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PREFACE

IN the nine years that have elapsed since the Sixth Edition
of this book was published, there has been a vast extension
of Alternate-Current Machinery. To present a systematic
account of the subject in its actual stage of development
has been no small task. The volume is practically new from
beginning to end, for out of its 800 pages less than 100 have
been taken from the former edition, and these have been
revised and re-written.

Chapter II, on Periodic Functions, is entirely new, and
leads up to a novel and greatly simplified method of har-
monic analysis, which is applied in Chapter IV. to the
discussion of the wave-forms of alternating electromotive-
forces and currents. In this chapter a practical method of
predetermining the wave-form of the electromotive-force of
an alternator is described, and the effects on the wave-form
of the forms of the polar surfaces and of the distribution of
the armature windings are analysed.

Chapter III. is generally descriptive of the various types
of Alternators, and of the details of their structure.

Chapter V. is devoted to Magnetic Leakage and the
Armature Reactions which affect the working of Alter-
nators. In this chapter much use has been made of the
principle of superposition of Magnetic Fields. By adopting
a distinction between that part of armature interference
which is permanent and that part which is periodic, it has
been found possible to simplify the method of predetermining
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vi Dynamo-Electric Mackinery.

the curve of performance of an alternator on an inductive
load, while rendering it more accurate than most of the
methods hitherto published, the chief of which are explained.

Chapter VI. deals with winding schemes for Alternators
of all types-—single-phase, two-phase, and three-phase—and
includes the windings, not only of armatures for generators
and of stators for induction-motors, but also of rotors for
motors. A number of figures, reproduced from photographs,
show how the various kinds of windings are carried out in
the shops.

One feature of the volume is the prominence given
to the methods of design. Chapter VII. is wholly devoted
to the design of alternators of the types in current use.
Simple but rational formula are given for determining the
dimensions of the various parts and the numbers of the
windings, these formule depending upon constants derived
from experience of the best makers. The intrinsic value of
these formule is proved in Chapter IX.,, where it is shown
that they are equally serviceable for the design of high-
speed alternators for steam-turbine service and for low-speed
machines driven by large reciprocating engines. An Ap-
pendix to Chapter VII. describes methods of compounding
alternators. In Chapter VIII. analyses are made of fourteen
different alternators (not including turbo-alternators), ranging
from 37 to 7,500 kilowatts in rating, and from 75 to 770
revolutions per minute. Special attention is directed in
Chapter IX. to the recent developments in connexion with
steam-turbine driving; and a large amount of hitherto un-
published matter will—thanks to the firms who are chiefly
concerned in this development—be found in this section.
Chapter X. deals briefly with Synchronous Motors, Motor-
Generators, and Converters, while Chapter XI. is concerned
with the much-discussed question of the parallel running of
Alternators, and the difficulties which have been experienced
in the “hunting ” of synchronous machinery.
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Chapters XII. and XIII. deal with Transformers and
their design ; and here, again, the subject is treated from the
point of view of the practical designer, with simple formule
based upon the data afforded by experience.

Chapters XIV.,, XV. and XVLI. are devoted to the Three-
phase Induction-Motor, its design, and analyses of examples.
The author has adopted a somewhat novel treatment of the
semicircle diagram of Heyland, which he deduces direct
from the currents in the different parts, and not from the
diagrams of magnetic fluxes and leakages, which are puzzling
to beginners. He has tabulated for reference the values
of the “cardinal quantities”—the power-factor, dispersion-
coefficient, overload-factor, etc.—which govern the operation of
the induction-motor, and by this plan has greatly simplified
the process of motor design. Examples of induction motors
of various sizes and styles are analysed.

Chapter XVII., on Single-phase Induction Motors, forms a
complement to the preceding, and contains several examples.

Chapter XVIII. concludes the volume with a concise
account of the Single-phase Commutator Motor, which, in its
various modifications, has lately occupied so largely the
attention of electrical engineers.

In the chapters that deal with design, schedules have
been inserted to facilitate the various computations, and to
systematize the work.

The author is indebted to various assistants, who have
helped him at different times in the preparation of this work
by collection of data, revision of formula, analyses of designs,
and writing of digests. During these nine years he had
successively the services of Mr. Miles Walker, B.A.,, Mr. A.
C. Eborall, Mr. J. Dennis Coales, B.Sc., Mr. Fielder 1. Hiss,
and Mr. H. W. Taylor, all of whom have taken part in this
work, and to all of whom his acknowledgments are willingly
made. To Mr. Taylor, in particular, the author’s acknow-
ledgments are due, not only for general assistance in the
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preparation and revision of the work, but for special care in
preparing sundry sections; in particular, the chapters on
Armature Reaction, on Parallel Running, and on Single-
phase Commutator Motors. The author has also had the
assistance of his former student, Mr. Hugh Ledward, in pre-
paring the chapter on the design of Transformers. He is
indebted to Mr. Ledward for the useful conception of the
flux-factcr (p. 610), by which the problems of transformer-
design are greatly simplified.

The author is further indebted to several former students
for assistance in preparing the drawings for this volume ; to
Mr. Tchighianoff, for the series of periodic curves in Chapter
IL.; to Mr. L. E. Bussey, for details of machine construc-
tion; and to Mr. Taylor for a number of miscellaneous
drawings and diagrams throughout the work.

A treatise such as the present one, dealing with the
technicalities of construction and results of actual perform-
ance, would be impossible to produce without the co-opera-
tion of the engineers and firms who are concerned in the
manufacture of machinery such as is here dealt with. The
author once more acknowledges, with deep gratitude, his
indebtedness to those concerned, who are, indeed, the chief
electrical engineers in Europe and America. He has
endeavoured, in the text of the work, to acknowledge these
obligations, but finds it no easy matter to discharge his duty
in this matter of grateful recognition to so many. But he
cannot refrain from offering publicly special thanks to two
firms: to the Oerlikon Machine Works, which has generously
placed him in possession of more than a hundred examples of
designs, and to the British Westinghouse Company, which has
given him unstinted access to photographs of its machines,
and has furnished for this book so many striking pictures in
illustration of the modes of winding armatures. The author
also desires to particularize in his acknowledgments the
following firms and engineers :—The Allgemeine Elektricitits
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Gesellschaft, of Berlin; Messrs. Brown, Boveri and Co., and
particularly to Mr. C. E. L. Brown; the Bullock Electric Co.,
of Cincinnati, and to Mr. B. A. Behrend ; the British Thomson-
Houston Co., of Rugby, and to Mr. H. S. Meyer ; the British
Westinghouse Co., and in particular to Mr. Miles Walker;
Messrs. Dick, Kerr and Co.; Mr.S. Z. de Ferranti; Mr. V. A.
Fynn; Messrs. Ganz and Co, and particularly to Mr. O. T.
Blithy ; the General Electric Co., of Schenectady, and par-
ticularly to Prof. C. P. Steinmetz ; Mr. Alexandre Heyland;
Messrs. Johnson and Phillips ; Messrs. Kolben and Co., and
in particnlar to Mr. Emil Kolben; the Lahmeyer Co., of
Frankfurt, and in particular to Prof. Dr. Joseph Epstein;
the Oerlikon Machine Works, and individually to Dr. Hans
Behn-Eschenburg ; Messrs. Parsons and Co., and specially
to the Hon. C. R. Parsons; Mr. Alexandre Rothert ; Messrs.
Scott and Mountain ; Messrs. Witting, Eborall and Co., and
in particular to Mr. A. C. Eborall.
S.P.T.

Lo~DON : 1905.
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LIST OF SYMBOLS EMPLOYED.

For convenience of readers the symbols chiefly employed are here tabulated.
Occasionally the same letters do duty in other significations ; as, for example,
where the three currents of a three-phase system are called A, B and C; or, as on
p- 231, where the spans of certain coils are distinguished as a, 4, r, etc. Apart
from this it has been impossible, owing to the limited number of symbols avail-
able, and the recommendation of the Frankfurt Congress to limit the use of Greek
letters to argles and coefficients, to avoid having to employ certain symbols in
more than one signification. Thus M is used both for the mean length of one
tarn of a coil, and for the coefficient of self-induction, but in different parts of the
book ; and T is used both for the periodic time and for torque. Care has been
taken by explanations where necessary in the text that no ambiguity shall arise
from this inevitable duplication.

A area of section, square inches, unless otherwise stated (p. 612).

A alternator ; thus ATB means “alternator, three-phase, B-type,”
etc. (p. 144, etc.).

A-type i.e. with in;emal revolving armature and fixed magnets (pp.
92, 169).

A,, A, A, etc. amplitude of sine-terms in Fourier’s series (pp. 48, 61).

AT, number of ampere-turns, per pole, of armature (p. 287).

AT,  number of ampere-turns, per pole, of magnet (p. 287).

A external area of surface of transformer, in square inches
(p. 588). - .

a a coefficient for predicting temperature-rise (p. 588).

B, B., etc. amplitudes of cosine-terms in Fourier’s series (p. 61).
B-type i.e. with revolving magnet wheel and external fixed armature

(pp- 93, 173)- ] ,
B area of cooling contact of transformer, in square inches (p. §88).
B (flux-density) lines per square inch.

B, lines, per square inch, in the gap (p. 374).

B, lines, per square inch, in the teeth (p. 374).

B (flux-density in C.G.S. units) lines per square centimetre
(p- 542).

b a coefficient for predicting temperature-rise (p. 588).

b breadth, or equivalent breadth, of pole, reckoned at armature
face, in inches (pp. 201, 384).

b generally, a breadth, in inches (p. 246).
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current in amperes, or virtual amperes if alternating (p. 17).

(in three-phase generators) current in one phase (p. 355).

(in transformers) current in primary winding (pp. 537, 610).

(in transformers) current in secondary winding (p. 537).

maximum value of alternating current (p. §42).

virtual ve)llue (r.e. root-mean-square) of alternating current
(p. 12

magnetizing current, in virtual amperes (pp. 289, 542, 685).

energy-component of current at no-load, in virtual current
(pp- 541, 685).

no-load current, in virtual amperes (pp. 545, 683). On p. 43
means amplitude of current wave.

short-circuit current, in virtual amperes (p. 683).

instantaneous value of current, #.c. amperes at time £ (p. 21).

number of circuits in parallel through an armature (p. 434).

a constant occurring in the short-circuit test (p. 290).

a coefficient in formula for dispersion (p. 682).

amplitude of alternating electromotive-force (pp. 4, 41).

depth of slot (p. 270).

diameter of armature at face, or diameter of bore of stator, in
inches (pp. 354, 718).

diameter of revolving magnet system at face, in inches (p. 384).

diameter of rotor at face, in inches (p. 700).

usual symbol of differentiation (p. 4o, etc.).

electromotive-force, in volts, or virtual volts.

instantaneous value of electromotive-force, 7.c. value of E at
time # (p. 195).

maximum value of alternating electromotive-force (p. 195).

virtual value (i.e. root-mean-square) of alternating electro-
motive-force (p. 195).

electromotive-force at time when angle has value 6 (p. 4).

(in three-phase generators) electromotive-force generated in

one phase (p. 355).
electromotive-force induced in primary winding, in virtual

volts (p. 535).
electromotive-force induced in secondary wmdmg, in virtual

volts (p. 535). )
electromotive-force due to primary stray flux (p. 535).

electromotive-force due to secondary stray flux (p. 535).

mechanical force on a conductor, in pounds’ weight (p. 699).
frequency, #.e. number of cycles per second (p. 3).

constant of gravitation, 32 feet per second per second (p. 526).



F 1 I

4

222
3]

[y

OERR

List of Symbols Employed. xvii

horse-power, 1 HP = 746 watts.

intensity of magnetic field in C.G.S. units, é.e. number of gausses
or number of lines per square centimetre in air (p. §542).

intensity of magnetic field in British units, i.c. lines per square
inch, in air (p. 650).

height of pole-shoe at edge (p. 248).

moment of inertia, in pound feet units (p. 526).

induction motor : thus 1S6 (p. 787) means * induction motor,
single-phase, 6-pole.”

ie. inductor type of generator, with magnet-winding and
armature both stationary (pp. 93, 118).

correcting-term for saturation of iron parts (p. 685).

capacity, in farads or microfarads (p. 25).
kilo-volt-amperes (p. 27).

kilowatts (p. 27).

