image)in altitude bat not in
:h‘.“h' For objects near the zenith, a.longer i tube is desireWle, and
“:: 9:2130:::3 },’y placgng the wirror between the central lenses of the
“Ie"':ctdi"f{ ztga gg?,rh ch then inverts the object in altitude and leaves

nstead of the speculum mirror,a glass isoceles right an i
prism can be uged with less loss'of%i t. @ gled trisngalar

33. CROSS _HAIBS. Since with the telescope,the image of any point is
at the intersection of the focal planme with a line throngh the point and
optical center of the object glass,this optical -center may be taken as a
fized point for all lines of sight. The intersectiom of a horizontal and
vgﬁi;:l hair plagegi;:d theifocangla:: (it.:h:uldt:e in '{.lie_doglt‘aoa} ax:;)
wi ve a secon nt. e line nin em,calle e line
collimation, is taken Tor PR direction of the to escope;its greater pre -
cision ig dne to the magnifying porer and increased light of the instra-
ment. %o pointing, the eyepiece is first focussed upon the cross hairs
and then the object glass upon.the object; the focal plame of the ob -
Ject glass is thus brought to coincide aith that of the cross hairs, so
that the latter will remain fixed upon the object as the eye is moved
from side to side behind the eyepiece.

The first is for the eye of the observer,and this focus does not ne

C 4

%0 be disturbed when once properly made;the second is for the distanc&‘&‘
object,rhich requires change with each nes distance. Spider lines are
usually used for cross hairs. Some prefer to have them spun directly
by a spider as needed,others to take them from tocoons. They should be
opaque,cylindrical,free from dust,and so small as compatible with dis-
tinct visibility, Platinum wires are used by some instrument makers as
being more opagque and less liable to stretch with age.

. The requisite _fineness is obtained ocoating with silver,drawin
down t.heq:;lre and aftermards geno;gng the su.rcg by nitr%c aéﬁ. e

A glass diaphragm with etched lines is sometimes used in place of
cross hairs, with perhaps some advantage as to permanence of position but
with the disadvantage of loss of light, and the magnification of all dast
on the glass unless thick and the cross hair sige inclosed 1:‘5 :ea:edkm
- 14 horizontal and on¢ vertica.
g: or&nuy g‘fr:’éﬁ‘ng?:gmieﬁuf’ e gonetines sts e:d"nes are adées -
For geodetic work the vertical .1::1 shon:;l bz ?pi:micagyl::kx‘{geﬁia
i le signals, For Astronou "
ﬁﬁriiﬁ’ii‘x”.ﬁﬁ 3232?33%2‘{” argnused.eithel‘ equ;dxsta;: °11‘ 1:::"51?.:-
in geoups svametrically with reference to the center. e T
tance between the wires can be commated from the focal length of the ob-
Ject glass as measured on the outside of the taube to the cross bair dia-
paragm,and laid off with a micrometer. Or better and more accaratedy,by
ausing & micrometer nicrosoope}!s an eye-piece and measuring the distance
subtended ‘ by the divisions of a rod at a measured distance;from this dise
tance the required distance between wires is veadil, compated and laid
off by the micrometer .Allowance mst of course be made for the chaage

e e ) l ﬂ:




e GEODB3Y. (934,Fig. 28,
in f:cal 130!3:2’ tonnpaml(al lel rays. The angular distance can be deter -
mjge 200 i

géc:-&%! 0B Tzngssgm.b°%°%§%‘?36°mym3eﬁﬁégigﬁ :
e ive area o e obje o
paper and focus upon & neflcgeﬁ':gg ;obg:%.onhgglge:gv: %ﬁggr%g bc1> c:a -
pec 8ad cover the other half of the object glass,the distance the lat-
ter mst be moved in or out,for distinct vision,vhich should be small if
any,is an index of the spherical aberration.

To test for defigition,focus upon small clear print at a.distance of &
to 100 feet,depending upoa the magnifying power,and note if the print is
as sharp and well defined as when viewed with the naked eye at a distance
of 8 to 10 inches. Foor definition may be due to spherical aberration,or
to inaccuarate carvature,or to variable density or non centering of the
lenses.

To test for cepterins, or for the coincidence of the optical axes of
the different lenses,fix a white paper disk about one-eighth inch in di -
ameteér with sharp outline,in the center of a black surface,and look at
it when placed in.a good light at a distance of 30 to 40 feet. If the
image of the disk,when a little out of focus is surrounded on all sides
bty a uniform haze,the .centering is good. :

Astronomical objects are sometimes preferred for testing as follows:

the correc}‘ioq*go‘g spherical aberratiop is well made when the image of
a8 star,nndet?&vorable conditions appears as a small well defined point
or round disk. Having this in the best focus,the slightest motiom of
the object glass out or in should enlarge the image,it remaining cir -
cular if the lens is symmetrical fhroughout.,while in the most perfect
telescopes the image will enlarge to several concentric ringsjcircu-
lar) of light before disappearing. An imperfect unsymmetrical lens,
will give distorted rings,or only a confused mass of irregularly col -
ored light. If the glass is not homogeneous,bright stars will show

wwings” which it is impossible to remove by ‘perfection of figure or ad-
jstment. The defective portioa can be found by covering up Hiffer~

eat portions of the object glass and testing.

The correction for chromatic aberration is well made,when a¥ter focus-
3ing on a bright object as the moon or Jupiter,pushing in the eyepiece
slonly nill give a ring of purple and pulling it out,one of pale green,
thus shoming that the extreme colors of the spectrum,red and violet
nave been ‘corrected. .

The flatness qf the field depends mainly upon the correction for the
spherical aberration of the eyepiece . It can be tested by draming a
square some 8 to 8 inches on a side,with heavy black lines upon white
paper,and looking at it when flat and at such a distance as to nearly
fill the field of vien. If the lines agpear perfectly strai !it f-tleh_
field is flat. A telescope may distort the image appreciably =it
out introducing any error in ordinary work,but it is obaectmnaple for
stadia mork and inadmissable when measurements are to be taken in the
field with a micrometer eyepiece.

The object glass should be mounted so that its optical i
7ith the axis of the telescope tube. The object g]l.,:ss slzgssl‘::li;?g:s
parallel to this same line,and the vertical plane of collimation shonld
contain it when adjusted perpendicular th the telescope axis.

The rear end of the object glass slide is sometimes supported by an
adjustable collar for ease in meeting the above requirements, but with
first class workmanship it is usually considered unnecessary,zhile it
adds an element of instability . The accuracy of ‘workmanship can be
appreciated by remembering that 10 seconds of arc will subtend only
£O00049 of an inch forafocal length of 10 inches.

The object glass slide is tested by placing the vertical wsire in ad -
justment for distant objects,(slide drawn in) and then testing the adjust-
ment for near ones (object glass slide pushed out). This is of more im-
portance for ordinary instruments than for geodetic and astronomical
ones whare the precaution is taken to not disturb the slide or fqeus of
the object glass between sights which ace combined on the supposition of
a fixed line of collimation. This is possible for sights over 11/2
riles long.no matter mhat the inecuality,while it is not for short sights
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Th:shggszgilnﬁ::yo;wc:}.limation is not restricted_ as closcly as the
vertical,so that if it is adjusted parallel to the object glass slide
the deviation from the optical axis of the object glass or from the axis
of the telescope.will have no appreciable effect.

35. LBVEL TUOBBS. These for accurate work are‘accurately ground with
eméry on a revolving arbor mhich has been turned so as to give the desired
carvature, The tube is slosly rotated about its axis so as to distribute
the grinding uniformly around the circumference. The surface is then pol-
ished ,the tube filled and tested oo a level tester for uniform curvature
by noting if equal angular changes nill give a aniform motion og the bub-
ble. For delicate levels,the defects found after this rough gvmdi.n_g
mst be corrected , requiring repeated trials and mach skill'and patience .

Phe upper inner sarface ,nhen completed,must be.highly polished to
render the friction of the bubble as small and uniform as possible.

The tube should be of uniform bore and thickness and of hard glass .

The liouid used for filling is usually alcohol for the more common
levels,alcohol with a little ether added for fluidity for more semsitive
ones, and sulphuric ether,mith possibly a little chloroform for the most
sensitive ones.

Por delicate levels a chamber is added at one end so that the bubblecan
alnays be ased at about itss normal length for greater convenience and
accuracy; a change of length with the temperature changing the zero if
the curvature or size at one end differs from that at the other while
a short bubble is more sluggish and its position of rest more effected
by friction and by local defects of the tube than a long one. The best
results will be obtained with the length used by the maker in testing
the tabe. The tube should mot be directly held ia rigid metallic sup-
‘ports on account of the danger of distortion from pressure due to chang-
es of temperature. The support should be at txo points gnly anq .
with rings of cork or other yielding material which will give sufficient

stability.

A very gensitive level should be inclosed in a glass box or tube so as
to form a closed air space,to diminish local distortion from sudden
“:89;8 gf temperatare.

e valae of a division shonld be determined for different
the tabe to test uniformity,and at different temperatares tg g:::::::e“ the
the temperature coefficient if any.

An appreciable coefficient will usually denote a cramping of the tube
by the supports.

36. GRADUATED CIRCLES. The process of graduating a circle is essential-
ly one of copying the divisions of another circle. The circle to be cop-
ied is usually some 8 feet or.more im diameter,in which the graduated er-
rors have been carefully determined. This is mounted and well centered
on a heavy axis firaly sapported in the graduatiog €ngine. The new cir-
cle is placed apon the old,and centered. -One method of centering is by.
allowing the vertical arm of a sensitive level to rest against.t.he inner
surface of the hollow axis as both circles rotate. The level is radial
and pivoted at the upper end of the vertical arm to the fixed frame above
80 that any eccentricity as the circle rotates #ill move the vertical arm
radially amd thus change the level.

The lines are made by a tool having an antomatic cat in a radial direc-
tion,the circle being turned division by division as read by a microscope

fixed above the large circle or fed agtomaticall a wor i
on theé circn e::'encge of the circle. ‘!n the lattgrbtyzase'thg ::1!.: ggt;gg_

Justed by careful test auntil equal motions of the morm wheel will rotate

the circle through equal apgles. _ This done,the work proceeds automatical-
1y with btut littﬁ n&‘.‘ﬁ labog%. Baking this work the temperature must

bql,ohopt. very eomstant in order to avoid distortion from unequal’ expan-
slon,

Yith a een':!.nch circle,an error of 0.0001 of am inch in a division or
in centering will give an érror of 0.0001 + 5 sin 1* = 4.1 seconds;shaw~
ipg the extreme acouracy necessary in ceotering and in graduating a circle
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which is to be read to tenths of seconds.

Five-mpute spaces are usually the finest cut apon large circles,and
10,2 or 30-minute spaces are the smallest upon smaller circles. Inter-
pediate readings are taken with verniers or micrometer microscopes. The
vernier is too well knomn to need a description here.

For an illustrated description of the nen dividing engine used by Fauth
g (‘ﬁ_."of llasi%ington.see Zeit .fur.Inst. 1894,p.84. See also U0.S.C. % C.

3. MICROMSTER MICROSCOPES . These are usually used in place of ver-
niers when readingsfiner than about 5” are required. Cross hairg are at-
tached to a frame which is moved through a box perpendiou!.ar to the mi-
croscope tube by an accurate micrometer scres morking against spiral

springs, as shown in Pig.29.

tn\-* ]

Bey of Mitromaey

Migresuree
Fiq29,

If the microscope has a flat field and the sores a uniform pitch,the ap-
parent motion of -the cross dairs across the limb, will be proportienal to
the turns of the scres,giving an accarate means of gubdividing the spaces
on the limb. A common divisiaw of the limb is into 5 minute spaces,the ob-
Jective being placed at such a distance that 5 turns of the scres aill
move the wires over one space; each turn wxill then give a minute,marked
by a tooth on the comb in the edge of the field,as showa, while seconds
can be read from the head of the scres by dividing it into 60 equal
parts.

Tao parallel hairs are usually used,placed far enough apart so that
when brought over a division a bright line w1ll shon on each side between
the hair and scratch;the equality in width of these light lines being
Judged more accarately than the pisection of a scratch by a single nair

To take a reading,the micrometer screas is turned with the increasing
aumbers on the head,moving the hairs from zero of the comb back to the
first division of the limb to the right(apparent left),the nurter of teeta
passed and the reading of the head giving the minates and seconds from
the division to the zero. Usually the motion of the screm is reversed,
turning against the graduation on the head,until the nairs tisect the
division to the left of the zero. Only the readipg on the head is noted
and this should differ but slightly from the first if the microscope is
adjusted so that 5 complete turns cover an average space.

It is often thought desirable to make the bisection with the positive
motion upon vhe screw,rather than with the return motion from the spring,
to avoid the lost motion. The observer however can svork more accurate-
ly if free to move the hairs either wmay to perfect a bisection,than if
he can only move them 1n ome direction,turning beck and moving ‘up a
second time if he passes the scratca.

The lost motion will be extremely small :f the micrometer 1s 1n good
condition. A test of the aearness with which a bisection can be dupli-
cated by esca metaod mill decide winich should ke used in & given case.
Tae probable error of a single bisection shoald te atout 07.2.

233. T3E RON OF THR MICROMETER: The micrometer 1s adjusted ,as stat-
ed in §37, so shat the nominal numter of turns,usuzlly 5,7ill move
the hairs over a 5-minute space. This can only be approximately realized
oming 1o the imperfections of thne micrometer and graduated circle ,tae
inaccuracies of bisection aad reading,and the disturbance due to changes
is temperaturs,
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e, correction for run is made.several different says by different ob-
servers,shile many equally good observers regard it as a refinement which
it is a waste of time to attempt to make.

The method given by B.D.Cutts,Asst. U.S.C.% G. 3urvey,in App,9 Report
for 1882,appears to be one of the most reasonable. A mean of the first
and second readings is taken which averages the errors of bisection and
gradaation for the two scratches. The differencesbetaeen the means of
the first readings and those of the second for each peading taken in ob-
gserving angles at-the station are entéred in a ¢olamn and added and twe
weom taken for the average run of the micrometer. The error in pitch
of the screw,due to the lack of adjustment,is distributed proportionally
to the length.

bet a be the first reading, b,the second reading; r, the average runm of
the~n§.crouter.psitive shen the first readings average greater than the
secoun

3 =l
Oorrection to a 000 8

Correction to b =_L _ (300" =b)
007

The mean ,m ] .6_;2

Correction to & = _L_ (300 -(a+b»38-
3Q07 =

Oorrection to w = £ _p K. (20)

00
This correction has the same sign as r{ =<{a -~ B} wn) for m ¢ 2 X°,
and the opposite sign for @ > 2 7. .

In the vecord book,the mean of the first micrometer readings is taken,
also that of the second,for each reading of the circle,the difference is
pat im the © colamn and the mean 1o the m column; after the ave(age r has
been found,the correction for each m is taken from the Pable II{computed
from ta)) and applied to w with its proper sign,giving the corrected read-
ings. Por an ezample,see The Form of Record Book §48. See also the Run
of the Micrometer by George Davidson,in §.S.C.& G.S.Report for 13845App.8.

89. ERRORS OF GRADUATED CIRCLES These may be due to an eccentricity
of the upper wotion or inner axs with reference to.the center of the
graduation,or they may be due to errors 1n the division lines themselves
Fhe error dae to the plane of the circle mot being horizontal shen the
axis of the upper motion 1s vertical as indicated by the levels remain -
ing in the center during rotation,1s so small in aa @nstmment 1n which
the 1imb #ill remain flush with the vernieriorttge micrometer microscopss

ring rotation,that it can be neglected. . .
ingﬁ:o::tg: dug to ecceniricity is of wore importance with instruments ‘fc‘ir
prdinary surveying work than with those for geodetic or astrogomcal work,
for with the latter all the micrescopes or verslers are used in makin'g 2
reading,and it can be readily shown tgattthe mean of any number of equi -

ra is free from eccentricily. )

di:::nz ;:r::: center of the gradnated gircle,' ¢ ,the.ce{uteg of ?i: :é%s
for the apper motion; EE’ the 1ine joiming the ceaters; the ang ,
made up of the index reading 2 and the
m(i.cromet,on.readings A,B,C:and &

#r-measdrs)

the eccentrictty 69..

for 2 micromweters 180° apart

. ¢ =z+A-eswnZ
&3‘ e gg Z =gz +B-esin(1%0 +Z)
=g+Btesin?
¥ean valae, Z = 2 + 1/2(AB), which is
free from ecceatricity.
Por 8 micrometers 120° apart .
=g +h-esinz2 :
Fron the gg. g = : +F-esin(120 + ¢} Fig. 3\
3ra.. =g +B-~e sin (240 +7)
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By 8], sin (120 + Z)+ 3in(24042) = 2 sin(180 +7) cos 80° &
=-Z sin 2. x 1/2
. . =-sian o,
.\ Mean value, 2 =2+ 1/3(A + B + C), ahich is free

fro? e;:cent.ricity.

Similarly it can be shown that the mean of any number of idi
micrometers xill be free from eccentricity. Y equidistant
Some instrument makers put in radial abutting
apstan'.head screas betweea the circle and hollon
axis wh}ch supports the upper motion so that the
scceatricity can be adjusted out before the plate

is scremed fast to the flange of the axis.

The graduation errors-proper are divided into
accidental and periodie. The former follow the
lax of errors ot observation given .in Least Jaquares,
hence their effect is diminished as the square root
of the number of lines used. ’

The latter occur at regular intervals acocording to.some law,and may there-
fore be expressed as functions of the reading itself. The sum of all the
corrections for periodic error, inclading those for eccentricity,must-have
the general form

¥ ¢2) = 0’ sin(z40’)+w”sin(324717) +u’” sin(3z# U’") + etc. (21)
where.'z) denotes the correction to the angle z and u’,0’,u”,0”,etc. ,
are constaats. The shorter the period of any error, the higher is the
mltiple of z in the term representing it.

Chauvenet, Astroanomy,Vol.II,p.52,shors what terms are eliwinated by
taking the mean .of & number of equidistant microscopes and hox to deter-
mine the constants for a giv-
en circle by taking equidis -
tant readings around the cir-
camference. R.S.Toodward,

Beport,Chief of Enges.U.S.A,
1879, Part III,App.M.M.,p.1974,
takes up the terms not elim-
inated by means of a number of
equidistant microscopes and
finds their effects upon a
measured iangle. He shows that
if the distance between ver-
niers be divided by the oum-
ber of repetitions of the an-
gle,and the circle Vvemoved
formard by this quotient each
time so that the initial read-
ings be evenly distrituted
over the space between two mi-
croscopes,nearly all the terus
will be eliminated from tbg
mean. Also that the remain-
ing terms tend to 2dd up to
zero or eliminate as the num—
ber of observations increases
so that the effect may be
neglected nith a large num-
ver of observations.

In applying the formlag to
some of the Lake Surveys insts,
Pri.Tri. Y.S.L. Survey, 1882,
he finds periodic errors rang-
ing from 1.7 to Z7.

In Saegmller’s Frice List
for 1901,p.7,af2 g¢iven the g aa nsveeazumuin,
comparisons of 0° 10’ spaces : At made by Beff & Barger.

Fag. 32,
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10° gpart around the circle for 8 ,S-inch circles wade for the 8eol.

Survey. The greatest digcrepancy is 17.58. He claiws that using his en-

gine automatically the errors wmill be from 2’ to 3% while if corrected .

settings are made for the main divisions no line will be eat more than 17.

40 REPEATING AND DIRECTION INSTRUMENTS. The component parts have

been quite fully described in the preceeding paragraphs, and the Frencn. re-

peating circle in$24. 4#n 8-inch repeating instrument{having a micrometer

eyepiece) reading to 10” by verniers,as made by C.L.Berger, is shomn in Fig.33
The circle is from 8 to 1% inches for primary A’n and from 5 to € inch-

es for setondary and tertiary. The power of the telescope varies from apoat

6D to 2 with a diameter of qbject glass from aboat 3 1/4 to 1 1/4 inches.
T#o verniers or microscopes are common and the upper ard lower motions are
the same as with the ordinary tramsit.

To repeat an angle,the upper motion is set at the desired initial read -
ing and the telescope pointed on the left hand object by the lower motion;
it is then pointed on the right-hand object by the upper motion ,back to
the left-hand by the lower and to the right-hand by the apper,etc., antil
the desired nuwber of repetitions has beer reached.

4 0.S.C.Survey direction insirument is shown in Fig. 84. . The only es-
sential differeénce between tnis and the repeating 1nstrumeat is in the
removal of the tangent scres for .thé lower motion which prevents the ase
of the ordinary method of repeating angles;the object beimg to add to the
stability of the circle.

Sometimes the lower mo-
tion is wholly removed
so that the circle can
only be rotated by mo-
tion:below the level-
ing screws,bat this ar-
rangement is less con-
venient. Rather ldrg-
er circles are used
than for repeating in-.
siruments for the same
class of work,15 to 18-
inch circles being com-
mon, 7ith about 8 inches
as a minimm, Microm=-
eter microscopes are used
in place of verniers,3
for the larger and:2 for
the spaller circles.

fhe telescope can be
made to transit,as shown
<in Fig.83 in which case
a vertical circle is ad-
ded large enough to meas-
aure vertical angles.
Many observers,howmever,
prefer short standards
for greater stability
which requires that the
telescope be takem out

of the ¥’s for reversal ,
and often that vertical ai
gles be measured with
agother instrument.
41, ADJUSTMENTS, Plate
levels perpendicular to tt
vertical axis,
h;u are adjasted as us-
‘aﬁn of collimation per- 18-inch Coast Survey Theodolite.
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rendicalar to telescope axis shen focussed for parallel rays. Sight to &
well defined distant point and clamp the horizontal motions. Reverse the
telescope by carefu)ly lifting it from the Y’s and changing the ends of
the axis. Adjast until the point is covered by the cross hair,in both
positions of the telescope. ’

Horizontality of telescope axis. This can be adjusted by means of th
::ndi;rgs level more accurately than by the method used for sulleg i:—

Iadex error of vertjcal circle. Pake a reading aith telescope direct
and another with telescope reversed upon a well defined point with bab-
dle of reference level in the center,or the readings corrected for the
out ef level. Half the sum of the readings 7ill give the true vertical
angle,and balf the difference the ihdex error.

dccuracy of adjustment is of less importance than with the smaller ig=:
struments used im ordimary sauryeying,because the observatioas are ar -
ranged to eliminate ertors of adjstment. Phus if the line of collima -
tion is not Lto the axis,it will describe a cone as the tefeseope ro -
tates; so that im plangiag up or dosn through a distant sigaal the lime
will not follow the vertical through the signal but will cat the plane
through the vertical perpendicalar to the great circle throagh the points
in an hyperbola having its vertex at the height of .the instramént add
its axis horizontal.

The horizontal angle messured 13 then from a point at a distasce x,
see Pig. I5,to the left of the seetion. Upon rever-
sel the measurement will be taken from a point ¥. to
the right. Bat if the collimation error has remain-
ed constant and the axis is horizontal,z will eqal
x and the error of collimation .wall be ‘eliminated by
takiaog,the mean.

1f The telescope axis is not horizontal shen  the
plate levels .are in the center,the line through the
distant .signal will not be vertical but inclined ,re-
ferring the horizontal angle to & point at a dis -
tapee x to the left,as in Fig. 3% Upon reversal,the
plate levels remaining in the center,the error will ) - )
be the same but in .the opposite direction . The mean vill eliminate the
error as before.

42. DEPERMINATION OF INSTRUMENTAL CONSTANTS. Value of 1} of level.
Set up the instrament on a firm sapport #bhere it will be protected from
sadden . chaages of temperatare,and place the level on the telescope with
the two tubes parallel.. 1f the tabe is chambered,take a Wbbls of aboat
worma)l length. MNove it by means of the vertical tamgent screwm fros one
end of the tabe to the other back and forth,setting at regalar imtervals
in seconds and reading both ends of the bble. )

If the circle cannot be read clésely enough rod readings at a distance
of 108.1 feet will give 2 per .001 foot on the rod.

Yalue of 1® of micrometer eyepiece. If the scres is norizontal(which
can be tested by noting if motion of the screm cnanges the altitude of
‘the horizontal hair) put the micrometer at a given reading and sight to a
well defined point by the upper motion and read the circle;tarn the mi -
cro"met.er,say 5 turns,and bring the hairs upon the same point by the up -
per,motion,then read the eirele; continue the process untdl the desired ac-
caracy has been secared.