Kapp coefficient (p. 196).
transformation-ratio (pp. 536, 593).

coefficient of self-induction (p. 18).

coefficient of self-induction of primary circuit, in henries
(P 592 o

coefficient of self-induction of secondary circuit, in henries
(p- 592).

length generally (pp. 19, 266, 542).

length (gross) of core-body, parallel to shaft, in inches
(p- 354)-

iron-length, i.c. reduced or effective length of core-body, in
inches (p. 407).

mean length of one turn (p. 368).

magnetomotive-force (p. 246). Ampere-turns per pole (p. 249).
coefficient of mutual induction (p. 592).

symbol for any integer (p. 77).

magnetic flux, 7. total number of magnetic lines in one pole
or in one magnetic circuit.

total flux actually crossing the air-gap from the pole (p. 241).

total flux actually proceeding from any one pole (p. 241).

stray flux ), number of magnetic lines that are dispersed
(p- 241).

number of revolutions ger second (p. 4).

number indicating order of any harmonic (p. 227).

number of revolutions per second of rotating flux (p. 658)

number of revolutions per second of rotor (p. 658).

number of phases (p. 267).
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O-type i.e. with overhung revolving magnet-wheel and fixed armature

S

oo >

T

cac

(p- 94)-

number of pairs of poles (p. §26).

the permeance of the magnetic path through air-gap (p. 241).
the permeance of the path of the stray flux (p. 241).

number of poles (p. 6).

the pulsation = 2 = f (p. 20).

torque-factor (p. 700).

quarter-phase (z.e. two-phase with the two phases in quad-
rature); thus AQB (p. 414) means “alternator, two-
phase, B-type.”

specific loading of transformer core, in ampere-turns per inch

(p. 619).
specific loading, of armature, in ampere-conductors per inch

of periphery (p. 347).

revolutions per minute.

resistance generally, expressed in ohms.

resistance of primary circuit (p. 593), or of one phase (p. 726).

resistance of secondary circuit (p. 593), or of one phase of
secondary (p. 686).

resistance of a circuit or conductor (p. 266).

resistance per inch length of conductor (p. 378).

in transformer, resistance of primary winding (p. 537)-

in transformer, resistance of secondary winding (p. 537)-

number of spirals, or turns, ina coil or armature (pp. 39, 534)-

single-phase, as ASB meaning “alternator, single-phase,
B-type” (p. 411).

number of turns in one phase of armature (p. 269).

number of turns in primary of transformer (p. 535).

number of turns in secondary of transformer (p. 535).

number of magnetizing turns on one pole (pp. 289, 379)-

area of section of wire, in square inches (pp. 266, 379).

slip, in an induction motor (p. 659).

number of slots per phase per pole (p. 373).

period, or periodic time, duration of one cycle, in seconds
(p. 41).

torque, in pound-feet (p. 700).

time, in seconds.

revolutions per minute (p. 445).
ratio of utilization of magnetism, in induction motors

(p. 684).
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U-type /.e. umbrella-type of machine, with vertical shaft (p. 98).

LY
Uy

<<

w

w

we
w,
wy
Wi
w;
We

X
X

X,
X,
Xoh
Xp

<

Né.s:é\)_(_\) N e \ete

leakage-coefficient of magnetism in stator (p. 683).
leakage-coefficient of magnetism in rotor (p. 683).

voltage, generally.

electromotive-force, or difference of potentials between
terminals, in volts (p. 349).

(in three-phase generators) voltage in one phase (p. 349).

difference of potentials between primary terminals, in volts

(p- 537)-
difference of potentials between secondary terminals, in volts

(p. 537 . )
peripheral velocity, in feet per minute (p. 356).

watts given to the rotor (p. 673).

in general, number of watts.

watts lost in copper of armature by resistance (pp. 368, 404).
watts lost by eddy-currents (p. §579).

watts lost by friction, windage, etc. (p. 400).

watts lost by hysteresis (p. 578).

watts lost in iron (by hysteresis and eddies) (p. 40x).

watts lost in excitation (p. 406).

excitation, 7., number of ampere-turns per pole (p. 291).

(in dispersion-formula) means number of slots per pole
(p. 681).

reactance of primary of transformer (in ohms) (p. 632).

reactance of secondary of transformer (in ohms) (p. 632).

equivalent reactance (p. 633).

ampere-turns per pole at full inductive load (p. 363).

(in dispersion-formula) width of slits in slots (p. 681).
flux-factor, in transformers (p. 610).

-connected, fe. the three phases united at a common junction

(pp- 39, 294). _
general symbol for ordinate (p. 51).

over-load factor, ‘.c. ratio of maximum load to normal load
_(p- 695).
winding-pitch (see Vol. L, p. 374) (pp. 200, 343, 434)-

total number of *conductors” around periphery of armature
that are in series in any one circuit (p. 194).

total number of conductors in stator (primary) (p. 683).

total number of conductors in rotor (secondary) (p. 683).

equivalent impedance (p. 632).

number of conductors in one slot (p. 217).
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GREEK LETTERS.

current density, 7.c. amperes per square inch (p. 369).

amperes per square inch, gross, in the active belt (p. 440).

output coefficient = 4/ KVA, in generators, Steinmetz co-
efficient (p. 354).

(in motors) output coefficient = 4/ HP (p. 710).

lines per square inch, gross, in the active belt (p. 440).

peripheral speed coefficient (p. 440).

length of air-gap from iron to iron, in inches (p. 375).

general symbol for a finite difference (p. 386).

A-connected, #.c. the three phases joined up as an equilateral triangle
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P 39)-

basis of(Napierian logarithms (= 2'71828) (p. 42).

load-factor, for transformer efficiency (p. 590).

edge-thickness of tooth-tops, in inches (p. 681).

efficiency, s.c. ratio of output to input (pp. 385, 706).

hysteretic constant (p. 578).

efficiency of slot or space-factor, 1.c. ratio of copper section to
area of slot (p. 374).

angle generally, or angle on circle of reference (p. 4).

temperature-rise in degrees Centigrade (p. 625).

ratio of £ to 4 (p. 711).

effective coefficient of self-induction (p. 594).

permeability, i.e. ratio of &8 to ¥ (p. 542).

coefficient of allowance for magnetic leakage (p. 241).

output coefficient = #?/x RPM < KVA, Esson coefficient
(p. 354)-

ratio of circumference of circle to diameter (= 3 1416).

resistivity of material, in ohms per inch cube (p. 623).

dispersion coefficient (pp. 241, 681, 707).

pole-pitch at armature face = = d = p (p. 355).

angle of phase-difference (p. 14), angle of lag (p. 21).

angle of lag of rotor current (p. 686).

minimum angle of lag, or angle when cos ¢ is maximum (p. 692).

pole-breadth ratio (= 6+ 1) (p. 354).

angle of internal lag (p. 267).

angular velocity of rotating flux (p. 673).

angular velocity of rotor (p. 673).
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TO
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Readers are carnestly requested to make these revisions in ink in

—
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T
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the volume in the pages where they are needed.—S.P.T.

. 63, line 12 from bottom—/or less read more.
. 97, line 9 of second paragraph—/os performed 7ead transformed.
. 194, line 3—/0r 400 to 600 reaa 254 to 480.

230, line 12, in the equation—
Jor the sign of multiplication x read sign of equality =.

230, line 23, in formula—/or C read Cg.
331, line 11—/for 250 read 950.
343, line 9 from bottom—/or nC read nZ.

355, in Fig. 209—
The spiral connector shown from a to 21 should go from ato 20.

356, line 21—/or wire-bound read wire-wound.

. 424, last line—/or insulation read insertion.

P- 503, line 2 from bottom— for .Plate 111. read Plate IV.

P- 542, line9g—/or ax +2p read dx +2p.

P- 547, bottom line, in formula—/or 50,000 read 500,000.

—
>

T 3 T ©

©

. 590, line 13 from top, and line 3 from bottom—/or 22°6 read 22°5.
. 647, the sentence which begins on line 5 should be amended to read

as follows :—

‘¢ This makes the pole-face density 34,3co instead of 32,000;
and the tooth-density will he 34,300 + 0582, about §9,000 at the
tops, or about 69,500 having regard to the allowance of insulation
between the laminations ; making about 92,000 at the roots of the
teeth.”

. 648, line 3—/or 0° 3§ rcad 0°035.
. 649, in line 3 of the Table—/or 9°09 read 6°09.
. 678, line 30—/or 19,300 read 193,000.

. 776, in the formula at bottom of the page—

Jor ky read k.

. 777, line 11 of tie text—

Jor equal read unequal,

. 803, in formula at top of page—

w w
Jfor » read w"

. 835, in equation {IV.], in the numerator —

for r, read 1,

and denominator should read—r, + »,,.

. 847, line 2 from bottom—/or 522¢ read 522¢
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VoL. II.

CHAPTER L

THE PRINCIPLES OF ALTERNATE CURRENTS.

IN alternate-current working the current is rapidly reversed,
rising and falling in a succession of pulses or waves. Elec-
tricity is in fact oscillating backwards and forwards through
the line with great rapidity under the influence of a rapidly-
reversing electromotive-force. The adjectives alternate, alter-
nating, oscillatory, periodic, undulatory, and harmonic have all
been used to describe such currents. The properties of alter-
nating currents differ in several respects from those of contin-
uous currents. They are affected not only by the resistance
of the circuit but also by the magnetic reaction commonly
called self-induction or inductance ; the inductance of the
circuit having a choking effect on the alternating currents,
diminishing the amplitude of the waves, retarding their phase
and smoothing down their ripples. They are also affected by
the capacity or condenser action of the circuit. If a condenser
is placed in an electric circuit, it completely blocks the flow
for continuous currents; but alternating currents can oscillate
into and out of its electrodes as though the condenser allowed
them to pass through. The larger the condenser the less does
it obstruct the flow. On account of these peculiarities, some
preliminary account of alternating currents-is needed.
1L B



2 Dynamo-Electric Machinery.

If a coil of suitable form is placed, as in Fig. 1, between
the poles of a magnet, and spun around a longitudinal axis, it
will have currents generated in it which at each semi-revolu-
tion die away and then reverse. In the figure the coil of wire
is supposed to be so spun that the upper portion comes
towards the observer. Inthat case, the arrows show the direc-
tion of the induced currents delivered to the circuit through
the agency of two contact rings (or slip-rings) connected
respectively to the ends of the coil. In the position shown,
the current will be delivered to the left-hand ring, and returns
from the circuit to the right-hand ring ; but half a turn later
it will be flowing to the right-hand ring and returning from

F1G. 1.—SIMPLEST FORM OF ALTERNATOR.

the circuit back to the left-hand ring. Fig. 1 is, in fact, a
primitive form of alternator, generating a simple periodically
reversed or alternating current, and is, in fact, the kind of
alternator known as a “ magneto-ringer,” used for bell service
in telephone sets. The simple revolving coil, by cutting the
lines of the magnetic field, sets up periodic electromotive-
forces, which change at every half-turn, giving rise to alternate
currents. In each whole revolution there will be an electro-
motive-force which rises to a maximum and then dies away,
followed immediately by a reversed electromotive-force,
which also grows to a maximum and then dies away.
The wave-form depicted in Fig. 2 serves to illustrate this.
The heights of the curve above the horizontal line represent
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the momentary values of the electromotive-forces ; the depths
below, in the second half of the curve, represent the inverse
electromotive-forces that succeed them.

Frequency.—Each such complete set of operations is called
a period or cycle, and the number of periods accomplished in a
second is called the frequency or periodicity of the alternations,
and is symbolised by the letter £. In 2-pole machines f is the
same as the number of revolutions per second ; but in multi-
polar machines f is greater, in proportion to the number of
pairs of poles. Thus, in an 8-pole field with four north poles
and four south poles around a centre there will be produced
four complete periods in one revolution. If the armature
revolves 15 times a second (or oo times a minute) there will

ANN \ o
I~
[] a0 0° M 90 18 230

7
F1G. 2.—SINE CURVE ILLUSTRATING ALTERNATING
ELECTROMOTIVE-FORCE.

be 60 periods a second, or the frequency will be 60 ~. The
symbol ~ must be read as periods per second, or cycles per second.
The standard frequency most in use in Great Britain is 50~,
though 25~ is also used for motor driving. Formerly 100~
was in vogue. In the United States 133~ used to be the
common frequency, but the later standards are 60~ and 25~.
On the Continent, frequencies of 48~, 45~, 42~ and 40~ are
found ; 42~ having been preferred because it is the lowest
with which an arc-lamp can be worked without the flickering
becoming objectionable. Glow-lamps show no flicker down
to a frequency of about 20~. Low frequency is preferable
for motor-driving: high frequency enables smailer trans-
formers to be used.
B 2



4 Dynamo-Electric Machinery.

Angle of Reference. Electrical Degrees—By revolving a
coil in a uniform (bipolar) field, the electromotive-forces set
up are proportional to the sine of the angle through which the
coil has turned from the position in which it lay across the
field. If in this position the flux of magnetic lines through it
were N, and the number of spirals in the coil that enclose
the N lines be called S, then, as is readily shown, the value of
the induced electromotive-force at any time # when the coil
has turned® through angle 6 = 2 7 » ¢, will be

E¢ =27 7S Nsin 6 =~ 10°;
or, writing D for 2 7 # S N [ 10% we have

Eo = D sin 6.

In actual machines the magnetic fields are not uniforin,
nor the coils simple loops, so the periodic rise and fall of the
electromotive-forces will not necessarily follow a simple sine
law. The form of the impressed waves will depend on the shape
of the polar faces, and on the form and breadth of the coils.
But in most cases we are sufficiently justified in assuming
that the impressed electromotive-force follows a sine law, so
that the value at any instant may be expressed in the above
form, where D is the maximum value or amplitude attained
by E, and @ an angle of pkase upon an imaginary circle of
reference. As diagrams of lines revolving around a centre are
much used in explaining alternate-current actions, the follow-
ing explanation? should be most carefully followed. Consider
-a point P revolving clockwise round a circle (Fig. 2). If the
‘radius of this circle be taken as unity, PM will be the sine of
‘the angle 6, as measured from 0°. Let the circle be divided
-inte any number of equal angles, and let the sines be drawn
similarly for each. Then let these sines be plotted out at

1 If 7 is the number of revolutions per second, 2 » # will be the total angle
(in radians) turned through in one second. Hence, the angle turned through
(which we call ), in any short time ¢ will be equal to ¢ times 2x7n. For
'example, if 7 =15, 277 =94'2 radians per second, and during, say one.
- eightieth of 1 second, the angle passed over will be 1*18 radians, or about 67°.

2 Those who are not familiar with the problems of simple harmonic motion
should consult some modern treatise of theoretical mechanics on the subject.
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equal distances apart along the horizontal line, as in Fig. 2,
giving us the sine-curve.

Now, the use that we make of this diagram is this. We
know that as time goes on, the value of the electromotive-
force is changing from instant to instant To find its value
at any particular instant, we freat time as if it were an ever
increasing angle; we take the number of seconds or the
fraction of a second, that has elapsed since a certain instant £
(when the electromotive-force was zero), and multiply it by
2 7w n, then considering this as an angle expressed in radians,
the sine of this angle multiplied by D gives us in volts the
electromotive-force for the particular instant. It will therefore
be seen that the point P, in revolving uniformly round the
circle in Fig. 2, represents the lapse of time. If we consider
it revolving at such a speed that it passes through 2 7 » radians
in one second, then the perpendicular P M represents (to some
scale or other) the electromotive-force at any particular
instant. Now taking the horizontal line 0°- 360° to repre-
sent time (to some convenient scale), it is evident that after
the lapse of the time measured by the distance from 0° to M
the electromotive-force has the value M P; and in the same
way, at any other instant, the electromotive-force is repre-
sented by the perpendicular drawn from that point in the line
which represents the instant to the sine-curve shown in the
figure. In Fig. 2, one revolution of P around the circle of
reference corresponds to one complete altcrnation or cycle
of changes. The value of the electromotive-force (which
varies between +D and —D as its maximum values) may
‘be represented at any moment either by the sine PM or by
projecting P on.to the vertical diameter, giving O Q. As
P revolves, the point Q will oscillate along the diameter.
We may, therefore, without drawing our sine-curve at all,
merely consider a line O P (drawn to some scale to represent
D) as revolving round O, and take its projection O Q) at any
instant as the electromotive-force. Such a diagram is known
as a clock diagram.

In the case of multipolar machines, the inductive actions
that go on in any coil or conductor are repeated at every pair
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of poles, hence the frequency f will be equal to the number of
revolutions per second multiplied by the number of pairs of
poles. Or, if p be the number of poles,

2 60 ’
_#? xRPM
f—. 120

f= 2  revolutions per minute |

Now in such multipolar machines the electrical cycle of
operations repeating % p times in each revolution, if we wish
to represent the electromotive-force or the current as a sine-
function of the periodic time, we see that the cycle of opera-
tions repeats itself while the machine moves, not through 360°
but through 360° =~ §p. Therefore, we refer the periodic
change to an imaginary circle of reference, round which a
pointer is supposed to revolve once in each cycle, and we refer
the sine-function to the degrees around this circle of reference,
and call them electrical degrees. Thus in a 10-pole machine,
the cycle of operations goes through a whole 360 electrical
degrees, while the machine itself moves over the angular
breadth of but two poles, that is 72 actual degrees.

Periodic Currents.—The currents which result from these
periodic or alternating electromotive-forces are also periodic
and alternating; they increase to a maximum, then die
away and reverse in direction, increase, die away, and then
reverse back again. If the electromotive-force completes 50
such cycles or reversals in a second, so also will the current.

We may realize the state of things by taking a numerical
illustration of an alternating current. For convenience, let
the time of one period (itself lasting say one-fiftieth of a
second) be considered as divided into a number of equal parts,
twenty-four parts will be a convenient number. The current,
as we know, rises and falls, reverses, and finally, at the end of
the period, reverses back. During the first quarter of the
period it is rising to its maximum ; during the second quarter
it is falling back to zero; during the third quarter it is again
rising to a reversed or negative maximum ; and during the
fourth, it again returns to zero. Supposing that the maximum
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to which the current attains is 100 amperes. Then its values
may be calculated for different times from the corresponding
angles by multiplying the sine of the angle by 100. So we
represent the current by the following statistical table.

First Quarter. Second Quarter. Third Quarter. Fourth Quarter.

Stage. Angle. Current,| Slage.; An(le.‘Cnrrem. Stage. Angle.‘Cnnent. Stage., Angle.|Cutrent.

1 i

° e °
ol 6 90!+100 12 ||80i of 18 1270 |~ 100
+26] 7 105 + 97| 13 ‘195 = 26| 19 ‘285 - 97
+ 5| 8 120+ 87| 14 '210 — 50| 20 | 300 — 87
+ 71| 9 135 + 71| 15 225 — 71| 21 sts =71

+ 87|10 150 !+ 50| 16 2490 — 87| 22 330 '— 50
+o7 |1 "165 + 26| 17 255 97| 23 ' 345 — 26
+100 |12 ' 180 ol 18 l27° —100 | 24 lgﬁo‘ o

EIBEES 0o

AWV & W N = O

The + sign indicates the current flowing forward during
the first half-period ; the — sign indicates its flowing back
during the second half-period. These values, if plotted out
as a series of equi-distant ordinates give us a sine-curve like
Fig. 2. The + values are plotted upwards above the hori-
zontal base-line (which serves
as a time-scale as well as a
scale of angle), while the —
values are plotte:l downwards.

There is yet another way
of representing periodic varia-
tions of this kind —namely,
by a diagram akin to that
used by Zeuner for valve-
gears. Let the outer circle
(Fig. 3) be as before a circle oo
of reference around which P FiG. 3.
revolves. Upon each of the
vertical radii describe a circle. Then the lengths such as O Q,
cut off from the radii, represent the corresponding values of
the sine of the angle. If a card with a narrow slit cut radially
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in it were made to revolve over this figure, the intersection
with the two inner circles would show the varying electro-
motive-forces in various positions.

The reader who desires to pursue the graphic study of
these matters further should consult the excellent treatise of
Prof. Fleming! or that of Mr. Blakesley,” and sundry papers
by Mr. Kapp.® Bedell and Crehore ¢ devote a whole chapter
to the subject. In the case of real machines in which the
magnetic fields are not uniform, nor the coils simple loops,
the periodic rise and fall of the electromotive-forces will not

" necessarily follow a simple sine-law. The form of the
impressed waves will depend on the shape of the polar faces, and
on the form and breadth of the coils. Consider the case of a

Fi1G. 4.

machine with revolving armature in which the field-magnets
consist of a series of fixed poles pointing radially inward. Sup-
pose the pole-faces to be of rectangular outline. If the armature
coils are also of simple rectangular form and of the same
breadth, the rate of cutting of the magnetic flux will be very
nearly a uniform rate that reverses at every pole, and therefore,
the form of the electromotive-force curve will be by no means a
sine-curve, but will be more nearly like Fig. 4. By appropri-

' Fleming, 7%e Alternate Current Transformer, London, 1889. Also apaper
on Polar Diagrams, Electrician, xxxv. 43.

? Blakesley, Alternating Currents of Electricity, London, 1889.

3 Kapp on *‘ Alternate Current Machinery,” Proc. Inst. Civil Engineers, 1889,
pt. iii. ¢ Bedell and Crehore, Alternating Currents, London, 1893.
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ately shaping the pole-faces,and spreading the coils, modifica-
tions in the wave-form may be produced. These modifications
are considered in Chapter IV. But if the design of the machine
is such as to give a curve differing widely from a pure wave-
form, then the algebraic expression must be also modified ;
for this case the simple sine law cannot be true for the electre-
motive-force. In-order to test whether in any given dynamo
the rise and fall of electromotive-force and of current in the
armature coils conforms to the law of sines, experiments are
necessary. Joubert, in order to measure the currents of a
Siemens alternator, employed an electrometer method, and
took off the current at any desired phase by a special com-
mutator, and found an approximate curve of sines.! Other
methods are described later. As machines arc actually built,
.they give curves which are mostly smooth wave-forms.

In Fig. 5 are given four curves for a half-period. Of these
one is a sine-curve, the other three are taken from actual alter-
nators, showing how nearly they agree with a true sine-curve.
The one which agrees most nearly is that of the Mordey
alternator, which lies just within the sine-curve  nearly

! For references as to modern vatieties of this method see p. 236. During
recent ycars many experimental methods have been given for determining the
shape of the curve followed by the variations ot alternating electromotive-forces
and currents. The reader should consult the methods pursued by Ryan,
Amer. Inst. Elect. Esngineers, 1888 and 1889 ; also Eletrician, xxiv. 263,
1890 ; Bedell, Miller and Wagner, Amer. Inst. Elect. Engincers, x. p. 500;
Fleming, Electrician, xxxiv. 460, 507, 1895 ; L. Duncan, #id. 617; Hicks, sbid.
698. Fleming’s method is applicable to determine the form of the current curve
at any partof a circuit. See also a paper by Barr, Burnic and Rodgers, Electrician,
xxxv. 719, and Duddell, 4., xxxix. 636, 1897.

Some controversy arose in the columns of the Electrician and of the Electrical
World, in the autumn of 1894, as to whether there was any advantage in
alternators giving a sine-curve. Fleming has since found that certain trans-
formers worked with a distinctly higher efficiency when oferated by an alternator
giving a peaked curve than when operated by one giving a nearly pure sine-curve
for the electromotive-force. On the other hand, this form appears to be undesir-
able for motor-running. As a matter of fact, the form of the current curve
depends, not only on the construction of the alternator, but also upon the
modifying influences of capacity and self-induction in the circwit. The presence,
in the circuit, of transformers with iron cores and of motors will modify the curve ;
and the modification will specially depend on the degree of saturation to which
the iron cores are carried at each cycle. A paper by Barr, Beeton and Taylor, in
the Electrician, xxxv. 257, 268, is of great importance.
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throughout its whole extent. The curve is usually more
peaked in machines which have the coils sunk between iron
teeth and have nuch armature-reaction. In the first of the
Niagara generators they are, on the contrary, rather flatter-
topped and broader than true
oo TwoMoust  sine-curves. We are then
sufficiently justified in assum-
ing that the impressed elec-
tromotive-force generally fol-
lows a sine-law. We shall see
presently that there are cer-
tain quantities, namely, the
heating, the power, the torque,
and certain mechanical re-
Fie. s, actions, which instead of hav-
CURVES OF ALTERNATORS. ing one positive maximum,
and one negative maximum
in each period, have two maxima of each kind. These may
be called double-frequency quantities.