The differeace in the cirede readings divided by the namber of turns 11l
give the value of one tara for the different parts of the screr.

1f the screw is vertical,the same method may be employed with the verti-
cal circle if it is suitable.

1 more accarate method involving more labor is by means of following
a circampolar star near upper calmination for the horizontal scres or
pear elongation for the vertical scres aith the circle clamped,depend-
ing upon the observed time intervals for the angles as described in
Chauvenet’s or Doolittle’s Astropomy in connection with the zenith teles-
scope. .

Wipe intervals. These may be determined by the methods given for 12
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of the micrcmeter.

The circle can be investigated by tae methods reffrred to §39,snile
the metnods for the yelescove have already been given.

43. T4 MSTHOD OF DIRECTION OESERVATIONS IN HORIZONTAL ANCLES. This
1s the most common method in this country nith a direction instrument.
A peference line is taken,shich may be the signal most easily seen ander
varying atmospheric conditions,or a mark set for the purpose at a saf-
ficient distance to avoid changing focus (not less than 1 1/2 miles).

The signals are sighted in order around the horizon in the direction
of the graduation,beginning nith the reference line,and the micrometers
vead for each;the telescope is then reversed,not changing the ends of
tha axis in the y’s if it has to be taken out for reversal,and the sig-
pals are sighted in the reverse order around the horizon,eading sith
the mark. This forms a set,and as mamy are taken as reqaired.

The first signal each time should be approached with the teléscoeg

e

from tae same direction as for the others in the half set so that
tendency of the circle to be dragged around by the friction of the upper
motion #ill be taken up before the first reading. Before each set the
circle is shifted so that the readings fon each single object are uai-
fornly divided over the shole circle. In order to eliminate periodic
ecror,as pointed out in 938, the circls should be shiftzd esach time ap~
proximately 380° '+ mn,vhere n is the number of sets,and m the number
of emidistant microscopes. If the instrament is in good adjustment,it
7ill not be necessary to reverse the telescope in the middle of each set
provided that the observations are equally divided between the tso po-
sitions.

Sometimes the sweep of the horizon includes the reference line at the
end of the first half of the series and at tae beginniag of the second,
especially. if many stations are included in the series. This serves to
detect instebility of the circle.

If the instrument has no lomer wotion it is inconvenient to shift the
circle after each set. The Coast Survey practice in such cases is to
chooss cither 5 or 7 positions,equidistaat 3802 4 5 or 360° + 7,and take
an equal cumber of sets in each position;such that the total shall give
the reouired accuracy.

In setting upon the refer®nce line,the zero of the micrometer should be
advanced 1/a of the smallest division of the limb each time, in order to
distribate the micrometer readings uniformly over the space. This will
¢ive a uniform division of the readings upon each of the other objects
sighted,so that the average of the micrometer readings upon eadh object
4ill be nearly the same,and the correction for error of runs for-each
angle #ill disappear.

The objections to this method of observing angles are thus stated in
the N.Y.3.3ur.Report for 1887 by Mr.¥ilson.  “An objection to the
methdd of directions is that it is very difficult, practically impossi-
ble indesed,tm secure full sets upon ordinary points shere the highest
degree of precision is desirable and where broken sets are decidedly
objectionable. In addition to this drasback to the method,another and
very serious one arises from the length of time consumed in taking read-
ings and bisections to several distant primary stations.

fhen the theodolite is supported upon a high tower,as is frequently the
casa,the entire instrament is continually twisting in azimith as the tov-
er is subjected to the heat of the sun’s rays. It is therefore of greht
importance that the intervals betmeen sights should be as short as pos -
sible and tnat the tso series in each set should be taken in about the
same space of time. Freouently however,one-half of a set may be taken
in five minutes,vhile the other may require ten or fifteen”. ?he trokea
sets are aftermards filled up by nes sets including the missing sta-

tions and the reference line.

44, THE VETHOD OF SIMPLE ANGLE MEASUREMENT. In this the oumber of
points in each series is reduced to the smallest possible number, or tmo.
The angle between each signal and the reference line,or the angles betseen
adjacent signals ,can be measured inderendently. Or, the measurements
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‘can be so arranged that betreen n, stations n, (az1) ™+ 2 angles nill be
peasured; sterting with the first station as a reference line and sying-
ing to the right to sach of the others #ill give n,- 1 angles,Fig.36,
then from the second to each of the others to the right (oot including
the first) n, ~ 2 angles; thea from the third;etc.;to the o, - 1 from which
only one augle is measured.

The sam of the series = first term plus last tera,mltiplied by one~half’
the pumber of terms, = ((K,- 1) + Y(n,- 1) *+ 2 = n{ n, - 1) + 2,23 stated;
above. This gives the same pumber of pointings ,( n,=1),upou each signal.
Bach angle is repeated the same number of tires,and this namber is taken
large enough to give the required accaracy
Po eliminate periodic error,the initial reading
for each repetition of as aagle is increased
by 360° + mm ,as is §43, m being the number of
microscopes and o the namber of repetitions
of the angle. To reduce the effect of ac-
cideatal circle errors,3chreiber,Zeit. fur
Vermess. p.p. 29 -240,1878, divides the dis-
tagce between initial readings for the dif-
ferent repetitions of an angle (360 + m)
by the samber of angles,o, - 1,t0 be meas-
ared from the first refereace station,and increases the initial reading
for each nen angle by this amount,starting from zero.

The initial readings for the anglesmeasured from the other stations
a. ipitial liges,are taken frow the first;'l'fsing one each time shich has
oot already been used with either of the lines forming the asagle. An ex-
avple of the settings at a station shere 6 signals are sighted may be
see= jn N.Y. S. Report, 1887, p. 145.

This ®method requires the same nanmber of pointings and readi

precediag fertro stations,4/3 as maay for 3 statigxsms, 8/4 asl:zsiy&sfo:he‘l
st.atxons,et.c. , provided the visibility of the signals will allos of al-
ways taking full sets by the first method. For long lines,as in primary
t?imgllation,these ratios #ill be less osing to imperfect sets by the
ficst method,wshile if the delays in waiting for sigmals to shom in order
u? complete sets ave taken iato account,the advantages will oftea be
with this method.

Another advamtage of this method is that angles can be measured whenever
two signals are visible,provided atmospheric conditions are favorable,
allowing more time to be utilized while in the field,and each signal to
be sighted when under the most favorable conditions as to illamination
and steadiness.

45, THE METHOD OF RRPETITIONS. The impression 1s gquite general that
this method #ill pot give as good results as those #ith a drreetiom
instrument described above,but the method has been a favorite one with
many most excellent observers,and the resalts obtained have fally jus -
tified their preference. When the wpper wotion is always rotated in
the sase direction,errors dae to twist of observiang stand,drag o_f gi.t-
cle bty friction of upper motion,travel of clamps,etc., are not eliminated
by reversing the telescope,and the resulting angles #ill usuglly be too
small,although sometimes too large. This is obtviated bg taking one-half
the repetitions upon the angle,and the other half upon its explelen:, N
always swinging from left to right xith the upper motion.  Errors whic
tend to make the aogle too small will thus also tend to make the ex-
clement too small,or tme angle derived from it too large.

6o the ¥.Y.S. Survey the practice was to take tbree repetitions:’jof
the same angle mith telescope direct,reading the circle at beginning and
end;then three repetitions of the explement with telescope reversed,still
swinging the upper motion with the graduation,which is equivalent to “an-
winding the circle,i.e., the third repetition will bring the reading back
pearly to the ioitial one. The explement thus only enters in the direc-
tion of the swing for the Ubver motion,and not in the figures recorded.
They took 6 sets of & repetitioas each for an angle,and the results with
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only an ?-moh circle were as satisfactory on primary sork as sith 3 di -
rection instrument.

-The angle from a reference line around to each signal can be measured;
the required angles then resulting as sums or diiferences of the measured
ones without the labor of station adjustment;or the angles may be meas-
ured as shosn in Fig.86. The initial readings for the different sets of
an angle should differ by 380°/mp as usual,while if the angles are meas-
ured as in Fig.98 the additional precaution can’' be taken of having no
tao readings alike upon the same signal.

48. CONDITIONS FAVORAELE FOR OBSERVING. To saupport the instrament tri-
pod,or stand, three solid posts are set in the ground vertically some tao
feet mith tops leve}, bne for each tripod leg,and well tied together and
braced by nailing on boards. The dirtais then tamped around the posts and
the center often filled aith stone. Nnen an elevated observing stand is
used,see §0 the tripod or inner tomer supports the instrument directly
without the tripod,and the outer toser the observer.

In all cases the height of the instrument should be such that the ob -
server can look through the telescope ahen Standing erect confortably

Some observers use a more or less portable observatory for the pro -
:zcuon of the inst.rux_nent._fcom sun and air currents Whi{e observigg,but

e more common practice is to use a tent for primary and secondary
nmork,and an umbrella or other simple shelter for tertiary. The tents
used on the N.Y.S. Survey were octagonal for ground stations and souare
for elevated observing stands,both 8 feet in diameter,with walls 6 feet
high,and made of 8 oz.duck. They -are supported by 8 poles,one in tae
center of each side for the square tent. The wall is in one piece,sup -
ported at the top by small pockets saich slip over the tops of the
poles,nrith a flap one foot wide at the bottom to tack to tne floor to
shat out the wind and dust,and 2 triangular shaped door large enougn to
admit instrument boxes as well as the observers. The top 1s 1o one
piece ,held up in the center a foot above the eaves by a rope attached to
a small thimble sered on the outside,with flaps about a foot ride at
the eaves which are strapped to the walls. Guy ropes extend from aear
the tops of the poles to pegs if on the ground,or to the railings or other
parts of the observing stand if elevated. Floor space 1s better econ=
omized by placing the tent eccentric over the station on account,'of gtor-
ing instrument boxes,etc. Care should be taken not to obstruct lines

ot sight by teat poles.

The malls can be lomered a foot for observing,or a window, one foot
mide can be cut around the tent at the height of the eye or telescope and
covered by a flap on each side shen not in use.

Tower sheets of 8.0z. duck are sometimes used on two sides of an ele-
vated observing tower to protect the inner or instrument stand from the
wind to preveat vibration,or from the sun to preveant station twist,the
expssed stand having a tendency to rotate in azimth with the sun during
a bright sunny day and to returs at night.

The best time for-observing 1s on a day shen the sky 1s overcast;next
to this is a calm,pleasant,late afternoon; evenings from about an hour
after sunset until about midoight are also favorable.

The hours for observing upon the U.S. C. & G.Survey are in the summer
season, from sunrise antil 8 a.m. and from 4 p.m. until sundown. Verti-
cal angles are measured from 12 m. to 1 p.m. and in the afternoon until
nithin an bour gf sundosn.

Lines of sight passing close to the surface are most disturbed by heat
save and other atmospheric disturbances,producing the appearaace in the
telescope often described as “boiling®. Lines over furnaces and cities
are objectiomable,shile those over bodies of water are not usually so
clear as those over land; bigh lines are least affected by atmospheric
disturbances.

the readings for an angle should be distrituted over different days
or divided betseen forenoen and afternoon,to equalize the effects of
lateral refraction,side illumination of signals,etc. No readings
should be taken under any improper oconditions of the atmosphere,as shomn
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chiefly by the appearance of the signals. The instrament should be haand-
ed with a light touch and with a certain degree of rapidity,yet in comr
pieting a pointing it should be done carefully and deliberately,without
worry or bias as to the resalt,watching the signal long enough to be
certain that it is really in the line of collimation and not temporar -
11y there due to varallax er a sadden change of refraction either lat-

eral or vertical.

47. ACCURACY OF RESOLTS. fThe limiting error adopted by tke 0.8.C. & G.
Sarvey in closing triangles,is 3 seconds for primary trisngles,8 for .sec-
ondary,and 12 for tertiary. The sverage errors in closing are of course
very mech less.

Yor secondary work,the range of values for an angle is given by Gen.
Cutts,a Coast Sarvey suthority,at from 5 to 6 seconds, and the probable
error as found by comparing the separate values mith the mean,not over
0.8 second. These values are given to aid the observer in judging of
the accaracy of his results shile still in the field.

On the H.Y.S. Suevey the observing party took the precsution to aajst
the observations at a station shile still in the field,in order that ex-
tra sets could be taken,or defective ones repeated,in case some of the
directioas did aot show sufficient accuracy. The limit for the meag
square errer of a direction was placed at 075 for prisary work,and 17.0
for secondary and tertiary.
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49. PHASE. In bisecting a bright,reflecting cylindrical signal,seen
against a dark ground in sunlight,the apparent center will aswally be
on one side of the true onme,owing to phase. )

et r = radius of the cylinder;sx= the angle
betseen sun and signal (measured at the ob-
serving station at the time of the observations);
D = the distance to the station , A = the cov-
rection to the angle in seconds.

(a) Pointing ®made upon the bright reflecting
line.
sin p=r sin(90-1/2¢ '+ D ,or
_ _rcos /2
B Dsig 1 (22)
@ being so small that sinp =Psin 17
(b) Pointing made by bisecting the illuminated portion.
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Bigect the angle PCG,or 2S,sabtendisg the illumin-
ated portion as seen by tife observer. at €, by CB
for the line of signt. Then FCO ='S'+@; 0CG =
3.-pv .

Sine§+R) = (S @) xsia 1" = o'+ D,

sia (8 =) = (8 -p) sin 17 = ¢ sinfex = 99)/D =

r cose/ D.
Subtractiong,
2 psip &” =(1+e0sa)r/D*3 cos' 1/2e¢ £/D,by 11}
2 3/ 2
r cos? V/
A= (29)
Dsin 1]

[

50. BCCENTRICITY. The signals during the measurement of angles snowld
be carefully ratched,and if at any. time found out of ceanter the amount aad
direction with reference to one of the sides should be measured and the
date noted. By plotting this data to a large scale and layrong off the
lines to the other stations rith a protractor,any . can be scaled eaith sufs
ficient accuracy..

If e = L distance from the signal to the line oiniag the statioas,

Cor i .ci =
rectios for ecceatricity Dﬁn_-f' (24)

shich will apply to each liae whether the eccentricity be that of signal
or instrument. A sufficiently accurate value of D caa be found by solv-
ing the triangles with the approximate angles. When the 1nstrament is
set up at an appreciable distance from the station point the followiag
formla is often used: .
Let C be the station;B the instrament;AEB the meas-
ared angle;ACB the required one. Measure also
CEB,and CE = a;and find D and I by an approzimate
solaution of the triangles,

ACB = AEB + BBC - EAC

Bat EBC = 49i0 CEB, . o _ asin 08A
D sin 1* ° D sin 1°

BBC and BAC being so small that for their sines
we can use the angles in secoands iato sion 1”.
Substitating,
ACB = ABBE +_a sin CEB. a sia CB& ()
D.sin 1”7 D sin 17 )

v
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BASE LINES.

51. BASE LINZ SITES. Primary bases are from 3 to 11 miles long,and are
placed from 200 to 600 miles apart;secondary from 2 to 3 miles,and from
50 to 150 miles apart;tectiary frow /2 to 1 1/2 mles,and from & to 40
miles apart.

They should be so arraaged that the sides of all important triangles
can be checked from a second base. If the country is very flat,the base
can be placed anywhere to fit the main triangulation,but if rough it
may have to first be selected and the triangulation fitted to it.

Phe scheme for connection must be norked up for each particalar case.
The small length of base in comparison with the distances compated from
it,has led i~ the attempt to measure accurately,to forms of primary base
apparatus.shich require a line to be graded longitudimally to slopes of
not more than 5° or 6° for a width of 10 or 12 feet .  greater clevat-
tions  being overcome by vertical offsets.

52. BARLY FORMS OF BASE APPARATUS. Wocden rods were at first maialy
ased. A set consisted of 3 or 4 rods,shich were placed ead to.ead begin-
ning at the end of the base,the .rear one wxas then moved forward and
placed in comtact with the front one,etc. Abandoned at Hounslos Heath,
Eag. Ord. Sur., on account of changes of length due to moisture ,and
glass rods substituted. .

Borda Apparatss. Fig. 40. 4 base bars; 2 toises (= 3.895™ ) long
each of 2 flat strips,upper of copper,loser of platinum, fastened together
at rear end; difference in
expansion wmeasured at froant
ead by graduated scale on
copper and vernier on plati-
gux at B,” from which temper-
atare or change in leagth
inferced. “Contact” by
slide G,read by microscope Ak
D. Sheltered by poard Fiquo,
cover above the baf.

Struve Apparatus. Iron rod srapped in cloth and rar cottos. Mer -
curial thermometer near each end wita bulb let ianto body of bar. Con =~
tacts by coatact lgver of Fig.41,a spring yielding
as the contact end is pashed back by the next bar
until the arm reads zero on the scale. Surwves

Offsets to the ground made sith a tramsit at right GCewnwsas
angles and 25 feet distant;the position being held Laver
over night by a slide and cube on the top of an,iron
pin driven 2 feet into the ground.

) Bessel Apparatus. Fig.42. Components iron and
zine forming a metallic thermometer like Borda’s.
Bxpansion.and contact by slim glass medge betwseen
the knife edges at 4 and B ,the -

wedge ordimates increasing by 0.01 i A

Paris line, = .0089 inch. s [ T>[ITLqE
Colby Appaiatus. Fhe componeats - X
brass aad iron are used to compen-

sate for temperatare,and not to meas-

ure expansion as with the Borda and Y > ' -

Bessel. The bars are placed side by “5:1‘“ s

side and fastened.at the cepter as snoso, AxPoraive .
Pl

The microscopic dots, s ,a’ oa the .
) ?“.Hx.

Q o
Colby's Base Aprarasws _ .

compensating levers remsia

i = Y R e “Tiwem o fixed for equal changes of
o o wa A temperature in the tso rods.
ia. 2. These dots are on tae side

of the case so that the microscopes of Pig.44 can be placedover them,
one over its dot directly,the other over the dot of the other bar by
pushing the bar back for “contact” The axis in Fig.44 serves as a tel-



Be.25.) ) FORRO 4PPARATUS. 41
escope tube for transfers to the ground,its verticality
being indicated by the attached level. The telescope
shown at A serves to align the microscope case. Tae ap-A
per plate connecting the microscopes is brass,the loser
iron,compensating the distance between the dots,a,a’.
The bar is 10 feet long and the microscopes 6 iacaes
apart. | XSO |
B2.1  Find the units of the Borda scale,Fig.40,sach that an increase
of ose 1n differential expansion shall indicate an ezxpansioa of 1% per
;etel"n for the measuring component. Leagth for dif. expansion assumed=

Ex.2. Find the error in the compated lengtn of the EBessel (2 toise)
base apparatus dus to a difference of 1° in the temperature of the two
components.

Ex.3. Find the length of the compensating levers of Fig.43,for a dis-
tance of 3 inches between the two components.

53. BACHB-WURDEMAN APPARATUS. (See C.S.R,1873,App.1Z) Length 5™

As seen in the Fig.
the two compoaent
bars are rigidly at- H
tached at the rear . ‘
end %o the block A, c
and sapported by rol-
lers;while the front , 5
eads are coannected , ®
by a compensating )
lever B. The con -
tact rod ¢ projecis
through the end of
the case,vhile the Borda scale D can be read through a aindos in the side.
The contact rod B at the rear end is held in position by the |\ levers F ,F,
pivotted at the bottom of the brass.

Tts inner end knife edge rests against the .cylindrical surface G. By
vringing the Vwse bar back throagh the case n‘tg a tangeal scres,the com-
tact rod resting against the rear bar, G,is forc '3‘: ringing the bubble
5 ¥we contact level B to the center for: contact. #hen 1n ths posi~
tion the axis of the cylinder 6 is the axis of the level sector I,so that
1inclining the bar for slopes does not disturb t.he‘contact. distances or
level so long as the lével sector tube remains horizontal.

Phe cross sections of the Borda components are so arranged that, while
the two have equal absorbing surfaces,their masses are inversely as their
sbecific heats,allowance beiang made for their differeat condacting powers,

Both surfaces are varnished to give equal atsorbing poa.-er,and the whole
1s protected by a double spar Shaped tin case palated white to prevent
papid changes of temperatare, )

The heads of the sapporting metallic tripods are adjustelle vertically,

laterally, and longitudinally ,the motions for the rear one being coatrol-
led by rods runmning to the contact man at the rear of the bar. Bach tri-
pod leg is adjustable by rack and pinion and by
foot scren.

The end of a bar 1s transferred by a transit at
right aagles

54. FOBRO APPARATUS. In this a return is made}o
the method of measurement with chain and pins,the.
base bar taking the place of the chain,and 4 micro-
scopes with very firm supports,that of the pins.

As originally designed the rod was made of fir,
varnished and encased in a copper tabe;but as soon
modified,the fir was replaced by 2 metals,form-
ing a Borda thermometer.

The microscope,Pig.46,has 2 objectives,one for
plumbing over a point on the ground,and the other
for sightind at .the dar,a cap with a ceatral open-
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::‘gtil;n'g::ng 6TT the 1ight mhich does not pass through both when looking

The telescope of the rear stand is used for alignment by sighting along
the line at an offset target and then aligning the front stﬂnd,a scale tak-
ing the plage of the front telescope axis.. )

55, U.S.L.S. REPSOLD APFARATUS. See Pri.TPri.j.8.bL.Sarvey, p.138. This
1s of the Porro type. The components,steel and ziee are placed side by side
in a 4-inch iron tube; they are fastened at the center and are free to exv
pand each way apon rollers;their ends are cat away to the neatral axes and
graduated platinum plates attached. Io measuring the micrometer micro -
scope is set upon the zero of the steel bar for contact and a reading take
:n apon the nearest division of- the zinc for temperatare.

The tube stands are placed at the ends of the bar or tube,so that the
front for the first position becomes withowt disturbance the rear for the
second position,etc. The tube is lengthened by a bracket at each end, the
rear one resting on a knob in the center of the tube stand head,the front
gnedcarrying 2 rollers,one V~shaped,which rest on tracks on the tabe stand
ead.

The microscope stand is placed opposite the tube stand,a long bracket
supporting the microscope over the end of the bar. . )

The bar is aligned by 3 telescope on the tube and 1ts incligation meas-
ared with a level sector. . .

To set a microscope over the startinhg point,the tabe stand hea.d’zs re-
zoved and a telescope tube placed over tae rock ceystal knob marking tnech_
point, tae end fitting accarately. Phe tube is made vettxqal by an atta n
ed level tube and the microscope sét on the zero of a norizontal scaleha
the top; a direct and reverse reading eliminating any index error of the
scale. The tube is then removed and the end of the base bar brought up-

der the microscope.

53, IFANEZ APPARATUS.&Engrg.News, ¥arch 1884, p.133). This is an out -
gronth of experience in Europe 1ith the complicated forms due to the use
of the Borda thermometer for
temperature or compensation.

Toe bar is a 4™ 110% ,ironA-btar
rithout case or cover except 2
large observing tent. Marks

are engraved on small platinup
disks at points 0.5 apare; while
4 mercarial thermometers mith
talbs encased in iron filings
are attached.

Undergroundl monuments are set
in advance dividing the base
line into day’s aprks,and no
transfers to the ground are al-
lowed at other points. Depen=
dence is placed upon rapid con-
tinuoas work (160™ per hour,
Aarberger PBase) betaeen these
poiots,and the use of a shel-
ter tent for freedom from er-
rors due to instability and
to Lemperature changes

in starting,the telescope F 1s replaced by one having its axi
the obaecf, endA so that it can be made vertical and setgover thesn::z:r-
ment at N; Fis returqed. and sighted to a target on the lina at A;the
aext wmicroscope stand is set aup 4™ahead and a target at M,taking ;.he
place gf the telescope axis,is brought into line by sighting through P;
its alzgning telescope is replaced and sighted to the target ahead; th;
bar E is then brought under the microscopes V., the dot b at the rear
end.being accurately bisected,while the front microscope is moved longi-
tudinally on the s}ide S to bisect the dot at the front end; the 3rd.
stand is set ap like the Znd. and the bar moved forsard. #heo a mona-
went is reached 4 staad is set over it as ip starting,the bar mt in po=
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sitiow and a 1/2™scale used to measure the distasce from the microscope
to a 1/2™ dot on the bar.

57. U-S.C.S.SECONDARY APPARATU§. §Rep.1830,App.17) The constraction
is clearly shown in Fig.48 from Saegmaller®s Catalogue. The measari
rod is steel 4™ or 5™ long. The oatside tubes are zinc,one fastemed ‘€0,
steel at the rear with its Borda scale at the front,the other at the
froat with scale at the rear. Bach scale is read by a magnifying glass
at the top of the case. B is the tangent screw working against the
springs C at the front end for contacts with the slide E. 'The mercurial
thermometer B is attached to tae case.and its ulb is not in comtact with
the bar. Phe case is a pine joist about & x 8”. The tripods are
mainly of woodjthe cross bars canm be clamped to the standards at amy

beignt,
=%

fith the College bars the Borda readings have been abandoned as unsat-
isfgctory;the case has been covered aith hair felt and canvas;and the
thermometer has been replaced by t¥o near the quarter points with their
bulbs in close contact with the steel bar and sarrounded by iron filings.
53.0.S.C.S. CRIDIRON CONPENSATING APPARATES.¢Rep.1882,App.7) The ex-
pamsion of the steel is balanced by that of the zinc for equal temperatute
changes for the two componeats. The details of the secondary appara-
tus, §57, are elaborated for
the case, comtacts, and tripods
Bx.1. Find the lengths of the g —Ainan __‘___hﬁ-"* E
cosponents of Fig.49 for a base ' Ll s Y — M
bar 5™ long. FTmT s sem oo g Bt T

€x.2. Sketch the construc - T
‘tion and find the lengths for a
brass and steel combination 6™ long.

59. U.S.G.S. DOPLEX APPARATUS. (Rep.1897,App.11). As seen in Fig.50,
there ire 2 separate hars with contact slides,a steel tube and a brass
one. They are placed 1 1/8” apart in a brass tube,rhich can be rotated
180° about its axis in an outside usuppoc!.i.ng tube. [n use,double con-

Fiq wq
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tacts are made,steel to'steel and brass to brass,the accamlated differ-
ential expansion showing itself by the movement of one rod upon the
other as noted by reading the vernier and scale at each end at the begin-
ning and end of the measurement of the section.

About 2 reversals, or rotations of the tube,are reqaired per day, ar-
vas#ed symmetrically as to rising and falliag temperature and so as to
have the same namber of bars placed in each position.

The outer tube is covered wmith felt and canvas,and the bars are used
under a portable teat drawn by a team as the sork procesds. A speed of
40 5-meter bars an hour is claimed to be easily maintainen.

30, STANDARDS OF LENGPH. All measurements of the Cbast Surveg have
been referred to one of the 12 original iron meter bars standardized in
1799 by the PFreach Gommittee in terms of the toise shich had served as
a standard unit in measuring the meridional arcs of France and Peru. In
Nov. 1899 the Government received 3 platisum iridium bars of the Proto-
type meter standardized by the International Barean at Paris,and from -
early in 1900 these have referred the Coast Sarvey standard to the Inter-

national.
Phe length of the iron bar is now taken
= 1™ +0.2'+0.6"
as the result of receat comparisons,instead of
) = 1" - 0.4* ,as given in 1799.

fIn App. 8 of the Report for 1893 it is stated that no legal standard
o feighf, or length =as adopted by Congress uatil July 1888 a Pro
82 1gch scale ha peen used bty the Treasury Dept. as aystanda(a.rd inuggiog
lecting duties,etc.) whea thes metric system was legalized and the weights
gag measures in common use were defined in terms of the metric anits, giv-~
ing, :

1yard = 3229 geters; 1 pound = b ke 1 28)

As a result the Survey now uses 1™ = 3,2808 1/3 feel ,instead of 1™ =
3.280889 ft. as formerly.

Standards are divided into line measures and end measures; mith the
former the length is between the end sarfaces,rith the latter,between lines
or points near the ends. '

81. CONPARATOR3S. In comparing two end measures they are placed between
parallel planes br spherical surfaces,first one and then the other,and the
change in position of one or both planes measured for the difference in
leagth of tue tmo bars. With the old Sazon pyrometer of the C.S., one
planeftas fized on the top of the masonry -pier,7hile the other, B,was
supported from a casting at the top of the second pier,being pushed towards
the first by a spring-and held back by a delicate.cbain C mound around
the vertical cylinder D actuated by a meaker spring.

In placiag the bar betreen A and B,the
first spring insures contact and the

second tension in the chain,giving a

fixed position of the cylinder for 2 [I] IE i?
fized length;this is noted by reading ~ B

through the telescope B a division of

the scale F reflected from a mirror Fiq 81

on the cylinder. - ¥hen the other bar ) L
is iaserted,the cylinder has a different position,and another division

is read. -
The contact level comparator is more convanient.especislly for field.



Eq.as.') MIRCURIAL TdERKOMETZRS. 45
comparisons. A contact level is usea at

each end to make certain that the bar °

touches sithout andue pressure. Tae

The micrometer screz A is turned

forcing the small rod B ag%inst toe arm

of tne level uantil the bubble reaches . A
the ceater. |
The Gollege field comparator has the Fig. 52

base bar contact slide in place of the
contact level.

Fo find the lemgth of a 8™ bar, 8 I™ par

€ » S are each comj
thIe_ standar?l,v thgy are then placed end to end compared Iitlp:::d ;3}%&-
or :nc:mggggfhne ne;sures,micrometet microscopes are moanted on piers.

. rame if changes in distance are frem i ’

the difference in length obtained in terms of the sér::'.ny reaiired,amd
h:::rc%:::nzugat.e units the aljquoit. parts are marked off on the

nd comparisoas made with t I v i
3336 a3 with oy pparison the shorter one,the pesalts. beiag

Fls. JCe DUVIS A L VW illpal auvor uscu vy uvuc J.uuct:uaw.:.:ucu. Durcad. ma
2 tanks are for determiniang¢ coefficients of expawsion,one bar being heat-
2d by circaulating warm water through the pipes,vhile the other remains
4t a constant temperature. The microscopes shosn are for reading the
ChePmopeters near the bars.

The micrometer microscopesof the College line - measure comparator can be
placed at any distance apart from 4° to 4T

62 MERCORIAL THERVOMETERS. Thermometers arz divided into standard and
eaxiliary; the scales of the former inclade both the boiling and the freez
ing poiot of water which alloms of their being studied and standardized
each one independently; the scales of the latter do not contain both of
these fixed points and they can only be standardized bty comparisom with

”ﬁtgtgﬁsghf:smﬁggriempened steeél, zinc and its alloys,and some o@hgr
substances,the volume changes leZ behind the temperature.changes,gl..ngg
rise to residugl exzpansion. Phis is especially appareat in the vam.a.\tmns
of the zero point, the volume of the tulb §t the temperature of meltmg_
ice depending .for some time upon the previous temperature of ti&e‘lt‘;hgz
moweter. The depression of the 2ero,due to the slommess of the i
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contrasting is produced mich more rapidly for a given change of temper~
ature than the elevation due to slowness in expanding;the rapidity of

both movements increases as the temperature is raised. Special high
melting point glasses {the verre dur of the Prench,and the Jega of tae
Germans) are made which have much less residual exzpansion than the crys-
tal glass commonly used.

¥hen a thermometer of verre dur glass is heated from ordisary temper-
ture to 100° ,the stable conditidén is reached in a fes minutes; when
cooled more than one-half of the residual expaasion remains afteg 24 houn,
and the stable conditiom is only reached after several weeks. !nh crys—
tal,the stable condition at 100° is reached in about ag hour,xhile mwonths
are required after cooling. .

Por the accurate determination of temperatare,read the thermometer,then
plange into melting ice and read; the differeace will give the temperature
above 0°® referred to the fundamental intecval 0° to 100°, tne 100° point
haviog been found by referring to 0° is the same #ay. Small bulbs are
often blown in the tabes of standard thermometers to allow of the 0° amd
100° points witbouk tao long a t-be.

“hetqoales of the best theérmometers are scales of equal parts etched on

e stems.

The tabe is calibrated by breaking off columns of mercury of different
leagths and noting the length in scale divisions asthewow moved from end
to end of the tube {a small bulb at the top is necessary for this work).

The 100° point is computed from the observed temperature in steam under
a given barometric pressare,and the 0° point by melting ice immediately
after. This gives. the fundamental interval which is to be divided isto
100 equal parts for the Cent. scale. The calibration corrections refer
these equal volume: parts to the scale divisions, so that the scale divis-
sion® can be expressed in degrees. A perfect tube and scale within the
errors of observation is thus secured and residual expdfision can be elim-
inated ic use. These corrected temperatares (imcluding a correction for

. pressure on the bulb) are called mercurial thermometer temperatures,and
they are usually accepted as standard,assuming the expansion of mercury
in glass to be proportional to the temperature.

The Ioternational Bureau has adopted the hydrogea scale as stamdard, ]
and by comparing the mercurial thermometer readings with the corres ponds
ifig pressuresof a constant volume of hydrogen,by Wariottes las, they
nave derived correction tables for different kinds of glass. The Coast
Survey has also adonted the hydrogea scale.

The corrections for verre dur glass are as follows:

t_Cor. t_ Cor. i Cor. 1t T Cor. 1 Cor] t TCor.
=25° 40.283| 0° 0.000|+25°-0,095 | +45° —0.108]#65° —0.082 [¥85° -u.038 |
D .172|+ 5 -0.028| 30+ .102 | 50 .103| 70 .072] 90 028
15 .119( 10 .052| 35 .108 | 55 .097| 78 .082| 95 .013
10 073115 .070] 40 .107 | &0 .080| 80 .050 {100 .000

5 .034] 20 .085

See Thermombtrie de Précision,by Guillaume ,Paris, 1889.

63 LENGTH OF APPARATUS. From what has been given in§§80-82 th -
od of figding the length of a base bar is evident? All the conpar:s:::h
except field comparisons are made in a room so protected that the daily
range of temperature is small;thermometers are placed in coatact with the
bars and a few readings at a time are taken qickly before the heat of
the body causes a local disturbance of the temperature of the bars, the
latter being protected by a case or cover. With bars of the same mater-
ial the actual temperature need not. be knoap very clesely, btut the exact
difference is essential.

Since the probable error in bisecting a line mith a micrometer micro -
scope under favorable conditions is given in €25 as @.%5" upon the retina}

—_g—.;%s = 0.13" upon the scale ,and 0°.01C changes the. length of a steel

bar 0,12" per meter,attention should be given to securing good temper-
ature conditions,and to avoid the accamulation of constant errors. PThis
7111 reqire changing the order of the readings,the positions of the bars.
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The determination of the coefficient of expansion recaires great care-oa
account of the difficalty of getting all parts of the warm bar at the
same tellgetgture and keeping it coastant long enou to read the thermom-
eters and micrometer microscopes. The bar is usually immersed in ratec
or glycerime,mhile its companion is surrounded by melting ice. In Fig.53
the sater is heated by a -jet at a distance and circulated through the
pipes shown; cirwlption in the tank is secured by turning the sheels shown
at the ends. Readings are taken through the water,

The comparison of icconmensurate units,e.g.,the foot and meter,re -
quires grsat care aand labor.

Qomparison of line measures wmith end measures.

Field comparisons are very desirable ,in order to detect any change in
length due to disturbeance in transportation,asd also to find the actual
length of the bar as compered aith the computed ,rhen exposed to san ,
#ind,and rapid ohanges of temperature. )

€x.1 To find the length of secondary bar ¥o.1,the folloming comparisons

sith standard No.2 and data,are given (C.S.R., 1868).
Leagth of standard bar Fo. 2 at 82°F 5.99988283
One division of the scale of pyrometer 0.00000174
Coef. of expansion for F. scale ) 0.0000964.1
Thermometer attached to standard ,too high 0.7

u » ®* rod a.0
* Standard No. 2 Rod aotl
Therso. Piv. Thermo. Div.
7723 21 7620 - 10
78.0 15 76.3 : gé
78.5 18 77.
77.93 18 78.47 28.87
~-0.7M 7.2 18.00
77.23 +.76 10.87
Compatation.
0.76 x 0.00000841 x 8 = + @.00002923
10.67 'x 0.00000174 = + 0.00001857

At 77°.23 no. 1 longer than_ stapdard {2.00004760
At 77 .28 standard No.2

At 77 .23 rod no.1 6.00176968
At 75 » w1 6.00168391

Field comparisons are very desirable ,in order to detect any ciange
in length due to disturbance in transportation,and also to find the )
length of the bar as compared with the commted,vhen exposed to sun, ™
and rapid changes of temperature.

64. DEFERCTS’ AND DIFFICOLTIES. Iv is very difficalt to find the
temperature of a bar and its conseqent length under field eonditions..
“l',% @olby apparatas (§52) after being ased in Bagland was taken to India
.8 large number of bases measared,but the conpensation conld not be relied
apon sad mercariasl thermometers were substituted. The Bessel apparatas
(§52) gave as the vean of 2 day’s observations at the €Sttingen base in
Aug. 1880, the temperatures shown in Fig.54. The case was wood ,covered
with white cloth and exposed to direct sunlight. '
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' - Wurdesan 15-ft. bar No.l1 made for the U.3.L. Survey gave a
12}5‘:?10 P.l? Aug.5,1873,0700470 shorter than at 9 A.M. as stated
p.88 of the Report,it having been exposed to direct sunlight during the
day. This wpuld correspond to a difference of 123 F.between the 2 com-
ponents. 1o 1875,at the Buffalo base,its mean length for the 11 days_
of comparison was 000230 greater at 1 p.m. than az‘B ui::,tg,hg compar
isons being made in a tent. The standard was kept im meltin ice..
Qoe kilometg.er of the 0.S,C.S. Holton base was measured with a ba:e::u_
welting ice; but base lines having an uncertaimty of lessdtha:do.ermr_
lionth of the length are often measured with both the Borda a d meraar
ial thermometer apparatus,and with both micrometer microscope

tact slide contacts. )
b1]1 defining lines and surfaces should be in the neatral axis of the bdar

to prevent changes io length due to changes in stress of outer fiber by
ight changes in the points of support. . .

8135{‘1. #ith the Bessel apparatus, $52,find the difference in tempera -

ture betaéen the two components required to introduce an error of one

millionth the length of the iron bar in its compated length.

B3x.2. Find the error in the observed temperature of the iron bar for
the same error in length.

Bx.3. With the Colby apparatus,§52,find the effect upon the distance
betaeen the end dots due to a difference of 1° between the two compon=nis.

Bx.4. Compare zuoc-steel and brass-steel Borda whermometers sith mer-
curial in the effect upon the length of the measuring bar of a differeace
o% 1° between the two components,or the component and the mercarial tker-
mometer.

65. PIBLD WORK. The surface having been properly prepared, moauments set
and signals erected,points should be tized in line from 1/4 to 1/2 mile
apart,so that the bars can be accurately aligned during measurement. Be-
vors of aligneent are cumlative. '

4 preliminary measurement is usaally made #ith steel tape or wire; and
oo the 0J.S.C. S. a stub and tatk is left every 3 bars to serve as a
check in counting the bars. When a wire is used,a length of say 30 bars
is measured off, the bars removed,the wire suspended over the line under
a given teosion and points plumbed up,the wire notched and the temper-
ature noted. The mire is then moved fornard, placed under the same ten-
sion,the rear notch brought over the front polat,and a nem point marked
under the froat notch;etc.

The method of final measurement varies »ith the form of apparatus. A
large force is remired. From 1/4 to 1 mile is measured per day. Many
bages are divided into segments and twice measured in order to find the
probable error of measurement.

Phe bars are seldom leveled,it being less work to corrsct for inclina-
tion as given by the level sector. @bserving tents are often used.

The C.S. secondary bars require the following outfit: 2 tranmsits, 1
for alignmeot(unless the alignment telescope is attached to the bar ag
in Fig.48), one for traosfer fo{". end of bar to ground; level instrument
for adjustment of level sector;steel tape; ax;stakes and tacks. Also 7
men; one for contacts;1 for alignwent; 1 for notes, reading inclinatioas,
etc.; 2 to move and adjust bars ; 2 to set up trestles; 1 to bring up
instruments.drive stakes.ete.

The left hand page of the reeard Book is @uled; in columns giving in
order; time;pumber of bar,eountiagofrom the oeginning;pame or number of
the bar; inclination;temperature; rda thermometer,rear and front,

The name of the base,date,and the name of the person in charge should be
given at the top of the page. ¥The temperature should be taken every
10th. bar or oftener if changing rapidly,and the time noted;also at the
beginning and end of each day's work,and at any time when there is any
delay.

86., TAPE NEASUREMENTS. Some years ago N.Jaderin introduced a method
of measurement #ith tapes for shich he clatmed ag accuracy of 1/1000000,
even wheo the work #as done in sun and wind. He used 3 tapesOne steel
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tne gther brass,eaca 5™ long,the enas resting upon (ortable tripods
serving as pins to mark the tape lengtns,shile under a fized tension ap-
plied by a spring talance. The diffesczntial expansioa oi taz steel and
brass is relied upon for the temperature cocrrectioa of tae sceel. .

Io using a loag tape,00” to 500’ ,slim stakes are driven 50 ft.apart
with tkeir froat faces in line, and marking posts at the enas. DIae posts
are cat at such a height that a straight grade tetseca can be macked on
tbe faces of the stakes. Hooks or mire nails ian the stakes support’ <he
tape on grade;shile straining posts each 2 feet from thz marking rosts al-
lon of a fized tension by spring balance or bent lever aaa weigat sito-
out disturbiag the marking posts. It is usually tetter to read betreen
fized marks oo the posts than to att2mpt to lay off an exact tape leagth.
The tape length is s2nsitive to tensioo aad to tempecatare,cequiriog &
constant pall for =ach lengtn and sork at night or.on a cloady day shea
3 or 4 toermometsrs aistriouted at spakes along the tape lengths #1ll
give a clos2 approximation to tewpecatuce. ™o to four coatacts with
theraometer readings for each position of voe tape,letteng off the ten-
sioa after eaca #ill increase the accaracy with but little increase of
labor.

The leagth of the tape when suspendzd,can best be found by measaring
8 line mhich has .been measured Ai1th a base bar.

Tane coafficieat of expansion can be found by placing fitj- moguments a
tape leagth apart and ootiog the reading oa the tape at different temper-
atures. )

At the Mass. Inst. ol Tech. a thermopaoae, " on the priaciple of a
Wheatstoae bridge, is used for temperature. Cuvvens Brechar
The tape is paralleled by a German silver . g (e |
aand by a copper nire as shorn. The cur-
rent from the battery € divides at A, i
part passing through the tape and wire to
B and a part through the fine sire AEB. LIPTR
If the resistance from F to B differs frou . _
that from B to B carrent sill flom through the copper xire operating
the cirauit breaker D. The arm at E is moved over toe disl to equalize
resistances. As the temperature increases the tape resistaace 190;33337
(the 8erman silver resistance being only slightly qffactec) requiciog a
gen position for E. The dial is graduated uader tavoraple cond;t.ansa;
apd the temperature of the tape can thea be gead qnder field conm;;:oof.

Extensive experimeats nere made ia coanection a}t.h the measure

( §84) and it sas found that the imaccuracy of a tape
ithe Holton base 4) an s 000000 but at about the
ibagse line could be redaced to less tham 000,000, <
jsame cost as mith bars,

In triangulation for bridge spans,or for otber work where a fair Qe-
gree of accuracy is required,a 100 ft. tape betaeen tac.ks io hubs high
euough to allor of swinging freely under a constant spring balance ten-
sion will give good results. dubs 50 or 75 feet apart would give
greater accuracy but with more labor.

€7. CORRECTION FORMILAS. The-length of a base is made up of the fol-
lowing terms: (a) the normal length of a bar into the number of times

each has been applied: (b) the amoint which the last bar overran or fell
short of the end of the base: (c) the amount by wmhich the true length

of each bar,corrected for its mean temperature during measurement,differs
from the normal length,into the number of bars: (d) the sum of the correc~
tions dae to contacts (in those forms only in which the distaace between -
consecutive positions is not the exact length of the bar} : ¢e) "the sumog
the corrections for inclination,both vertically and horizoatally.
Temperatare. The coefficient of expansion is constant betreen the lim-
its usually used,32° to 100°F,so that the correction can be applied to

the mean temperature. W#ith ginc,homever,a term must be added iavolving
the square of the temperature.

Inclination. Let a = the difference in height of the tso 2ads of the

bar or tape: b = the inclined length: b” = the reduced length: x = the
correction. ) .




: GEODE3Y. (§53,Fig.55,
If the iaclination angle i,is given

Y *bcosi;: x*bl = bll-cos 1), or

x * 2bsin?i/2 (27)
(27) is best used by forming a table for each wminute within the limits
the ianclination,using the normal leangth of the opar.

If the average length differs seasibly from the nominal,the total correce
tion for the base can be changed in the ratio,actusl mean léngth to nomin-
al length! .

° Por tape work,mhere a is-givao by level,

Y22 0+ 3)2- 22 P2 s 2b/3+32-a2 o
' x = a?/(2v+ 1), =aR /2 (nearly, (238)

6S. REDUCTION TO SEA LEVAL: Ease lines are usually reduced to sea levs
el so that all the computed triaagle sides s1l) be arcs of the spheroid
shose surface is that of the sea produced ander the land.

Let B” = the redaced horizontal leogth of the base at an average
height h: E = the sea level leagth: y « the correction; R, = radius
of carvature of the plane section through the base (see Pable V),

Then since arcs are to each other as their radii,

BB PR
B. 8, #:°%" RA

y = &R (23)

Unless h is large,or extreme accuracy is desired the h of the denomina -
tor may be omitted.

69, ACCURACY OF REBSULTS. This can be inferced:(1) from remeasurements
in segments;(2) by dividing into segments and coanecting the different
‘ones by triangulation:(3) by compating the errors from all known sources
and adding. (3) in connection with (1) is the most satisfactory.

The principal sources of error for the C.S. secondary bars are:(a) in
the length of the bar as found by the office comparisons. b) in the
tewperature as inferred from the thermometers. (c) Instatility of tri-
pods. (d) Backnard pressure of contact spriag. (e) Enclination horison-
tally and vertically. (f)-Gontacts,and transfers to the gromad.

In the most accurate sork,the probable error from all sources is abont
1/1,000,000 of the length.It diminishes slightly mith the length. The
same expenditure in short bases placed aear together will ausnally give
triangle sides more accurately than long ones far apart.

y=VY-B=F -B'_R&,or
R, +h



- CHAPTER V.. st
TRIGONONZTRIC AND PRECISE LE&VELING.

TRIGONOMETRIC LEVELING.

790. OBSE]VATIONS. The zeoith distaaces,or vertical angles, are usaally
measurec wisa the siation is occupied for horizontzl aqgles. This zay be
done sith a vertical circle,or differences may te -optained #ith a microwh

eter eyepiece.

Phe height above the station mark of the telescope and of each point
sighted at*should be .measured. A lime of spirit levels is usually rum
frow tide water,or from a station of known height above tide,to one of

thg&g:ggggg-ﬁ least and nearest coastant dauring the middle of the day,

and greatest and most variable at night and loruing The best time - for
observing is thus usually from 9 a.m. to 3 p.=.,and the worst at saun-
rise and sunset. Similtaneous observations at the two stations will
give the best results. If not simltameous they should be distributed
over several days to get an average value for refraction. Instramental
errors are small in comparison sith those €from refraction,so that with
good instruments it is not necessary to eliminate errors of gradnation
by shifting the position of the circle.
The following form @f record is taken from the U.S.C.% C.Survey.
3 se Ovsexvax R Yy Ixnax.
Yele ueval | Govvast Zenith
" Py Rewmavks
ol a]a Muanlcer [Reading |Distanse
163 W N6 | v
LA %

H15[41g (833 Pam (163 ' w

Pueve IR 117 5134 40| 3.8 | 340 w

Bl o1 | 5w [70° 20" 00
MM [47.0 [94M -5 R4 41

B 14jnahdy w | 39 {3en LR

SEO |8
MLl [weata3e [ene 163 W 3y

vyp.ual

2.t K¢

Pelescope 7.10 ft.above Bolt. T of Level = 135, 12 of Microm.= 21.

71. DIFFERENCES OF HEIGHT MROM OBSERVED ZENITH DISTANCES. Let &,§', be
the measurad zenith distances,corrected for difference of height above
station mack of telescope 2nd object sighted at; h, h’, the h2ights of
the statvions above mean tide; k ,the horizontal distance in meters at sea
lavel,Rz ,its radius of carvature,and C ,its central angle: = WR, : m,
.i ‘ycoefficients of refraction: ®C,angle of refraction. Assuzing the an
¢le betwyeen the tangent T, A and the chord AB,Pig. 56, proportional to the
distance is equivalent to assumng the line of sight sn arc of a4 circle‘,’i’
toough the actual curvature is irregmlar.