“ Virtual” Volts and Amperes—Alternate-current volt-
meters and alternate-current amperemeters do not measure
the arithmetical average values of the volts and of the amperes.
They measure what are called virtual volts and virtual amperes.
In a Cardew voltmeter the heating of the wire depends on
the square of the current. In an electro-dynamometer the
torque depends at every instant on the product of the
currents in the fixed and movable parts; therefore, when
used as an amperemeter, depends on the square of the current.
The attraction (or repulsion) in electrostatic voltmeters is
proportional to the square of the volts. The readings which
these instruments give us, if first calibrated by using steady
currents, are not true means, but are the square roots of the
means of the squares. Now the mean'® of the squares of the
sine (taken over either one quadrant or a whole circle) is % ;
hence the square-root-of-mean-square value of the sine
functions is got by multiplying their maximum value by

! See proof, p. 17.
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1+ a/2, or by 0°707. But! the arithmetical mean of the
values of the sine is 0°637. Hence an alternating current, if
it obey the sine-law, will produce a heating effect greater
than that of a steady current of the same average strength, by
the ratio of 0°707 to 0°637; z.e. about 1°1 times greater. If
a Cardew voltmeter is placed on an alternating circuit in
which the volts are oscillating between maxima of + 100 and
~ 100 volts, it will read 70°7 volts, though the arithmetical
mean is really only 63°7; and 707 steady volts would be
required to produce an equal reading.

The matter may be looked at in a different way. If an
alternating current is to produce in a given wire the same
amount of effect as a continuous current of 100 amperes, since
the alternating current goes down to zero twice in each period,
it is clear that it must at some point in the period rise to a
maximum greater than 100 amperes. How much greater
must the maximum be? The answer is that, if it undulates
up and down with a pure wave-form, its maximum must be
J2 (fe. = 1°414) times as great as the virtual mean; or
conversely the virtual amperes will be equal to the maximum
divided by 4/2. In fact, to produce equal effect the equivalent
continuous current will be a kind of mean between the maxi-
mum and the zero value of the alternating current; but it
must not be the arithmetical mean, nor the geometrical mean,
nor the harmonic mean, but the guadratic mean ; that is, it
will be the square-root of the mean of the squares of all the
instantaneous values between zero and maximum.

Those not familiar with the subject may be helped by trying for
themselves arithmetically to find the quadratic mean value of an
alternating current, that has a maximum of 100 amperes, from the
table of instantaneous values given on p. 7. Take each number
as the successive instants, square each, and find the mean of the

' Or, more strictly,
79

0
1 . _1l—=cos@
EJ osm 040 = Pl

whence, if 8 = ¥, the average is 2.
2 *
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squares. Then take the square root. The successive numbers will
run thus :—

First Half Period,

‘ \ | . i i ;
Stage..o‘xz3415|6 78]9f|uu 12

! o » P
Current. . |o +26‘+50+7l +87 4+97'+100 +97|+87 4+ 71+50 +26 o

Square . . | o 676 2500 5041 7569'9409‘100009409;7569|so41|2500 676 o

Second Half Period.

1 '
Stage . . 13 ,14 15 |16 |7'|8 19 | 20

21 | 22 | 23 |24

Current . . 1,—26 —50‘—71 —87|—97 —100|—97 —87 =71 —50v426 o
| ‘ !

Square . . 676 250050417569 19409 10000 [9409 7569 |50412500 676{ o
, | | }

The total of the squares amounts to 120,780. Dividing by 24
to get the mean square we have 5032. The square root of this is
70'9. Had the calculation been carried out with precision to several
places of decimals instead of assigning whole numbers at the various
stages, the value would have been found to be 70°7, which is the
exact figure. :

The term wirtual/’ has been used to denote these square-
root-of-mean-square values. If an alternate current ampere-
meter reads 100 amperes, that means that the current really
rises to + 141°'4 amperes and then reverses to — 141°4
amperes; but the heating effect and the amount of power
delivered, are the same as if the current were 100 continuous
amperes, and therefore such a current would be described as
100 virtual amperes.

' T adhere to the term wirtual, as it was in use before the term ¢fficace which
was recommended in 1889 by the Paris Congress to denote the square-root-of-
mean-square value. The corresponding English adjective is gficacious ; but some
engineers mistranslate it with the word effective. 1 adhere to the term zirtual
mainly because the adjective ¢ffective is required in its usual meaning in kinematics
to represent the resolved part of a force which acts obliquely to the line of motion,
the effective force being the whole force multiplied by the cosine of the angle
at which it acts with respect to the direction of motion. Some authors use the ex-
pression “R M S value” (meaning *‘ root mean square ”’) to denote the virtual or
quadratic mean value.
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It follows from the argument on p. 171 that the virtual
electromotive-force of an armature wound for alternate cur-
rents will be 1-1 times higher (compare p. 11) than that of
the same armature wound as a continuous-current dynamo of
the same current-carrying capacity, with the same number of
conductors in series; or will be 2:2 times higher if, while
the same wire is used the alternator winding is not re-entrant
but forms a single circuit.

The distinction between virtual and maximum values is
important, since certain effects—for example the tendency to
pierce insulation with a spark—depend on maximum, not on
virtual values. For example, if an electrostatic voltmeter
reads 10,000 volts, the maximum value (supposing the law
of variation a sine-law) will be 14,142 volts. If the form is
more peaked than that of the sine-curve, the maximum will
be higher relatively to the virtual value.

We, therefore, have the following relations, provided the
volts or amperes follow a pure sine function :—

maximum volts
— . = 1'414 ;
virtual volts 4143

maximum amperes _

e = 1441
virtual amperes 414

If the volts or amperes vary in some other way, that is, if their
curve be not a pure sine-curve, the ratio of the maximum to
the virtual value will not be 1°414. It may be less or more,
according to circumstances. See p. 218 for an example
worked out of the virtual value or quadratic mean of an
irregular curve.

Use of Clock Diagrams—In these polar diagrams the
amperes or the volts that are undergoing periodic cycles of
change are represented by the projection on some given line (in
‘this book, the projection on a vertical line is taken) of a line
supposed to revolve about a centre. Such diagrams are of so
frequent use in the study of alternating currents that a few
further points about them are given.

Differences of phase are in the clock diagram represented
‘by differences of angular position. _For example, if two
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revolving pointers OV and O C (Fig. 6) are going round
at the same rate, but always one a little behind the other,
they will not come to their respective maxima at the same
instant. Projecting them upon the vertical line we see that
at the moment when O V has revolved so far that the angle of
position is 6, its projection will have the value O z; while
the other pointer, which lags behind by an amount measured
by the angle ¢ (= V O C), has for its value as projected, the
length O¢c. When O v gets to its maximum (that is when
V arrives at the top), O ¢ will still be behindhand. The
values of the two projections are Oz = OV ,sin #; and
Oc¢ = 0C.sin(0 —¢). Theangle ¢ is the difference of phase.

To add together two different alternating quantities—for

FiG. 6. ' FiG. 7.

instance two electromotive-forces—that have the same period,
it is not sufficient simply to add their numerical values.
For instance, if there are two coils in series in a circuit in one
of which there is being induced an alternating electromotive-
force of 40 volts, and in the other an alternating electro-
motive-force of 30 volts (both having, let us say, the same
frequency of 100 periods per second), the total electromotive-
force will not be 70 volts unless the two electromotive-forces
happen to be exactly “in phase.” If there is any difference
of phase between them the resultant will be less than 7o
because they do not come to their maxima at the same time.
To ascertain the value they have when added together we
must apply the principle of summation of vectors with which
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every engineer is familiar in the ordinary compounding of
forces by constructing a parallelogram, as in Fig. 7.

Let OP and O Q represent two electromotive-forces, of
the same period, but with a phase-difference between them of
P O Q which we may call angle ¢. Completing the parallelo-
gram by drawing P R equal and parallel to O Q, we get the
resultant O R which represcents the relative magnitude and
phase of the resultant revolving vector. The projection O »
of this line will always be equal to the sum of the projections
Op and O ¢ of the two components. Now, by ordinary
geometry we have O R = \/ OP* + 0Q? + 2 PQ cos ¢.
This is obviously a maximum when ¢ = zero. For instance,
if in the above example OP = 40, OQ =30, and ¢ = 37°,
it will be found that the resultant O R is 66-6.

If the two components are at right angles to one another,
on the diagram one will have its maximum at the instant
when the other has its minimum. They are then said to be
in quadratuge, or as some electricians say, in gquarter-phase.
If they are equal in themselves, the resultant will be greater
than they in the proportion a/2 to 1. For example, the
resultant of two alternating electromotive-forces of equal
period, of 100 (virtual) volts each, that are in quadrature,
is 1414 (virtual) volts.

Products of Periodic F:mctions.—Suppose we have two
periodic functions—say two currents, or a current and an
electromotive-force — both varying

with the same periodicity, but having Y 0
different amplitudes and a difference g¢f. .. ™ -Q
of phase between them. Let one be A
called p = O P cos 6; the other ¢ = ! 19
OQcosB; where OPand O Q are P < 3P
their respective maximum values (as :

in Fig. 8), and ¢ the angle of phase- T

. - X
difference between them equal to Fic. 8.
B — 6. Now, suppose we want to
find the mean value of the product pg. This product will
itself vary but not as a mere sine function, and therefore is in-
capable of being represented as a line revolving. It will at
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certain instants—four times in each cycle—have zero values,
for p comes twice to zero, and ¢ comes also twice to zero. It
will also have negative values when either p or ¢ is negative.
Its mean value will be the mean of all the values of the pro-
duct during one complete cycle.

At the instant shown the product willbepg =OP . O Q
cos@ .cosB. A quarter-period later the two lines O P and
O Q will stand to the axis — OY in the same relation as they
now stand to the axis O X, and the product (being positive)

will then be
27 =0P.0Qsinf.sinp.

Taking the mean of these two values, we have

LZ_"'L'Q' =40P.0Qcos.cosB + sinf. sin 3)

? = 30P.0Qcos(B - 0)
=30P.0Qcos¢.

As an example, let us take the case of the product of 100 alter-
nating volts and 4o alternating amperes, the latter havin} a difference
of phase of 20° from the former. Then the maxima, obtained by
multiplying by 4/2, will be 141°4 amperes and 56°56 volts. Then
the mean product will have the value, ¥ X 1414 X 56°56 X cos 20°.
Now as 20° = 0° 94, hence the mean product will be 3760 watts.

Now this is obviously independent of the actual position of
@ or of B ; that is to say, for every position the mean of the
value.between that position and the position at right angles is
the same all the way round. Hence this
-—T value is the required true mean value of
7 the product.

We shall make use of this theorem

* later. .
A geometrical copstruction to illus-
trate the above is given in Fig. 9. Let
O P and OQ represent the maximum
values of two periodic functions as having
phase-difference the angle ¢ or PO Q. Turn either of them
(in this case OP) through a right-angle so that it occupies
the position O S, then complete parallelogram OQ TS, and

Fi1G. 9.
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draw the triangle O Q S. The area of the parallelogram is
equalto O P. O Q cos ¢, and the area of the triangle is equal
to OP.0Qcos ¢, and therefore represents the mean
product.

A further deduction is of use. Suppose p and ¢ to be
identical ; we shall then obtain the mean value of the square
of the periodic function by writing O Q = O Pand ¢ = 0; so
that cos ¢ = 1. Then we get,

mean value of p* = § (O P)?

In other words, the mean value of the square of the sine is 4.

If V stands for the virtual value of the volts and C for the
virtual value of the amperes, we see that the respective
maxima will be o/2 x V and ,/2 x C. If we replace these
for O P and O Q, we get:

mean product = } X /2 V x /2 C X cos ¢;

which is the same as

mean product = V x C x cos ¢,

or, the actual warss are found by multiplying together the
virtual volts and the virtual amperes, and multiplying the
products of the cosine of the angle of their phase-difference.