(a). Nop simultaneous observatjops: BJFormla 2

bp =By =(hy+n,+2R) tani(A-E

tan{(a46)/ 3
Gat, A= 130'-8,- uC ; B = 180° =&~ L7 c. s
giving (A+B)/2 = (8,-8,)/2 +Clm, - »qy )/2
Prom the A AEC, (4+B)/2 =30°- C/2
Substitating,

by~ by = tan((5.-6,)/2) + C(mz -y )/ 2 (h?hfﬂ,)mclx
c/2 being/sull.tan C/2 = KR, + ¥*/24 B}, by Formla 15).

C(m,- u,)/2 being very small,Formla 5) gives,
;:n((?.—’.i)lz + C(w, - 8,)/2)= tan (5,-8,)/2 + K(m, - 8,)/2R,-
mﬁf‘-’-tnfgi((k tan(d- & )/2 + (m; - 8,)K*/2 RY(1 +(b +h)amepin)m
(). Simltaneous observatjops:ms,* -,,giving, 4
B, -h, = k ta(6.-5 }/2)(1 + (b + b, )/2 R, + x/128} (34

wnich is the formila used on the U.S.C.% 6.8,
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(c). Zenith distance at one station oaly.
4=130%-§,- ,C,as before . B =& +x, C-C;giving (A-E}N/Z = 90°~(&, #u,..5)C).
:z“f'h‘f?“{‘;?' (S, #ny=.5)W/R,;si0 1) (1o, VB, + k"/lﬂ:z) 2N

By calling the second factor unity and expanding the cot by Formila 3),(30
can be reduced to another form shich is sometimes given.

!
e He o9 - (15,50 tand)(uan §, Hw, -.50) -
= cot§,+(.5-m)C .5 -u) cot' & C bty Formla 3%
Substituting in (81),
By e by= kot 4 5-n)KYE, + €.5-m,) (/) c0t*S,  (32)

$f the line is sighted from the other end,a second value #ill be ob -
tained,and the neighted mean will give the recuired result.
92. CORPPFICIENT OF REPRACTION. * Prom Fig. 56,
S,w m,C *S\Gm,_c = 130° + G,0¥

o, + 8,=(180° = (§,+ )R, /k Jsin 17 + 1 (33)

The cefraction coefficients are thus indeterminate from any mumper of
reciprocal observations,since two unknowns are introduced for each equa-
tion. If the observations are simltaneous, m, is usually assumed equal
to m, . each line xill give a valae for m, and the average for the wxhole
area can thus be found by taking the weighted mean. Thus

p = (180° - (8, ~ &, 5 (R,/2K)9in 17 + 1/2 (34)

¥f not similtaneous,the coefficieat for the lines radiating from each
.Station may be taken the same,so that in a system of 1 lines joining p
.points,there wpuld be p unknosn coefficients with 1 observation eqa-
tions of the form(:83). If 1>p,the coefficients mould be found by a
least squares adjustment, If the meigh% of each S be taken proportional
o the number of obteervations,n, then by Part 1, €3 and (13}, (33)
#ould nave a meight w given by

Va = Risin* 1°/ . (Vng41/0)/¥ (35)

that is the seight would be proportional to o,y 0, k‘/(";, *03)
Bessel assigns wmeights by the arbitary formla,
oy azvff /(ny +0,)
on the ground that errors arising from variations in n_are of more im-

portance than those from errors in § .

The average value of m as found by tae U.S,C g C.Survey is:

Across parts of the sea,near the coast, 0.07

Between primary stations .071

In the interior of the country,about 0.065

Clarke, Geodesy. p.281,gives the range in India from <0.09 to +1.21.
73, OBSERVECANELE OF ELEVATION IN SBCORDS. Ifeor = the clevation amgle
(subposed small)= 90°-§ ,(31) becomes boehy =k taner +(.5-n) k‘/&z

= koctan 17 4(.57-)11)!2
Substituting for Rz and m average valaes,

©
(.5-p) ¥R = 0.000 800,088?7 k' ,log const. = 2.82413

tan 1" = 0.000 00485 . = 4.88574
giving in metric units, ¢c in seconds.
h, = b, = 0.000 004 85kec’t 0.000 000 0669 k* * ¢ 28)

For k and h, - h, in feet, the last term becomes 0.000 0000202 x*.
It 13 claimed by the U.S.€.& €.S. that for«(5® and k ¢ 15 miles,(38)
will give result$ sithin the ancertainty of refraction.
74, REDICTION FOR DIFFERENCE IN HEIGHT OF TRLESCOPR AND OBJEC? ABOWS
STATION MARK. bLet s be the differeace. Then from Fig.57,
Sin X .8 = _s_."sin EDA
SioABD AD AR sinABp
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sin ADB = sia(S, + ol - C)
sin BDA = sin(§, + 1,C - x - C)
sin AED = sin(€0° + ¢/2) A
Sabstitatin :
sin x= S sgin(S. + of - C)sin(§, + o - C ~ x)
AR sin (90°+ C/2)
The denominator is nearly unity,X is small,
wC-C is small fdr short distances,and S, = 90°
pearly for long distances.

Bence, gporg distances,¥” = s sin*S/(k sin 1) (a7)
long distamces, " = s/(k sinl”)

C

75, ZENITH DISTANCE OF SEA BORIPON. ®he line AB,Pig. 58,will be tan-
gent to the sea level sarface at B,giving in the right angled triangle ABC,

R, +hy =Rz/ Cos C
or, b, =R, (1~ cos C)/ cos C,by Formla 1i] ,
:Rzl(sil‘CIl)/eos c* mz(sin" ¢/2)/sin C)sin C/cos C, by Formula 16),
= R, ((sin €/2)/ oos 6/2) sin C/cos C= R tanChtang
=(a, /2)tan* C,nearly

§+mC =980°+C, orC=(3 -90°)/¢t-n)
Substitating,
n, = (8, / 2/(1-p,)" an2(§,- g0°y (38)

78.INSTRUMENTS, Precise spirit,or geodetic,leveling is distingnished
from ordinary spirit leveling by the use of better imstrumenis agd meth-
ods and more care in observing. .

Some of the more common instruments in use are §honn. —

Io Pigs. 58,59,80, the level is used as a striding level giviog great-
er facility of adjastment for both level fube and collimation,and oppor-
tunity to eliminate both errors by reversals in observing. The rear Vv
can be raised or lowered by a micrometer screw, giving a delicate means
pf releveling shen pointing at the rod. In Fig.60, this slight relev-
eling cannot offset the H.]. of the imstrumeat as with the others.

In Pig. 61, the level tube is dropped into the telescope tube dowm to
the cone of sight rays, in order to diminish the lack of parallelisa of
the 2 tubes due to locally beating either end of the instruzent,thas
sacrificing the striding level. The two tubes are cast from an iron =
pickel alloy having a coefficient of expaiusion = C.000,004 (Cent.), a-
bout 3/5 that of brass. The motion aith microzeter screw is retained .

Io Figs. 59 and 81,the mirror for refleciimg the ubdle to the obser=~
ver at the eye end i 1aced a system af prismg ahj i
parallax by Eivigg ;:rgggﬂ sigh r.-ayg cpounbog eﬁs o}c%hglgt%ﬁ?s

Fig. 59 has a geick leveling ball and socket tripod head which is
very stable.

The fooussing ide of the teleseope should be long and well fitted
to preserve parsllelism with the line of collimation when sighting at
different distamoes. .

Buff & Berger have a more receat type of Fig.80 in which the level
tabe is placed om top as a striding level with a mirror above as in
Ptg. 58 rather tham at the side. The power is 50, w»ith 271 level di-
visions.

The principal isstramental constants are

Pig. |Focal length | Biam. of Power! Stadia |Two m.m. div.
T bjective. |_ratio. |of
58 14°1/2 2 in. 50 231 1.7 to 3.4

57 14 1.4 25 |1/100¢1/ 200 8.3
[ 9] 15 11/2 35 |1/100 ’ 6.9 to 8
81 16 1.7 w32 |1/333 <2

It will be noted that these values do not differ materially from those
i:'r ordinary levels,except in the sensitiveness of the level tabe and
the magnifying power. _
7. Rons.v Botk target and speaking oop -extensible rods are usea.



54 . CEJC3ST. (§77,Fig.65,
The Karo or Swiss rod 1s shoap 10 *1¢.€2. This is ased by the U.S.
Eosrs. Corps with the Kern level. Tne smallestgraduations are ceati -
metecs,shile readings are estimated to millimeters.

Tozs freoch rod 1s showw 1o F12.83. It has a line graauation to am
gnnt,ed apon paper and pasted to the rod. The rod is rather flexible.
)

determioe changes in leagth due Lo changes in temperatare and mois-
ture ao 1roo and g Era.ss barg,are 1noserted side by side near the center

line and faste::.gd‘ to the base plate,wmhile at the top a scale is-attach-
ed to the brass.one to the wxood,each being read by an index oo the iron.
The bress scale 1s so_ gradiated that each divisioa represents an expan-

£
3
E o
2 2
£ -
3 o
T 3
; d
o L T
e 5
P %
o 3
2 e
J :
3 4
s &
%4
. J
L] d
e Vg ®
L X Pl
@
i
. ?‘~:4
- ha
iy
4
o 61 Figqe3. Fia.bu. Fa s

s100 of J0“"Per meter of the 1ron bar: . each division of the scale on the
wiod gives ao expansion of 10" per meter of the wood. The sum of the
tno readings (A and E) »ill thus give the total change in length of the
nooden rod.

Tbe 0.S.G.S. rod shown in Fig,84 is a double target rod made W& L.
c.taxl;-ésy o{ white pioe impregnated wvith boiling pa:gatﬁ.ne to a bi':dept.hb
of.: . t i3 graduated on both sides and each has 2 targets
and red, the otger rectengular and black. The targets ape 'andigge g;al
eodless tapes as shown,the length of the rod being a little over 10 ft.
T;:.steel base shoe has an.area 1/ 2 o4 @ Suave inch,

¢ t#0 targets are for use on“double rodded lines,” whe €
taroiag pomgs and two sets of notes are carried tﬁrougg ;gtgwoggtg.o_f
strament, the ins}mme.’u.t =20 setling the cear and frogt rod targets as
usual for the first set of T.F"s, then the froot and rear rod targets
of tbe piher taces for the second set, afterwards checking both target
readlogs Sas the 10siruvent and rear rod are moved forrard, o
The U.S.C.5. speaking rod 1s shown at Pig.64 a The upit is 0.2
divided and read to %xftbs,or tq .004 togt.. The potes are kept oafz%:c.'
2-ft. basis to correspoad .requiriog all derived elevations to be dou b~
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gll'ed.d The shaded portion is red,the other pogtions black,on & white

ouad.

Phe 0.S.C.% G.S.rod is shown in Pig.85. The ceatimeter graddanons
are on the edge 2.2°7 wide.

‘Toe center of the bell metal foot is in the planoe of the graduation.
‘Silver faced plugs are placed 1™ apart end the distances betweea thee
checked by steel tape for field comparisoas. thermometer i -
ed for temperature,and a disk levelpafot plumb%ng as with thésogt‘fé?g?
‘!‘he pine is soaked in boiling paraffine for its eatire thickness ahich
increases the meight,does amay with moisture changes snd does not ap=
preciably affect the coefficieatof @»pamntion

78, 0.S. C.BNGRS. MET30D . The iastrument is leveled and poi
the rear rod; both ends of the bubble are read,the %-ires agglgggdlgt-
el again,for the backsignt. Similarly for the froat sight. The length
of sisght is limited to 100™, and tae difference between front = and
back sight to 10™ . A heavy canves umbrella is used to protect from
toe san,or sometimes a teot if the weather is wiady.

Bach rod reading is corrected for observed inclination by the formla

. Correction = 4 id(1lm ten 1/4) = 4 i d 8 (39)
wpere 41 =B +EB. =(0+ d),the sum of the two eye end minus the svm

of the tro object end readings of the level; d ¢ stadia isterval; 1 -
value of 1* of level; =& = stadia cosstant; 4 = lm tan 1*/4,a constaat.
“{be differeace in elevation betweem two B.Ms. is corrected by the tor-
mala.
B.M. Cor. = (d, zd,) cm tan 1 (40)

- where d, = sam of stadia jotervals for back sights; d, = sam of stadia
intervals for front sights; c = inclination of line of collimation io
seconds when the bubble is inm the center (+ if object end lon). ¢ must
inclaode ineguality of pivots,level error and collimation error.

The level tube is adjusted antil within 2 divisions,and the collima -
tion until tbhe mean of the

The level taube is adjusted until within 2 divisions,and the collima -
tion until the mean of the 3 wires for direct and reverse sition up -
on a rod at a distance of 50™ do not differ more than 2.5™™. Read -
ings are then taken every morning,and at other times when tnere 1is rea-
son to saspect distarbances, for the level tabe and collimation errors
to use ig (40). By keeping the sum3 of the stadia %ntervals as in the
record shown,these can be made eqal in closing oo a .¥. so that the
correction (40) will disappear.

Steel pins are frequently used for turning poiots instead of the foot

plate of Fig., €2.
FORM OF RECORD -

Loeality OLsavvew Leval No.
Dase )

Diveerion Re oYY Tulre No.

BACK SIGWT FRONT CaWT
- R T 7 3
M naaMeons e BE"J']'}, 63| Remode e b 3 ina] Means \{:\‘:: % o %Y "‘"““‘\5

1008 198 s frest 10| T.B.M.| 16R6 187 ne[1s 13 [PB.M.
18y | naso [l 30 1473 [1gama | 1908 20
1362 383 20638 398 W

79. FRENCH GOV METHOD. In this method the buttle 1s,kept in the cen.
ter when sighting;the 3 wires are read on tne back sient and also on
1he froni sight;the level is reversed,the telescope govated 130° about
the line of collimation,and the note keeper reads the mkddle hair ont
toe front rod and then upon the back rod. These reversals tend to e —
liminate the error of level and of collimation and those portioas of the
errors of refraction and 1nstability which are proportional to time.

If the discrepancy betmeen the first and last readings exceeds a certain
amount, bothk sets are repeated. ’

fne longest sight 1s limited to 100™ and the greatest difference to
: ~ Wooden hubs are used for turning point3,and tne same ones are
intecded to be used on the rceturn lige tetaeen 2ach tAo bench marks.

The only corrections recuired are for rod.errors,but since these in-
glude scale errors (paper scales), they bave to be made separately

or each set up,takiog 1n0to account the chanee in length of the rods
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as shomn by comparisons with the enclosed steel bar.

The change of obtservers adds to cost in requiring a good observer for
note keeper,and it adds to delay and .instability in changing men,espec~
ially if the cross hairs have to be re=focassed on account of the change.

FORM OF RECORD

B....\«; Siqne | Fyong Siah FE
| ]
4947 37 B g s@.sgmm., S 5t
FUFEIZERR 22 |97 ffibacms fRETE Remaa |,
1"'.5*‘% 9% el O % ﬁ'g “ i F _{sz :
| Fovwava[ioossd 258y $|340[ 2 BM. 8 [Begarm ™ 18 am Roam|
369 | 2036 08287 36b]
+ 2403 BETEY] 40 * Rod
3G 2 - 2+ 1556 36 A=CC.N B2C
- aMoy + 1193 | fpg | AR =00
3| 0318] 1504 3sm Rod N
] + 068¢ - 1264 & Azs7, B3y
| 374 105y [+ 3|4 2| 357 A4 =120
— 0c83 Lt 1957 a Sun
Govvas. [1713 50 Tords 482 575 Govrac. uE 3] Jeax
D4R>0 | 2D =~23171220 [D4RCO
D=-159613 [-15™e813 | R=-300

Rod veadings €0 MM ol covractions to Amm. ‘

80. 0.S.6.S. METHOD. FPor double rodded lines and the double target
rods of Fig.84,the rear rodman holds on the T.P. of line A and clamps
his red target when covered by the cross bair; the front rodman then
holds on the next T.P. of 1ime A and clamps his red target at the prope
er height;he then holds on the T.P. of line B and clamps his black tar-
get, the rear rodman then holds on the rear %.P. of lme;and and clamps
his black target.

Separate notes are kept for the taa lines (claimed 1o se equivalens
to haviaog beem rue im oprosite directions): while the Instruzeal man
checks all 4-rod readings as he and the rear rodman move forxard.

The babble is kept in the center when sighting Steel pegs are pre -
ferred for T.P’s. The level 1s adjusted daily,or oftemer when necessary.

Attention is called to the fact that the length of sight should ba kept
So nearly conmstant that the focus of the telescope will not reqire chang-
ing for front or back sight dauring the day,and that if it should require
chaoging on account of grades or atmospheric disturtance reqiring short~
er sights,then the level should be readjusted for the nex position of
the slide. It does not appear,homever, that this restriction is enforc-
ed nor does it appear mecessary with a well made precise level telescope.
¥ith target rods the rodsan is usually required to keep a separate set

81. 0.S.6.% G.S.METHOD. In the old method(Report 1879,4pp.15)the V.ieana
or Stampfer level,slightly modified,was used. Its gensral coastraction
is like the Kerm. The rod is a non extensible pine rod graduated to cen~
timeters on the froat edge of the + as a speaking rod,and on a brass
scale oo the side of the froot portion for the target. The target is
moved by s ehaim similar to the tape of Fig.84.

FORM OF RECORD.
Back Sienr Frane  Sigha
|No.of |vere:| Mieromes st . My ey, n'..“g_a‘;u Rod
3 [Lesal [Rowi- T % eVl [Hovis Yax. fwave | OF | [Toading
SGM av. (warg
[Srosiom 20m q:Q 2ew  qax tareet twl d
Rumwing on Aoad 22y Rod ¥ oy Clawdsy | Brigw Wivd. Rpa €
. b o KR 0 O [1M101 |17y s
Y ° REUN IR, R 08n) ey
£ |D wa| ae L3 .08y .oy a3
| AN anfuaye o ao| 0% Amo| vast |1

Mg i iuos
-0.

[*.101 [iI709¢ =03 1300
-0.3

To take a reading; The bubble is browght near the center amd the
target clnpegaténgor%'espond,the bubble mg%hen acourately centered,and

the micrometer screw of the rear V read: the target isVtisected by tara=
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ing the micrometer screw and the screw again read; b. The level is re-
versed, the bubble brought to the center, and the target bisected,and
both screw readings taken. c. The telescope is rotated 180° about the

optical azis,the bubble brought to the center,and the target bisetfed
agg both scréw readiags recog’ged. d. The level is made dgrect,the bub-

ble brought to the center, and the target bisected,and both scres read-
ings recorded.

The stadia hairs and the edges of the target are then read by the lev-
elman; while the target and the rod thermometer are read by the rodman.
Having the value of 1* of the micrometer screw,and the distance to the
rod, the rod correction for each of the 4 readings can be compated by e
formala similar to (39);the average of the 4 added to the target read-

ing will give the corrected rod reading.

he method of double rodding,is in use, as also that of running a sin-
gle line through and checking back .

In the mew method introduced in 1899.and 81ightly modified in 1900 to
adapt it to the new level,Fig.81,the bubble is kept in the center while
reading the 3 wires to millimeters on the speaking rod;the front and
back sight readings are so taken that the time interval béetween shall
be small;at odd stations the back sight is taken first,and at even sta-
tioms the froat sight;the difference betweem front and back sight dis-
tances is limited to 10™;the diffenemce between sums of front and back
sight distances betweem any 2 B.M’s.to 20™;greatestlength of sight 150™.

Phe check lime is aswally raw in the opposite directiem from the di-
rect,and under different atmospheric conditions,e.g.,one in the forenoon
the other im the afternoon:

a aifference ) 4™ Aistance imr kilometers.
between adjacent B.M"s.calls for the reruoning of both limes antil2 val-
aes ere obtained withim the limit.

The rodman reads the rod thermometer each time,and & temperatare cor-
rectiom is: applied.

determined each da) using a front sight
zeggfnzla%egfoocgﬁéﬁtn?g sisgt up) with a mew bagkbgight geading eﬂ:outg..l

10™ behind the level;then setting ap abont 10™ behind the front rod and
reading both rods again. The correction comstant,C = correction/(stadia

interval). is_found by @)
(sam of near rod readings)} « (sum of distaat rod readiags) |,

€ "  (Sum of distant stadia intervals)-( sum of near stadia intervals)
fo pdjustment is made mmless C) 0.005.
Correction is made for curvatare and refractiom ,and for level when

t!;e sgadia intervals differ for front and back sights;also for leagth
of rod.

FORM OF RECORD
Nuwmbey l;'“"‘a* [Proesd{ Swm. [Rad, [ Trerecd Trevwod! Suen of
T e e L e Y L RS (RS
Seation |sisrw vels Siawmt
Tima APM
a3 Qe 99 v 2683 J o
Q13| 03| 99 3% | 21k o0
[LK b8 19% 2!% 199
v 0929 106 w A 103
1031 10303 oM s |2 s\il a.s\sﬂ 103
| I -¥- AV0| uog A 62 2A06| wos |

Nave and tewme. Sfveor vad qivemn,

Phe.corrections between B.MW’s. are sammed fhom tables or slide rule
and entered on the compatation sheet separately.

82. INEQALITY OF PIVOTS. The level is set ap bn a pier or other firm
support where it is protected from air carreats and from sadden changes
of temperature and the bubble brought to the center. The telescope is
changed end for end in the Y’s.and the bubble read without reversal,
Fhe out of level,if any,mst be twice(within the errors of observatios)
the inequality of pivots referred to the sapporting Y’s.,or 4 times the
error referred to the telescope axis om the basis of circaular collars.
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The observations should be repeated until the desiread accracy i3 se-
cured.

; N AP AR | Y
Fauth Pygacise \ge.vei\ Moyt \;9: e;N\ . :Q b
"a g -
§n." 5 °: D ov R"?A\ 'W ast nan vae,
[=) i Cy[=10Y _, a4
R a. Rl ota)
€ D aa A M 5y
R “3a s 1 e
w ° “es Y LT TY
R a.y YN -9y R
€ © A2} qas| = 3 _ 4,
R “s N9 -3y <0
w [} “w.¥ 23 IS VY Yy
R a3 M| - vey 1.0%
€ [ "% qag| - ot A
by 43 €. ¥ xY)
w =) woM 1 BT
R as “vs| - ass e
E D Eh} w“a| - . e .
R ~30 %0 8 1.00
w ° s ss | - L
-3 .8 LY Y 103
3 D | e [ . L
. R 8 hE ] o __|meanms 00
Leua, woked Lrorn € to O AMA with L 5°(ev Cenear.

Valwa & e \eval =38

Referred to.telescope axis, Bye eand large = 1,01 x 3.8/2 = 1792, €or-
rection to rod reading negative. ) -
§x.1 If the collars are 10" apart and the angle made by the sides of
the Y supports aci level legs are 90°®,find the ineammality of the col -
lars in inches for the valoe 1:82 given above.

83. ROD CORRECTION. For the paraffined rods aand those shere a brass
scale is used,the temperatare at which the rod is standard can be found
by comparison with a standard. A table of double entry can then be made

slide rule used for the correction for any observed temperature
g%%i ggd‘reading.it being the product of the temperature incremenﬁtpe rod
reading,and the coefficient of expanosion,and positive shen the rod is
100 long or the reading too small.

shich changes length with moisture as well as with
tezopgrggﬁrgeggemd g g length can be detern%ued from day

actual error per uni
to day by comparison mith a standacd tape and the corresponding correc-
tion applied if appreciable.

For the Prench rod the paper scales reqyice corréctiom for scale er-
rors,and the wooden rods corrections

for length,and for changes in leagth I
as deooted by the A and B readings.
Phis is accomplished by comparing the
rods with a standard and at the same
time reading the scales A aad B, The
scale corrections are platted on
cross segtion paper as ordinates with
rod readings for abscissas and the
correction curve drawn. An eqaliz-
iog line is also drasn through the
origin,which separates the correction
into 2 parts,one proportional to the
rod reading and the other a local
scale correction. It is assumed that
oaly the first is affected by a
change in tie length of the rod

To obtain the corrections graphical-
ly,the straight line correction,say
1504~"per 1™ for A + B = 135,is laid
off on a vertical from D,Fig.66,to
8 scale 15/1. An oblique lipe is
draso through D and these cocrectioans
projected upon it by horizontals,and
the corresponding rod corcections
macked. If the rod should expand or
contract 1*""per meter,the inclination
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can be changed so that the projected length corresponding to the
t;_:t??.etsr shall %: 43w Jonger or shorter tham before, when the cor-
rections will all project into their new values.

%he cosines of the wew inclinations of DF for valaes chamging by'i"“
will thas differ by anity for the radius 150. .".describe an arc uta.D
as a center,lay off the different angles found from the cosines starting
from the vertical and mark the corresponding numbers for A + B,starting
aith the highest expected in the field work Then with the scale correc-
tions as radii and the corresponding points on DF as ceaters describe
arcs. Horizontal tangents to these carcs will give constant values to
these projected scale ercors,while the straight lime correction zill de-
pend apon the A and B setting. .

Phe corrections for the other rod are placed on the same sheet with
the center at 6. A cellaloid sheet is ruled with 53™=lines,to the
scale 15/1, and kept in positiom by the strip HI.

To take out a correction for a set up; set each arm to the correct A
.4 B; slide the celluloid until the zero ocoiacides with rod II read-
ing and read the scale for rod I readiag. Thas if (A -+ B), = 135;

{% 24" B), = 118;the correction for a back sight readiag of 2.0 on I
and a froot sight reading of 1.5 on rod II would = + 1023™w,

84, ACCURACY AND OOST OF RESULTS. The aathors of Lever des. Plans et
Nivellement estimate the probable error for a set up mith the French
Gov. level for sights 75™ long as follows:

1. Brror of level. The eye can detect a differenca of 1/2™"In the
readings of the ends of the bubble with the 3™"divisions on the tabe.
fhis gives a probable inequality of about B*™.or a probable out of
level of 13™ This would give the same uncertainty for a rod reading
at a distaoce equal the radius of curvatare,or 50™, or 1,53t 75™,

2. Error of estimation. #ith a power of 25,the centimeters of the
rod at 75™ appear of the same size as millimeters at 0.3™ Under rowt
these conditions teanths can be easily estimated with a probable en.-ﬁ“v.'A
6.33%™™, giving 3.32™"when referred back to the rod.

3. Brrors due to temperature changes. Bxperience has shown these
to Be as great as No.2.

Gombining, the total for a reading,

r =V(1.5)"+ (8.3)* (3.9 = 53mm
Por a set up,?.P. to T.P.,
r.=VET TS =p 2
With 75™sdights there are 8 2/3 set ups per 1% ,while with the 4 ob-

Berved differences betseen each pair of T P’s would give the resulting
probable error per {% ,

r, =rVZ x8.66/4 = 93mm™
which agrees with the results found for the fandamental French lines.

The above supposes: all constant or systematic errors eliminated by
the methods: of observation or by applying compated corcrections.

The priocipal constant errors recognized are: . .

1. The variation of gravity with latitude. ®Phis results in makink the
distance between 2 level surfaces vary inversely with g, the work re-
qrired to raise a unit mass from one to the other,or hg,being constant.
Phe observed difference in height of 2 points would thus depend on the
height of the line of levels run between them. Heights hbove sea lev-

el obtained by direct measurement are called orthometric,obtained on the
basis of work done in raising a unit mass,dynamic; the differeaces are

asually within the errors of observation, but in rugged, country they
may be greater. For fall discuseion see Helmert Hdhere Geodesie, or
Lever des Plans...

2, Variations of refraction with height of line of sight,with charac-
ter of groand surface over shich the line passes,and with the time - of
day. In ascemding or descending long grades this becomes camxlative
:nt:e may easily exceed the accideantal errors unless short sights are
taken,
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3. Caangs in height of instrameat or ®.P. due to sst®lement or spring=
ing up of ground. This has loag been ome of the reason: assigned for
greater discrepancies between lines ran in opposite directions as com-
pared with those run in the same direction.

4. Change in collimation 2and level error due to heating the end of
the telescope nearest the san. Phis is the principal reason assign-
ed by the Coast Survey for the change in method introduced in 1899,

In Proc.Am.Soc.C.Engrs,Vol.28,p 838, the prob.error per kilometer is
given for some 1200 miles of U.3.C.& G. levels averaging 1.07™.and for
sowe 1500 miles of U.S. Engr. Oorps levels averaging 0.837™ These ap-
parently are from circuit closures.

In checking forward and back between benches the limit = {Vkilometers.
as already stated.

Phe cost is estimated by D.Molitor (Pro.A.S.C.EB, 26, p.897) at $24.
per mile for a double line xith permanent bench marks about 0.6 mile
apart.

pb‘n p. 1160 it is stated by Hayford that the total cost of the 1899
work of ths C.S. was¥13,55 per mile.

Seven minutes per station is given as about the average tiwe for the
same (C.S.) work with a recocd of 111 stations in 9™ 20™ on June 2,
aith 40™to 80™sights,and of 10.3 miles July 14 in 7.4 hours with 8™
to 110™sights,

85. DATUM. Mean sea level is the wltimate datum to which all 1land
levels should be referred. It can be obtained approximately from the
mean of twp consecutive high tides,and the intermediate low tide. For
more accurate resaults,a permaneat bench mark and a tide gage should
be established and readings taken for a semi-launation ,or longer.

The zero of the tide gage should be occasionally referred to the B.M,
to gaard against disturbance.

Phe yearly means of six year’s observations at Sandy Hook, #ith a
self recording gage,dave a mcan which has a probable ercror of 0.031
feet; the lowest mean 1876, bsing O.168 bslowv,and the highest, 1378,0.177
feet above.

CaAPTER VI,

TOPOGRAPHIC AND 3YDROGRAP4IC SURVEYING.

86, TOPOGRAPHIC-SURVEYIRG. The problem is usually to coltect the
greatest possible amount of reliable information for a given expendi -
ture which shell at the same time bring out the chacacteristics of the
entire area with a detail proportioned to their relative importancé
and the objects: in view,

fnile the methods are mainly those of ordinary surveying,the young
topographer soon learns to distinguish the difference in accuracy and
detail reguiced for an exglorat,ion survav and a survey of valaable
property for the proper study of proposed improvements. In exploratiom
surveys,check points are obtained by observations for latitude and lon-
gitade; in more detailed surveys covering considerable areas the best
results are obtained by starting from triangulation points.,only a few
miles apart,shose positions are kmown both horizoatally and vertically.

Method sith transit anu stadia; plane table and stadia; preparation
of plane table sheet; n-point problem: Colvin’s Iake meander: bsromet-
ric heights; aneroid profile;Ashbartev’s msthod with aneroid; photo-
graphic méthods ; sketching. Only such details should be taken as will
saow: when plotted to scale. Small distances which can be estimated as
closely &s they can be plotted nesd not be measured. On the other hand
mistakes,omissions,inaccuracies,etc.,shich are not noticed by the inex-
perieaced who have been over the ground, shosr themselves when the m'ap is
pat to use,or are often picked .out,and the maf condemned by some old
resident who is familiar sith the particular locality.

87. HYDROGRAPHIG SURVEYING. x%u%: . Por the best results a
triangulation should first be extended along the river vzlley,and con-
veaisnt poiats establigshed for the detailed sarvey. Otherwise,points
can be fixed by latitade and longitude observations. For 3 small stream
3 «vaverse line cam be ran along shore,the xidth can be found by die
rect uwessurement,by stadia.or by bearings from two stations oa one shove
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1at on the opposite shore. If the are im -
g:ralfze can be r:'soon the vat.er.usi:g a boat,the distances being obtain-
ith a’long chain or mire, er by stadia. .
ege;tl.;s.crossfsections,char:'cter of the bottom,velocity of the caurrent ,
volume of water,rate of its surface slope,and high and low water marks

re often important. . .
aPor a nangapgle stream,the traverse line may be run with a Steamer which
®ay be steered by a compass or bty 2 points in line ahead. The dxrecti_.on
should be changed quickly so thaat the course will be made up of a series
of straight lines. Distances 3long the line may be measured with thg
log,anchored log,or buoy and nipper. Bearings shou}d 'be taken to side
objects by an observer on deck from two or more positions,and the time
of ecach noted. Phe sketch mst, of course,be kert up as the vessel. pro-
cesds. If some distant prominent object can be sighted frequently {t
#ill serve as a chack.oa the bearings. Soundings may be taked with a
coumon lead,anless spacimens of the bottom are reaquired.

Two boats can be used in place of the steamer. The distance betreen
them may be found by the angle subtended at one by a mast of known
height at the other.

If triangulation points have been established,the boat’s position can
be tizd to them as often as desired ty the §-point problem,or by takin
cuts to it at a given signal ,with transits at 2 or more stations. i
approximate latitudes and longitudes are the only checks,only rough work
can be expected. N

In 21l field work the day!s notes should be carefally looked over at
4mht,and plotted if the work 1s to be plotted,so that all mistakes and
obscurs parts can receive atteation while the notes are fresh and the
parties still in the field: also the better to lay ont the remaining
rork nith rzference to that already done,

Lake,narbor,s St,surveys. General methods;methods of locating souna-
ings.” A ticdc gag%Lshou established and récocds kert so that.gall
shallon solindings can be reduced to low water. Phe position of the chan-
nel;character of the bottom; depths;and for approaches to harbovs,viess

of the shore as seen from diffsrent poinis with "ranges” and angles be-
tween prominent objects; are usually required.

Lead with tallow for specimens of the bottom, Sana’s Specimen cup,
Erook’s specimen cup. Ericsson’s lead. American method, 32- poana shot
00t recovered. 4 wire is used for the line 1a very deep soundings, and
tae instasl of striking tottom is determined by the change in rate of de-
scent. Miller-Gassella thermometers for deep water temperature.

88. PIELD COMMIJNICATIONS. With several parties in the field,it is some-
L1223 very coovenieat to be able to cumminicate with each other.

Tae Worse telegraphic alphabet 1s usually employed. For long distances
Boe h2liotrope is used for flasaes,ths parties having orders to watch for
‘S1gnals at a certain hour each day. For short distaaces a flag is used.

CHAPPRR W%II.
PIGURE OF PHR gARTH.

89. ¥ERIDIAN SECTION,CQORDINATES OF POINP. In reducing geodetic da-
t3 the earth 1s usually assumed 1o be an ellipse of revolution. The
dimensions given 1a Table I best satisfy the degree measarements which
had been mads up to the time when they #sere derived.

In the meridian seciion,F1g.67,throegh ¥: MR = N; MG = g ¥GD = geograpuiq
graphic latitude = [; NCD = gedcastric latitude = L,: B = radius of
curvature ot the meridian: x ana y = coordinates: a and b = semi-azes.

The equation of the ellips2 13

3Y/8% 4 gVt = 1

or b‘x" + atyi = a\b\ (a)
Dirferent.iating,
2% dx/a* + 2y dy/vt =0
or, dy/ax = -x b*/(y ar) (v) "

From the differential triangle,Fig.67, Figgy



a2 RADIOS OF CURVATURB
dy/dx = -cot b = -cos L/sia L (c)
Bquating (a) and (b)),
b*%/(ay) = cos L/sin L, or b x*/(a¢) = s> cos*L/(b*sin*L) (q)
Froo the definition of ecceatricity, bt = aM1 - en)
Substituting in (a),

(S91,Fig.87,

From (d),
¥altiply (e) by

xN1-e*) + y* = o 1-e)

*(1-e*)*3in*L -y2cos*L = 0
cos™L and add to (f),

(e)
($3)

*(1-e*) (cos*L # sin*L - e‘*sia*l) = a‘(:1-e*) cosly

= a*cos*L/(1-e*s1n™L) (42)
Mmltiply (e) by (2ve*)sinL and subtract €f),
92= a%\(1-g*)*sin®*L/(1-6sin™ L) (43)

Patting 1-e“sinL = p*

x =acos L/e y =a(l-e“)sin L/r (44)
80. PRINCLPAL RADII OF CURVATURE. Since arcs sabtending the same angle -
are to each other as their radii,the radius of curvature of the meridian,

Rw= as/db = -(:/sin L)(dx/4L)

From (44), dx/dlL =(-ar sin [ + ar™ e‘sin L cos*L)/r*

- -eM)gi 3
Substituzinog, e - a(1-e*)sin /¢

Bu = a(1-e%)/r3 = a(1-e*)/(1-e*sin*L)¥* (49)
The section by a plane through the normal MH and Lto the meridianm is
called the prime vert.;cal. It is tangent to the parallel of latitade at
M and its ceater of motion,or of curvatare,is on the axis at H as the
point M moves past the meridian plame. :.from Fig.87 and (48),
Radius ot curvature of prime vertical = normal ending at wminor axis,

N = x/cos L = a/p (48)
Dividing (48) by (45), )
§/B,, = ¢*/(1-e*) (47

This ratio is often of value as indicating the deviation of the surface

At any point from that of a sphere.

For L =0° NAR, = 1.0087 [ =45° N/R, = 1.0034
15 1.0058 80 1.0017
0 1.0050 90 1.0000

The geometirical mean of N and R_is taken for the

ture at the poiat, i.e.,

mean radius of catva-

Mean radias of curvatare, B =V W H.. - (48)
Radias of parallel,
B,=x=acos L/r =N cos L (49)
Normal ending at major axis ,
o = y/sin b = a(1ve*)/r (50)
Geocentric latitade,Fig. 67
the pole tan L, = y/x =(1-e*) tan b (51)

L-U, varies from 0° at the equator Bii’so” in latitade 45°and 0° again ag

91, RADIUS OF CURVATURE FOR A GIVEN AZIMITH. A plane through the normal
MG cats out an ellipse. Its eqation is found by expressing the coor-
:dinates of a point in the equation of the surface in terms of the co-
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orcinates ot the carve. Ihe equation of the sarface is

a2 (M gJ = atp @)
For the point P, R
¥ =0G+GR-Na=Ne*cos L+ycos [~z cosz sin L

y =N = x sin 2
Z "RQ4+Q =ysinl +xcos 2cos L
subsvituting in (2) and using for b,

!
avI-¢
s*(1-e* (1-cos*2z cos*l))+ y*(1-e*cos*L)+ xy(2 e*sin L cos L cos 2)-
2x(1-e*)Ne*cos L sin L cos z4y 2e*(1-e*)R cos*L=(1-e*)(a* ~NeMcos™L)
or,A x*4 By*+ Cky #Dx + By = P )

& Formla 35) R, * ~ (1 «dy*/dx"ezVa‘y . vCrrE)
An/dn z-(AA% +Cy + D/ (20 Cx EY , A/A52= '-(zhﬁlai‘/a@ucasliﬂf(\'\ n

For poimt M\, %=0, w=m z(1=e)N
audy oo Ajavac 3 30 otz wontl)) I( Y=t L)(1-)N « €t L1-CYN)

= ((1-e*)(sin*z + cos*z)+ e*cos* A I-sin*L)/B(1-e*). (R, /R.)

= - (R,sin*2 + N cos® 3}VE R
or,R, = ¥ 8, /(4 cos*z £ B sin™ 2) (52)

iIfz2=0 ,Ro= IR- /8 = By »the radius of curvature of the meridiap.

e =90, Ry, "N R /R..# N, the radius of curvature of the prive ver-
The geometrical derivation of Rp is simpler.

.In Pig.€9 draw a tangent plane at M and a paral-
lel plane at the infintesimal distance <fror it .
fhe latter will cut an 2llipse as shosn in plaa .
Phe 3 points B ¥ B, are cqnsecative points in the
prime vertical or 3 points in the circle with
cadius N. Similarly for the meridian #itb ra <«
dias of carvature R, Hence if a’ apd V. denote
the semi-azes of the ellipse through B B. and
8 the semi-diawewr making the angle 2 #zith the
aeridian, ’

aM(A) = ¢ = ¥2/Ry) = (R, )
a™s 8'N/R, b= 3'Ry/Ry .eeae  (2)
The coordinates of Care, x =3 sis zandy *s cos 2,
Sabstituting in the equation of the ellipse,

s'sin*®/a’* + stcos> 2/vt=
Proz (a) R,sin* 2/d + Rpos?2/R,* 1
or 8, = AR/(8 sin*z + N cos*z) _ (523)
Table V. is compatea from (Z&)

1.92. bga.aera OF XEBRIDIAN ARC. 3ince R,, changes slowly aith L, for arcs -of
o 2°,

ds = R'd L” sin 1% (%)
where dl* is’in seconds,and Ry, is for the wmiddle latitude.
Por long arcs (54_gusi be idlegrated.” sabstitatiag the value of By,
as ®,a(1 - e*)(1 - e*sid* b By Formula33],
ds = a(1-e*)(1 +(3/2)e*sin* L+(16/8)e*sin L+(35/12)e* 310" L)AL
'y B
s = a(t-er) i (14(3/2)e>sin* L+(15/3)e" 510" L#(35/168)e*sin" L)AL
By Pormalas 11) amd 12],
sia*L = (1/2)(1 - cos 2L)
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sin"L = (1/3)(5~4 cos 2L+ cos 4L)
Ey Foroula §),

[\

$10°L = 510" L s1a¥L = (1/32)(10-150052L+8c0sdL-costh)
Substliuting and putting

A = 14(3/4)e*#145/64) ¢ +( 175/256)¢*... = 1,0051093 Log, = 0,0022133
B = (3/4)e*+(15/18)¢" +(525/512)e*... = 0,0051202 = 7,700287
c= (15/84 )" 4(105/25€)e*  =°0.0000108 = 5,08342
D= - (36/512) ¢ = 2,326

s = al1-e*) [,{a-B cos 2L + C cos 4L-D cos 6L.,..)dL _
-= al1-e*){AL=11/2)b sin 2L4(1/4)C sin 4L- (1/6)D sia 6L..J
S'ubsuwt.ing the limits,and putiing L¥-L’ =%, L”+L’=R,ase have by Forsula
* 5%(1.4895368 )" -(4.511036)sinor cosAH 1.33414)s102%c0s2R

-(8.851)sin3cos3P (55)
ahere s is in meters and’the nusbers 1o pagentheses are the logs of the
constant factors.
o (55) is copr r 7 decimal places. It more are desired,
§§ﬁ‘i2rm tor A 1s fﬁgkﬁeﬁﬁe';ror 8:(2‘&)5/3)48)5;:5%_?255/4332)@;
for D,(315/2048)¢%,2hile an E term is adaed = (315/1€384)e".
95, ARBAS ON Tué BLLIFSOID. Dividingtbe surface into frustrums of cones
by the parallels: midth ='R,ab; circuaference =

g

2N cos L. Diftereotial ares,
‘a6 = 2R _cos L dbL (a)

Substitutiog for N and Rm fros (45) and (486),

aith b* for a‘ll-e‘), ™M <
dA = 2ncos L al/(1-e*san‘L)® W,

By Fovmula 32], . ~L
(1-e'sia L)%= 1+Zetsin*L+3e"sin"L+4e"sic® b 4
+5e%sindL

Substituting,the expression ip be integrated
V'\QJO.

ecomes \
° §cos L sic"L dL = (1An+1))sif™ L

nhieh gves. K= 28m(sio L+ (/3)e*sin* L + (3/6)e sin’ L H4/T)eb i L+ )
85 = 28r (a1 L'~ sin L'+ (2/3)eMein®L" - sia*L’) + i
(3/5)e*(sin¥ L"- sia®L’ ) + (4/7)eé(sig’L” = sin’C)+ ) (68)
To pat 10 convenieatl fors for computation,
sin®L = (3/4)sin L - (1/4)sin 2L
sin®L = (5/8)sin L = (5/18)s1n 3L + (1/16)sin 5L
sin?l = (35/€4)sin L - (21/€4)sin 3L + (7/€4)sio 5L -(1/34)s10 7L
Substitutiaz in (58),ne have by Formula €),sith L'- L' = 2Y¥and L7+L =28,
Ai= 4t*m (B siaY cos & - C sin 3Ycos 3840 sin 5Ycos 58-B sin 7Ycos 75-)‘(57)
aaere B=1+(1/2)e*+(&/8)e#(5/1€)e°+(35/123)e% =1.005401€ Log=0.0014743

C= (1/€)er +(3/16)e +(3/18) & +(35/192)&:0.00112¢e2 7.055€8
b= (8/80)e +(1/1€) e +(5/84)e¥ =0.0000017 4.2304
AF (1/112) ¢ +(5/256)€® 0.0000000
F= (5/2304) e =0,0000000

Ir (37) be civiced by 360 and L'-L = 2Y¥= 1°,the area for 1° sauare,
C=(p*n/S0)(B sin 20’ cosé-C sin 1°%0’ cos 354D sin 2°30’ cos 58
-8 sin 3°30’ cos 78-.) (58)

Tpe values of E,C,etc., should be carriea to more thaa 7 places tor ac-
curate resulis si1th itbe Clarke ellipsoia,altnoueh tne above values are cabes
rica as tsr as as ine data mill warranl wned appliea to the eartb.

S4. 3PHeaiCkl ¢2Ce3S, In Legendre’s tncorew 1L is provea that 10 a $pher-
ical triangle ahose sides are snort COTfsrea wilh the raaius R of the
spiaere 20d a plane trisngle with sidss of equal lengih ihe corresponding
apgles ditfer by the same ouaatily wbich 1S Oas-LBlrd the sph¢rical excess

et A,B,8, = ihe angles of the spberical ana A°;E°,C°, those of the plane
triaggleia. b,c, (r-zeasure)and &’ .b’,c’,ithe corresponding sides;af = 3’ {bR



39.80.) EFFECT OF HEIGHT UPON HOR.ANGLES, s
=p: oR=c'. '

n i . By P la 21}, |
Plane triangle. By Formula 21] cos & frct-a> M) (RYRY) ta)
By Form.1], sinA’=l-cos™A’ =(@b*c*-(b"+c*-a¥)* ) AVCY(RYRY)
or, sin® A’ =(2a*b*+2a*ct+2b ct-a' b -cY/art St (b)

i i . By Fors.27],
B%nﬁ%& v forn21] cos_A=(cos a-cos b cos c)bin b sin ¢
v 5. * =(2-ads 242"/ 24-(1-B47 2457 24) (1-c*/ 24cf 24))
/\b-t*/8)(c-c/8)

=((-ar 40t +6*)/ 2-( b4 -a' )/ 24-b* ¢/ 4)) foc L L-(b* +cv )/ 6)

=(car st +or )/ 2-(bY +0v-a")/ 24-520Y 4) (1+(F +¢t )1 6) Yoo

=((b™ +c*-at )/ 24 b 40" 428 ¢V -at ¢t -2t bY )/ 12)/ve

- (b +c¥-a" +8b" ¢ 24be . (c)

F
rom (a) and u:,’c:os A = cos A - (1/8)bc sin™A’ {:)
Since b and o are very small,the difference between & 2nd A wmust oe
small. Putting this difference = x, . PR
cos x =1, sin x = ¥ sin 1
os & = cos (A+x), by Form.d], . s oAb
° (H¥x), by .. cos A'-x" sin-1*sin A gy (c),
- A ~(Y8)bc sin*4
or X = bc sin A'/6 sin 1° _ %% ° \Y8)be sin’ -
where b and ¢ are in T-measure. If b and ¢ are iy units of length on the

sphere of radins R

"x* = bc sin A’/ 8 R*sin 1*=area of trianglef3R'sin 1"
The same can be found. for B-B’ and"C-0’ .
Since the areas of spherical triangles are t§ each other as their spheri<
cal excesses,we have from the trirectangular triangle,excess. 90°,

Spaerical excess in seconds, s, =area 2 90° 3800f#wR=,5bc sin A%/ B sin 1%

Comparing this with (e), . .
Sypherical excess,s,™ 3x =.6bc sin A’/R'sin 17 (59)
ov, s = m bc sin A" (€0)
where m = ,5/R%sin 1“,= .6NR_gin 1“ by (48) _.and is given in Table VI in
petric units.

95. EFFECT OF HEIGHT UPON HORIZONTAL ANGLES. The observer at A, Fig)71,
at sea level sights upon M at the height h +¥ above at B . The vertical
Blane of collimation at A projects,

to B on the line dramn to -Ha
where the normal at A meets the
axis.lh;le the true projection
is at B’ on the normal MH, to
the surface at M. This makes
an error x in the horizontal
angle at A due to the height h.