Taking the preceding example, we obtain the same result as before
by multiplying :—
100 X 40 X 0°94 = 3760 watts.

Lag and Lead.—Alternating currents do not always keep
in step with the alternating volts impressed upon the circuit.
If there is inductance in the circuit the currents will /ag ; if
there is capacity in the circuit they will /ead in phase. Fig. 10
illustrates the lag produced by inductance. The curve
marked V represents the alternating volts; that marked C is
the current curve. Distances measured from O along the
horizontal line represent time. These curves are in fact
similar to what would be obtained if curves were plotted from
Fig. 6 in the same way as that plotted in Fig. 2, the
points V and C being taken instead of the point P. The

11, C
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impulses of current, represented by the blacker line, occur a
little Jazer than those of the volts. But inductance has another
effect of more importance than any retardation of phase; it
produces reactions on the electromotive-force, choking the
current down. While the current is increasing in strength the
reactive effect of inductance tends to prevent it rising, and
while the current is falling in strength the reactive effect tends
to keep it from falling. To produce a current of 40 amperes
in a resistance of 14 ohms would require—for continuous cur-
rents—an E.M.F. of 60 volts, But an alternating voltage of
60 volts will not be enough if there is inductance in the circuit
reacting against the voltage. The matter is complicated by
the circumstance that the reactive impulses of electromotive-
force are aiso out of step: they are, in fact, exactly a quarter
period behind the current.
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F1G. 10.—CURVE OF CURRENT LAGGING BEHIND CURVE OF VOLTS.

The Reaction of Inductance— 1t is known that every
current is surrounded with a whirl of magnetic lines all along
its length, the number depending on the permeability of the
medium, and the distance between the going and returning
wires. If the circuit consists of coils whose convolutions lie
near one another, the whirls or loops of magnetic lines
belonging to one part of the circuit will enclose another part
of the circuit; so that whenever the current is growing or
dying away these loops of magnetic lines will be cutting
across some other part of the circuit. In fact, there will be
self-induction, and the amount of cutting of magnetic lines
that goes on when unit current is turned on or off (and which
we may call the co-efficient of self-induction, symbol L) will
be proportional to the square of the number of spirals so
reacting ; or L is proportional to S%. The presence of an iron
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core helps the magnetic flux due to each convolution to
thread itself around all the other convolutions. If the
sectional area, length, and permeability of the magnetic circuit
in question are A,/ and p; then L = 47 S*u -+ 10°/; the
values being in C.G.S. units. The factor 10° is introduced
because the unit of induction, the /enry, is chosen to corre-
spond with the ohm and the other units.

So then whenever, in a circuit having an inductance L, the
current is growing, there will be a self-induced electromotive-
force reacting and tending to prevent the current growing ;
and the magnitude of this will be proportional both to L and
to the rate of change of current. If an alternate current
of C (virtual) amperes is flowing with a frequency of f cycles
per second through a circuit of inductance L, the reactive
electromotive-force,! will be 27 fL C (virtual) volts. I, for
example, L = 0-002 henry, f = 50 periods per second, and
C = 40 amperes, the reactive electromotive-force will be 251
volts. Now, if we wish to drive the 40 (virtual) amperes not
only through the resistance of 1} ohms but against this
reaction, we shall require more than 60 volts. But we shall
not require 60 + 251 volts, since the reaction is out of step
with the current. Ohm’s law is no longer adequate by itself
as a guide. To find out what volts will be needed we must
calculate, either by algebra, or by geometry ; and for greater
simplicity we will have recourse to geometry.

Geometrical Investigation of the Law of Alternate
Currents.—Plot out (Fig. 11) the wave form O A 44, to cor-
respond to the volts necessary to drive the current through
the resistance, if there were no inductance. The ordinate a A
may be taken to scale as 60. This we may call the RC

! This is calculated as follows. By definition, L, the coefficient of self-induc-
tion, or inductance, represents the amount of self-enclosing of magnetic lines by the
circuit when the current has unit value ; when current has value C the number
of lines enclosed is C times L. And, as the self-induced electromotive-force is
proportional to the rate of change of this number, we may write E = L.4C/d+.
Now C is assumed to be a sine function of the time having instantaneous value
C,sin 2x/¢; where C, is the maximum value of C. Differentiating this with
respect to time we get dC/d¢ = 2%x/C,cos 2x/¢. The * virtual” values of
cusine and sine being equal, we have for E the value » /L C, but differing in
phase from the current by a } period.

Cc2
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curve. Then plot out the curve marked — p L C to represent
the volts needed to balance the reaction of the inductance.
Here p is written for 2 f. The ordinate at O is 25°1: and
the curve is shifted back one-quarter of the period : for when

Fie. 11,

the current is increasing at its greatest rate, as at O, the self-
inductive action is greatest. Then compound these two curves
by adding their ordinates, and we get the dotted curve, with-
its maximum at V. This is the

D curve of the volts that must be
\ impressed on the circuit in order

to produce the current. It will be
seen that the current curve attains
its maximum a little after the volt-
age curve. The current lags in
phase behind the volts. If Od is

yd the time of one complete period
0 the length v a will represent the
F1s. 12. _time that elapses betwcen the

maxima of volts and amperes. In
Fig. 12 the same facts are represented in a revolving diagram
of the same sort as Fig. 6. The line O A represents the work-
ing volts R x C, whilst the line A D at right anglesto O A
represents the self-induced volts p L C.  Compounding these
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as by the triangle of forces, we have as the impressed volts the
line O D. The projections of these three lines on a vertical line
while the diagram revolves around the centre O give the in-
stantaneous values of the three quantities. The angle A O D,
or ¢, by which the current lags behind the impressed volts, is
termed the angle of lag. However great the inductance or the
frequency, angle ¢ can never be greater than go°. IfO A is
60 and AD is 25'1, O D will be 65 volts. In’ symbols, the
impressed volts will have to be such that E? = (RC)* +
(¢ LC)%. This gives us the equation:

=B

~ R+ p* L2

The denominator which comes in here is commonly called?
the impedance. Comparing this with the law for continuous

currents, namely
E

R’
we see that the effect of the inductance is to make the circuit
act as if its resistance, instead of being R, was increased to
& R* + L% In fact, the alternate current is governed, not
by the resistance of the circuit, but by its impedance. The
equation tells us the magnitude of the current, but not
its phase.

In Figs. 13 and 14 the angle of lag is seen to be such
thattan¢g = pLC [RCor =pL [R. The current is lagging
as if the angle of reference were not 6 but § — ¢, so that the
equation for C, the instantaneous value of C at the moment
when E = D sin 6, is

C=

_ Dsin (6 - ¢) . 1n

TJR f L T

! The term impedance strictly means the ratio of any impressed electromotive-
force to the current which it produces in a conductor (see Lodge’s Modern Views,
p- 398), of which the above is only one case. For steady currents the impedance
is simply the resistance. For variable currents it may be made up of resistance, of
inductance, and (if the circuit has electrostatic capacity), of permittance, in various
proportions according to the form of the variation. For true periodic currents
obeying the sine-law the impedance is the square root of the sum of the squares
of resistance and reactance. For currents which vary more suddenly the
impedance will depend more on self-induction and less on resistance.
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This is Maxwell’s law ! for periodic currents as retarded
by inductance. As amperemeters and voltmeters take no
account of phase but give virtual values, the simpler form
preceding is usually sufficient.

The relation between resistance and impedance is readily
got from the triangle in Fig. 14 ; for clearly the angle ¢ is
such that

. L

sin ¢ = ;/ Rzp_'_}z Ln;

cosp = -, — R ,
~/Kz +pz L¢

tan¢ =PRI'3.

If we prefer we may substitute for the impedance in the
denominators of the preceding equations its value R / cos ¢.

pLC

Fi1G. 13.

The equations established above hold good, whether
maximum or virtual values are used. For example, we may

write
_ maximum E |

Maximum C = =2 """~
impedance
or
. maxi D
Maximum C = —ai‘-,mET—E X cos ¢ ;
resistance
and
. irtual E
Virtual C = & H
impedance
or

Virtual C = Xl';t—uﬂg X cos ¢.
. resistance

! The analyticai proof is given at the end of the present Chapter, p. 42,
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The clock diagrams of revolving lines may be drawn either
with maximum or virtual values.

Reactance Voltage—The volts required to drive an alter-
nating current against the reaction of the self-induction,
measure the reactance voltage. To calculate it, the coefficient
of self-induction must be known, for :

reactance voltage = 27 fLC=pL C

Example.—To find the reactance voltage of a current of 10
amperes, delivered at 50 ~ , through a coil having a coefficient of sclf-
induction of o* 15 henry. By the formula, we have :

2 X 3°I41 X 50 X 0°I§ X TO = 471°2 volts,

It must be remembered that this reactance voltage must
not be added arithmetically to the voltage required to drive
the current through the resistance, because it is in quadrature
with the ohmic voltage. This is shown in the triangle Fig. 13.
They must be compounded vectorially at right angles ; or in

symbols : S
E =/ (RC)y* + (p LC)%

Example.—Taking the same case as before; let the resistance of
the coil be 8 ohms. Then the ohmic voltage required to send the
10 amperes through it will be 8o volts ; and the whole voltage needed
for the coil will be the square root of (80)? + (471°2)3 = 478 volts.

Another way of regarding the matter is to treat the
quantity L or 2w f L (which is the inductance part of the
impedance) as a sort of resistance. It may be expressed in
ohms ; but these reactance ohms must not be added to the
actual ohms. They must be compounded with them at right
angles, as in the triangle in Fig. 14.

Example—In the same example, the coil has a true resistance of
8 ohms, and its reactance ohms are 2 X 3°141 X 50 X 0°15 = 47°1
ohms. Hence its whole impedance is the square root of (8)%+4
(47°1)* = 478 ohms.

E ffect of Capacity—When an electromotive-force is applied
to a condenser, the current plays in and out, charging the
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condenser in alternate directions. As the current runs in at
one side and out at the other, the dielectric becomes charged,
and tries to discharge itself by setting up an opposing electro-
motive-force. Its opposing potential rises just as its charge
increases. A mechanical analogue is afforded by the bending
of a spring, which as it is being bent exerts a back-force
proportional to the amount of bending to which it has been
subjected. When a periodic force is applied to a spring the
elasticity of the spring tends to hasten the return movement.
In like manner the electric elasticity of a condenser tends to
hasten the return flow of the current.

The effect of capacity introduced into an alternate current
circuit is to produce a /ead in the phase of the current, since
the reaction of a condenser, instead of tending to prolong the
current, tends to drive it back. The student must clearly

distinguish between the case of capacity in series with a
circuit and the case of capacity in parallel with a branch of a
circuit. What is said here refers to capacity in series, that is
to say, the conductor of the circuit is actually cut and the
ends joined to a condenser so that no current can flow except
into and out of the condenser. If the capacity is in parallel
with a branch of a circuit, and we are considering what happens
in that branch when there is a given alternating pressure at
its ends, the capacity in parallel has no effect at all. If we
are only given the pressure at some other part of the circuit,
then the problem becomes more complex and involves the
impedances of the circuit’s various branches. Returning then
to a simple circuit with a condenser in series, the smaller
the capacity of the condenser the more does it react. The
reactance due to capacity is therefore written as —1 /p K,
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being negative and inversely proportional to K (the capacity
in farads) and to p; and the angle ¢ will be such that tan ¢
= —1/pKR. The impedance will be ./ R* + 1/p%?K2
Figs. 15 and 16 show the construction that is applicable in
this case.

If both inductance and capacity are present, tan ¢ =
(@L-1/pK) ¢ R; the reactance will be pL — 1/pK; and
the impedance o/ R* 4 (p L — 1)p K)». This is illustrated
by Fig. 17 in which the triangle for finding ¢ is drawn
by setting out pL at right angles '
to R and then deducting from pL
a part equal to 1 /pK.

The same construction may
be applied to a circuit containing
several resistances, inductances
and capacities in series.

Since capacity and inductance produce opposite effects,
they can be used to neutralize one another. They exactly
balance if L =1/p* K. In that case the circuit is non-
inductive and the currents simply obey Ohm’s law.

It will be seen that if in a circuit there is little resistance
and much reactance, the current will depend almost exclu-
sively on the reactance. For example, if p (=27 f) were,
say, 1000 and L = 10 henries, while R was only 1 ohm, the
resistance part of the impedance would be negligible, and the
law would become

Fi1G. 17.

c=F.
2L
The current would /eg by almost exactly 6o°.

Self-induction coils with large inductance and small resist-
ance are sometimes used to impede alternate currents, and
are called clhoking coils, or impedance coils. This formula is
wanted for calculating alternate-current electromagnets; for
their apparent resistance is almost entirely due to inductance.

If the current werc led into a condenser of small capacity
(say K = J; microfarad, then 1 / p K = 10,000), the current
running in and out of the condenser would be governed only
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by the capacity and frequency, and not by the resistance, and
would have the value—
C=EpKkK,

and its phase will /ead by almost exactly go°.

Resonance—As pointed out above, the effects of capacity
and self-induction tend to oppose one another. They will, in
fact, neutralize one another if the frequency is such as to
realize the condition :

pL=1pK,
or
I

2w /LK’

If this condition is realised, the circuit acts as if purely non-
inductive, and if the resistance of the circuit is small, any
electromotive-force, if of this particular frequence, may set up
enormous surgings of current. This condition is described as
the condition of resonance.

A capacity acting laterally across the circuit, as when a condenser
is placed across the two mains, has the effect of increasing the flow
of current from the dynamo up to the points on the circuit which are
connected to it, if the rest of the circuit is non-inductive. But if the
rest of the circuit has a preponderating self-induction which would
make the current lag, then putting a condenser in parallel with it may
actually decrease the current in the mains. These various condenser
effects have been considered by various writers. A very clear
exposition of them, together with the phenomena observed on the
Ferranti mains on the Deptford supply has been given by Fleming.!

Mean Power. Power-factor—The power cannot be calcu-
lated by simply multiplying together the vo/ts and the amperes
as with continuous currents ; for when there is any difference of
phase the apparent watts so calculated are always in excess
of the frue watts. We have seen on p. 16 that the mean pro-
duct of two periodic functions is equal to half the product
of their maximum values multiplied by the cosine of their
phase difference : or

¢ Fournal Inst. Ewctr. Eungineers, xx. 362, 1891.
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Mean power (true wasts) = §E__ x C X cos ¢,

E C..x .
= _Tax X Tmax x cos ¢,

Jé 2
= x C,

Vll't virt

X cos ¢.

To the product of the volts and amperes (if these have
been separately measured), we give the name of wvolt amperes.
The watrs can be calculated from them by multiplying by
cos ¢. Hence we may write:

apparent power _ volt amperes

= cos ¢;
true power watts

or
watts = volt amperes X cos ¢.

Since cos ¢ is the factor by which the apparent power
must be multiplied to find the true power, it is termed the
power factor. Only if the current is in exact phase with the
voltage is the power-factor equal to unity. If the current
either lags or leads, cos ¢ becomes less than unity. The
presence in a circuit of electromagnets, or partially loaded
transformers, or induction-motors, causing a lag, reduces the
power-factor of that circuit. The following may be taken as
usual values of power-factors of circuits:

Nature of Load. Probable Power<Factor.
Synchronous motors and converters . . . 1'0t00°95
Incandescent lighting . . . . . . 0°9§
Mixed arc and incandescent llghtmg . . . . 08
Induction motors, large and well-loaded . . . . o8

. average loaded . . . . 0'60too0'50
M x‘ed induction-motors and lighting . . . . ©0°70

The outputs of alternators are commonly expressed in £:/0-
volt-amperes (abbreviated into KVA), 1 KVA being obviously
1000 volt-amperes. The true power is expressed in kilowatts
(KW), the relation between them being again

KW = KVA x cos ¢.

One way of dealing with this is to consider the product
E.. X cos ¢ as the resolved part of the volts that is in phasc

vrt
with the current, and therefore equal to C.. X R. Hence we

virt



28 Dynamo-Electric Machinery.

may write thc mean power (true watts) as C?, R. That is
to say, if the resistance of the circuit is a plain non-inductive
resistance (such as a load of lamps, or a water resistance), the
true watts spent in it are found in the usual way by the C* R

law. There is, however, another way of regarding the matter
as follows.

Watt-less Current—Whenever there is a great phase difference
between volts and current (whether a lag due to self-induction or a
lead due to capacity), the true watts are, as has already been pointed
out, much less than the apparent value that would be obtained by
merely multiplying together the virtual amperes and the virtual volts,
For, as we have seen, this product must be further multiplied by the
cosine of the angle of lag (or lead). Now there are two ways of
looking at this matter: the product E,,, X C,. X cos ¢ may be
regarded as either the product of the virtual amperes into the resolved
part (or effective part) of the virtual volts, or it may be regarded as
the product of the virtual volts into the resolved part of the virtual
amperes. Just as any force may be resolved into two component
forces at right angles to one another, so any alternating current may
be resolved into two component alternating currents differing 9o° in
phase. Or C may be resolved into two parts, C cos ¢ agreeing in
phase with the volts, and C sin ¢ in quadrature with the volts. These
two resolved parts of the current have received various names. The
component in phase with the volts is termed the energy component, or
watted component of the current, or more simply the working current
or ¢ffective current. The component in quadrature is termed the

walt-less component or more simply the watt-less current or idle current.
This may be written :

energy component = working current = C cos ¢ ;
idle component = watt-less current = C sin ¢.

In Fig. 18 O E represents the effective part of the impressed electro-
motive-force OA. OfOE a part O1I is found, by dividing by R
(p. 21), to represent the current C. Of this current the resolved part
O W, in phase with O A, is the working-current, and the part O U,

! That is, it is the component that can produce effective work. This use of
the term is strictly analogous to the use in mechanics, where the resolved component
of an oblique force is often termed the effective force. The effective current is
cqual to the whole current multiplied by the power-factor (i.e. by the cosine of
the angle between it and the volts).
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which is in quadrature with O A, is the watt-less current. Whenever,
for either cause, the angle of lag is great, the watt-less part of
the current will be great also. For example, A

when transformers are left on open circuit, the o
current in the primary is nearly in quadrature
(owing to self-induction) with the impressed
volts, and, if it were not for hysteresis or eddy-
currents in the iron-cores, would be almost
entirely watt-less.

For example, if there is a current of 100
virtual amperes lagging 14° behind the im- FIG. 18.
pressed volts, this may be resolved into a
working-current of 100 X cos 14° = 97°'03 virtual amperes, and a
watt-less current of 100 X sin 14°= 24" 2 virtual amperes.

An illustration of the compounding of two periodic quan-
tities is afforded by the union of two alternating currents, of
similar frequency, but differing in phase. Suppose that there
are two circuits, one containing a small resistance but con-
siderable self-induction, and another containing considerable
resistance and a small self-induction. Let the resistances be
called R, and R,, and the coefficients of self-induction L, and
L,, then if they are put in parallel, and a voltage V is applied
to them, the respective currents will be

Ci=V+JR?+ L7
and
Ci=V = JR,7+ oL,
these currents will have different lags, respectively such that

tan ¢, = pL, + R,,
and
tan ¢2 = pLg -— Rz.

But the total current C; that they take from the mains
will not be equal to C, + C,, because they differ in phase.
In fact, the value will be

Co= Vo /(Ry + R 7 2(L; + L
and its lag will be such that
tan ¢, = p(L, + La) + (R, + Ry).
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This can easily be demonstrated practically by the use of
three amperemeters, one in each branch circuit, and the third
in the main circuit.

Graphically, the case is realized in Fig. 7, p. 14, where
the two currents are represented by O P and O Q, and the
resultant current by O R. By the construction, O R will not
be equal to O P 4+ O Q, unless the phase-difference (or angle)
between them is zero.

Similarly, it is possible to resolve an alternating current
into two others that differ from one another by any prescribed
amount of phase-difference. In the clock diagram, the one
condition is that, as in Fig. 7, the two parts into which the
current is split shall be represented to scale by the two sides
of a parallelogram, of which the diagonal represents the original
current. In this way we may resolve a lagging current into
two parts, one in phase with the voltage, the other in quadra-
ture with the voltage. Algebraically, all we have to do is to
multiply the current by cos ¢ to find the energy component,
and by sin ¢ to find the watt-less component.

Measurement of Alternate-current Power.—The considera-
tions above show that this is a matter for care. If there is no
phase-difference between volts and amperes, the apparent
watts are the same as the true watts ; and in that case ampere-
meter and voltmeter may be used.! But if there is a phase
difference a suitable zwattmeter must be used ; the usual form
being an electrodynamometer specially constructed so that the
high resistance circuit in it shall be non-inductive.

Numerical Example—Let an impressed electromotive-force of
65 (virtual) volts, alternating with a frequency of 50 periods per
second, act upon a circuit having resistance 1'5 ohm, and a co-
efficient of self-induction of 000z henry. Find the lag, the current
and the mean power.

To find the lag, we must find the inductance, 2 = #» L, and divide
this by the resistance ; or

! Those who are not familiar with this subject should consult the wiitings of
Mr. Blakesley or those of Prof. Fleming. The three-dynamometer method of
Blakesley, the three-voltmeter method of Ayrton, and analogous methods, are
all of value. Fleming in Journal Inst. Electr. Engineers, xxi. 594, 1862, has
after much experience given preference to a simple wattmeter method.
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tan¢ = 2xnL+-R =2 X 3°1416 X 50 X 0°002 - I'§5 = 0'419.
Looking in a table of natural tangents, we find that ¢ will be 22° 44';
whence a table of natural cosines gives us cos ¢ = 0-9223. Or,
we might calculate cos ¢ directly as R - /R34 4 #* #* L2
Multiplying cos ¢ into the 65 volts, we get 59°95, say 6o, as the
effective virtual volts, and dividing by the resistance gives 4o virtual
amperes as the current. The mean power is 65 X 40 X 0°9223 =
2400 watts.

Geometrically this is given in Fig. 19.

Let O A be 65 to any scale, the impressed (virtual) volts. De-
scribe the circle of radius O A, and the semicircle O E A. Draw
O B at right anglesto OA. OnOB
set off O R on any convenient scale
of resistance, O 1 being taken as 1
ohm, Using same scale, set off O S
or R F at right angles, equal to the
inductance 2 # n L = 0°628. Join
OF. ROF is the angle of lag.
Draw E O at right angles to OF,
cutting semicircle in E. EOA is
also angle of lag, hence E O repre-
sents effective virtual volts; and
A E the cross-electromotive-force of
self-inductionzw # L C. JoinER
and from 1 draw 1 C parallel; CO
will represent the current. As O B is O A turned through a right
angle, the area of triangle BOC = § O A.0C.cos AO C = } mean
power (see p. 27).

There are some reasons why it is desirable that the induction
curves of alternators should follow the sine-form (but see p. g as to
effect of wave-form on transformer efficiency). According to the well-
known theorem of Fourier, every complex single-valued periodic func-
tion can be analysed down into a series of simple periodic functions
differing in amplitude and phase, but all belonging to a harmonic
series, having frequencies that are some exact multiple of a single
fundamental frequency. Every complex wave-curve may be regarded
as built up of sinecurves. For example, the curve shown in Fig.
20 may be looked upon as a compound of the two dotted sine-
curves, one of a frequency three times that of the other. Now, if
this complex curve represents the impressed electromotive-force of
an alternator with curiously-shaped poles, what will be the curve
of effective electromotive-force (or of current) when sclf-induction is




32 Dynamo-Electric Machinery.

present? The amplitude is cut down in proportion nearly to the
frequency of the alternation. Hence the component ripple, which
has three times the frequency, will be damped out nearly three times
as much as the fundamental wave.! In Fig. 21 are shown the two
waves, as altered by a lag of 41° which cuts down the fundamental
to 0°75 and the ripple to o°35 of their respective amplitudes ; the
resultant wave being also shown. It is evident that self-induction
tends to smooth out the ripples, including all parts of the wave that
do not fit to the sine-form. Hence those alternators in which the

F1Gs. 20 AND 21,

induction curves of true sine-form are less affected than others by
self-induction in the circuit, regulate better, and have a higher plant
efficiency.