First to find the angle be -~ Fian Fian
taeen the two projecting lides b b
at M. In Fig. 72 let C be the intersection of the normals at M, and Mjy
both in the same meridian, u[f.’ As is small C 7ill also be the center
of curvature for the arc M, ¥y, an

Os = RAL (e)

If M, C be produced to meet the axis at H, ,and the reduced difference

in latitude M, H, M, be called AL’ (M H = N)
As = NAL (b)
From (a) and (b), AL/AL = ll/Rll

But,8=AL + ALY =AL(1 - AL/AL) =AL (1 - R_/N)
From the values of R,, and N,(45) and (48),
R,/¥ = (1 - e*)/(1-e*sin’ L)
Substitating,8=AL (1-((1 - e*)/(1- e*sin* L))
=AL e*oos*L/(1- e*sin*L) .
from Pige71;RmAL = - k cos z.nearly (lat. = dist. x cos of bearing)



P GEODESY. . (§96,Pig.78,
& =-k e*0os*h cos z/(1-e*sin*L) R- -

== ke*cos*L cos z/(1-e*)N
EB’ = h& == h k e*cos’h cos z/ (1.e*)N
The corresponding horizontal angle error 2t A in T-measure,
x = - BB’ simr a/k = b e cos*L sin z cos z/(1-e*) K

¥ = h e‘cos*L sin z cos z/(1 - e*)N sin 1 (61)
This will be a zaximum for z = 45°, If L =lso = 43°,
¥’ = ,000055 n (62)

where h is 1in meters. o

For a height of 1000™ this would give 0.”05. The orobacle error in the.
value of a primary angle is seldom less than 0725, so that the above cor-
rection would oe negligible except for very high z2ltitudes.

96, TRIANGL= 5103 CO#PUTATIONS, The triengles of a triangulation are
strictly spheroidal, but by $95 the 3 vertices of a triangle can be pro-
jected down to sea lsvel by lines drawn to the center of a spheré tangent
to the ellipsoid at the center of gravity of the triendle and having Vﬁ .
for radius,only affecting the horizontal andles within the limits of the
errors of observation.

The sides of these projected triangles have the same lengths,#ithin the
errors of measurement, upon the tangent sgnepes as upon the elllysoid.

The triangles can thus be considered spherical, and by Legendre’s theorer,
computed as plane by subtracting one-third the spherical excess from =2c¢ip
spherical angle

In simple systems,and where the greatest accuracy is not desired, if the
sum of the observed angles in any triangle does not equal 180° + s,or the
sum of those about a point 360°,the error is distributed equally among the
angles,or sometimes .inversely as the number of reoetitionms.

But in complicated systems, or where extreme accuracy is desired,the er-
rors are_distributed by least squares. . ’
The following is a convenient form for computations

Base 0 0 = 6410,66 ft.
7 e

Ow Of  eeeess 3.8069028
Sin &, eeee.  9.9907935

3.8161093 .- - .. ... ...3,8181093
Sin 0, eees  9.8593280 Sin 04 eeeo. 9.9156182
3.8754373 3.7317275
A 0 = 4736.28 0 A = 5391.72
" e rw
3,8754373 Qw
Sin A2 9.8135605 A
3.8618768 c.v.cevves. 3.8618768
Sin 01 ° 9.9990957 Sin AL, 9.8819486 0,
3.8618725 3.7438254
A A =7275.66 0 A =5544.03 Fign.
N e w e Ac



cdAPTER VIII.
GEODEPIC  POSITIONS.
97. DIPFIRINCE OF LATITUDE. It is usual to find the latitude and the lon—
gitnde of one or more of the triangulation stations by astromomical obser-
vation,as also the azimuth of one or more of the
sides,and from this data to compute the positions A

other sides.
of L O34 P is the pole of the ellipsoid and P

that of a taogent sphere. The latitude of A and
whe azimath g and distance K to B are given.
Since k is always saall,itssubteading angle being
usaally {1°,#e have by Maclaurin’s theoreas,Formala
33], L/ =f(n) =L + (db/dn)n + (d"L/da%)n*/2
+ (a*L/an®)u?/8 +
In the differential triangle PAB’,Formala 27],
cos. PB’=cos PA cos AB’#sin APsin AB’ cos PAB’,or
gio (L+ dL)= sin L cos dm ~ cos L sin dm cos 2

Expanding the first member,
gin L + dL cos L = sin L' -da cos L cos z;or db/dm = ~ cos z (a)

@*L/ds*= (~d cos z/dz)(dz/da) = sin 2(dz/dm) (b)

Pormula 25),
cot PB’A = (sin AB’cot PA - cosAB’cos PAB)/sin PAB’

cot(g+dg) ° = (dm tanl + cos"z)/sin 3
sin z (cosz - dg sin z)= (sin g+dz cos z)(dm tan L + cos z)
gin 3-cos 3 - dz sin*z = dm sin z tam [ + sin z cos z + dg cosz)
dag/ds = - sin 2 tan L. (c)

Fvewm (1), 4'DL/da* = - sin™z tan L (d)
a*L/am? = d(- sin*g tan L)/da
= - 2 gin‘z cos z tan L(dz/dm)-3in*z sec'L(dL/dm)
= 2 sin*s cos z tan*L + sin*z cos z(1 + tan*L)py (a)and(c)
= sin*z cos z (1 + 3 tao*L)
substituting im 33}, . :
’~L = - n oos z ~(n*/2)sin*z tan L{w?/6)sin*z cos z(1+3tamtl)  (¢3)
where L’-L and um are io-rmeasure.
For radius N, = = E/N and,
L’-L = - (K/M)cos z -(W'/20*)sin*z tan [ +(k*/BW>)sin*z cos z(1+3tan*[)

If the center of the sphere is: taken at Ha it will be tangent to the ellip-
goid at A 80 that L lifl' be the same for both,as also k angd 2. The Line;g
differesce im latitude will therefore be the same’ for each surface,i.e.,

(L*-L)¥ = AL sio 1*,R,,4 or AL =(0’-L)N/R, sin 1 <(e),whers AL = diffecr-
eace in latitude in seconds for the -ellipsoid,and R, is for the middle lat~

latitude.

Substituting,

~8L = (W& sin 17)con 3 +(X'/ARR,, sin 17) sin* tan L ~(K°/6N'R,,sin 1%)x
sio* g cos 2z(1+ 3 tan*L) (64)

It is inconvenient to look out R., for the middle latitude which is at

first unknown. If R. is used the resulting differeace in latitude §0L will
be changed in inverse ratio to the radias, by (e),i.s.,

AL : 8L :: B3 By oV,
14 SSMRL/B.) =8L(-1 -(B_ - Rm)/Rlll ) = SL(a- dﬂn /Rm )
i.e.,the true value can be ffmn\i by subtractinog § LdB‘./R. from the approx-

value.
Pros (45), B = a(1 +e°)/(1 - e%s1a®1)¥/?



89 GEQD3SY. (8§99, Pig. 74,
aR,_ = a(1 - e*) 3 e*sin L cos L db/(1 - ersin*LI™
Since dR,is the change from the starting poiat to the aiddle latitude,
dl/sin 17 = 80/2. -, 5L AR_/R,, = 3 e*sintcos L sin 17(SL)/2(1 - e'sid*L)
Placing D = 3 &sin L cos L sin 17/2(1 - e sia L),
The corrective tera = (& L)*D (83)
If B =1/Rsin 1 ; C =tao L/2 R sin 1”; h = 1st. term of (64).
which reducss the 3rd. to h X sin*z(1 + 3 tan*L)/6 N?
With B = (¢ + 3 tan*L)/3N", (€4) finally becoames,
~ AL = X8 cos z + X'C-sintz + (6L )'D - b X'E sintz (83)
B,C,D and B are given in Table IV, the unit beiag the meter.
for secondary triangulation the 4ta. tera can usually be omitted.
98, DIFFiERINCE IN LONGITUDA. gy Foraula 28,
sin BY¥ = sin'm sin z /cos L/

Ret‘ernng to a sphers tangent_at aéivugenter at Hy, , 2,07k and AK are the
() .

same as r the ellipsoid,while a
sin'AM = K sin 2/8/ cos L’ (67)
It is more convenient o assume
a¥ = AK sin 2/ cos L’ (88)

ahere 4 = 1/8/sin 17, and correct for the differsnce bstwesn arc and siae.
Formala 13 sin x = x = 2/8 ... = x (1~ 2/6)
formula 37, log x - log sin x = ¥ x2/8, where ¥ = modulus of the common
gystem of logs.
1og(log x - log sin x) = log(M x"*/8 sind 17) = 8.2308 + 2 log' x
for AN, log(log differsace) = B8.2308 + 2 log A¥” (89)
Por m = k/N'sib 17, using an average value(8.5080) for log 1/8°. sin 1*
or log A,
log(log differenve) = 8,2308 + 2 log k + 2 log 4= 5.2438 + 2 log k (70)
Placiag ,8,2308 + 2 log A¥" =5.2488 + 2 log Kk
log X - log AM” = 1,4910 for tne same log differeace (71)

The correction for log K is =~ and for log A4 =+, The
given in Table Vits. 2 g A values ara

99, CONVERGINCE OF MERIDIANS.  Formula 23)
tan (A + B)/2 =.cot(C/2)cos ({a - b)/2) /cosla +b)/2))
Substituting, Fig. 74,
cot (82/2) = cot(Au/2)coskL ~ LY 2 (sinlL +L%)/2)
or, tan (Az/2) = tan(A¥%/2)siadl +L7)/2) /(cosil ~ L+)/2)) (22)
Pormalas 19 and 19,
82/2 = tao (82/3-(1/3)vadda/2); tan{du/2) =(Au /2)+ ( Awzl/a
substituting in’ (72),
Wbz = Ak sin L_/cos AL + (2/3)( Au/2] (sin L_ cos AL - sidi/cos®AL)
or with Az and A¥ in seconds, #aita cos AL =1 ia the correciive terms,
- AZ =AW sin [ /cos AL +(1/12)( A%’} sin L cos'b  sin® 17
m o . }(’1)

= AW” 'sin L, /cos AL + (A¥“)®
where F = (1/12)sin L,, cos® L, sin™ 1%, tabulated in Tabtle IV.
The iaverse azimath,
z’ =180° + 2z -~ Az (?4)

For forams: of comoutation_see U.S.C. & 3.Report 1894,0.28%
The adjusted spherical angles must be taken and noi vae plane oanes used
in compating the triengle sides. For each triangle,starting from the known
side, the latvitude and longitude of the reguired point aust be the same com=
puted from eaca of the two sides, shile the inverse azimaihs of these tu#o0
gides mast diffec by the taird anele,thus caecking the €OTKe



Eq.73.) . LOCATION OF GREAT ARCS. 89
100. POLYCONIC MAP PROJBOTION, This projectiom is the oge wmost gener-
ally used in'glatting geodetio and topographic saurveyss It supgoses each
arallel of latitaude to be developed apon its own cone, the vertex of which
1g on thflafis at its intersection with the tangent to the meridian at
t arallel.
%hg gide of the tangeat cone,or radius of the developed parallel,Pig.?5,
r=Ncot L

If an arc of the parallel sabtead the an= \
ﬁéﬁtAl before developuent,and;atter develop~ /2
'y

=AM R /r =AM YN cos L/N cot L =AM sin L (78) "’q N

The radii of the developed parallels are sa *
great that the parallels are plotted by coor=a.. . -
dinates.

x =r sin®= N cot L sin{AK sinl) } ) x
vy = x tan' 8/2 = x tan{sin LAW/2) Fig.n8.

In platting,a central meridian is drawn as a straight line apon' the map,
and the true distanceg between parallels are laid off tr?u Table IX, Per-
pendxculgrs, by describing arcs with a compass, are carefully drawn, through
these_pointa for the xéaxesrof the parallelss by s coordinates. are
then laid off on each for the differeat longitudes Vf from the Table .
Perpendiculars are drann'nhrougg these points and the y coordinates laid
off from the Table. frhe meridians. join the points-of the same loogi -
txde and the Egrallelg those of the same latitude.

giance at ¥ig.75 will shos that,starting from the pole where the ra -
dius of the developed parallel is zero,the radius- increases more rapidly
than the distance from the pole,becoming infinity at. the equator; the de-
veloped parallels sill thea pot be conceatric circles: but the distances: be-
tween them #ill iacrease with the longitude from the central meridian;
distances in  latitude will then be stretched out as we leave the central
meridian,distorting the map sioce the longitude:scale is coastant.

The triangulation stations must thea be plotted by latitude and longi-
tude ,interpolating betaeen the aearest meridians and parallels,and using
the triaangle sides for checks only.

101. %3ICATOR AP PROJICTION. This projection is used by navigators om
account of the ‘facility in obtainiang directions. for constaat beariag sail~
ing. 4 taogeat cylinder is drasn at the equator; the meridional planes
are produced to meet the cylinder in elements,and the cylinder is- then de-
veloped. The meridians: thas become parallel straight lines at dis =
tances: apart 2qual to the true d;stanyea'at the equator. Fhis enlarges
the scale in longitude in the ratio a/Ry .

To preserve local beariogs the latitude scale
mast be increased in the samé ratio;the lo

or curve of constaat bearing at sea thus

ecomes a straight line wyith the same bearing amle
on the map.

Po find a sailing course betssen any t&o
foints.the navigator joins thea sith a straight

ine on the map,measures: the angle madz xith
a meridian and allows- for the magnetic variation. 3 .

In the differential triangles. LCP ,lcp, £ E

da/ds = LP/1p = ee’/lp = a/Ry
Substituting for ds = R, dL 2nd for R,= N cos b Fig-6
dm = (@R/N cos L)dL (e7)
Substituting the values of R.and N and integrating between the lim=
its L,and L,#ill give the distance on the map betweea the corresponding,

parallels.

102, LOCATION OF GREZAT ARCS, If the two extremities of the line are given,
tvhe latitude gnd longitude of each is accurately determined by observatiom.
The azimuth and length of ?he line can tnen be found by (84) and (83) re -
taining only two teras of (€4) thus, -

AL = - Wcos z /R sin 17-W'sia*ztan L/ZVR sin 1”; AM =Wsin z/N’coslsinl?
solviag for \(sin'i, k sin z = AM3’ cos L’ 3in 17
gubstitating for X'sia™ z and solving for Kcos z,
%cos z = » R AL sia 1” = N*AM*tan b cos® L sin® 17/N2
cot g = -R, AL/N AM cos L’ - AN’ tan' L cos L’ sia 1"/31}

X=N AN cos'L’. sin 1%/sin z (73)



70 GEODESY. (§103,Fig. 77,
If wis large it may be necessary to emgloy geveral triangles ia locating
11,00 30 test the direction by an observed azimuth at an interamediate iate.
103.LOCATION OF PARALLELS. First to fiad any poiat A of the parallel,a
station A’ as near the parallel as may be is. occupied and its latitude de-
termided; the diffecrence between it and that of the parallel gives the ave
dL to move either north or south on the meridian to reach the parallel,oF
io distance at sea level, P
X = R, dL"sia 17 19)
If 4L is large the latitade of 4 should be deter-
amined by a nem set of observations on accouat of
vhe daager of station ercor.
Having one point 4 ,the parallel can'be deter-
wined b ofss%ts from the prime vertical AB.
[n theA PAB, formula 23],
tan m = tan AM cos L. PoraulasiTand 1%],
a = taw AM cos L ~(1/3)tac® AM cos® [ =AM cos L+(1/3)( &M cosLivaot U
X = ol = ¥ s1n 17 AN” cos L +(1/3)N (sin 1”AMcos. &) tan® L  (80)
Placing 'z = 90° in (6M) for the prime vertical,
-AL” = X* tan L/8 Ry sin 17
8¢ =.AL"R,sin 1”7 = ¥W'taan L/2N (81)
Since BC varies as X,if AB, or k,be divided into 0 equal paris,the ordireas
to the perallel will be

Fiq 1

(1/0)' 66, (2/n)'BC, (8/n) BC, .--- (82)

Phe direction angle, PBA = 90° - Az (83)
'hili those bgf the o - 1 ordinates,assuming k vo increase provortionately

to AUwill Beugye _ na/n, 90° - 2a2/0, 0° - 3Azfa--  (84)

If the parallel to be located is long AM should be divided into sections,
and each one locvated from a nes prime vertical to_avoid loag offsets.

Errors of direction  may de prevented from accumulating,aad station errors
aay be detected , by observations for azimuth and latitude at the begin =~
ning of each new 35 me vertical. .

To locating the_4Bth. parallel wegu of the Lake of the floods, (U.S.Northern
Boundary Survey,fashington, 1878 )astronmomicel observations. for latitude
and azimuth,wsere vaken at pdints about 20 miles apart,and the prime ver-
ticals were ranged through mith transitse Rach offset was made up of ;
the reduction from the prime vertical to the parallel,increasing as- the
square of the distance from the astronomical station to the parallel,con-
stant between stations; the differeance betweet the observed,and computed
latitude of the olosigﬁ point made up of the station aad observiag errors
in latitude and azimuth,and the aligning error, and takea proportional to
the distance. The probable error in the position: of a latitude station
was about 4 feet,a20d in grolongong a 20-mile line,about 10 seconds.
$xample 1, Required the data for locating the 42nd. garallel between N.¥.
and Pa. from the ?elauare River (apprgx. 19n§$tude 1° 30, B) to.c%e,vest
end of the state (approx. longitude 2° 54 total distance 4° 24’ lon-

glslilegaing into three equal parts,we have AM = 1° 28/
5280”7 = Al L = 42°
Log sin 17 4,6855749 log(sin 1% AK oos L)* 4.83785
oM 3, 7228339 L] 6.80533
cos [ 9.8710735 1/3 9. 52288
8,2792823 taodl . 9,90887
N 8,8053577 200 tepps 11. 1.07a%
17 tern=121517.8 5,0348400 kK= 121529.7 Weaevs.
k* 10, 1892848 %3 3, 72253
tan L 9,9544374 sin L 9.82557
10, 1233022 3533”.0 3.54820
2N 7.1083877 - 38/ 33"
CB = 1040,9™ 3.0174145 90°



3q.94,) RECTANGULAR SPHSRICAL COORDINATES. 11

Toe ordinates and direction angles for intermediate points cam be found
oy (92) and (84). :
104, PARALLELS BY SOLAR COMPASS., IfAL =0 in (n%)

cot z = -{1/2)AK tan L cos L sin 1%; W=NAM cos L sim 1¥
3ubstivating, '
cot z = - X tan L/2N =(Az/2) tan 1”7 . (85)

‘fne first instrua2at poiat ‘being upon the parallel,the solar will
@2cidian, fron shich z can be turned off and the next instrunent-"plsgiegeu;l-m
>n_taz papallel; etc veoine

fne qufzerenca in Iengnn,d,between' the north and south lines of .a town=
3nip 4ill be the distance X' betwsen thea into the convergenc¢z ia secoads,

v u:

iz2s vaa 1%
' ‘ d = K Az tan 1¥ : (e8)

For long distances the differeace should be found by col i
whe parallel for each latitude and subtracting. y compatiag the arc of

105. RECTANGOLAR SPSERICAL COORDINA¥ES. Im Earope the positions of tri-
angaletion points anave been found more comvenient for use by local survey-
ors when expressed as coordinates. than as latitudes. ~N
and longitudes. In tne rectaggular system the merid-
jan for tae survey is dresn tarough the origin O and
a great circled1d it through the reqaired point A.

The coordinates df A are x and y,and of B, x’ and §/
positive to the adrth and east.

The b2aring or direction angleco is: the angle made
a2t fita the meridian through A bu? ith the arc AP
parallel sita the initial ssridian (vhe parallel arc
AE\ b;:iogxzo t1e great circle tarough the ﬁles QQ’).

To find coordinaces direction at B
froom taosé%‘. 4, 'iﬁ toe %%gangle A B Gﬁ%e S sides
are k?o:'m as alio toe angles av &= (x’~x)/R)
and &( =230 -or).

- for y’, Form. 27], cos BQ = cos 4B cos AG + sio AB sin AQ cos A (g
gia{y’/R) = cos{k/R)sioly/R) + sin(k/R)cosly/R) sin o,
« for ¥, Porm.28), sia @ =sin AB sin A/sin BR
sin((x’-x)/R) = gin (k/R)cos o/cosly’/R) (e8)
EorO('.Form.ZE], taa(A +8BV/Z2) cou(6/2)cos{ (AR - BQ)/Y cos{(AQ + BEY2)
con((X-oX')/2), cotl{x’ »x)/2R) cosly”’~yY2RVsia((y’+ y)/2R
cen((e-o)/2) = tand(x’ -9/ 2R) sin({y’+ y)/2R)/coslly’ ~y)/20
Replacing tne funcuvions of the saall angles by the developments in series,
(87 ) becomes, .
§/=p'¥/6R* = (1-k*/28* )(y - y3/63* ) + (k - k¥/€3™ )(1 - y*/28%)sinec
= g(1 - K*/2R~ - y/33*) + k sin oc(1 = k%/8 R~ ~ y»/2R" )

eipce y/3 hss a large divisor,the aporoximave value,y + k siner,found b
nSglecting all terms containing 1/&\ can be used,giving, hl v

g’=(y + k sinecl /6B® = y + k sino+ y(~k/2R* y¥/BR)+ k sinodWAR-¥n)
g/ =y + k sin~(3 Ky ~ 3 k'y sintx + k® sinox~ k’sin®e )/8R%
¢’. =y + k sing= (K'y costx)/28* ~+ ( X? sinercosiec )/6R™ (a0)
Frox (88), .
(27 -x)-(x=x)* /6R* =(k - K*/BR™ )cos o/(1-3°3/ZR*)= k cosox (1-W/eR'+%"/ARY
For a first approximation, x’= x = k cose
substvitaving,
2 -x = (k cose)®/3R* + k cosec=~ k*cosor/8R* + K y’* cose/2R*
or, ¥ =x + k cosex + ky’tcoser/28* - k'cose sin'x /8R* (91)
Pron (89), (°vr-ox') = (¥'-1)) (y’+ y)/28" - (92)
substituting for y’, y + k sinor .
oror= (x*+x)y/5* + (¥ -x)k sinor/2R* (93)
If k sinec® n,a0d k coser= 1,(30),(91) end (32) become,
9/ =y +n = a*y/28" - a*n/6R*
} av)

¥ =x+n +ay’*/ 2Rt - mt/3R"-
o¢-o¢’= my/Rsin 17+ mn/2R%sin 17, or = sy + y/)/2R"sin 1°
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For R‘use N R,, from Tablelfor the given latitude.

The teras containing 1/R% in the values of ;’ and 1’ are the small cor -
paggions to the values which would be found for planes coordinates.

133. NAPPING SPHERICAL COORDINATZS, Ia npping,the ordinates y are laid
off &L todt.he central meridian ,which enlarges the latitude scale away from
the merjdian.

From 903, k sioexa(y’~y) + (x-x)' y/2R* + (X =x)* (y’-y)/6R*

fron (91), k coser =(x’= x) ~ (x'-x)y’*/2R* + (X ~x)(y’-yq) /BR*
ST N A SN (v - 1)/ + (- DMy - y)/ER )
+ ((x.- 1) - (¥ - x)ygv/a& + (2 - x)(y” - g/BRV
=kr+ (x - )My - p)y/RY + (- DMy - /R
- (x" - x)*y ¥ /Ry + (2. - x)*(y’ - y)*/aR*
= k> + (( = x)*/3R*)(3y(y = y) + 2y - g)r-3y?)
=k - (2 = /3B * g7/ ¢+ yR)
= k(1 -~ (cosla/8R*)(y* + yy’/ + y'*)
k = k(1 - (cos'ec/6R*)(y* + yy’. + §’2) (95)
where k, is the value for plane coordinates.
Putting the map magnification = G,
6 =k/k=1+(y*+yy +y* )cosh/3R* ¢98)
For short lines y =y’ nearly,giving
G =1 +y* cos™y/2 R (97)

This becomes *nnity forer= 90°,the map giving true différences of longj -

tude,and a maxi.nnun(:;»f= 1+ g%/ 28" foror=0

CHAPTER 1IX
DETZRMINATION OF THE DIMENSIONS OF THE BLLIPSOID.
107. T9E MERIDIAN FROM T#O LATITUDZ DSGREE MEASUREMENTS. These arcs may
be on the same meridian,or on different ones if [ »
the earth is assumed to be an ellipsoid of rota-

tiog. The arc s is measured,as also the latitades &
of its extremities for each case. If

Ly- Gy=AL; (Ly + L,)/2 = Lt Lo~ L. = AL 5
(Lo+ )2’ =0t ! P ’
s =AL Rsin 17; s'=ALR)sin 17 (98)

Dividing, by (45),

(s 8L/9'AL = (1-e sinL)/(1-e*sic*l) = q* -
soev= (4 - ) /(sidL' - qrsictld  (99) ta-s.
Since Ry= a(1 - e¥)/(1 - ersintlfA, R_= c((1 - ex]¥(1 - esinLh

Substitating in g@g)ém — esimLP/AL sin 17(1 - erfh (100)
c =3 (1 - erginr L' PA/AL' sin 17(1 - et A
Semi-mivor axis, b = c(-1 - ev); Semi-ma jor axis, a = eyl - ex (101)
The entire quadraat can be founa from (55) if desired.

108. REDJCTION OF A BASURED ARC TO 4% ¥IIDIAN. The arc is sup-
vosed to make onlv a small angle sith the meridian.
From (84),.

" s = AL B,sin 1" = -k cos z -~ (k'sin‘z tan L)/

4+ ¥gin*z cos z (1 + 3 tan*L)/6N* (102)

The second term 9f the second member is small so that
an approximate value can be used for N. )

For'a chain of triangles,this eclguanon' can’ be applied.
to side after side until the whole length of the chain
‘hes been projected.

108. T3 ¥3RTIDIAN FROM SZVERAL LATITIDE DEGREE MSASUREMENTS. This ine
'{oggs the formation of observation equations between the obseryed latvi-
a and the projected, or directly measured, meridional arcs. The sim-
- plest. relation is (98) which can: be_used for .a AL of several de ees on
account of the probatle error of a latitude determination,some 0.04" or
4 _feet,aside from the 3teation errop. )

©>r longer apgs a corracuisn for (9B) will be required.
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.= R 4L = a(1 - erYdLA1 - e*sin*Lfn
From (64). & = Ry = :2-1 - :J::Eﬁ + (e/z;elsin\b)._ nsglecting terms

ve e : P
% sio*lL = 1/2 - (1/2)cos 2L
ds = a(a - e*)aL(1 4 (3/4)e* - (3/4)ercos 2L) )
s =a(d:- St + (8/4)e0) (L~ L) - (3/8)er(sin 2 -sin 2[.)
Form. §, 8= a(1 - e)(1 + (8/4Ye*)AL - (2/4)e*sin AL cos 2L)
For sin AL use Ak - (ALJ/3,

s = ahL(11 - e*)(1 + (3/4)€" --(8/4)e*cos 2L +

(1/8)e* (ALY cos 2L) (103)

Expanding B, Rm=a(1 - e*)(1 + (8/2)e*sin*L) -
= a(1 - e*)(1 + (8/4)e*~ (3/4)ercos L)
. the approximate value by (€8) for s, ,
'5; = ALR, = adl(1 - er) (4 +:(8/4)e - (8/4)ercos 2L)
Subtracting this from the true value (108) will give the correction §s
to apply to the approximate value,or
s - 8, =§3 =a AL(1 - e*)(e*/8)(AL)~cos 2L, or AL in seconds,
s8 = a(e*/8)(8L/sin 1°Ycos 2L (104)
The cqrrection for AL = 1° reduces to -0 028 in latitude 0°; -~ 0T 014
for [ = 30°;°0000 for L = 45°; 40™ 014 for L = 80°; 0T 028 for L = 90°%,
dJordan gives the following data: ]
: ‘Latitude Degree lessuEements in Eurog L.
Al ridian arc s

Lat
Station Latitede L
Pormentera L, .= 33° 39 56.1%

Barcelona L, = 41 22 47.9 2° 42 51.8" 201 354
French  Carcassonnel, = 43 ég 54.3 4 32 gs.z 505_337
Pauth = . o
paiie B8 %) R4B B 33 15198
. .o 7.
Fotomtan ECZB B 2080 51 314 95 620
RBnglish Arburyhill Lg = 52 , 2.0 1 0.4 178 70
e SR A I R 315 892
Gitti = § 47.8
Hanover. Atsonas Lo =83 B BBz o w5 224 458
Trunz L, =54 £3 11.5
Prussian Kdnigsberg L,, = 54 42 50.6 0 29 30.0 84 985
Memel Lia=55 43 40.41 0 8.9 187 982
Belin L,=52 2 40.9
Jakobstadt L, =58 30 4.86'4 27 23.7 498 114
Russian Dorpat L,=58 22 47.386 20 8.4 705 209
Hochland Lg=60 5 9.88 2 8.9 8056 315
¥aldrn Le=85 31 0.3
Swedish Pahtawara L,,=87 8 49.8 1 37 19.5 180 828
The first 2 latitudes are connected by the equation,
L, - L, =s/Bgin1" - §3/R gin 1" (e)
where VR, = (1 - esin*L¥a(1 - &) {b)

Since a and e* are unkmown,or reqired quantities,we substitate for them
approximate values with corrections, g4 = a, +8a e* =g +5¢ and

expand by Maclaurin’s theorem
/Ry = VB, +(A(1/R,)/a(5a)6a + .(d(1/R,)/d(Fe* PFer ()
But  d(1/R,)/a8a =(1 - ersin* LM4/(1 - er))(-1/82), = - 1/at by neg-
lecting all terms containin? el )
d(1/R ) /a(8e~) = (a(V3,)/a8e) (d(Fe)/a(d=r))
= (1/a) \-v;:)(-n;wc-\w—ezsl*‘\-?wi(k\—e.’ﬁ‘u.
= (1/a )(1 - (8/2)sin*L), by neglecting e® terms.

Substitutigg in

 to) bel?ﬁ.‘.ﬁ S%:- (1/a3)8a + (1 - (3/2)sin*L)§et/a,

.t comes:

L, = b +38/R sin 1° - s(V/algin 17)§a
3(1 ~(3/2)sin*L)Se* (2,910 17 ~§3/g vins

The value of s is given in (104).
Comsidering r.he.meridional arcs perfect or constants in comparigon xith
the observed latitades, with corrections v, affected by station errors the
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observation eqations,(%1) Part I,become,with
L, +v, =V L“'Q*V‘ ceeey

(] [" =v, Vo =, L\ =V N . S
Bt Vy =V, 4+ 3/R,sin 1" - s(1/alsin 1”)§a + s(1 - (8/2)sin* LN/ 3sin 1),
Saubstitating, ~S%/R sAn 1 3
i L. S - [ Y - 3 v
v, + 0= L.+ s/R sin 1”°- s(1/a}sin 1")8a + s('}s‘/.f.S‘{ﬁ)‘g.ig ‘E)(ﬂqsl.?“]‘.m)&
IL.e., v, ta, X +by+tl  =v i
where+1000 s(1/e}sin 17) = a,; §a/1000 = x; 8{1 - (8/2)sin*L)(11/1000aswr)
® §; 10005¢* = y- L,- L,+ s/R,sin 1" - a,e}(ALP cos 2L /8R,sin'1” =1, (3)
Eqations (22) Part I,thus become, as given by Jordan with a, =
8 377 397.2;10¢ a,= = 6.804 6435; ey = 0.003 874 372; log e;5 7.824 4104
R, = the corresponding value of R. for the different latitudes by (b).

-

v =V,

[ - 1.53x + 3.7y =0.2 =y,

9, - 2.57x 4 5.33y -~ 1l.4 =y

v - 5. 75! + 10. 38y - 2.1 =w

v, - 8.98x + 11.3ly + 1.2 =9,

! A3 =%

Ve - 0.48x + Q0.20y + 3.2 =w

% - 0.91x + 0.48y + 3.2 =V

13 - 1.80x + 0.89y = 1.9 =y,
Vio = v, )

Yo - 1.14x + 0.40y + 5.0, =,

Vi = ¥

Via - 0.8x, 0.01y = 0.5 =.v,

Vi -~ 0.85x - 0.03y + 3.3 =

i . = Ve

Ve = 2.52x 0. 18y + 8.8 =

Wiy = 3.58x = 0.27y. +0.7 =v,

Ve - Q.54x - 0.94y + 2.3 = vy

Vs =V

. We= 0.92x =~ 11.51y - 1.1 =19,
tions as usual, .
Forming t,.he wormal equation 18.58%% 31219~ 2.60%0

K

+

*8u + 4y - 2.99x% 1.43y+ 4.30=0
+ 27, - 1.34x+ 0.40y+5.00=0

+ 3w, -’ 14132~ 3.02y+ 2.30=0
+47, - 10.84x~ 1.93y+8.30=0

+ 2w - 0.92x- 1.51y- 1.10=0

=18.33v, =2.99% =1, 14v,, -1.13v; -10.34v,~ 9.92y, +137.07x~155. 11y-23. 130
431,210, +1.48v 40.40v,, -0.027, ~ 1.03v,,~1.51v,y ~155.11x+287,21y~14.93=0

Ixoreysing vhe v _in each of the first 3 equations in terms of the other
quantities and substituting in the last 2,we find x = +0.4023
y. = 40,2347, Substituting in (a),

Ba = 1000 x = 4402 3 §er=0.001 y = + 0.000 2347
a =a, +832 =8 377 397.2 + 402.3 =6 377 800 e*= e} + §or=
0.008 6744 + 0.000 2347 = 0.003 9091

ubstituting the values of x and y in vae c;bservation eqations {e) the
vgg are {g&}?gly, %ound, from [gﬂ =

,Part I, ¢=Y[¥/(n=n) = 12 = 2.”1 for the m.s.e.of a late
itude detvermination referred to the ellipsoid. This is very mach great
er than the m.s.e. of a latitude determination shosing that'an ellipsoid
of revolution «ill not fit the data without large station errors or local
deviations of.the plamb line. S

The v’s for each group,i.e.,Freach,3nglish,etc. foot up zero wmithin 0:01.
110, THE ELLIPSOID ¥ROX A DEGREZ MIASUREMENT OBLIQUE TO THE MERIDIAN.
The latitade and.azimith are observed at each erd of the line,as also the
difference in longitude and the distance.

Sach observation would give an equation of the form

£(%,Y,2, ) - M=y where the required

quantities are the most probable values for the observed L.\, ,0K5% ,2

k,and ¢ and e* for the ellipsoid. Denoting the corrections to the o%—“
aérvedpov assumed values bypsa,we have for §he initial latitude

£,(L, +8L,) -L=v,, or §L, ¥0 =y, (a)

.
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L £.(L, + SL, ,c,+5c,€; + §e?) ~ L .= ¢
For L. (L co o) - L.+ (df,/dL,)SE, + (df,/do)8c + (At /de)Set =z
The quantity f,(L,,c.,e),the computed valus of Lb,ca:’hbedgoa;ndeb{'(?cl).
i i L, =1 or the differentia
ggﬁiggtgogrﬁ;egh?}ggs%eggrm‘ot the second membsr of (84) need be
ased,i.e.
* £,(¢, + L, ,0,+5c,eM456}) = L,~ k cos z/Rm
=[L,- k cos zVY/¢c
(af, /4L, )SL, = 5L, (d4f,/de )sc =(k cos V2 /Ay (af, /der)S e =(-8k/2c) cos zx
©cos*E, VS
Collecting results, :
&L, + (k cos z,V*/c})8c - (8K/2¢c,)cos 2, cos*L,)Se™+ 1 =v, {c)
For AM, ‘ Place l,= computed value by (68) less the observed value, while
for the differential formala use k sin z/N: cos [,i.e.,
f,(co+ Sc,60+ 8€') = k sin z/Wcos I/, = k sin 2, /o cos Ly
(df,/dc)Sc = -(k sin 2,V//crcos L)§c  (df,/der)Ser= (k sin z cos*l /a
e V)§en v
s =(k sin z,V'/ctcos L,)8c + (k sin z,cos*[ 4c,V)8e* + 1,=v, ()
For azimth, £ (2,+ 82,) - z,=v, or §z, +0 = v, (e)
For z,, fy('z, + 8z, ,c,+ Sc,er +8ev) - 2, = v,
£ ) by (73) = 2 + 180°“+ O sim L= g, + 180° + k sin z tan L/N’
= g + 180° + k sin z,tan 'L V/g
(af;/dz,)s3z, = §3, (df,/dc)sc = (k sin 2,ta0 [,V/ASc (af,/det)Set =
(% sin z,sin L[,cos L/acy)ser )
o §27,—(k sin 2z, tan L,V/c})§c + (& sin z,8in [,008 LLV)Se™+ 1o= vy (%)
Collecting equations (a) to (f) and denoting the coefficients of &c and
Se*by a and b,

SL, .1. =V

8L, 3, 8c'+ bFe* + 1, = v,
8,80 + bset + 1, = v, (108)

8§z, 1, = vy

z, aglc + beSet + 1, =y,

§
Weights can be introduced if desired.
If k is large or poorly measured so that its m.s.e.is appreciable in
oomparison: with those for L, AM,and z,another equation should be addesd.
. flc,+ Sc,er +3et) - k = v,
From (78), f.(+ ) = N AM cos L /sin g, = c cos L,AW/V/ sin gz,
(afc/dc)sc = (aM cos .L‘/,v{si&n z,)§c (daf/de“)set= ~(c Ak cos®l/
‘. a‘sg‘i b:}ne*f'ﬁz vc 1is the equation to be added to (103).
1f a second line starts from the initial station and its azimith is com-
pated from the observations shich gave 3z, ,there sould be added to (103)
v+ 1, =y om L,

8L, + 8,5¢c + byse’t ¢ 1,
8,5C + bgSe + 1y m vy " oAM,
53,+ 8,5C + Qser + ]y =g "z
a,8c + b, e+ 1, =v, if k  is considered.

Phe distance k can be greater than a tri-

-
ngle gide solving for an approximate z b '
gyzﬂsg;comg{ting thgough the gg:in of tri- v
angles with two angles and the included side
given each time to find the third angle and
the second side;calling the change in direce

Y

tion of k at each intersection 180°. 3,,
2z, and k as found for the total distancs can

then be corrected for the error in closure Fig. 8.,

at B by adding x to k and dividing y by k sinl” for the correction to 2.
- For the more general treatment for ap astromomical geodetic net,taking
ito account station error in its effect uponm. latitade, longitude and ag-
imth,see delmerds Hdheren Geoddsie.
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TABLE I. Formlas and Constants.
sin*x + cos*z = 1
tan x = 1/cot x = sin x/cos x =/Seciz - 1
gin(x 2 y) =sim x cos y+ cos xsin y
cos (xxy) =cos xcos yx sin xsim y
tan (x £ y) = (tan x = tan y)/(1= tan x tag y)
cos(1180°- y) = - cos y; sin(180°+ y) = - sin. y
for small angles, sin x =tan x = ¥’ sin 1 = ¥’ _arc ¥
gin xxsiny = 2 sin({x x y)/2) cos({x 5 y)/2)
cos{x+y) +008 (x~-y) =2cos xcogy
sin 2x = 2 sior x cos x°
2 cos*x/2 =1 + cos x
2sin*x/2=1-cos x °*
sinm x = x - x3/31 + x¥/51 - xV/71 + /91 -
cos x =.1 - !7?' + x"/xg/l - x5/81 73‘/8!
tan x = x + x3/3 2x¥/15 + 17x7/315 + 82x%/2835 + 15
are sin x = x + stl + 3x*7/40 +'5x/ 1126# 3@:*7511521?%:{' a?ggs 339
arc tan x = x -~ /3 + x%/5 - xV/7 + x°/9 - x'/11 + 17)
In the last 5 equations x is in mmeasure. Should x be givew in sec-
onds mltiply by sin 1¥
Plane Oblique Triangles.

EEBEEO23a888 e

sirA/a=s8in B/ b=38inC/ o 18)
a»=b* +4ct -2bcecos A 19)
tan({A - E)/2) '=((a. - b)/(a + b)) tan ((A + B)/2) « D)
Ares triangle = 1/2 b ¢ sim A 21}
Spherical Oblique Triangles.
sinA/ sira =sin B/ sic b =sin C/ sin c - 2
cot B = (siw ¢ cot b - cos ¢ cos A)/sin A ' 25)
:o:{ (a; cga;/ g)oos'o té»/sin b((sin- c cos A 2N
auf{(A + = cotlC/2)cos{{a - b)/2)/cos ({a + 2
Spherical Right Triangle.) )2 ez (e + 1)/ 2) =
tan A sin b = tan e 8]
Binomial Theorem.
(8 + ™=a™+n &b + (mlw -~ 1)/21) T b 33\

Maclaarim*s Theorem.

o, = f(x) = (u)  + (w/ax)(x/1D) + (.- Ha"o/aD) (x"/not) 33
Taylor’s Theorem.

w. = £f0x +y) =u + (da/ax)(y/1l) + (Q*w/ax*)(y*/21) +
(a"a/dz")/(y7/nl) 34)
Badius of Carvature. .

R = - (11 + ay*/ax*)(dx*/a*yy . 35)

A.R.Clarke of the English Ordmance Survey,gives the following values,
for the ellipsoid of revolution as found from the various degree meas-
arements. These values were adopted by the U.S.C.& Geodetic Sarvey i
1875 amd the following tables which iowolve the ellipsoid are based up~
on this data.

“Semi-major axig, a = 83782084 log 8.804:8985

semi-mimor axis b = 8358583.8 » 8.803 2238
eccentricity squarede*= 0.008788353 7.830 5028

Oné meter = 39.37 inches(Act of Congress).

The following formulas are inm ase.

ez(a*- b*)r/a e’ = (8- b

a=cVI=-e=c/VT+ex b=clt«e) =c/(1+e)

r*= 1 + e*sin*L Vi= 1 + €%os’L = F/(1 ~ &)

The followimg approximate values are given for the coefficients of ex~
pansion for 1° F,the umit being 1/1 000 000 of the length.

Glass 4.7 Iron 8.5

Platinum 4.8 Brass 10.2

Steel 8.2 Zinc 16.1
Lot v ) m MR Ft i3 i 4 9oe ) <)

1090~ 1) 2= M(+ + R+ 92 3 4 ¥y 4 w0 4 ) )



Table Il.Corrections for run of the micrometer

rm > 2780

Correclions same signas ~ for m < 220" Oppo site signs o
as g T

Y a=-R"

0Q"1To™

20"

0" |50

00"

A=
o~

30"

10" 20 30"

.05
.10
A5
20
28
30
35
40
45
.50

55
.60
.65
.70
15

80
.85
20
95
1.00

105
110
Hs
120
125
130
135
140
145
150

05
.09
.14
19
23

28
.33
37
42
M
51

.56
.61

165
.70

15
9
.84
89
93

o8
103
Lo
112
L1k
(kY]
126
131
135
140

04
.09
13
-7
.22
.26
30
35
.39
43

48
52
.56
.60
.65

.69
74
18
.82
.87

9l

l.o0
1.04
108
7]
L1
121
126
130

95|

.04
0%
2
16
.20
.24
.28
32
L3¢
40

44
48
.52
56
.60
44
.8
L12

6

.80
84
88
92
.96
00

104
1.08
2
116
120

04
Lo
il
5
18

a2
B
.29
3
.37

40
44
48
S
55

.59
.62
.66
-To
13

7
-81
-84
.88
92

95
99
o3
106
110

03,
o1
-10
.13
a1
20
23
127
.30
A}

37
40
43
47
.50

53
57
.60
63
.€1

.T0
.13
17
.80
83

KB
90}.
934
.97
1.00).

a3
.06
.09
.
15

.18 |
2.
24 |
a7 |
.30 |

.33

.36 (.
.39].

42

45|

48
]
54
.57
.60

.6
.66
.69
12
.15

.03
.05
.08
gl

.37

143
45
46
-5l
.53

.56
.59
.61

.64
16T
69
2
.15
a7
-80

02
.05
.07
.09
12
.4
.16
19
&)
23

.26
.28
.30
.33
35
37

40
A2
44
47
49
.51

.54
.56
58
61

.63
65
68
70

.02
04
06
.08
-0

At
4
Jé
.18
.20

.32
-24
.26
.20
.30

32
34
.36
38
40
g3
44
46
.48
.50

52
-54
-56
.58
.60

03
08
01
08
.10
R
43
15
47

.18
.20
22
.23
EX)

a1
.28
.30
32
.33
.35
.31
.38
40
L42
43
45
47
.48
50

ELWED: G
021.0/ .01

.ol
.0l
Ok
03
.63

.00
.ol
.ol
ot
.02
02
02
.03
.03

.00
00
00

.03
.04
05
.07
.08
09
"

A2
.13

FEY
.6
1T
.19
20

21
23
-24
-2

-27

.28
.29
.31
.32
.33

35
-36
37
L39
40

02
0
o4
.05
06 |-04
07 (.04
08 |.
09
10
]|
a2
13
.14 .
IS |

.16
AT
A8 |.
49 |
.20 |.
21|
.22
.23 |-
.24 |
.25 |
26
27 |-
.28 |.
29 |.

30

05

-08 |.
09
09
09|
o
.o |

§0"] 50°]

407

o

[zl 70

50~

20"

10 o*

Q= 4"

A= 3

30"
O

2

Table . (Metric Units)

ludt 1°of paral.[1*of Merid:

3

000
30
100
30
200
30|
300
30|
4 o0
30

500
30
600
30
700
30
800
30

11132)
1316
13049
1283
1253
1215
11639
14
1051
0980

110900
08/2
0TS
0610
0497
0375
0245
0106
900 9959
30| 9804

1000109641
30| 9469
l1e0] 9289
30| 9101

11056T.2
567.6
5686

570.3
$727
1105758
5195
5839
8890
§9417

lo6ol1l
608.1

6986
€990
€995
7003
7013
7025
7040
7051
T0T6

68047097
Ti20
Ti46
TI73
7203
723§
T270
7306

68047428
413
7520

7569

LagRp l.‘-a'f

Log N I q
6804698 5(6.801T489 |1200
30

1%f paral,

1%of Merid | Log. N

L

108904
8699
8466
8265
8036
T798
1553
7299
7036
6166

106487
6201
5906
5604
5294
499715
4649
4319
3972
3622

103269
2698
2529
2143

110615.8 |6.8047620
76714
624.1

1729
€330

7186
76845
6425
€526

7906
1910
8035
8102
8Im

6.604824!
8319
8369
8466
8544
8624
8705
8189
8814
8961

6.804904
9139
923!
9329

1106633
6145
6863
€987
T11.6

1107250
7388

68019395

6.8020070

€802 1258

68623680

9555
9720
9891

0253
0443
0638
0839
1046

1476
a4
193

2165
2904
2649
2900
3155
3415

3950
9225
9504

% These quantities express the numberof mefers cantained within an arc of which
thedegree of latitude named is the middie;thus,the quantily 1106011 opposite Jatitude
10° 1's the number of mefers behreen latilude 9°30°and latitude 10°30"



ble i (Metric

Tal Units)
J'otparal [1°efMerid.| LogN | LogRm ]l-af; ‘o{parcl [1%fMerid] logN | logRm
101754 [110T753.2(66099418 |6.80297885730| §9957 8057465168098930(
1357 95149 5077|5800 9135((11379.5 Y 9279
100952 |110768.0 f,ﬂﬂlsuz $.8025370] 30| 8309 96251
0539 9711 5667)5900| 7478 3912 9969
09| 17833 9812 5968] 30| €642 . 792576€.8050308
99692 9914 6279 |6s00| $Bo2| 4q(45 064949
9257| T990|68050017 €584 | 30| 49958 09717
8814 a1zl 6898161000 <i10| 9315 1307
8364 | 815 0227 T215) 30| 3257 1633
7906 0334 7537|6200 2qo0| <44982 1956
T441| 8316 0443 7862 30| /540 2276
€968 0552 8190 [6300| 0675 4¢4.49 2590
96488(110848.5/6.8050663(68028522] 30| 49806 6.805 2901
600 07175 8858|6400| 8934|1114803 3208
5506] 8657 0888 9197| 30| 8087 3510
5004 1602 95386500 7177| 4957 3809
9495 8832 1 9883| 30| 62949 4103
3979 1233 6803023 ) |[6600| 5407| 5107 4393
3455| 9ol 1350 0582 | 30| 4516 <4616
2925 1467 0936 |6reo| 3622| &25.3 4959
2387 9192 1586 1292 30| 2724 5235
3o| le4q 1706 1651 |6Bs0| 1823 5393 5506
3500] ©1290|1109371.6/68051826(|68032012| 30| 40919 (3 68055113
30| 0131 1947 2376 |6900| 00)21115529 6039
3600| 0166 9562 2069 2741 | 30| 39102 6291
30| 89593 2192 3109|M00| 8188| 5659 6542
3100| 90:14| 9751 2344 34719] 30| 72712 €789
30| 8428 2439 3951 |100| €353 5784 7029
3800, 7835 994.1 2564 4224 30| 6431 7265
30| 1235 2689 4599|T2e0| 4506| 5904 7495
3900| 66291110133 2814 997¢| 3o 3578 7719
30| 6€0/6 2940 5354|7300| 26498 ¢€01.8 71938
q000| 85396(111032.7|6.8053067)68035734] 30| 31716 68060539/68058152
30| 47170 3194 6119 |40 o781 [l1l6)27 0608 8361}
100] 4137 0522 3324 6496| 30 29843 0676 8563
30| 34998 3448 6878|1500 8903| 6229 0742 8759
4200| 2863] 0717 3576 7262] 30| 796/ 0805 8950
30| 21201 3704 7646|1600 T0I1T| 6326 0867 9135
4300 1543 0914 36832 8031| 30| 607! 0927 9314
30| 0879 3961| 84i6|moo| 5123] €41.8] 0984 9487
4400 o208| /1l 4087 8802] 30| 4172 10490 9653
30| 79532 49218 9188|1800 3220 650.0 1093 98iq
4500) 716849 111130.9 |€8054347|6.8039574] 30| 22266 68061145 |68059969
30| 8160 441§ 99¢o|m000| 1311 |1116518 1195 |68060118
4600] 7466| 150.6 4604 |68040346| 30| 0353 1292 0259
30| €765 4733 6732|6000 19394 €649 1287 0394
4700 6058 1704 4861 lhq| So| 8434 1330 0524
30| 65346 4990 1502]8100] 7972 6714 1371 0646
4600 4628| 190.1 518 1887} 3o 6509 1410 0763
30| 3904 52496 2270|8200 5545 67112 1446 0873
4900 3174 2097 5373 2653 36| 451 1481 09171
30| 2493 §501 3035|8300 36i12| 6824 1513 1074
S000| 71698(1112223]68055628 66043491¢] 30| 126494 6.8061543|68061164
30| 0952 A 8154 3796 |8400| 16751116869 1571 1248
5100] 0200 2487 5880 41747 30| 0706 1597 1325
3069943 006 4552|8500 ©735| 6901 1620 139§
5200| 8680| 268.0 6131 4928| 30| 8764 1642 1460 |
30| T3 6256 5302016600 7192 6938 1661 1517
6300 Ti40| 2871 6380 5674) 30| 6819 16171 1566
30| 6361 6504 60458100 5846| 6962 1692 l6lo
\5400) 5578 3060 68627 6413] 30| 49872 1705 1648
30| 4719 6749 6780|6800 3898 6979 s 1679
6500| 63996/ 111324.8(6£056870|68047/49] 30| 2924 6.806 1723|6806 Toz
30| 3/98 6991 T50618900] 19491116990 1728 1;19
oo| 2398 3433 Tl 7866f 30| 976 1732 1729
30| /587 T230 82239000 ol 6993 1733 1733
00| 6774 3615 7348 857