High Frequency Alternations.-—Alterations of very high periodi-
city, going up to as many as 10,000 or 20,000 per second, have
been studied by Spottiswoode,? and more recently by Tesla,® who
obtained some very remarkable effects. One of his alternators
was of the same type as Mordey’s, having numerous polar pro-
jections on either side,* and another was of the inductor type. With

! See the end of Chapter 1I., on the analysis of periodic curves.

2 Proc. Koy. Soc., xxiii. 455.

3 American Inst. Electrical Engineers, May 1891.  See Electrical World, xvi.
1891, and 7he Electrician, xxvi. 549, 1891.

¢ See Electrical Engincer (N.Y.), March 18, 1891.
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these excessively high frequencies the currents flow almost exclusively
along the surface layers of conductors, instead of flowing through
their entire cross-section; even straight rods of copper offering a
relatively enormous impedance.

Torque of Alternators.—A very singular result follows the pre-
sence of any lag in the current of an alternator. When the
amperes flow with the volts, electric energy is being supplied
by the machine, and power must be applied to drive it; but
when the amperes flow -against a counter electromotive-force,
then electric energy is leaving the circuit and being turned into
mechanical energy, helping to drive the machine. The one is

DR, | go— ™v

FIG. 22.—EFFECTZOF LAG OF CURRENT.

the case of the generator, the other that of the motor. But now
consider an alternator with the amperes lagging behind the volts, as
indicated by the diagram of Fig. 22. It is clear that in consequence
of this lag the amperes are sometimes flowing against the volts
instead of with them. In fact, we may divide each complete period
such as O X into four parts, during two of which, namely parts II.
and IV, the amperes and volts are alike in direction, either both
positive, or else both negative ; during the other two parts, namely
I. and IIIL,, the amperes and volts are opposed in direction because
the volts have reversed in sign, but the lagging amperes have not yet
changed. Now, during the partial periods II. and IV., when there is
agreement in sign, the machine is in the condition of being a
1I. . D
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generator, and will require to be driven, the currents in the armature
setting up a counter torque. But during the other partial periods
I. and IIL., when there is opposition in sign, the machine is in the
condition of being a motor, and will tend to drive itself, the torque
kelping it on. The conductors are consequently subjected to a
raking action, alternately resisting, being driven, and then helping
to drive twice in each period. It is clear that if there is little lag
there will be little motor action, the partial periods I. and III. being
brief; whereas if there is much lag the motor action will increase.
If there is a lag of exactly a quarter of a period, the motor and
generator actions will be equal. Similarly, if in consequence of
capacity the current leads in phase, there will be motor action in
partial periods. This subject may be considered in another way.
The electromotive-forces change sign just as the conductors are

e

L LI

FiG. 23.

passing (Fig. 23) from one magnetic field to another, where the
lines run in an opposite direction. If the currents are in phase
with the electromotive-forces, they will always tend to oppose the
motion that generates them, and will reverse when the conductor
passes into the reversed field as at @, a. But if the currents lag,
the force exerted by the field will help on the motion of those con-
ductors which have passed from one field to the other until such
time as the currents have reversed at 4, 4.

It follows that when there is a difference of phase between
volts and amperes, the mean power in a cycle is equal to the
difference between the power which it gives out during the
partial periods II. and IV, and the power which it receives
back from the circuit during the partial periods I.and III. If
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the phase difference is less than go° the machine acts on the
whole as a generator. If it is more than go° the machine acts
as a motor on the whole. If two alternators are coupled in
series, one to act as generator, the other as motor, the current
will be nearly in phase with the electromotive-force in the one
and almost exactly opposed to the electromotive-force in the
other. This question is resumed in Chapter X.

POoLYPHASE CURRENTS.

During the past fifteen years, systems have arisen in which
use is made simultaneously of two or three alternating currents
having different phases.

Two-Phase System—In the two-phase system, two alter-
nating currents of equal period and equal amplitude, but

A 8 A

FI1G. 24.

differing in phase by one quarter of a period, are employed.
Graphically they may be represented by the two curves
marked A and B in Fig. 24. As they differ by an exact
quarter of a period, one of them will be at its maximum when
the other is at its zero. The values of the A-current may be
represented by the equation.

A=A sinb,

then those of the B-current may be represented by the equa-

tion.
B, = B__, sin (8 + 90°);
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or, if the angles are reckoned in radians,

B, = B, sin (0 + "25)

B,=B__, cos .

We may construct, on the plan pursued on p. 7 a statisti-
cal table, showing the simultaneous values of the two currents
on the supposition that each attains 100 at its maximum. It
will be sufficient to give the values for half a period only.

Value of Current.

Stage. Angle. I
A-Phase. B-Phase.
o o o - 100
1 15° + 26 - 97
2 30° + 50 - 87
3 45° + 71 -n
4 60° + 87 - 50
5 75° + 97 - 26
6 90° + 100 o
7 105° + 97 + 26
8 120° + 87 + 50
9 135° + 7 + 71
10 150° + 50 + 8
11 165° + 26 + 97
12 180° o + 100

If an alternator is to generate two alternating currents, it
must have two independent windings, and these must be so
spaced out that when the volts generated in one of the two
“phases ” are at a maximum, those generated in the other are
at zero. In other words, the windings, which must be alike,
of an equal number of turns, must be displaced along the
armature by an angle corresponding to one quarter of a period,
that is, to half the pole-pitch. The windings of the two phases
must, of course, be kept separate, hence the armature will
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have four terminals; or, if it is a revolving armature, it will
have four slip-rings. A two-phase system requires four lines
for its distribution ; two lines for each phase. It is possible,
but not advisable, to reduce the number to 3, by employing
one rather thicker line as a common return for each of the
phases. If this is done, the voltage between the A-line and
the B-line will be equal to 5/2 times the voltage in either
phase, and the current in the line used as common return will
be \/2 times as great as the current in either line, assuming
the two currents in the two phases to be equal. Another way
of using a two-phase system, is to unite the mid-point of the
windings of the two “ phases” in the generator at a common
junction. This is equivalent to making the machine into a

Fi1G. 25.

four-phase 'machine with half the voltage in each of the four
“phases,” which will then be in successive quadrature with
each other. Some writers, mostly American, call a two-phase
system * quarter-phase,” because of the phases being in quad-
rature with one another.

Three-Phase System.—In the three-phase system, we have
three alternating currents of equal frequency and amplitude,
but they differ in phase from one another, by one-third of a
period. They are represented by the curves A, B and C in
Fig. 25. Inspection of this figure will show that at the
instant when any one of the currerits is at its maximum, the
other two are of exactly half their maximum value, and are
flowing in the opposite direction.
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The equations for the three phases may be written : —
A=A, sinb;

t

B, = B, sin (8 + 120°) = B__, sin (0 + 33"”’) :

t

C, = C,, sin (8 + 240°) = C,,,, sin (6 + 4—3" ).

As before, we may construct a statistical table of the
values of the currents for some concrete case ; that taken is
the case of three currents, each having a maximum of 100
amperes. The values at the successive instants are taken, as
before, from the figures given on p. 7. It suffices to give the
table for half a period.

Value of the Current.

Stage. Angle. A-phase. | B-phase. C-phase.
o o o ‘ - 87 + 87
1 15° + 26 - 97 + 71
2 30° + 50 - 100 + 50
3 45° + 71 - 97 + 26
4 60° + 87 - 87 o
5 75° + 97 -n — 26
6 90° + 100 - 50 - 50
7 105° + 97 - 26 - 71
8 120° + 87 o - 87
9 135° + 71 + 26 - 97
10 150° + 50 + 50 — 100
11 165° + 26 + 71 - 97
12 180° o + 87 ‘ - 87

Inspection of this table will show that at any instant the
amount of current going out by any one of the three phases
is equal to the sum of the currents coming in by the other two
phases, or that the algebraic sum of the three currents at any
instant is zero.

To generate the three currents will require three inde-
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pendent equal windings on the armature of the generator, and
they must be spaced out over its surface so as to be suc-
cessively 4 and £ of the period (i.e. of the double pole-pitch)
apart from one another. The various modes of joining up
the coils will be considered in Chapter VII. on Winding
Schemes for Alternators. Suffice it to point out that they
might be used to supply three entirely independent circuits, in
which case the armature would appropriately have six
terminals or if revolving would be furnished with six slip-
rings: two slip-rings for each phase. But this is not the
usual method ; it is more usual to group the three sets of
windings in one of two different ways—either in Y or in A.
In the Y-grouping, which is the usual one, one end of each of
the three phases is brought to a common junction, which is
insulated from external connexions. This leaves three ends,
one for each phase, to be brought to three terminals, or, in
the case of revolving armatures, to three slip-rings. It is vital
to observe that in this case, if the voltage generated in each
one of the three phases separately is E, (virtual) volts, the
voltage generated between any two of the terminals will be
equai to a/3 X E,. Thus if each of the three phases generates
100 volts, and if they are Y-grouped with a common junction,
the voltage from the terminal of the A-phase to that of the B-
phase will be 173 volts.

ANALYTICAL TREATMENT OF FUNDAMENTAL EQUATIONS OF
ALTERNATING CURRENTS.

Beginning with the case of a loop having S, turns, placed at
such an angle @ (measured from the initial position where it stands
right across the field), we see that it no longer encloses the whole
number of magnetic lines which are present in the magnetic circuit.
When we omit all account of self-induction, we may write

N, =S;Ncosd . . . . n
where N, is the amount of flux actually enclosed by the loop in this

position.
To get a complete account of the action we must now take into
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consideration the number of magnetic lines induced by the circuit on
itself.!

If current C flow through a circuit whose coefficient of self-
induction or inductance is L, the whole self-induction of the circuit
will be equal to L times C; and the product L C will represent the
total amount of enclosing of magnetic lines by the convolutions of
the circuit.

But we know that if there is a current C in the circuit, we ought
to write the equation in full—

N, =S, Ncos6+LC . . [I1]

Now we know that any variation in N, will set up induced
electromotive-force, and that at any moment the electromotive-force

will have the value

N
= - *d'f—l; . . . [III]

where we use the negative sign to show that an increase in N, will
produce an inverse or negative electromotive-force. Any change in
N,, from whatever source arising, will set up electromotive-force. In
the absence of armature reactions the only quantities whose variations
contribute to the variations of N, are and C. The angle of position 6
varies from o to 2= (radians) ; that is to say, from o° right round to
360° and then recurs ; and its cosine therefore fluctuates between 1 and
—1. Thecurrent C varies also from a certain maximum value 4 Cg,,

! Neumann’s mathematical investigation of the eflect of considering the self-
induction of the circuit in relation to a periodic electromotive-force, was published
in 1845, but self-inductive phenomena had previously been studied by Henry and
by Faraday.

Other mathematical investigations of alternating electric currents have been
given by Weber in his Elektrodynamische Maasbestimmungen, and by the
following :—

Koosen, Pogg. Ann., Ixxxvii. 386, 1852.

Le Roux, Ann. Ckim. Phys. (3], 1. 463, 1857.

Clerk Maxwell, P4il. Trans., 1865, p. 473.

F. Kohlrausch, Pogy. Ann., cxlviii. 143, 1873.

Jamin and Richard, Ann. Chim. lhys. [4), xvii. 276, 1869.

Joubert, Ann. de I Licole Normale Supérieure, x. 1881 ; and Fournal de
Physique, s. ii. t. ii. p. 203, 1883.

Lord Rayleigh, Phil. Mag., May 1886, p. 375.

Hopkinson, Lecture at Instit. Civil Engineers (on Electric Lighting), 1883.
Four. Soc. Telegr. Enygineers, xiii. |

' Proc. Roy. Soc., Feb. 1887.

Abstracts of the most important of these will be found in Fleming’s Book on

the Alternate Current Transformer.