TablelV. Logarithms of Factors ABCDEF 19

Log.A Log.B. LogC LogD | LogE Log.F

Lat G 1"e - 0.04 | diffi"= =043 | diff1"e010]diffras006]diff =+003]diffic ¢34
Ld

8 oo |8509 5862 | 85122550 | 6.91816 | B.1606 | 51317 | 1138
30 |8.509 5785 |8 5122320 |0.93088 | 21709 | 5.7379
@ oo |85095107 |8 5122086 | 094330] 21808 | 5.7443 | 1756
30 [8,509 5627 |©.5121647 | 095544 | 2./903 | 57508
20 00 |8.509 5546 |8.5121602 | 096733 | 21996 | 57514 | 1772

30 |8.509 5462 | 8.5121351 | 09709622004 | 57642
21 00 |8.509 5377 |8.5121096 |0.99037]|2.2170 | 571711 | 1.781
30 |8.509 5290 | 8.512083%6 | 1.00156| 2.2253 | 5.7780
22 00 |8.509 5202 | 8.5120571 | l.o1253| 22333 | 57651 | 7.800
30 [8.509 §112 | 8.512030] | 1.0233) | 2241l | 57929

23 00 | 8509 5020 | 8.5120026 | 1.03390 | 22485 | 571997 | 7.812
30 | 85094927 | 86119747 | 1.04431 | 22557 | 56071
24 00 |85094833 | 85119463, | 1.05456 | 2.2627 | 50146 | T8>
30 |8.5094T3T |6.5119114 |1.06464 | 22694 | 56223
25 00 | 8509 4639 | 8511 8881 | |0T457 | 22759 | 58300 | 1.832

30 | 8509 4540 | 8511 8584 | 1.08435 | 2.2822 | 583719
26 00 | 85094439 | 8511 8283 | 1.09400 | 22882 | 58456 | T84|
30 | 8509 4337 8511 197171 .| 110351 | 2.294! 5.8539
2T 00 | 8509 4234 8.511 7667 111290 | 22997 | 5.6620 | T849
30 | 8.509 4/130 85117353 L2217 23051 | 58702

28 00 | 85094024 8511 7036 | L.I3132 | 23104 | 58785 | 7855
30 | 8509397 85116714 | 114037 | 23154 | 68870
29 00 | 855023808 | 8511 6389 | 119932 | 2.3203 | 58955 | 786!
30 [ 85093699 | 8.511606) 115616 | 23299 | 5904I
30 00 | 85093588 | 85115729 116692 | 23299 | 59127 | 7866

30 | 85093476 85115393 11755 23337 | 592i5
31 00 | 865093363 8.511 5054 1.184] 23379 | 59304 | 1870
30 | 85093249 8511411 119266 | 23418 59393
32 00 | 85003134 asi 413¢8 120108 | 2345¢ 59481 | 7873
30 | 8.50930/8 85114020 120949 | 23493 | 5.9515

33 00 | 85092901 | 85113669 | 1.21772 | 23527 | 59667 | 7815
30 | 8509 2784 85113315 122594 | 23561 5.97¢0
34 00 | 85092665 | 85112959 | 123409 | 23592 | 59853 | 1.877
30 | 85092545 | 85118600 | 1.242/9 | 23622 | 59948
35 00 | 85092425 | 86112239 | 125024 | 23651 | 60043 | 1871

30 | 85092304 | 85111875 | 125823 | 23678 | 6.0/1490
36 00 |85092182 | 85111510 | 1.266!T | 23704 | 60237 | 7.877
30 | 85092059 | 85111142 | /27907 | 23728 | 60334
37 00 | 85091936 | 85110772 | 128193 | 23750 | 60433 | 7.876
30 | 85091812 | 851104900 | 128975 | 23772 | G.0533

38 00 | 85091687 | &5110027 | 129753 | 23792 | 60633 | 71.8719
30 | 85091562 | 85109652 | 130627 | 23810 | 60734

39 0o | 85091437 | 851092715 | 131299 | 23827 | 60836 | 7872
30 | 85091311 | 85108897 | 132067 | 23843 | 60939 .

40 00 | 85091184 | 85108517 | 132833 | 23857 | 6.1043 | 7869

30 | 8509105T | 85108137 | 133596 | 23870 | 6.1198
41 00 | 85090930 | 85107755 | 134358 | 23882 | 6.1253 | 7.8¢4
30 | 85090803 | 85107373 | 135117 | 23892 | 6.1360
42 00 | 85090675 | 85106989 | 135875 | 23901 | 6.1496T | 7860
30 | 85090547 | 85106605 | 136631 | 23908 | 6.57s

493 00 | 850904919 | 85106220 | 137386 | 23914 | 61684 | 1854
30 | 85090290 | 85105835 | 138141 | 23919 | 61795
449 00 | 85090162 | 85105449 | 138894 | 23023 | 61905 | 7848
30 | 85090033 | 85105063 | 139648 | 23925 | 62017
45 00 | 85089904 | 851049677 | 140400 | 23926 | 62130 | 1.840
30 | 85089776 | 8510429 | 1.41153 | 23926 | 6.2294
46 00 | 85089647 | 85103905 | 141906 | 230249 | 62359 | 7832
30 | 85089518 | 85103519 | 142660 | 23921 | 6.2475
41 00 | 85089390 | 85103134 | 143414 | 23917 | 62592 | 1.824
30 | 85089261 85102749 | 149169 | 23911 | 6.2710




S0 Table . Logarithms of Factors ABC.P.EF
Lat Logﬂ ' LogB A kogC . logp , LogE ‘LQSF
dff = - 0.07 [diff1"= - 021 |diffi"=+042|diff "« -0od diffi= +007|diffi0 -17
T 77 = -
48 00 | 35089133 | 85102364 | T44926 | 33909 | 2830 | TBI14
30 | 85089005 | 85101981 | 145683 | 23895 | 62950
49 00 | 85088878 | 85101598 | /46943 | 23886 | 307/ | 7804
30 | 85088750 | 85101216 (147204 | 23875 | 63194
50 00 | 85088623 | 85100835 | 147968 | 23862 | 63318 | 17192
30 | 85088497 | 85100455 | 148734 | 23840 | 63443
51 o0 [85088371 | 85100076 | 149502 | 23833 | 63569 | 1780
30 | 85088245 | 65099699 | 150213 | 23817 | 63697
52 0o | 0.5088/20 | B5099323 | /51048 | 23799 | 63826 | 7767
30 | 85087995 | 85098949 | 151826 | 237719 | 63956
53 00 | 85087811 | 85098517 | 152608 | 23759 | 64088 | 7753
30 | 85087747 | 850968206 | 153393 | 23736 | 64221
54 00 | 85087629 | 85097838 | 154/83 | 23713 | 64355 | 1738
30 | 85087502 | 85097471 | 1.5491T | 23688 | 64491
85 00 | 85087381 | 85097107 | 155117 | 23661 | 64629 | 17123
30 | 85087260 | 85096748 | 156581 | 23633 | 64768
56 00 | 85087140 | 85096385 | /5739 | 23603 | 64909 | 7706
30 | 85087021 85096028 158207 | 23572 6.5052
&7 00 | 85086903 | 85095673 | 159028 | 23539 | 65196 | 7688
30 | 85086766 | 85095321 159657 | 23505 | 65342
S8 00 | 85066669 | 85094972 | 160692 | 23969 | 65490 | Te69
30 | 85086559 | 85094626 | 16/1534 | 23432 | 65640
59 00 | 85066440 850949283 | 162364 | 23392 | 65792 | 7649 -
30 | 85086326 | 85093943 | 163242 | 23351 | 65946
60 00 | 85086214 | 85093607 | 164109 | 23308 | 6102 | 7627
30 | 85086103 | 850932714 164984 | 232¢4 | 66261
6l .00 | 85085993 | 85092994 | 165869 | 232/8 | 66422 | 1605
30 | 8508 5884 | 85092618 166763 | 2.3170 | 66585
62 00 | 850857717 85092295 | 167668 | 23120 | 66750 | 7581
30 | 85085671 | 85091976 | /68583 | 23068 | 66919
63 00 | 85085566 | 85091661 169510 | 230149 | 67089 | 1556
30 | 85085462 | 8509/350 | 170449 | 22958 | 67263
64 00 | 85085360 | 8509/043 | 1.7/400 | 22901 | 67440 | 7629
30 | 85085259 | 85090741 | 172365 | 22840 | €769
65 00 | 85085/59 | 65090442 | 173343 | 22778 | 67602 | 1501
30 | 85085061 |85090148 | 114336 | 22714 | 67988
66 00 | 85084969 | 85089858 | 175344 | 2.2647 | 68177 74971
30 | 85084869 | 65089513 | 176369 | 2.2578 | 68370
€61 00 | 85084776 | 85089292 | 1771410 | 22506 | 68567 | 7440
30 | 85084684 85082016 1778469 | 2293 | 68768
68 00 | 85084593 | §5088745 | 119547 | 22354 | 689712 | 7406
30 | 85084504 65088478 | 180645 | 22275 | 69181
69 00 | 85084417 | 85088217 | 181763 | 22192 | 69395 | 737i
30 | 85084332 | 85087960 | 182904 | 22107 | 69613
70 00 | 850842498 | 85087709 | 184068 | 220/18 | 69836 | 1333
30 | 85084166 65087462 185256 | 21926 | 1.0064
I 71 Qo | 85084086 | 85087222 | 186470 | 21831 | 70298 | 7203
30 | 85084007 | 865086966 | 187712 | 21132 | 70538
72 00 | 85083930 o 85086756y, | 188984y 21630+ 707184 | 7250
Table VIil.Correchonddo Longj r differenceNparc ine.
Log 36 TLogd ifference]Log W) Log ) |Log differe ncelog.a\e]Losdi-) 'L%‘fi“ﬁo.mu Logafen)
~T=816| 00000001 [2385]45260.0000020 | 3035 |4.732 | 0.000005% |3.241
4.026 02 (253545498 23 |3057]9.746 56 |3.255
4114 03 | 2623|4570 25 (3079 | 4161 59 | 3270
4111 04 (2666|9591 27 |3400|49774 63 (3283
Q265 06 (2774 |4.612 30 |3)21 | 4188 €7 13.297
4327 08 |2836 | 4631 33 | 3140 | 4.801 7 |3310
4376 10 [2865 [4.649 36 315814813 75 [ 3322
4415 12 29249 | 4667 39 |3116]|4.825 80 | 3334
4449 14 |2958 | 4684 4% |3.193[49834 . 8493313
4418 16 |2987 {4.701 45 (32104649 8913358
|4.503 1 012 14.716 48 |3225]9.860 9413369




Tablev. ithms Y
i j catitude
Az, I 23" 25% 3% 35° 40° 45" 50% X5° | - qe*
"0%1680231(680254| 6.80285( 6.80320| 680357 | ¢.80394| €80434[-6.80471] 680506
19| 244  2ai 292 316 363 400 EET Y 114 509
29 266 282 3 343 378 43|  4q4a| 483] sis
39 300 314, 340 37¢, 144 433 465 99% 825
44 341 asq| an 192 157 4qes 513 $37
. S0 386 39 qi5| 436 4« q02( So& 528 550
60 427 435 451 469 487 §06| & 544 562
19 q61 468 48! 495 si10 526 S92 S67| L S72
8¢ 483 489 §oo| Si2| sa5[ 839 §53 s66| “s78
' 90 49¢) 49 501{ s:o 531 641 556 569 580
Tqblow \.oganihma of m.

- hat, Loynl Lat | Logm La\‘ . Logm.| Lat | logm | Lat | Logm )
“"5- E 7 7 g 0 / o 1/ .
78 00 | 149439 | 30 do[ 140548 |43 00| 149431 5% da| 140309 66 00| 140208
29 0q | 140426 | 33 00| 140530} 44 00| 140411 |56 Qo | 149294 |68. 00.| 140188
22 00| 140612 | 34 @0| 140511 | 44 00| 140390 58 Q0 | 140271 {70.00 | 140114
00.| 140597 | 36 00 140491} 46 00| |40369F60 o0 | 140253 |12 oo 40161

24 00 | 140582 | 38, 00 | 140472 [ 50. 09.| 1403490 62 0a | 140235 i
28 0q| 140565 | 40, 00| 140452 | 52 00| 140329 é4. 00 | 140249
'Ibblc.v,u,ﬂmbql;ili of error behreen the limjts oand £ A/c vz
<t ot + t et [ ¢ ot t ot 1t ot
0,00{ 0.0000 045} 04755 090| 07969/ 35| 00438 (/50 | 09091 [|225| 09985
085 00564 | 050| 05294, 095| 0.8209) 140 |'09523 || 185 | 09911 [230 | 09988
| 010'| 0.1125 | gs5| 05633 | 10| 08427 ] 145 | 09597 | 190 109928 235 (09991
0/5| 01680 | 0%a| 06039 | 105| 08624 | 1.50| 0.9¢61 | 195 | goos2 240 | 09993
020 02227 | 045 06420 110 | 08802 155 'os]lq 200 [ 09953 | 245 | 09905
025 | 02763, | 010 | 06778 | 115 | 08961 || 160 | 09763, || 205 | 09963 [[2.50 | 099p6
030 03286 {075 07112 [120 | 09103 || 165 | 0.9804 | 210 | 09970 [255 09997
035( 03794 | 080 [ 07421 Ji25 oozzo. 1170 | 09838, || 215 | Q9976 |-
ag0 04104 ‘085 011‘01 130.| 09340 | 135 | 09867 [2.20) 09981
Table iX. Oorrechons for mchnaf on for four-Tneter bar:
L1 o T 2* | 3° T 4« T 1 o% T 1° ‘2 [ STT &7
or cor car cor /]| Cor | cor Cc9r | cor. | cor
(000244 o.oosq'o’lo.ooow 31 oooolspaouio 000386 [0.00753]0.07242
| 298 554 98332 143) 391 1e0| I251
252  Seo| 99133 la 14¢|  396¢| 68| Iz61
256) S67| 99934 20| 150 401 15| 1210
260 573| J00T|f35)  Ar| 53| 4o01| 1831 1279
264 519 1015 (3¢, 22 166 qi2 789| 1288
269| 85| 102437 23( 59| 47 1971|1298
273|  592| 103238 24l 163 422 804| 1307
277| 598| (04039 26 166| 4928 811 1317
262 604| 104940 211 169 433 &19| 1326
286 <1l 1057]4 28| 1713| 439| 826| 133¢]
290  €17| 106642 30 176| 444 834 345
95| 624 1014][4> 31 180/ 450 841 1385
290 30| 108344 33| 83 .4955] 849 13¢q
304 €37, 109t|l4s 34, 187 4e1| 856 1314
308| 643| 1100/i46] 36| (90| 466| 864| 138>
33| €50 110941 37| 94| 4712| 872| 1393
38| 657| 17|48 39 I9T| 418 819 1403
] 322| 663 126(4 41 201| 483 887 1413
19 %6 106 321 €70] 113550 42| 205 489 895| 1422
20 o7 08| 332 17| 14351 44| 208| 495 903 1432
&1 o7 i 336 GB4| 1152(5 96 21z Sol 91| 1442
22 08 114 341 690 1615 48| 216| s0¢| 918 1452
B 09 H7| 346] 697| (170|[54 49| 220f 512 926| 462
24 1o Ho 351 To04| 1179(/55 51| 224, 518 934 1472
25 " 122 3s5¢| 711 1i188]56 53 zaoH 5§24|  942] 1482
2 7] 1251 361 8| n97l;m S 232  s30| 950| (492
i 7 128 366/ 25| [206] 58 571 23¢] &836| 966| I502
28 3 131 311 32| 1215([59) 89  2490| s42| 9%%¢| 1512
29 14 134) 316! 39| t224| 60 €Il 244] 548 979| 1522
30 Is| 31| 381 146| 1233 i |




Y S Table x. PolyconicProjections (Metric units) »
idi i Abscis of Developed P lel.
e e et e e i
rallels. Long Long. Long tong. Long.
3100| ------- 7411.8 | 148356|222534 29671 2 |37089.0
1o} 18496.] T7401.6 | 148032|222048|29606.4|370080 y .
20| 369927 73853 | 147170.6|221559 |129641.2|369265|44311.8| 15 | 292
30| 554899 7369.0 | 14738.0(22107.0 |2947160|36845.0{44214.0{ 20 519
40| 739876 T7352.6 | [4T052|22057.8|294104|36763.0(44115.6] 25 | 812
§0| 924858 T7336.1 | 14672.2]22008.3 |293994(366080.5|940166| 30 | 1169
3860 ------- 13196 | 14639.1[21958.6]/292718.2|36597.6(/43917.1| 5 33
10| 184993 7303.0 | 14606.0|21909.0(29212.0|365/5.0(436180| 10 | 13
20| 369991 12863 | 1457126|218589|291452|36431.5|431178| 15 | 295
30| 554994 72696 | 143392|12/808.8|290764 |363480/43617.6| 20 | 524
40| 740003 72528 | 14505.6|2/7584|29011.2 |36264.0{435168| 25 | 819
. 50| 925018 7236.0 | 199720|2/708.0|28944.0|36180.0|434160| 30 | li80
3900 ------- T219.0 |194938.1(2/657.1|28876136095.1|143314.4| 5§ 33
10| 85025 7202.1 |14404.2(21606.3]26808436010.5|943212.6] 10 132
20| 370055 7185.1 | 14370.2]21555.3(28740.4|359255/|493110.6] 15 | 291
30| 55509 7168.0 | 14336.0/2/1504.0|28672.0|358400|930080| 20 | 529
4o| 740132 7150.8 |1430).6(214524|286032) 3‘5164.0'42904.8 25 | 816
S0 925178 T133.6 | 14261.2|1214900.8{285344|35668.0(42801.6] 30 | 1189
4000 ----—-- T1163 |14232.6(213499.0/2049653|35581.6|426918| 5 33
10| 185051 T099.0 |149198.0[2/297.0(28396.0|359950(425940| I0 133
20| 370120 7081.6 | 14163.2|2/2448|283264|359080/9249896| 15 | 299
30| 655188 T064.2 | 191284|211926|282568|353210[423852| 20 332
40| 74026. 704671 | 1490934|2/140.1{281868|35233.5|922802| 25 21
50| 925340 Toz9.l |140582|21087.3|1281164|35195.5|92:7146] 30 -| 1198
4100 ———--. T011.5 | 190229|21034.3|1280957(35057.1 |42068. '3 33
10| 185090 69938 | 139876 (209814|279752|39969.0(41962.8| 10 134
20] 370185 €976.0 | 13952.01209280(27904.0(398800|4i18560| 15 | 304
30| 555265 69582 | 139164(20874.6|1278328(34791.0{4/7492| 20 5§35
qo0{ 74039 69403 | 13880.6(1208209 (27761.2|39701.5|4/641.8] 25 | 83¢
S0| 925503 69224 | 138494.8|20767.2/121689.6(34612.0{415394| 30 | 1209
4200 ------ 69044 |13808.8|20713.2|27617.6{345220{419263| & 34
0| 185122 68864 | 137172.8(206592]275456|39932.0(413184| I0 134
20| 370250 68683 | 13736.6/|2060499(274713.2|34341.5|412098 15 | 302
30| 555383 6850/ |13700.2|20550.3(27400.4|349250.5191100.6( 20 538
40| 740522 68319 | 13663.8 |20495.7/27327.6|391595|409914| 25 | 890
S0| 925666 68136 | 13627.2|20440.8/2712544|34068.0/408816| 30 | j209
4300 ~——-- 67953 113590.5(203856/|27/181.0([33976.2(407714| 5 34
lo| 185155 67769 |13553.8(20330.7|27107.6 |33884.5/406614| I0 135
20 370316 61584 113516.8(202752 (270336 (33792.0/905504] 15 | 303
J0| 555482 67399 (134798 |202197(269596|336995/404394| 20 539
40| 740653 €721.3 [13492.6/20163.9|1268852(|33606.5(903278| 25 | 843
50| 925830 67027 |134054|20108.1/26810.8/33513.5(902162| 30 | 1213
4400 ------ 66840 [13368.1|120052.1|26736.1(334920.1|490104906] & 34
lo| 185188 66653 | 13330.6//9995.9(26661.2/333265/3999/8( 10 135
201 370381 6646.5 | 13293.0//99395(265860(332325(398719.0| /5 304
30| 555580 66277 | 132559 19883.1126510.8|331385(397662] 20 590
40| 740784 660871 | 132174|198261|26434.8|33043.5|396522| 25 | 844
501 92599.5 6569.8 | 131796 (197694|26359.2|32949.0{395388| 30 | 12/15
45000 ~--—--- 65708 | 13141.5 [19712.3|26283.0[328537/3942493 § 34
10 185222 65517 | 131039 |19655.1(262068(327585/39310.2| I0 135
20| 370447 €5325 | 130650(19597.5]|26130.0|326625(391950]- 15 | 304
30| 555679 €5134 | 130268)195490.2|26053.6/32567.0/390804 20 541
40| 7409:7 6994.1 | 129682 (194823 |259764]|324705(38964.6] 25 | 845
&0 926159 64748 | 129996 |19424.9|1258992|32374.0|368488| 30 1216
4600) —-ee- 64555 ( 129109(193664|258218|32277.2(387326) § 34
10| 185254 6436.1 | 12872.2(/9308 3|257444|32180.5{38616.6] 10 135
20| 370513 6416.6 | 12833.2|/924998(256664|320830/384996| 15 304
Jdo| 555718 63971 | 12794.2)19191.3|255684|319855|383826 20 540
40| 741048 637751 127550(19132.5|1255100|318875(382650| 25 844
50| 926329 63579 | 12715.8(190737(/254931.6/317095(|3819714]| 30 | 1216