”
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to an equal negative value —C,,,. We will neglectall the variations
of the other quantities, not because these variations would not be
instructive—for that would be quite untrue—but because of their
lesser practical importance. Then we have

_4N_ _4(5,Ncos6+1C)

E, = dt¢ dt

Now suppose that while the armature loop has turned through the
angle 6, the time occupied—a small fraction of a second—is 2 Also
take T to represent the time taken for one revolution ; so that if there
were / revolutions ! per second, T would be 1/fof a second. Then

obviously 6 will be the Tt part of a whole revolution, and as there are

27 radians in a circle, the angle expressed in radians will be
. t
0=_21rT =z2wft=pt;

where p is written short for 2 7/, and called the pu/sation.
Asserting this value, and performing the differentiation, we get

E,=z1rfS.,N><sinpt—L‘2$;. . v

Consider this equation carefully. It shows us that when the dynamo
is on open circuit, so that there is no current, then self-induction
would not come in at all. The negative sign also indicates that that
part of the electromotive-force which is due to the self-induction
opposes the other part. Now write D for the group of symbols
2 wfS; N.  Further, we know that that part of the electromotive-force
which is effective in driving the current through the resistance may be
calculated by simply applying Ohm’s law. So if E, as found in for-
mula [IV] be the nett or effective electromotive-force at the time #,
we may write E, = R C,; whence
RC,=Dsin6 — Ldg.
dt
This is a differential equation of the form

ay—{—b-:;};: sinp x.

(See Boole’s Differcntial Equations, p. 38.)

' For multipolar machines the symbol / will in this case stand for number of
cycles per second. In bipolar machines /is literally the number of revolutions.
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The solution is

Ry

c,.—.!!‘li‘ﬁ_-flinw_—‘#)_kgf L L

where ¢ is called the retardation or angle of Zzg, and has the value
such that
2w fL

R

In the second term of the expression on the right-hand side of the
above equation, the symbol ¢ is a constant of integration, and e is
used in its common mathematical sense to represent the number
27182, which is the basis of the Napierian (or hyperbolic) logarithms.
This second term relates only to the irregularities during the first
starting of the current, and dies out as the time # increases in value.
The phenomenon of inductive rush, sometimes noticed when current
is suddenly switched on or off, is of this nature. In general the ex-
ponential term may be omitted.

We have therefore, got our equation for the current at time # as
follows :—

tan ¢ =

C = DC%%&O—_Q HE . [VI]

which should be compared with the value D sin § + R that the current
would have if there were no self-induction. We see by com-
paring the two expressions that our current still follows a sine-function,
but it is the sine-function not of the angle 6, but of the angle (6 — ¢) ;
that is to say, its waves Jag behind those of the impressed electro-
motive-force. Also, the amplitude of the current is reduced, because
everything is going on as if the amplitude of the impressed electro-
motive-force had been altered from D to D cos ¢. Or, in other
words, the effective electromotive-force is equal to the part of the
impressed electromotive-force as resolved along the line of the lagging
current. If we substitute for cos ¢ its value R /4 R? 4 213, we
reduce the equation to the form

D sin (6 — ¢)

C= v R? + g L2’ (viI]

which is what we deduced from geometrical considerations.

~To establish the equations for the case of a circuit possessing
capacity and resistance only, we may proceed very simply to calculate
what impressed electromotive-force is needed both to drive the current
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through the resistance and to charge the condenser. Assume
C = C,sin 6. Let the condenser of capacity K (farads) have a
charge ¢ at any instant, then its potential will be ¢ /K, and the
corresponding electromotive-force needed at that instant to drive the
current, will be

¢ =E.
RC+K E
But
y=fC111=—;-C0c050,where9 =pt=27nft

Substituting, we get
RC, sino‘—vﬁ C,cos6 = E.

Now divide both sides by

VvV R G
and call
_ =1
ané =gk
Then
. = 1 r
sin ¢ = 2K /i{‘1+ '
\/ K?
and Cos ¢ = R—
/B 1
v Rt

Co(cos ¢p.sin@ —sin¢.cosf) =E +'\/1;7+ 7,-0%11@'
Csin(@—9¢)= .
Yy 1
V4 R4 #K?
This indicates that the volts will lag in phase behind the current ;
or, in other words, the current will lead in phase.
Mean Power. The mean power is obtained by integrating the
power during one period and dividing by that period, and therefore
may be written

) I [Ty 1 (TE?
; It = _. 24t = .
T.’ EC 4 l[ RCtar = 1 ["par
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If we<cquare the expression [VII]found for current, and substitute
for the square of the sine its mean value, viz. 4, and then multiply by
R, we get as the mean power (in watts)-

w=2mnS5NR
R2 + 4 7'.2 ”2 Lﬂ

This expression, by a well known algebraic rule, will be a maximum
for variations of R, when R is such that the two terms in the de-
nominator are equal, or when the resistance equals the inductance.
Under these circumstances the highest lagis 45°. But though this is
the condition for highest plant efficiency, the regulation is, under these
circumstances, bad. Hence it is better to use such a machine for
lesser currents than those which would produce so great a lag.

Skin Effect.—When the frequency is high, there is a tendency for
the alternate current to distribute itself unequally through the cross-
section of the conductor, flowing most strongly in the surface parts.
For this reason it has been proposed to use hollow conductors, or flat
conductors, rather than solid round wires. But with frequencies not
exceeding 100 periods per second, this tendency is negligibly small
in copper conductors under one centimetre in diameter. Where the
conductor is large, or the frequency high, the effect may be judged
by the following instances calculated by Professor J. J. Thomson.!

In the case of a copper conductor exposed to an electromotive-
force, making 100 periods per second, at 1 centimetre from the sur-
face, the maximum current would be only o-208 times that at the
surface ; at a depth of 2 centimetres it would be only o0*043 ; and at
a depth of 4 centimetres less than y}; part of the value at the
surface.

If the frequency is a million per second, the current at a depth of
1 millimetre is less than one six-millionth part of its surface value.

The case of an iron conductor is even more remarkable. Taking
the permeability at 100 and the frequency at 100 per second, the
current at a depth of 1 millimetre is only o-13 times the surface
value ; while at a depth of 5 millimetres it is less than one twenty
thousandth part of its surface value.

v Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge
University Press).
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CHAPTER II.

ON PERIODIC FUNCTIONS WHICH DO NOT FOLLOW
A SIMPLE SINE-LAW,

SINCE the curves of electromotive-force and of current depend
upon the distribution of the magnetic field at the poles of the
alternator (and on the distribution of the coils of the armature)
and as the latter is arbitrary, depending on the shape of the
pole-faces, it is evident that in many cases the forms of the
curves of electromotive-force and of current will not be those
of a simple sine-curve. They may be more peaked (as Fig.
26), or more flattened at the top (as Fig. 27), or irregular
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in outline (as Fig. 28). They may in some cases (and
always if there is distortion due to armature reaction), be un-
symmetrical about the peak, as in Fig. 29. The forms of
the current curves may be affected also by the reaction of
apparatus in the circuit. Thus, for example, if the alternator
is supplying currents to a transformer or a choking coil the
core of which is worked at a high degree of magnetic satura-
tion, the current curve may be distorted to resemble Fig. 30
even though the curve of the electromotive-force is a simple



46 Dynamo-Electric Machinery.

smooth sine-curve. Such irregularities demand a careful
investigation.

The mathematical method of investigation is due to
Fourier, and consists in analysing the compound curve into a

¢« .. ... ! PERIOD...... ... ,‘..l PERIOD...... ... 5
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set of components each of which follows a simple sine-function.
The theory of Fourier is based upon the use of a certain series
of terms each of which is a simple sine-function ; the compound
periodic function being expressed as the sum of a series of
such terms. It is neither necessary
nor desirable for present purposes to
give a complete account of Fourier’s
theorem. Those who wish to study
the subject more fully are referred
to the appropriate mathematical trea-
tises.! All that will here be attempted
is the most elementary explanatory
treatment of its simplest form.
Examples of the building up of an
elaborate form out of simple elements of definite sizes are
common in many very different branches of science and art.
Architects build complicated shapes out of simple rectangular
bricks. Arithmeticians express varied numbers by building

......... I PERIOD..... ..,
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! For example :—
Perry, Calculus for Engincers. London, 1897.
Graham, An Elementary Treatise on the Caleulus [for Engineering
Students. London, 1896.
Byerly, Fourier's Series and Spherical Harmonics.
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together elementary quantities of different sizes. Thus in
ordinary arithmetic we deal with “units,” “ tens,” * hundreds ”
and “ thousands”; for instance, the cube of twelve can be built
up of elements of four different sizes, one of the “thousand” size,
seven of the “hundred ” size, two of the “ten” size and eight
of the “unit” size; total 1728. And

even incommensurable quantities can be
approximated to by taking successive A
quantities of fixed size in a series of FiG. 31
ascending smallness. Thus, for exam-

ple, the number m, the ratio of the circumference of a circle
to its diameter, which is more than 3 and less than 4, can
be approximated to by taking three units, one tenth, four
hundredths, one thousandth, five ten-thousandths, etc. ; or in
total 31415 -°-. In this last case the successive members
belong to a series each term of which is of a magnitude one-

T~ e

FiG. 32. Fi1G. 33.

Clos
B CD

tenth of the size of the preceding term. If a builder had to
build using pieces of different magnitudes, he could approxi-
mate to many curved forms by using appropriate combina-
tions. Suppose a builder had 4 sizes of bricks, which arranged
in a descending order of magnitudes are represented by the
shapes A, B, C, D, of Fig. 31.

Pl N i i

Fic. 34. Fic. 35.

Let him be ordered with such bricks to build up the form
shown in Fig. 32. He might build it up as in Fig. 33, in
which each triangle is built up of 1A, 2B, 4C and 8D shapes.
Or he might build the form of Fig. 34, by piling bricks as in

Fig. 35.
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In the above case the bricks selected were chosen of the
relative sizes 1, 4, }, 3, etc. Had other smaller sizes been
added—k, 4%, 4, closer approximation might have been
obtained. Suppose that instead the series selected had been
of the sizes 1, 4, 1, }. }, %, }. etc,, it would have been equally
possible by selection to build! up appropriate arrangements:
to imitate given forms.?

Now the elements from which Fourier purposed to build
up periodic functions are members of a particular series
graphically represented by the forms of Fig. 37, or are written
algebraically as:—

N =A,siné

¥2 = A, sin 26
¥s = Agsin 360
7o = A sin 40

* s = Ag sin 50, etc.

These smaller curves are known as Aarmonics, because, in
music, they would correspond to the higher harmonics of the
fundamental note. The first curve of the series is known as
the fundamental.

Now each sine wave consists of two parts—a positive and
a negative part. Hence in building up curves by superposing

! Compare : A. Toepler, Ueber eine Erweiterung der periodischen Reikenent-
wickelung. Steiermark. Mittheil. 1872, pp. 64-116.

* The following is a help in drawing sine-curves. The s/ge at which a sine-
curve crosses the horizontal axis is such that it is directed towards a point above

FiG. 36.

the peak situated at a height, having as ordinate 4= times;the maximum ordinate
of the curve. Or, if A be the amplitude of the curve, then the slope is towards
the point whose ordinate is 1°57 times A, as in the accompanying Fig. 36.
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such elements we have a possibility that does not occur
in building with bricks, namely that we have negative as
well as positive elements to reckon with. For example, if we
take but two elements—say No. 1 and No. 2—to build with, we
shall have the following result in Fig. 38. The resultant
“curve is formed by adding (algebraically) the ordinates of tne
No. 2 curve to those of the No. 1 curve. For instance, where
the vertical dotted line is drawn, the ordinate of the resultant
curve is equal to the sum of the ordinates of the two com-
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Fi1c. 37.—HARMONIC SERIES : FIRsT FIVE MEMBERS.

ponent curves. The periodic curve obtained by building up
No. 2 upon No. 1 begins more steeply than either of its
components, and it also ends more steeply. The maximum
height of No. 1 being A, and that of No. 2 being A,, the
maximum height of the resultant curve will not be A, + A,,
because the two curves do not come to their respective maxima
at the same time. The equation to the curve is of course
y = A, sin 0 + Aysin 26.

In the above example we have supposed that the maximum

11. E
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height A, of the second curve was only half as great as that
of A, of the first curve. But A, may have any value either
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greater or less than A,. In Figs. 39, 40 and 41, are given
3 curves, all conforming to the same cquation, but differing
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amongst themselves in the following respect:—that in
Fig. 39 A, is only one quarter of A,; in Fig. 40 A; is equal
to A;; and in Fig. 41 A, is twice as great as A,. In each
case, the effect of the harmonic is to raise two humps upon the
curve in each period. '

Now, in general, the origin of the second curve need not
coincide with that of the first. Suppose the second wave to
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start a little later in time—therefore a little further to the
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